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0.1 Outline

After the introduction, the course will follow the following structure

1. Symplectic Linear Algebra and Vector Bundles

2. Neighbourhood Theorems for Symplectic Manifolds

3. Constructions and Examples

4. J-Holomorphic Curves, Quantum Cohomology and (maybe) Floer Theory

1 Symplectic Topology

Definition 1.1. A symplectic manifold is a pair (M,ω) where

1. M is a smooth manifold

2. ω ∈ Ω2(M) satisfies dω = 0 and ω|TpM : TpM × TpM → R is a perfect
pairing

The perfect pairing gives an isomorphism ω̃ : T ∗
pM → TpM for all p ∈M

Example 1.1. We have a couple easy examples

1. (R2n, ωstd =
∑n

i=1 dxi ∧ dyi)

2. (Σg, ω = d vol)

The historical motivation for symplectic manifolds is classical mechanics.
If M is the phase space of some physical system, we want, given a function
H : M → R encoding the energy, a vector field XH ∈ Γ(TM) such that trajec-
tories satisfy ẋ(t) = XH . We set XH = ω̃(dH) (this solves ω(XH , ·) = dH).
The non-degeneracy says that this is possible and the closedness condition says
that the mechanics are time independent. We want XH ∈ ker dH as that is the
condition for energy to not change
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Example 1.2. If we take a particle on a spring, M = (R2, dp ∧ dq = rdr ∧ dθ)
is our phase space with coordinates p being momentum and q being position.
H = 1

2 (q
2 + p2) (for unit mass). Then dH = r so XH = ∂

∂θ so our trajectories
orbit at constant speed (in phase space)

Theorem 1.1. (Darboux) All symplectic manifolds are locally modeled on the
standard structure on even dimensional real space, (R2n, ωstd)

Proof. Deferred

Theorem 1.2. (Non-squeezing theorem)
If (BRn(R), ωstd) ↪→ (BR2(r)×Rn−2, ωstd) is a symplectic embedding, then r > R

Proof. Deferred

2 Symplectic Linear Algebra

Let V be a (finite dimensional) vector space over R.

Definition 2.1. ω ∈
∧2

(V ∗) is symplectic if ω : V × V → R is a perfect
pairing
Given W ≤ V we define Wω⊥ = {v ∈ V | ω(v, w) = 0,∀w ∈W}
Example 2.1. If we have (R2n,

∑
e∗i ∧f∗I ) for some basis {e1, . . . , en, f1, . . . , fn}

and W = R2×{0} where the R2 is spanned by e1, f1 then Wω⊥ = {0}×R2n−2

Definition 2.2. W ≤ V is isotropic if W ≤ Wω⊥ . It is coisotropic if
Wω⊥ ≤W and Lagrangian if W =Wω⊥ . It is symplectic if Wω⊥ ∩W = {0}
Remark. If W is symplectic then (V, ω) ∼= (W,ω |W )⊕ (Wω⊥ , ω |Wω⊥ )

Example 2.2. In the situation of example 2.1, Span{ei | 1 ≤ i ≤ j} is isotropic
for j ≤ n, and is Lagrangian for j = n.
W is symplectic.
Span{e1, . . . , en, f1} is coisotropic
Exercise 2.1. There are two exercises now

1. (Wω⊥)ω⊥ =W

2. dimWω⊥ + dimW = dimV

Theorem 2.1. If (V, ω) is a symplectic vector space, there is some basis
{e1, . . . en, f1, . . . , fn} for V such that in this basis, ω =

∑n
i=1 e

∗
i ∧ f∗i

Proof. We induct on dimV . Choose a vector 0 ̸= e1 ∈ V . By non-degeneracy
and linearity, there is some f1 such that ω(e1, f1) = 1. By the induction hy-
pothesis, there is a basis {e2, . . . , en, f2, . . . , fn} for Span({e1.f1})ω⊥ , which is
symplectic. Then

(V, ω) =

(
(Span({e1, e2}), e∗1 ∧ f∗1 )⊕

(
Span({e1, e2})ω⊥ ,

n∑
i=2

e∗i ∧ f∗i

))
so we are done
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Corollary 2.1.1. The dimension of a symplectic vector space is even

Proof. Trivial

We will denote ω0 =
∑n

i=1 e
∗
i ∧ f∗i for the form on R2n. Note that for

x, y ∈ R2n we can write ω(x, y) = ⟨J0x, y⟩ for J0 ∈ End(R2n) where we define
J0(ei) = fi, J0(fi) = −ei so that J2

0 = −I which is the standard complex
structure on Cn, and the inner product, g0, is the usual inner product. It is
true that g0(x, y) = ω(x, J0y)
For a vector space V we define J (V ) = {J ∈ End(V ) | J2 = −I}, the set of
complex structures.
H0 : Cn × Cn → Cn is given by (u, v) 7→ u · v is the Hermitian pairing, and is
equal to g0 + iω0

Definition 2.3. J ∈ J (V ) is compatible with ω if gJ = ω(·, J ·) is an inner
product

Recall that GL2n(R) acts transitively on the set of symplectic forms on R2n

(by the theorem above, similarly to its transitive action on Hermitian forms).
Then J is compatible with ω if and only if gJ + iω is a Hermitian form

Definition 2.4. Given A : R2n → R2n we get a map on
∧2

(R2n)∗ called A∗ be
A∗ω(x, y) = ω(Ax,Ay)
We define

Sp(2n) = {A ∈ GL2n(R) | A∗ω = ω} = {A ∈ GL2n(R) | ATJ0A = J0}

We therefore know that the set of symplectic forms ’is’ GL2n(R)/Sp(2n).

Proposition 2.1. Sp(2n) ⊂ SL2n(R)

Proof. ω∧n = n!e∗1∧ . . .∧e∗n∧f∗1 ∧ . . .∧f∗n = n! volstd so it follows as preservation
of the symplectic form preserves the volume form

Remark. We have

Sp(2n) ∩O(2n) = Sp(2n) ∩GLn(C) = GLn(C) ∩O(2n) = U(n)

as Sp(2n), O(2n), GLn(C) are respectively the maps preserving ω0, g0, J0
U(n) ⊂ Sp(2n) is a maximal compact Lie group

Definition 2.5. Lag(V ) the Lagrangian Grassmanian is

{L ≤ V | dimL = n,Lω⊥ = L}

(the first condition is redundant)

Example 2.3. Lag(Rn) = RP1 ≃ S1 as ω is alternating, so ω(ax, cx) = 0 for
all a, c ∈ R

Proposition 2.2. U(n) acts transitively on Lag(R2n)
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Proof. For L ∈ Lag(R2n) fix an orthonormal basis e′1, . . . , e
′
n for L and define a

map ei 7→ e′i, 1 ≤ i ≤ n which determines an element of U(n) by complexification

The set of orthonormal bases for L can be identified with O(n) and so
Lag(V ) ≃ U(n)/O(n)

Example 2.4. U(1) = {eiθ | θ ∈ [0, 2π)}, O(1) = {±1} and U(1)/O(1) = S1

with the quotient in the same manner as for RP1

Lemma 2.2. Jω = {J ∈ J (R2n) | J is compatible with ω} is homotopy equiv-
alent to a point

Proof. ϕ : Jω → {Inner products on R2n} = G by J 7→ ω(·, J ·). The set of
inner products is convex, and hence is homotopic to a point. We claim ϕ is a
homotopy equivalence. ie there is some ψ : G→ Jω with ϕ◦ψ ≃ I and ψ ◦ϕ ≃ I
ψ is defined by polar decomposition. If g ∈ G, let Ag ∈ End(R2n) be such
that g = ω(·, Ag·). This is true as everything in sight is non-degenerate. We
check that AT = −A and AAT is symmetric and positive definite. Define
Jg = (AAT )−1/2A. We may then check that Jg ∈ Jω and if Ag ∈ Jω then
Ag = Jg. Then we define ψ(g) = Jg and this works

Remark. Ag =
√
AT

g AgJg is a product of a symmetric and an orthogonal

matrix. This is called the polar decomposition of Ag, which exists for any
M ∈ GL2n(R).

Exercise 2.2. Alternatively, G ∼= Sp(2n)/U(n) then show that the fibres are
contractible
ΩJ = {symplectic structures compatible with J} is homotopic to a point

Recall that LGr(V ) = {Lagrangians in V }. It is a fact that there is a distin-
guished class µ ∈ H1(LGr(V );Z), called the Maslov class which is represented
by LGr(n) = U(n)/O(n)→ S1 via det(·)2 (and then pulling back the generator
of H1(S1,Z)). The square is necessary as det(O(n)) = {±1}

Remark. In fact π1(LGr(n)) ∼= Z is generated by µ

3 Symplectic Manifolds

Definition 3.1. Recall that for M a smooth manifold of dimension 2n, and
ω ∈ Ω2(M) = Γ(

∧2
T ∗M), we say (M,ω) is symplectic if

1. (TpM,ωp) is symplectic for all p ∈M

2. dω = 0
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Remark. The first condition is equivalent to ω∧n being non-vanishing every-
where

Example 3.1. We assume Pn is over C.
(Pn, ωfs), has the Fubini-Study form where ωfs is defined so π : S2n+1 → Pn

pulls back ωfs to ωstd, π
∗ωfs = ωstd |S2n+1 where we consider S2n+1 ⊂ Cn+1.

In coordinates on P1, we have ωfs = i
2

dz∧dz
(1+|z|2) , normalised so that

∫
p1 ωfs = 1

on an affine open, this will be proven (more generally) after Kahler manifolds
are discussed (this example will be continued)

Example 3.2. (Cotangent Bundles) Let Qn be a smooth manifold. We define
the symplectic manifold (T ∗Q,ωcan = dλcan) where the canonical one form,
λcan is characterised as follows: β ∈ Ω1(Q) 7→ β̃ : Q ↪→ T ∗Q via q 7→ (q, βq).

For all β ∈ Ω1(Q), we have β̃∗λcan = β. On U ⊂ Q with coordinates given by
q1, . . . , qn and T ∗U ⊂ T ∗Q, λcan =

∑
pidqi where pi are the dual coordinates

It remains to check that λcan is well defined in the coordinate form, but it is

Remark. The sign convention for λcan varies. In some sense, we can think of
this as the ”only” reasonable 1-form

It is an open problem if the following holds: T ∗Q ∼= T ∗Q′ as symplectic
manifolds if and only if Q ∼= Q′ as smooth manifolds

Remark. Properties of Symplectic Manifolds (M,ω)

1. ω∧n is a volume form, so we get a canonical orientation on M .

2. If M is compact, then H2k
dR(M) ∼= H2k(M,R) ̸= 0 for all k, as otherwise

some
∧k

ω would be 0, so the volume form would be 0:

⟨[ω2n], [M ]⟩ =
∫
M

ω2n > 0

Hence, for example, there is no symplectic structure on S2k for k > 1

3. TM has an almost complex structure which is compatible with ω and
unique up to homotopy (a vector bundle map J : TM → TM which
squares to −I, alternatively, J ∈ Γ(T ∗M ⊗TM)) which is pointwise given

by polar decomposition - take g a metric and set J =
√
AT

g Ag

−1

Ag. An

example of such is Jstd on (R2n, ωstd) ∼= (Cn, ωstd)

Proposition 3.1. If Nk ⊂ M is a submanifold and J(TN) = TN (as a
subbundle of TM) for J an almost complex structure compatible with ω, then
(N,ω |TN ) is a symplectic manifold

Proof. Non-degeneracy follows because ω(v, Jv) = gJ(v, v) > 0, and closure is
immediate

Corollary 3.0.1. All quasi-projective varieties admit symplectic forms

Proof. Trivial
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3.1 Characteristic Classes

What information can we get from the homotopy class of J for a complex
structure J?
Suppose X is a topological space and we have a complex vector bundle V → X
of complex rank k. We do not assume a manifold structure on X. How do we
classify such V up to isomorphism?
From now on, rk(V ) = 1, so V is a line bundle. Define CP∞ = lim−→(CPn)
to be the ’Grassmanian of lines in C∞’, which is the increasing union of the
Grassmanians of lines in Cn

It is a fact that πi(CP∞) is Z in i = 0, 2 and 0 otherwise. So CP∞ is a K(Z, 2)
It is a fact that, for sufficiently nice X, Hn(X;G) = [X,K(G,n)] by a similar
pullback to the case of K(Z, 1) = S1, using

e ∈ Hn(K(G,n);G) = Hom(Hn(K(G,n);G), G) ∼= Hom(G,G)

Example 3.3. We saw K(Z, 1) = S1 and K(Z, 2) = CP∞ (the latter using the
fibration S1 → S2∞+1 → CP∞ where the middle space is contractible). We also
know K(Z/2Z, 1) = RP2

How far does this go? - Do we have the ring structure on cohomology in-
duced like this?
In fact, all structures on cohomology have incarnations in this story (the theory
of Spectra)
We have the tautolgical line bundle Ltaut → CP∞. We wish to classify com-
plex bundles on X up to isomorphism. We can consider maps [X,CP∞] and
map f ∈ [X,CP∞] to f∗Ltaut. It is a fact that this map is a bijection. We
also know from the previous discussion that [X,CP∞]←→ H2(X,Z). If we say
that H2(CP∞,Z) ∼= Z is generated by [H], then the map is given by sending
f ∈ [X,CPn] 7→ f∗[−H]. In this way we have associated a canonical class in
H2(X,Z) to every line bundle on X. We call this the Chern class of L and
denote it as c1(L)

Remark. This is not a classification of holomorphic vector bundles when X is
a complex manifold

In general, for V → X a complex vector bundle of rank k, we define the
Chern class of the vector bundle, c1(V ) = c1(

∧k
V ). For example we could

take TM for a symplectic manifold (M,ω)

Remark. Some properties of c1 are as follows:

1. It is invariant under homotopy of J , the complex structure on V

2. c1(V
∗) = −c1(V )

3. If we have short exact sequence 0→ F1 → E → F2 → 0 of vector bundles
on X, then c1(E) = c1(F1) + c1(F2)
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4. c1(E ⊗ F ) = rk(E)c1(F ) + rk(F )c1(E)

5. A key property is that c1(L) = Poincare dual of the vanishing locus of a
generic section of L

Exercise 3.1. Verify the above properties when the bundles in question are
direct sums of line bundles

Definition 3.2. IfM has an almost complex structure, denote c1(M) = c1(TM)
In particular we may say this when M is symplectic

Example 3.4. c1(Σg) = number of zeros counted with sign of a vector field on
Σg, which is 2− 2g
c1(Ltaut → CPn) = [−H] and c1(CPn) = (n + 1)[H] as Γ(

∧n CPn) ∋ dz1...dzn
z1...zn

has poles along
∏n

i=1 zi = 0

We have an adjunction formula:

Proposition 3.2. Let C be a complex curve within (X4, J). Then

2 genus(C)− 2 = −c1(X) · i∗[C] + i∗[C] · i∗[C]

, where i : C → X is the embedding (we have a pairing of H2(X,Z) with itself
via Poincare duality)

Proof. We have a short exact sequence

0→ TC → TX |C→ NC/X

where the latter is the normal bundle, then take c1. We get that, by the prop-
erties of the Chern class, c1(TX |C) = c1(TC) + c1(NC/X). We can identify
H2(C,Z) ∼= Z canonically as we have an orientation on C from the complex
structure. Now we get

⟨i∗c1(X), [C]⟩ = ⟨e(TC), [C]⟩+ (i∗[C])
2

where e(TC) is the Euler class (= the Chern class) and the latter comes from the
number-of-zeros interpretation of c1. We have that ⟨i∗c1(X), [C]⟩ = ⟨c1(X), i∗[C]⟩
and we are done

Corollary 3.0.2. (Genus of a planar curve). Suppose C ⊂ CP2 is a degree d
curve, that is [C] = d[H] where [H] is the hyperplane class. Then the genus is

g(C) = (d−1)(d−2)
2

Proof. By 3.2, 2g(C)− 2 = −c1(CP2) · d[H] + d2[H]2 = −3d+ d2

Example 3.5. An elliptic curve has genus 1

Remark. If (X,ω) is symplectic then X has an almost complex structure, but
the converse doesn’t hold. For example, the Hopf surface (C2\{0})/(z ∼ 2z) has
a complex structure (induced by the quotient), but is diffeomorphic to S3×S1,
which is compact with 0 second cohomology so can’t have a symplectic structure
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4 Neighbourhood Theorems

Throughout this section (M,ω) is a symplectic manifold

Definition 4.1. We define Symp(M) = {ϕ ∈ Diff(M) | ϕ∗ω = ω}

Example 4.1. Taking (T 2n = R2n/Z2n, ωstd), we get that T 2n ↪→ Symp(T 2)
by translations

Definition 4.2. Diff0(M) is the set of diffeomorphisms which are isotopic to
the identity

Recall that, if we have {ϕt}t∈[0,1] an isotopy of M , that is ϕt ∈ Diff0(M)
and ϕ0 = Id, we can associate a time dependent vector field Xt given by the
derivative in time. This is a bijective correspondence, by integrating the vector
field (as compactness ensures no singularities). If α ∈ Ω∗(M), then we have
LXtα = d

dtϕ
∗
tα

Theorem 4.1. (Cartan’s Magic Formula) Given a vector field X and some
α ∈ Ω∗(M), LX(α) = iXdα + diXα where iX is just inserting X in one of the
slots of α

Proof. See III Differential Geometry

Given an isotopy ϕt, when is ϕt ∈ Symp(M) for all t?
When LXω = diXω = 0 (As the starting point is the identity and using Cartan’s
Magic Formula) which is if and only if iXω is a closed 1-form

Example 4.2. If iXω = dH for some Hamiltonian H : M → R, then the
condition holds

So we have that for any ϕ ∈ Diff0(M), [ϕ∗ω] = [ω]

Theorem 4.2. If (M,ω) is compact and {ωt}t∈[0,1] is a path of symplectic forms
with ω0 = ω and [ωt] constant, then there is ϕ ∈ Diff0(M) such that ϕ∗ω0 = ω1

Proof. First note that because [ωt] is constant, there is σ such that σ ∈ Ω1(M)
and d

dtωt = dσt (this relies on compactness). Find Xt a vector field such that
σt+ iXt

ωt = 0. Let ϕt be the flow along Xt, which exists by compactness. Then
d
dtϕ

∗
tωt =

dωt

dt + LXt
ωt = d(σt + iXt

ωt) = 0 so ϕ∗tωt is constant, so ϕ
∗
1ω1 = ω0

This method of proof is called Moser’s trick

We have the following two corollaries

Exercise 4.1. Symplectic forms on Σg modulo isotopy are in bijection with
R>0 by ω 7→

∫
Σg
ω (this defines the cohomology classes and we can interpolate

between two forms in the same class)

Exercise 4.2. If X1, X2 are projective varieties which are deformation equiv-
alent, then (X1, ωfs) ∼= (X2, ωfs). In particular, any two smooth hypersurfaces
of degree d in CPn are symplectomorphic
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Remark. The theorem fails to work without an interpolating path - the map
from symplectic forms modulo isotopy to H2(M ;R) is not necessarily injective.
We can use Chern classes to show this

Theorem 4.3. (Darboux Theorem) Let p ∈ (M,ω). Then there is a neighbour-
hood B(ϵ) ↪→M with 0 7→ p such that ω pulls back to ωstd

Proof. The proof is by Mosur’s trick. Fix some chart g : B(ϵ) → M . Consider
g∗ω = ω1 and call ωstd = ω0. Without loss of generality, g∗ω |0= ωstd |0
by changing basis at the origin. Consider (1 − t)ω0 + tω1. This is symplectic
within some 0 ∈ D′ ⊂ B(ϵ) as it is symplectic at 0. Note that [ωt] is constant
as H1(X,R) = 0 and define σt ∈ Ω1(d′) such that d

dtωt = dσt. Let Xt solve
iXtω = σt and assume σt |0= 0. Note that Xt(0) = 0 and for some D′′ ⊂ D′,
the flow of Xt stays within D

′ for all t ∈ [0, 1]. Setting f = g ◦ ϕ1, we are done
as f∗ω = ϕ∗1g

∗ω = ϕ∗1ω1 = ω0.

Definition 4.3. V → X is a symplectic vector bundle if there is a smooth
family {ωx | x ∈ X} of symplectic forms on the fibres Vx

Remark. TM →M admits a symplectic structure, but this does not imply M
admits a symplectic structure.
It is a fact that every symplectic vector bundle corresponds to a complex vector
bundle, whose classification is equivalent to that of Hermitian vector bundles

Theorem 4.4. Suppose that Qi ↪→ (Mi, ωi) for i = 1, 2 and we have a symplec-
tomorphism ϕ : (Q1, ω1 |TQ1

) → (Q2, ω2 |TQ2
) and a morphism of symplectic

normal bundles Φ: νQ1/M1
→ νQ2/M2

over ϕ. Then there is a symplectomor-

phism ϕ̃ : U(Q1)→ U(Q2) where U(Qi) is a neighbourhood of Qi

Proof.

Lemma 4.5. If Q ⊂M is a smooth submanifold and α1, α2 ∈ Ωk(M) such that
α1 |Q= α2 |Q then there is some β ∈ Ωk−1(U(Q)) such that dβ = α1 − α2 and
β = 0 on Q

Proof. Trivial

After choosing a metric, we have embeddings

nbhd(Qi ⊂ νQi/Mi
) ↪→ U(Qi) ⊂Mi

by the exponential map. Now consider ϕ̃′ given by

exp2 ◦Φ ◦ exp−1
1 : U(Q1)→ U(Q2)

. Now you can check ϕ̃′∗ω2 = ω′
2 agrees with ω1 on Q1. Let σ ∈ Ω1(U ′(Q1))

(possibly shrinking neighbourhoods) be such that σ |Q1= 0, dσ1 = ω1−ω′
2. Now

apply Moser’s trick to the path tω1 + (1− t)ω2 and we are done

Corollary 4.5.1. If C2 ↪→ (M4, ω) then a neighbourhood of C, (U(C), ω |U(C))
is determined by
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1.
∫
X
ω |C

2. [C] · [C]

3. c1(M) · [C]
Definition 4.4. Let Ln ⊂ (M2n, ω) be a submanifold of half the dimension of
M . L is Lagrangian if ω |TL= 0

Remark. ”Everything is Lagrangian”

Example 4.3. We have examples of Lagrangian submanifolds

1. Any real curve in Σg (for dimension reasons)

2. (S1)n ⊂ (Cn, ωstd), the Clifford torus. So there are locally Lagrangians
everywhere (in Darboux charts)

3. In (T ∗Q,ωcan), Γβ , the graph of β ∈ Ω1(Q) such that dβ = 0. The
condition is needed as, for Q ↪→ T ∗Q by ιβ , we have ι∗βλcan = β. Take
derivatives on both sides (We need ι∗βω = 0 so dβ = dι∗βλcan = 0

4. In particular, Q ↪→ TQ by the zero section is Lagrangian

Suppose L ⊂ M2n is Lagrangian and J is an ω-compatible almost complex
structure on M . Take [β] ∈ π2(M,L) and define

Mβ = {U : (D ⊂ C, ∂D)→ (M,L) | du ◦ jstd = J ◦ du}

where [u] = [b] ∈ π2(M,L). Then trivialising u∗TM , we get a loop γ in LGr(2n).
We have

dimM[β] = constant + µ([γ])

where µ is the Maslev class

Theorem 4.6. (Weinstein Neighbourhood Theorem) If Ln ⊂ (M2n, ω) is La-
grangian then there is a symplectomorphism between a neighbourhood of L in
(T ∗L, ωcan) and a neighbourhood of L in M

Proof. Choose J an almost complex structure on TM compatible with ω, and
denote the associated metric as g. We get an isomorphism Φ: T ∗M → TM
induced by g which satisfies g(Φ(f), v) = f(v). Define the function ϕ : T ∗L→M
by (q, f) 7→ expq(JΦq(f)). Then if we restrict to some neighbourhood of L in
T ∗L, this is injective. We want to check that ϕ∗ω |L= ωcan |L in T ∗L. Using
that T (T ∗L)q,0 = TL⊕ T ∗L

(ϕ∗(ω))q,0((v, f), (v
′, f)) = ω(v + JΦf, v′ + JΦf ′)

= ω(v, JΦf)− ω(v′, JΦf)
= g(v,Φf ′)− g(v′,Φf)
= f ′(v)− f(v′)
= dλcan((v, f), (v

′, f ′))

So we have checked it. Now run Moser as in the symplectic neighbourhood
theorem with (1− t)ωcan + tϕ∗ω
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Remark. There is a short exact sequence 0→ TL→ TM |L→ νL/M → 0 and
J : TL → νL/M is an isomorphism of unoriented vector bundles. If you keep
track of the orienttion, this tells us that [L]2 = (−1)n+1χ(L). If L is compact,
then as χ(L) = 0 for odd dimensional L by Poincare duality, [L]2 = −χ(L)

Corollary 4.6.1. If L is not essential (ie [L] = 0 ∈ Hn(M ;Z), then χ(L) = 0.
In particular this holds for Clifford tori in Darboux charts

Proof. Trivial

Example 4.4. There are a few further examples

1. If f : M → M is a diffeomorphism then f ∈ Symp(M) if and only if
Γf = {(x, f(x) | x ∈M} ⊂ (M ×M,ω ⊕−ω) is Lagrangian

2. If f : M → M satisfies f∗ω = −ω (ie f is anti-symplectic) then the set
of fixed points of f is Lagrangian where it is smooth (as at such points,
ω = −ω = 0 - need to check dimension)

3. In particular, if (X,ωfs |X) ⊂ (CPn, ωfs) is cut out by elements of
R[x1, . . . , xn+1], then complex conjugation on CPn is anti-symplectic and
preserves X so that X(R) is Lagrangian

Corollary 4.6.2. If (M,ω) is compact, and H1
dR(M) = 0, then every function

f ∈ Symp(M) which is C1 close to the identity has at least 2 fixed points

Proof. Consider Γf ⊂M ×M . This is contained in some neighbourhood of the
diagonal, which is symplectomorphic to U(M ⊂ T ∗M) so we reduce to the case
of Γf ⊂ T ∗M the graphical Lagrangian of a 1-form.
We therefore have Γf = Graph(β ∈ H1(M)) with dβ = 0 and hence β = dh
for some small h : M → R and crit(h) = Γf ∩M = fix(f) so we are done by
extreme value theorem

5 Kahler Manifolds

Let Mn be a complex manifold, with J an almost complex structure pulled
back from an atlas of holomorphic charts ϕ : Cn → M . Choose coordinates
{xi, yi}1≤i≤n on M . We can write TM ⊗ C = C⟨ ∂

∂xi
, ∂
∂yi
⟩. Define a complex

basis of TM ⊗ C by ∂
∂zi

= 1
2

(
∂

∂xi
− i ∂

∂yi

)
and ∂

∂zi
= 1

2

(
∂

∂xi
− i ∂

∂yi

)
. We also

set dzi = dxi + idyi and dzi = dxi − idyi and further define the complexified
cotangent bundle T ∗M ⊗C = (T ∗M)1,0 ⊕ (T ∗M)0,1 where the first component
is C⟨dzj⟩ and the second is C⟨dzj⟩
To motivate why we do this, suppose we have f : M → C. Where does df live?
It should live in Hom(TpM,C) = T ∗

pM⊗C. We have d : C∞(M,C)→ Ω1(M,C)
splits to give d = ∂ + ∂ (cf III Complex Manifolds)
Set Ωl,m = {

⊕
|J|=l,|K|=m αJ,KdzJ ∧ dzK}. For example we have the form

dz1 ∧ dz2 ∧ dz3 ∈ Ω2,1(C3). If we say J ∈ End(TM), J2 = − IdTM , then
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J
(

∂
∂zi

)
= i ∂

∂zi
and J

(
∂

∂zi

)
= −i ∂

∂zi
so that Ω1,0,Ω0,1 are the ±i eigenspaces

of J

Lemma 5.1. f is holomorphic if and only if ∂f = 0. Moreover we have
d(Ωp,q) ⊂ Ωp+1,q ⊕ Ωp,q+1

Proof. See Complex Manifolds

Exercise 5.1. This relies on the fact that J is integrable. A priori we could
have a component of d in Ωp−1,q+2

Corollary 5.1.1. d2 = 0 so ∂
2
= 0

Proof. See Complex Manifolds

We can therefore define, for fixed p, Hp,j

∂
(M) as the cohomology of the

complex (Ωp,j , ∂) which are complex (not smooth) invariants of M . This is the
Dolbeault Cohomology

Remark. Suppose we fix a smooth manifold M and vary the complex and
Kahler structures on M , with structures {Jx, ωx}x∈X , eg on T 2 = C/{1, λ}
with λ in the upper half plane and varying λ. We have fixed descriptions of
Hj(M,Z) for all j. Where is H1,0(X) ⊂ H1

dR(X;C) ∼= H1(X,Z) ⊗ C. This is
a line in Cn, and this is often a useful way to describe variations of complex
structures

Definition 5.1. We say a complex manifoldM isKahler ifM is equipped with
some ω ∈ Ω1,1(M) such that ∂Ω = ∂Ω = 0 and locally ω = i

2

∑
hj,kdzj ∧ dzk

where (hj,k)p is positive definite for all p ∈M

Example 5.1. ωstd on C is i
2 (dz ∧ dz)

Theorem 5.2. (Hodge) If M is Kahler then there is a canonical isomorphism

Hk
dR(M) ∼=

⊕
i+j=kH

i,j

∂
(M). Moreover Hij

∂
∼= Hj,i

∂ for the natural conjugation
map

Corollary 5.2.1. If M is Kahler then the odd Betti numbers are even for all
K

Theorem 5.3. (Lefschetz) If M is Kahler then ∧[ω]k : Hn−k
dR (M)→ Hn+k

dR (M)
is an isomorphism

Lefschetz + Hodge tell us we have a ”Hodge diamond” Eg for M compact
of complex dimension 1, we get

H0,0(M)

H1,0(M) H0,1(M)

H1,1(M)

12



with ranks in the diagram

1 = h0,0(M)

1 = h1,0(M) 1 = h0,1(M)

1 = h1,1(M)

because of all the symmetry in the diagram.
We will assumeM is Kahler until further notice. We recall that deformations of
(M,J) which fix the smooth structure on M give us variations of Hodge struc-

tures, recording the embeddings Hj,k

∂
(M) ↪→ HdR(M ;C) in an intrinsic way

Proposition 5.1. ω is a symplectic form

Proof. Check that hij being Hermitian implies ω ∈ Ω1,1(M) ∩ Ω2(M,R) and
that positive definite implies ωn = n!

(
i
2

)n
det(hij)dz1∧dz1∧ . . .∧dzn∧dzn

Remark. The definition of a Kahler manifold is often a triple (M,ω, J) with
ω symplectic and J a complex structure compatible with ω, which is equivalent

How do we produce Kahler forms on complex manifolds M?

Definition 5.2. A function ρ : M → R is plurisubharmonic if
(

∂2ρ
∂zj∂zk

)
j,k

is

everywhere positive definite. In this case, ωp = i
2

(
∂2ρ

∂zj∂zk

)
j,k

is Kahler

Remark. If this is the case, M is not compact

Example 5.2. ρ = |z|2 defines ωstd on Cn

ρfs = log(|z|2 + 1) on Cn. It is not immediately clear this is plurisubharmonic.
We can check that at (1, 0, . . . , 0),

ωρ =
i

2

(
dz1dz1

1 +
∑
zjzj

− (
∑
zjdzj) (

∑
zjdzj)

(1 +
∑
dzjzj)

2

)

. Then note that ρfs is invariant under the action of U(n) so is plurisubharmonic
everywhere

Theorem 5.4. Any complex submanifold on X ⊂ CPn is Kahler

Proof. CPn is covered in the affine charts Ui = {[z1 : . . . : zn+1] | zi ̸= 0}. We
then check that i

2∂∂ρ = 1
πωp is invariant under the change of coordinates. This

defines the Fubini-Study form. For X = V (z1) ∩ · · · ∩ V (zj), ρfs|X remains
plurisubharmonic, and we can always reduce to this case (exercise)
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6 Constructions of Symplectic Manifolds

6.1 Blowing Up

In the complex setting, let Z = {(z, l) ∈ Cn ×CPn−1 | z ∈ l} be the total space
of the tautological line bundle over CPn−1

Remark. We define O(k) to be the line bundle on CPn with c1(O(k)) · [L] = k
where L is the hyperplane class

We have projection maps

Z CPn−1

Cn

p

π

and Z is the blow up of Cn at 0. Away from E = π−1({0}), π is a diffeomor-
phism. E is called the exceptional divisor
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