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0.1 Outline

After the introduction, the course will follow the following structure
1. Symplectic Linear Algebra and Vector Bundles
2. Neighbourhood Theorems for Symplectic Manifolds
3. Constructions and Examples

4. J-Holomorphic Curves, Quantum Cohomology and (maybe) Floer Theory

1 Symplectic Topology

Definition 1.1. A symplectic manifold is a pair (M,w) where
1. M is a smooth manifold

2. w € Q?(M) satisfies dw = 0 and wlr,p: TpyM x T,M — R is a perfect
pairing

The perfect pairing gives an isomorphism w: Ty M — T, M for all p € M
Example 1.1. We have a couple easy examples

L (R*™, wsa = Y iy dai Ady;)

2. (¥4,w =dvol)

The historical motivation for symplectic manifolds is classical mechanics.
If M is the phase space of some physical system, we want, given a function
H: M — R encoding the energy, a vector field Xy € T'(T'M) such that trajec-
tories satisfy &(t) = Xpg. We set Xy = &(dH) (this solves w(Xy, ) = dH).
The non-degeneracy says that this is possible and the closedness condition says
that the mechanics are time independent. We want Xy € ker dH as that is the
condition for energy to not change



Example 1.2. If we take a particle on a spring, M = (R?,dp A dq = rdr A df)
is our phase space with coordinates p being momentum and ¢ being position.
H = 1(¢* + p?) (for unit mass). Then dH = r so Xy = 2 so our trajectories
orbit at constant speed (in phase space)

Theorem 1.1. (Darbouz) All symplectic manifolds are locally modeled on the
standard structure on even dimensional real space, (RQ”,wstd)

Proof. Deferred O
Theorem 1.2. (Non-squeezing theorem,)

If (Bgn (R),wstqd) = (Brz(r)xR" ™2, wsq) is a symplectic embedding, thenr > R
Proof. Deferred O

2 Symplectic Linear Algebra

Let V be a (finite dimensional) vector space over R.

Definition 2.1. w € A*(V*) is symplectic if w: V x V — R is a perfect
pairing

Given W <V we define W9t = {v € V | w(v,w) = 0,Yw € W}

Example 2.1. If we have (R?", 3" ef A f7) for some basis {e1,...,en, f1,---, fa}
and W = R? x {0} where the R? is spanned by e;, f; then W« = {0} x R?n—2
Definition 2.2. W < V is isotropic if W < W¥L, It is coisotropic if
Ww+ <W and Lagrangian if W = W<+ . It is symplectic if W*+NW = {0}
Remark. If W is symplectic then (V,w) = (W,w |w) ® (WYL, w |we.r)
Example 2.2. In the situation of example 2.1, Span{e; | 1 < i < j} is isotropic
for j < n, and is Lagrangian for j = n.

W is symplectic.

Span{es, ..., en, f1} is coisotropic

Exercise 2.1. There are two exercises now
1. (WeL)wr =W
2. dim W« +dimW =dimV

Theorem 2.1. If (V,w) is a symplectic vector space, there is some basis
{€1,...en, f1,..., fu} for V such that in this basis, w =Y ., ef A fF

Proof. We induct on dim V. Choose a vector 0 # e; € V. By non-degeneracy
and linearity, there is some f; such that w(es, f1) = 1. By the induction hy-
pothesis, there is a basis {ea,...,en, fo,..., fn} for Span({e;.f1})¥+, which is
symplectic. Then

(Viw) = ((Span({ehez}),ei AT @ <Span({61762})”726? Aff))

=2

so we are done O



Corollary 2.1.1. The dimension of a symplectic vector space is even
Proof. Trivial O

We will denote wy = Y1, ef A ff for the form on R*'. Note that for

(2 K2

z,y € R?" we can write w(z,y) = (Jox,y) for Jy € End(R?") where we define
Jo(e;) = fi,Jo(fi) = —e; so that J@ = —I which is the standard complex
structure on C", and the inner product, gg, is the usual inner product. It is
true that go(z,y) = w(z, Joy)

For a vector space V we define J(V) = {J € End(V) | J? = —I}, the set of
complex structures.

Hy: C* x C™ — C"™ is given by (u,v) — @ - v is the Hermitian pairing, and is
equal to gg + iwg

Definition 2.3. J € J(V) is compatible with w if g; = w(-, J) is an inner
product

Recall that G La, (R) acts transitively on the set of symplectic forms on R?"
(by the theorem above, similarly to its transitive action on Hermitian forms).
Then J is compatible with w if and only if g5 + iw is a Hermitian form

Definition 2.4. Given A: R2" — R?" we get a map on A\*(R2")* called A* be
A*w(z,y) = w(Az, Ay)
We define

Sp(2n) = {A € GLy,(R) | A*w = w} = {A € GLo,(R) | ATJoA = Jp}
We therefore know that the set of symplectic forms ’is’ GLa,(R)/Sp(2n).
Proposition 2.1. Sp(2n) C SL2,(R)

Proof. W™ =nlei ... NeX AN AfE = nlvolgy so it follows as preservation
of the symplectic form preserves the volume form O

Remark. We have
Sp(2n) NO(2n) = Sp(2n) N GL,(C) = GL,(C)NO(2n) =U(n)

as Sp(2n),0(2n), GL,(C) are respectively the maps preserving wy, go, Jo
U(n) C Sp(2n) is a maximal compact Lie group

Definition 2.5. Lag(V) the Lagrangian Grassmanian is
(L<V|dimL=n,L" =L}
(the first condition is redundant)

Example 2.3. Lag(R") = RP! ~ S! as w is alternating, so w(az,cx) = 0 for
alla,ce R

Proposition 2.2. U(n) acts transitively on Lag(R?*")



Proof. For L € Lag(R?*") fix an orthonormal basis €/, ..., e, for L and define a

map e; — e;,1 < i < n which determines an element of U(n) by complexification
O

The set of orthonormal bases for L can be identified with O(n) and so
Lag(V) ~U(n)/O(n)

Example 2.4. U(1) = {¢? | 6 € [0,27)}, O(1) = {£1} and U(1)/O(1) = S*
with the quotient in the same manner as for RP!

Lemma 2.2. J, = {J € J(R®") | J is compatible with w} is homotopy equiv-
alent to a point

Proof. ¢: J, — {Inner products on R*"} = G by J +— w(-,J-). The set of
inner products is convex, and hence is homotopic to a point. We claim ¢ is a
homotopy equivalence. ie there is some ¥: G — J,, with ¢potyp ~ I and Yo >~ 1T
¢ is defined by polar decomposition. If g € G, let 4, € End(R?") be such
that g = w(-, A4-). This is true as everything in sight is non-degenerate. We

check that AT = —A and AA”T is symmetric and positive definite. Define
J, = (AAT)71/2A. We may then check that J, € J, and if A, € J, then
Ay = J,. Then we define ¢(g) = J, and this works O

Remark. A, = /AT A,J, is a product of a symmetric and an orthogonal

matrix. This is called the polar decomposition of A,, which exists for any
M € GLo, (R)

Exercise 2.2. Alternatively, G = Sp(2n)/U(n) then show that the fibres are
contractible
Qj = {symplectic structures compatible with J} is homotopic to a point

Recall that LGr(V) = {Lagrangians in V'}. It is a fact that there is a distin-
guished class p € H'(LGr(V);Z), called the Maslov class which is represented
by LGr(n) = U(n)/O(n) — S! via det(-)? (and then pulling back the generator
of H'(S1,Z)). The square is necessary as det(O(n)) = {£1}

Remark. In fact m1(LGr(n)) = Z is generated by p

3 Symplectic Manifolds

Definition 3.1. Recall that for M a smooth manifold of dimension 2n, and
w e N2(M) =T(A\*T*M), we say (M,w) is symplectic if

1. (Tp,M,w,) is symplectic for all p € M
2. dw=0



Remark. The first condition is equivalent to w”™ being non-vanishing every-
where

Example 3.1. We assume P" is over C.
(P, wys), has the Fubini-Study form where wy; is defined so 7: $2"+1 — P»
pulls back wys t0 wsta, T*wss = Wsta |g2n+1 where we consider S?* 1 c C+.

. 1 __ i _dzAdz 3 —
In coordinates on P, we have wy, = 3 CESEEE normalised so that ful wre =1

on an affine open, this will be proven (more generally) after Kahler manifolds
are discussed (this example will be continued)

Example 3.2. (Cotangent Bundles) Let Q™ be a smooth manifold. We define
the symplectic manifold (7*Q, wean = dAcan) Where the canonical one form,
Acan 18 characterised as follows: 8 € QYQ) — B: Q — T*Q via ¢ — (g, B,).
For all 8 € Q1(Q), we have B*Acan = B. On U C Q with coordinates given by
1.y qn and T*U C T*Q, Acan = D, pidg; where p; are the dual coordinates
It remains to check that A.., is well defined in the coordinate form, but it is

Remark. The sign convention for A.,, varies. In some sense, we can think of
this as the ”"only” reasonable 1-form

It is an open problem if the following holds: T*Q = T*@Q’ as symplectic
manifolds if and only if Q = Q' as smooth manifolds

Remark. Properties of Symplectic Manifolds (M, w)

An

1. w™™ is a volume form, so we get a canonical orientation on M.

2. If M is compact, then H2%(M) = H?*(M,R) # 0 for all k, as otherwise
some /\lC w would be 0, so the volume form would be 0:

w2n _ w?n
([, [M)) / >0

Hence, for example, there is no symplectic structure on S%* for k > 1

3. TM has an almost complex structure which is compatible with w and
unique up to homotopy (a vector bundle map J: TM — TM which
squares to —I, alternatively, J € T'(T*M ® TM)) which is pointwise given

1

by polar decomposition - take g a metric and set J = AZ;Ag Ag. An
example of such is Jgq on (R*™ weiq) = (C, wita)

Proposition 3.1. If N¥ ¢ M is a submanifold and J(TN) = TN (as a
subbundle of TM) for J an almost complex structure compatible with w, then
(N,w |rN) is a symplectic manifold

Proof. Non-degeneracy follows because w(v, Jv) = g;(v,v) > 0, and closure is
immediate O

Corollary 3.0.1. All quasi-projective varieties admit symplectic forms

Proof. Trivial U



3.1 Characteristic Classes

What information can we get from the homotopy class of J for a complex
structure J?

Suppose X is a topological space and we have a complex vector bundle V' — X
of complex rank k. We do not assume a manifold structure on X. How do we
classify such V' up to isomorphism?

From now on, rk(V) = 1, so V is a line bundle. Define CP>* = ligrl((CIP’")
to be the ’Grassmanian of lines in C*’, which is the increasing union of the
Grassmanians of lines in C™

It is a fact that m;(CP*>°) is Z in ¢ = 0,2 and 0 otherwise. So CP* is a K(Z,2)
It is a fact that, for sufficiently nice X, H"(X;G) = [X, K(G,n)] by a similar
pullback to the case of K(Z,1) = S, using

e € H"(K(G,n);G) = Hom(H,,(K(G,n); G),G) 2 Hom(G, G)

Example 3.3. We saw K(Z,1) = S! and K(Z,2) = CP* (the latter using the
fibration S1 — §2°°*1 — CP* where the middle space is contractible). We also
know K (Z/27,1) = RP?

How far does this go? - Do we have the ring structure on cohomology in-
duced like this?
In fact, all structures on cohomology have incarnations in this story (the theory
of Spectra)
We have the tautolgical line bundle L;q,; — CP>*°. We wish to classify com-
plex bundles on X up to isomorphism. We can consider maps [X, CP*>] and
map f € [X,CP>] to f*Liqus. It is a fact that this map is a bijection. We
also know from the previous discussion that [X, CP>®] +— H?(X,Z). If we say
that H?(CP>,Z) = Z is generated by [H], then the map is given by sending
f € [X,CP"] — f*|—H]. In this way we have associated a canonical class in
H?(X,Z) to every line bundle on X. We call this the Chern class of £ and
denote it as ¢; (L)

Remark. This is not a classification of holomorphic vector bundles when X is
a complex manifold

In general, for V' — X a complex vector bundle of rank k, we define the
Chern class of the vector bundle, ¢; (V) = ¢1(A" V). For example we could
take T'M for a symplectic manifold (M, w)

Remark. Some properties of ¢; are as follows:
1. It is invariant under homotopy of J, the complex structure on V'
2. Cl(V*) = *Cl(V)

3. If we have short exact sequence 0 — F; — E — F5 — 0 of vector bundles
on X, then ¢1(E) = c1(F1) + c1(Fa)



4. 1 (E® F) =1k(E)c1(F) + tk(F)e1 (E)

5. A key property is that ¢;(£) = Poincare dual of the vanishing locus of a
generic section of £

Exercise 3.1. Verify the above properties when the bundles in question are
direct sums of line bundles

Definition 3.2. If M has an almost complex structure, denote ¢ (M) = ¢ (T M)
In particular we may say this when M is symplectic

Example 3.4. ¢1(X,) = number of zeros counted with sign of a vector field on
Y4, which is 2 — 2g
¢1(Liaue = CP") = [=H] and ¢;(CP") = (n + 1)[H] as [(\" CP") 5 42L-den

has poles along [[;", 2z =0
We have an adjunction formula:
Proposition 3.2. Let C be a complex curve within (X*,J). Then
2genus(C) — 2 = —c1(X) - i [C] + 14 [C] - i[C]
, where i: C' — X is the embedding (we have a pairing of H?(X,Z) with itself
via Poincare duality)

Proof. We have a short exact sequence
0—->TC—>TX ‘C—> NC/X

where the latter is the normal bundle, then take c¢;. We get that, by the prop-
erties of the Chern class, ci1(TX |¢) = c1(TC) + c1(Neyx). We can identify
H?(C,Z) = Z canonically as we have an orientation on C' from the complex
structure. Now we get

(i*e1(X), [C]) = (e(TC), [C]) + (i[C])

where e(T'C') is the Euler class (= the Chern class) and the latter comes from the
number-of-zeros interpretation of ¢;. We have that (i*c; (X), [C]) = (c1(X), i.[C])
and we are done O

Corollary 3.0.2. (Genus of a planar curve). Suppose C C CP? is a degree d
curve, that is [C] = d[H] where [H] is the hyperplane class. Then the genus is
g(C) _ (d—l)Q(d—Z)

Proof. By 3.2, 2g(C) — 2 = —c1(CP?) - d[H] + d?[H)* = —3d + d? O
Example 3.5. An elliptic curve has genus 1

Remark. If (X,w) is symplectic then X has an almost complex structure, but
the converse doesn’t hold. For example, the Hopf surface (C2\{0})/(z ~ 22) has
a complex structure (induced by the quotient), but is diffeomorphic to S3 x St,
which is compact with 0 second cohomology so can’t have a symplectic structure



4 Neighbourhood Theorems

Throughout this section (M,w) is a symplectic manifold
Definition 4.1. We define Symp(M) = {¢ € Diff (M) | ¢o*w = w}

Example 4.1. Taking (T?" = R?*"/Z?", wyq), we get that T?" — Symp(T?)
by translations

Definition 4.2. Diffo(M) is the set of diffeomorphisms which are isotopic to
the identity

Recall that, if we have {;}+c[o,1) an isotopy of M, that is ¢; € Diffo(M)
and ¢y = Id, we can associate a time dependent vector field X; given by the
derivative in time. This is a bijective correspondence, by integrating the vector
field (as compactness ensures no singularities). If & € Q*(M), then we have
Lx,o= %(bf o

Theorem 4.1. (Cartan’s Magic Formula) Given a vector field X and some
a € Q(M), Lx(a) =ixda+ dixa where ix is just inserting X in one of the
slots of a

Proof. See 111 Differential Geometry O

Given an isotopy ¢, when is ¢; € Symp(M) for all ¢?
When £xw = dixw = 0 (As the starting point is the identity and using Cartan’s
Magic Formula) which is if and only if ixw is a closed 1-form

Example 4.2. If ixw = dH for some Hamiltonian H: M — R, then the
condition holds

So we have that for any ¢ € Diffo(M), [¢p*w] = [w]

Theorem 4.2. If (M,w) is compact and {w;}c(0,1] s a path of symplectic forms
with wg = w and [w] constant, then there is ¢ € Diffg(M) such that ¢p*wy = wq

Proof. First note that because [w;] is constant, there is o such that o € Q' (M)
and %wt = do; (this relies on compactness). Find X; a vector field such that
ot +ix,ws = 0. Let ¢, be the flow along X;, which exists by compactness. Then

%q&jwt = % + Lx,wr = d(os +ix,wr) =080 ¢dfwy is constant, so djw; = wp
This method of proof is called Moser’s trick O

We have the following two corollaries

Exercise 4.1. Symplectic forms on ¥, modulo isotopy are in bijection with
Rsp by w — fz w (this defines the cohomology classes and we can interpolate
g

between two forms in the same class)

Exercise 4.2. If X1, X5 are projective varieties which are deformation equiv-

alent, then (X1,wys) = (Xo,wys). In particular, any two smooth hypersurfaces
of degree d in CP™ are symplectomorphic



Remark. The theorem fails to work without an interpolating path - the map
from symplectic forms modulo isotopy to H?(M;R) is not necessarily injective.
We can use Chern classes to show this

Theorem 4.3. (Darboux Theorem) Let p € (M,w). Then there is a neighbour-
hood B(€) < M with 0 +— p such that w pulls back to wsq

Proof. The proof is by Mosur’s trick. Fix some chart g: B(e) — M. Consider
g*w = wy and call wgg = wy. Without loss of generality, ¢*w |o= wsta |o
by changing basis at the origin. Consider (1 — ¢)wg + tw;. This is symplectic
within some 0 € D’ C B(e) as it is symplectic at 0. Note that [w;] is constant
as H'(X,R) = 0 and define o, € Q'(d’) such that fw;, = doy. Let X, solve
ix,w = oy and assume oy |o= 0. Note that X;(0) = 0 and for some D" C D/,
the flow of X; stays within D’ for all ¢ € [0, 1]. Setting f = g o ¢1, we are done
as ffw = ¢jg*w = pjwi = wo. O

Definition 4.3. V — X is a symplectic vector bundle if there is a smooth
family {w, | x € X} of symplectic forms on the fibres V,

Remark. TM — M admits a symplectic structure, but this does not imply M
admits a symplectic structure.

It is a fact that every symplectic vector bundle corresponds to a complex vector
bundle, whose classification is equivalent to that of Hermitian vector bundles

Theorem 4.4. Suppose that Q; — (M;,w;) fori = 1,2 and we have a symplec-
tomorphism ¢: (Q1,w1 |rg,) = (Q2,w2 |rgQ,) and a morphism of symplectic
normal bundles ®: vg, /nmr, — VQ,/ M, over ¢. Then there is a symplectomor-

phism ¢: U(Q1) — U(Qs) where U(Q;) is a neighbourhood of Q;
Proof.

Lemma 4.5. IfQ C M is a smooth submanifold and oy, o € QF (M) such that
a1 |g= az |g then there is some 3 € Q*~1(U(Q)) such that dB = a1 — ag and
B8=0o0nQ

Proof. Trivial U
After choosing a metric, we have embeddings
nbhd(Q; C vg,/m,) — U(Q:) C M;
by the exponential map. Now consider ¢’ given by

exp, o® o expl_1 :U(Q1) = U(Q2)

. Now you can check ¢*wy = wh agrees with w; on Q1. Let o € Q*(U'(Q1))
(possibly shrinking neighbourhoods) be such that o |, = 0,do; = wi —w). Now
apply Moser’s trick to the path tw; 4+ (1 — ¢)ws and we are done O

Corollary 4.5.1. If C? — (M*,w) then a neighbourhood of C, (U(C),w luey)
s determined by



1 [yw
2. 1C1-[C]
3. ci(M) - [C]
Definition 4.4. Let L™ C (M?",w) be a submanifold of half the dimension of
M. L is Lagrangian if w |7,=0
Remark. ”Everything is Lagrangian”
Example 4.3. We have examples of Lagrangian submanifolds

1. Any real curve in ¥, (for dimension reasons)

2. (Y™ C (C",wstq), the Clifford torus. So there are locally Lagrangians
everywhere (in Darboux charts)

3. In (T*Q,wean), s, the graph of B € QY(Q) such that d3 = 0. The
condition is needed as, for Q — T%Q by tg, we have tzAcqen = . Take
derivatives on both sides (We need sz =0sodf= daz)\can =0

4. In particular, Q — T'Q by the zero section is Lagrangian

Suppose L C M?" is Lagrangian and J is an w-compatible almost complex
structure on M. Take [5] € ma(M, L) and define

My ={U: (D C C,0D) — (M, L) | duo jya = J o du}

where [u] = [b] € m2(M, L). Then trivialising «*T M, we get a loop «y in LGr(2n).
We have
dim Mgy = constant + u([y])

where p is the Maslev class

Theorem 4.6. (Weinstein Neighbourhood Theorem) If L™ C (M?",w) is La-
grangian then there is a symplectomorphism between a neighbourhood of L in
(T*L,wean) and a neighbourhood of L in M

Proof. Choose J an almost complex structure on 7'M compatible with w, and
denote the associated metric as g. We get an isomorphism ®: T*M — TM
induced by g which satisfies g(®(f),v) = f(v). Define the function ¢: T*L — M
by (g, f) = exp,(J®4(f)). Then if we restrict to some neighbourhood of L in
T*L, this is injective. We want to check that ¢*w |L= wean |1, in T*L. Using
that T'(T"L)go =TL&T*L

(6" (@))g.0((v; £), (', 1))

(v+ JOf, 0 + JDf)
(0, JOf) —w(v', JOFf)
9(v, @f") — g(v', @ f)
f'(0) = f(v)

dcan((v, £), (V' 1))

So we have checked it. Now run Moser as in the symplectic neighbourhood
theorem with (1 — t)wean + to*w O

w
w
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Remark. There is a short exact sequence 0 = TL — TM |— vrym — 0 and
J: TL — vpp is an isomorphism of unoriented vector bundles. If you keep
track of the orienttion, this tells us that [L]? = (—1)"*1x(L). If L is compact,
then as x(L) = 0 for odd dimensional L by Poincare duality, [L]? = —x(L)

Corollary 4.6.1. If L is not essential (ie [L] =0 € H,(M;Z), then x(L) = 0.
In particular this holds for Clifford tori in Darboux charts

Proof. Trivial O
Example 4.4. There are a few further examples

1. If f: M — M is a diffeomorphism then f € Symp(M) if and only if
I'y={(z, f(z) |z € M} C (M x M,w® —w) is Lagrangian

2. If f: M — M satisfies f*w = —w (ie f is anti-symplectic) then the set
of fixed points of f is Lagrangian where it is smooth (as at such points,
w = —w = 0 - need to check dimension)

3. In particular, if (X,wss |x) C (CP™,wys) is cut out by elements of
R[x1,...,Znt1], then complex conjugation on CP" is anti-symplectic and
preserves X so that X (R) is Lagrangian

Corollary 4.6.2. If (M,w) is compact, and Hip(M) = 0, then every function
f € Symp(M) which is C* close to the identity has at least 2 fized points

Proof. Consider I'y C M x M. This is contained in some neighbourhood of the
diagonal, which is symplectomorphic to U(M C T*M) so we reduce to the case
of I'y C T* M the graphical Lagrangian of a 1-form.

We therefore have I'y = Graph(8 € H'(M)) with d3 = 0 and hence 8 = dh
for some small h: M — R and crit(h) = T'y N M = fix(f) so we are done by
extreme value theorem O

5 Kahler Manifolds

Let M™ be a complex manifold, with J an almost complex structure pulled
back from an atlas of holomorphic charts ¢: C* — M. Choose coordinates
{Zi,¥i}1<i<n on M. We can write TM ® C = (C(%, a%ﬁ). Define a complex
basis of TM ® C by a%i = % (%—ia%i) and %i = % (a%i—ia%i . We also
set dz; = dx; + idy; and dz; = dx; — idy; and further define the complexified
cotangent bundle 7*M @ C = (T*M)*° & (T* M )%! where the first component
is C(dz;) and the second is C(dz;)

To motivate why we do this, suppose we have f: M — C. Where does df live?
It should live in Hom(T, M, C) = Ty M ®C. We have d: C>(M,C) — Q'(M,C)
splits to give d = 9 + 0 (cf 111 Complex Manifolds)

Set Qb = {D, =1, k|=m @1, xdzs A dZk}. For example we have the form
dz1 A dz A dzs € Q>1(C3). If we say J € End(TM),J? = —Idry, then

11



J (%) = i% and J (%) = —i% so that Q9 Q0! are the +i eigenspaces

of

Lemma 5.1. f is holomorphic if and only if Of = 0. Moreover we have
d(Qre) c Qrtla g Qp.atl

Proof. See Complex Manifolds O

Exercise 5.1. This relies on the fact that J is integrable. A priori we could
have a component ofd in QP—La+2

Corollary 5.1.1. d?> =0 so 3 =0
Proof. See Complex Manifolds O

We can therefore define, for fixed p, Hg’j(M ) as the cohomology of the
complex (P, 3) which are complex (not smooth) invariants of M. This is the
Dolbeault Cohomology

Remark. Suppose we fix a smooth manifold M and vary the complex and
Kahler structures on M, with structures {J,,w,}zex, eg on T? = C/{1,\}
with A in the upper half plane and varying A. We have fixed descriptions of
HI(M,Z) for all j. Where is H"Y(X) Cc H)}(X;C) 2 H(X,Z) ® C. This is
a line in C”, and this is often a useful way to describe variations of complex
structures

Definition 5.1. We say a complex manifold M is Kahler if M is equipped with
some w € QM(M) such that 99 = 9Q = 0 and locally w = £ 3 h; xdz; A dzy,
where (h; )p is positive definite for all p € M

Example 5.1. wgq on C is %(dz A dZ)

Theorem 5.2. (Hodge) If M is Kahler then there is a canonical isomorphism
HEL (M) = Dy ng (M). Moreover Hg = Hg’i for the natural conjugation
map

Corollary 5.2.1. If M is Kahler then the odd Betti numbers are even for all
K

Theorem 5.3. (Lefschetz) If M is Kahler then Aw]*: Hjz"(M) — H}5*(M)
8 an tsomorphism

Lefschetz + Hodge tell us we have a "Hodge diamond” Eg for M compact
of complex dimension 1, we get

HOO(M)

T~

HYO(M) HOL(M)

I (M)/

Hl’l
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with ranks in the diagram

1= hOO(M)
— T~
1 =hLO(M) = h%'(M)
\ /
1=hb1(M)

because of all the symmetry in the diagram.

We will assume M is Kahler until further notice. We recall that deformations of
(M, J) which fix the smooth structure on M give us variations of Hodge struc-
tures, recording the embeddings H%k(M) — Hgr(M;C) in an intrinsic way

Proposition 5.1. w is a symplectic form

Proof. Check that h;; being Hermitian implies w € QY*(M) N Q*(M,R) and
that positive definite implies w™ = n! (%)n det(h;j)dza AdZi A .. ANdz, NdZ, O

Remark. The definition of a Kahler manifold is often a triple (M, w, J) with
w symplectic and J a complex structure compatible with w, which is equivalent

How do we produce Kahler forms on complex manifolds M?

Definition 5.2. A function p: M — R is plurisubharmonic if (&La‘;k) i is
7 Js
. 2
everywhere positive definite. In this case, w, = 3 (%) " is Kahler
7

Remark. If this is the case, M is not compact

Example 5.2. p = |2|? defines wyq on C?
prs =log(]z|> + 1) on C™. It is not immediately clear this is plurisubharmonic.
We can check that at (1,0,...,0),

. 7 < ledzl (ijdzj) (E Zdej))

w =L _
P2\ 1+ 27 (1+ 3 dzz;)°

. Then note that py is invariant under the action of U(n) so is plurisubharmonic
everywhere

Theorem 5.4. Any complex submanifold on X C CP™ is Kahler

Proof. CP™ is covered in the affine charts U; = {[z1: ... : zny1] | 2 # 0}. We
then check that £00p = 1w, is invariant under the change of coordinates. This
defines the Fubini-Study form. For X = V(z1) N--- N V(2;), pss|x remains
plurisubharmonic, and we can always reduce to this case (exercise) O
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6 Constructions of Symplectic Manifolds

6.1 Blowing Up

In the complex setting, let Z = {(z,1) € C" x CP"~! | 2 € I} be the total space
of the tautological line bundle over CP"~!

Remark. We define O(k) to be the line bundle on CP" with ¢;1(O(k)) - [L] = k
where L is the hyperplane class

We have projection maps

Z —5— cpr—!

&

C n

and Z is the blow up of C" at 0. Away from E = 7~!({0}), 7 is a diffeomor-
phism. FE is called the exceptional divisor
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