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Please send any corrections or queries to |j.newton@imperial.ac.ukl

Exercise 1. Let G be a finite group, with H C G a subgroup and let V be a
representation of G. Suppose W C ResgV is a subrepresentation of the restriction
of V to a representation of H.
(a) Let ¢ € G, and consider the subspace py(¢)W C V. Show that this
subspace depends only on the left coset gH of g.
(b) If C € G/H is a left coset, write W¢ for the subspace py (g)W C V, where
g € C. Fix a representative gc for each left coset C' and let f: G — W be
an element of Ind%W. Show that

pv(9c)fl9c') € Wo
is independent of the choice of coset representative g¢.
(c) Suppose the subspaces {W¢ : C € G/H} together sum to give V and, the
sum is direct. In other words, we have

V= P we.

CEG/H

Show that V is isomorphic to the induced representation Ind%W.
Hint: consider the map which takes f € IndGW to docec/n PV (90)f(gch).

This exercise shows that our definition of the induced representation gives some-
thing satisfying the (alternative) definition given by Serre in Linear representations
of finite groups.

Exercise 2. Let G be a finite group and suppose we have a subgroup H C G and
a subgroup K C H. Let W be a representation of K. Consider the representation

IW = Ind§ (Ind2W).
(a) Show that if V' is a representation of G, we have
(Xrw, xv) = <XW’XRCS§V>

(b) Show, using part a), that IW is isomorphic to Ind?(W. You can also try
to show this directly, without using character theory.

Exercise 3. Let G = S5 and let H = A4 be the subgroup of G given by even
permutations of {1,2,3,4} which fix 5.

Let V be a three-dimensional irreducible representation of H (there’s a unique
such V' up to isomorphism, see Question 3 on Sheet 4). Use Frobenius reciprocity to
compute the decomposition of IndgV as a direct sum of irreducible representations
of G (you can freely refer to the character table of S5 — this is computed in Exercise
2 in the ‘extra exercises’ for Sheet 4).

Exercise 4. Suppose H is a subgroup of a finite group G, and let V be an irre-
ducible representation of H. Let x1,..., X, be the irreducible characters of G and
suppose that

T
XIndGv = Z diXi-

i=1
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Show that >_'_, d? < [G : H].

Exercise 5. Suppose H is a subgroup of a finite group G, and let V' be a repre-
sentation of H. Let g € G with conjugacy class C(g). Suppose that C(g) N H =
DyUDsU- - -UDy, where the D; are conjugacy classes in H. Note that we can evalu-
ate the character xy of V on each conjugacy class D;, by defining xv (D;) = xv (h)
for h € D;.

(a) Show that the character y of Ind%V is given by

_ IG5~ 1D |

(b) If V is the trivial one-dimensional representation, show that the character
x of IndgV is given by

_|¢lict) N H)
X9 = o))



