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1. INTRODUCTION

We let F' be a totally real number field, and fix a place p|p of F', with p an odd prime. Denote the local
field F}, by Ko, and denote its residue field by ko. We have kg = F, with ¢ = p! for some f > 1. We
denote by X (p) a Shimura curve associated to a suitable indefinite quaternion algebra over F', with some

fixed level outside p and level at p corresponding to the principal congruence subgroup
U(p) = ker(GL2(Ok,) — GL2(ko)).

Then X (p) has semistable reduction over a finite extension K /K, with ramification degree ¢> — 1 and
residue field k some (explicit) extension of ky. An explicit semistable model X , in the modular curve case,
is described in unpublished work of Edixhoven [EdiO1]. The description of this model is also a special case

of the recent work of Weinstein [Wei], which describes semistable models for modular curves of any level.

The genesis of this work was the authors’ attempts to investigate the consequences for the mod p Lang-

lands programme of the geometry of X. The étale cohomology group
Hey (X (p)7, Z/pZ) @5, F,

is of importance in the mod p Langlands programme — for example, the weight part of Serre’s conjecture
is a statement about its structure as a GLa (ko) x Gal(F'/F)-representation. This étale cohomology group
compares with the log-crystalline cohomology of X over the base S appearing in Breuil’s integral p-adic
Hodge theory, but in the present paper we only consider the de Rham cohomology of the normalisation of
X k- The structure of this de Rham cohomology group already has some consequences for one direction

(weight elimination) of the weight part of Serre’s conjecture ([BDJ10],[Sch08a]).

Our first goal in this paper is to describe the analogous semistable model in the Shimura curve case. This
essentially follows from a special case of the generalised semistable models for Lubin-Tate spaces with
level p structure which are described in [Yos10]. The irreducible components of the special fibre X, are
of two kinds. The first kind have a purely local description, and are isomorphic to compactifications of the
Deligne-Lusztig curves for the group GLy (ko) (with the natural action of GL2 (ko) on X (p) corresponding
to the natural action of GL2 (ko) on the Deligne-Lusztig curves) — these curves are forms of the Drinfeld
curve with affine equation xy? — yz? = 1. The second kind of irreducible components are Igusa curves,
which already appear as irreducible components of the regular integral model for X (p) defined by Carayol

[Car86]. We denote the union of the ‘Drinfeld’ components by Y, and the union of the ‘Igusa’ components
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by Zy. For | # p, the I-adic cohomology of Y, is comprised of cuspidal representations of GLx (kg), whilst

the [-adic cohomology of Z}, is comprised of induced representations.

Another goal of this paper is to indicate the way in which the ‘cuspidal’ and ‘induced’ pieces of coho-
mology blend together when one considers a cohomology theory with mod p coefficients (namely, de Rham
cohomology of the special fibre or mod p étale cohomology of the generic fibre). This blending can be ob-
served in the structure of finite flat group schemes which are naturally associated to Galois representations
appearing in the mod p étale cohomology of X (p). In what remains of the introduction, we describe the

contents of this paper in a little more detail.

1.1. Consequences for the weight part of Serre’s conjecture. We need to set up a little more notation in

order to state our results precisely.

We denote by I(K/K)) the inertia group of K /K and define a fundamental character of niveau 2 f

waf : I(K/Ko) — k>

g — g—wmodw,
w

where w is any uniformiser of K. Setwy = w;?q. Denote the ramification degree of K/Q,, by eg. We let
L be the unramified quadratic extension of K inside K, with residue field &, and write G and Gk, for
the absolute Galois groups of F' and K| respectively. Finally, we write I for the inertia subgroup of G .
We prove the following in Corollaries 6.17 6.19, 6.24 and 6.26:

Theorem 1.1. Let W be an irreducible representation of GLo (ko)

W = det® ® (Symm?~ k%) Qr Fp

T:kg‘—)Fp

with 1 <y, < pfor every T and not all the y, equal to p — 1 (we say the weight W is weakly regular when
these conditions hold). If f = 1 we modify the definition of weakly regular slightly (see Definition 6.7).

If moreover we have ey < y. < p— 1 — eq for all T, we say the weight W is strongly ey-regular.

Suppose r is an irreducible two dimensional E,-representation of G, such that r appears as an E,[G Fl-
submodule of Homgr,, (ko) (W, HY (X (p) 7, Fp)).

(i) Suppose thatr|c K, 8 irreducible (the supersingular case). Then there exists a subset J C Hom(kp, Fp),
which bijects with Hom(kq, F,) on restriction to ko, together with integers —1 < €, < eq — 1 for

7 € Hom(ko,Fp), such that r|; = p & p? where

p=w;"[[ 7o w;f(Hy’“*) II- w;f(eoflfe’).
TeJ T¢J

The integers e, are > 0 unless T and T o o~ are both in J, or both in the complement of J
(here o1 is the inverse of the q-power Frobenius morphism). If W is strongly eqg-regular then all
of the ¢, are > 0.
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(ii) Suppose that r|c «, is reducible (the ordinary case). Then there exists a subset J C Hom(ko, F,)

/

— ! *
together with integers —1 < e, < eg for T € Hom(ko,Fp), such that r|; = <f) /) where

/)/ _ w;a H - Ow;(lerTJreT) H r ow;(efﬁlf&)
TeJ T¢J

and
pl=wpt H ToO w;(1+y7+67) H ToO w;(e[’*l%’).
r¢J reJd
The integers e, are > 0 unless T and T o o~ " are both in J. The integers e, are < eg — 1 unless
T and 7 o ="' are both in the complement of J. If W is strongly eo-regular and we exclude the
cases where y, = eq for every T or y. = p—1—eq for every 7, then all of the € are in the interval
[0,e0 — 1].

This result was already known in many cases [Geel 1], [GS11a], [SchO8b], [SchO8a]. Whilst this work
was in preparation, Gee, Liu and Savitt [GLS] have established it in general, in the stronger form with the
€, in the interval [0, eg — 1] for all 7. However, our methods are completely different to theirs, and in many
situations we find a natural geometric interpretation for the sets J appearing in the above theorem. These

results are outlined in Section 1.2.

Since our argument is geometric, amongst the above references it is closest to the work of Schein in
[SchO8b], [Sch08a]. We work entirely in characteristic p, avoiding any combinatorics related to the ir-
reducible constituents of the reductions of characteristic 0 GLg (ko )-representations. It is plausible that
analogous arguments to Schein’s, using the semistable model X, would be able to prove stronger results
in the ordinary case than those we present here. We avoid any computations with reductions of crystalline
representations, instead working only with finite flat group schemes killed by p and their associated Breuil—

Kisin modules.

1.2. Geometric interpretation of the weight part of Serre’s conjecture. In many cases, we are able
to give a geometric interpretation for the subset .J appearing in Theorem 1.1 (and in the conjectures of
[BDJ10], [Sch08a]). For simplicity we here just state our result in the supersingular case, so we make all
the assumptions of Theorem 1.1, including the strongly eg-regular assumption on the weight W and suppose

7"|GKO is irreducible. We wish to understand the subset .J appearing in the conclusion of the Theorem.

The inclusion of r in Homgr,, (k) (W, HY (X (p)7 Fp,)) allows us to construct a finite flat F,,-module
scheme (in fact, we work over a finite coefficient field) H over Ok with generic fibre descending to K,
such that H(K) =2 p(1) and such that the (contravariant) crystalline Dieudonné module D of )’ naturally

embeds in
[Hip(Yi/k) ® Hijp(Z1/k)] ®F, Fp.

The free k& ®F, Fp-module D breaks up as a direct sum &, D of one-dimensional ﬁ,,-vector spaces indexed

by embeddings 7 : k < F,,, and we obtain natural embeddings

tr 2 Dr < [Hap(Yie/k) & Hap(Z1/k)] @r,r Fy.
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For each 7, the image of ¢, is contained in either HéR(?k/k) Ok, r Fp or H;R(Zk/k) ®k.r Fp, we say
that 7 is a ‘Drinfeld embedding’ for p in the first case, and an ‘Igusa embedding’ for p in the second
case. We prove that whether 7 is Drinfeld or Igusa depends only on the restriction of 7 to kr,, that 7 is a
Drinfeld embedding for p if and only if it is an Igusa embedding for p? (this requires the strongly eg-regular

assumption), and give (in Theorem 6.18) the following description of the subset J C Hom(k,F,)
Theorem 1.2. An embedding T : k < F, is a Drinfeld embedding for p if and only if

T|kL e J

1.3. Finite flat models and the mod p Langlands programme. Finally, our methods produce some in-
formation about the structure of some natural finite flat models over Spec(Ox) for certain Gal(F,/F,) x
GLy(ko)-subrepresentations of HY, (X (p)#,F,). These finite flat models arise from the quasi-finite flat
group scheme Pico()? /Oxk)[p] and we believe they are natural objects to study in the mod p Langlands

programme.

We sketch an outline of our motivation: given a maximal ideal m of a suitable Hecke algebra, one obtains
a (log) finite flat group scheme G = Pic®(X /O )[m] with descent datum to F, on the generic fibre. The
generic fibre of G gives representation of Gk, X GL2 (ko) which is conjecturally described (up to multiplic-
ities) by [BP12] in many cases when p is unramified in y. The GL2 (kg )-socle of this representation is the
object of study in the weight part of Serre’s conjecture. In any case, one expects this representation to look
like (p @ 7 )™, where m is some multiplicity (which will depend the global situation), p is the restriction
to G'r, of the mod p Galois representation attached to m and my, is a representation of GL2 (ko). Moreover,
7w should depend only on the local Galois representation p. The results of [EGS], when p is unramified in

K, prove that this is indeed the case.

One can also ask if the whole of G, not just its generic fibre, is determined by p. More precisely, do we
have G = (G )®™, with G, a (log) finite flat model for p ® 7y, which depends only on the local Galois
representation p? We believe that the answer may be ‘Yes’, and that there should be some version of a mod
p Langlands philosophy incorporating these finite flat models. One of our goals is to provide some evidence
for this belief, and our results in this direction are collected in Section 7. Briefly, we are able to understand
the piece of G contributing to the strongly eg-regular Serre weights in 7. In future work we hope to go

‘beyond the socle’.

1.4. Outline of this paper. The structure of our paper is as follows: In Section 2 we describe the semistable
models of modular and Shimura curves which we will be studying over the course of the paper. These
models were first described by Edixhoven in the modular curve case [EdiO1] and the necessary models for

the first covering of Lubin—Tate spaces appear in [ Yos10] (in more generality).

In Section 3 we discuss some of the characteristic p representation theory of GLy(FF,) which we will
need to describe the structure of the de Rham cohomology of the irreducible components of the special fibre

of our semistable curves. In Section 4 we give this description.

We then use the theory of Breuil-Kisin modules to relate (pieces of) the mod p étale cohomology of

X (p) to the de Rham cohomology of the (normalisation of the) curve X For our applications to the weight
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part of Serre’s conjecture we could probably have used Raynaud’s theory of vector space schemes, as in
[Sch08b], [Sch08a], but we found working with Breuil-Kisin modules more convenient. Also, the results
of Section 7 are most easily phrased using Breuil-Kisin modules. Section 5 summarises the results we need
about Breuil-Kisin modules with coefficients and descent data. Everything we use is contained in [Kis09]

and [Sav08], except for some elementary facts about Breuil-Kisin modules with actions of GLy(F).

In Section 6 we explain the proof of Theorems 1.1 and 1.2. In Section 7 we discuss our results on the
finite flat models appearing in Pic" ()Z' /Ok). All the work for this final section is done in Section 6, we just

extract the statements from the proofs of that section.

1.5. Acknowledgements. We are grateful to the attendees at the arithmetic geometry study group in Cam-

bridge, where various parts of this work were presented.

2. GEOMETRY OF SHIMURA CURVES

In this section we describe semistable models of Shimura curves with full level at a prime dividing p.
The models are due to Edixhoven [EdiO1] (unpublished) in the case of modular curves, and a generalisation

to unitary Shimura varieties of ‘Harris—Taylor’ type follows from the results of [ Yos10].

Let F' be a totally real field with [F' : Q] = d. Let B be a central simple algebra over F' of degree
4, and G be the algebraic group over Q defined by G(R) = (B ®qg R)* for any Q-algebra R. We look
at the Riemann surfaces G(Q)\G(A)/(U x U ), with a sufficiently small open compact subgroup U of
G(A™>), where A =Q® Z, and the maximal connected compact modulo centre subgroup U, of G (R).

We consider the cases where G(R) /Uy = C \ R, i.e. Shimura curves over F'.

We let B be a quaternion algebra over F' which is split at one infinite place 7 : F' — R and non-split at
every other infinite place. In the case B = M>(Q), G = GL3 we have Uy, = R*SO(2), and we let X (C)
be the compactification of G(Q)\G(A)/(U x Uy,). Otherwise, we have U,, = R*SO5(R) x (H*)4-!
in G(R) = GLy(R) x (H*)4~1, where H is the Hamiltonian quaternions over R, and we set X (C) =
G(Q)\G(A)/(U x Us) (which is compact).

The proper smooth curve X /C has a canonical model over F', where we choose the Shimura data as in
[Car86]. Let det = Np,p : B* — F* be the reduced norm on B. Extended to (B ®q R)* for any
Q-algebra R, it gives a homomorphism det : G — Resp,q(Gy,) of algebraic groups over Q. Note that
det Uss = (RZ,)? and mo(X (C)) = F*\A}/det(U x Us), the narrow ideal class group corresponding
to det U, where Ap = F ®q A. If F(U) is the abelian extension of F' such that F*\A% / det(U x Us) =
Gal(F(U)/F) by the global Artin map, then X — Spec F factors through Spec F(U), with X/F(U)

geometrically connected.

2.1. No level at p. Let p be a prime and p = py, ..., p; be the primes of F' above p. We assume that B is
splitat p,i.e. B @p F, = M(F}). Let F},, be the completion of F at p;, a finite extension of Q,,. Let Oy,
be the ring of integers of Iy, and By, = B @f F},.

Note that G(A>®) = G(A®P) x G(Q,) where AP = Q ®z [[,,, Z¢, and G(Q,) = -, By, so
we write G(A™) = G x GLy(Fy) with G>P = G(A>P) x H§:2 By Now we choose U C G(A™)
to be of the form U = U? x GL2(O,) with a sufficiently small UP? C G°°*. The base change of X/F' to
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F, extends to a proper smooth curve over O, ([KM85], [Car86]). Also p is unramified in F(U)/F, and
letting O, Oy be the ring of integers of F', F'(U) and Oy, := Oy ®0, O, the morphism X — Spec O,
factors through Spec Oy, with X/Oy,,, geometrically connected.

In the modular curve case X is obtained as a moduli of elliptic curves with level UP-structure ([KM85]),
and the Barsotti-Tate group G := A[p>°] for the universal elliptic curve .4 over X is of height 2 and
dimension 1. We denote by G; = G[p] the finite flat group scheme over X obtained as the p-torsion of G.
In the Shimura curve case, except when F' = (Q, the canonical models are obtained only by relating them

to unitary Shimura curves of PEL-type over a CM extension of F' ([Car86]). We recall this construction.

Let Ey be an imaginary quadratic field in which p splits and E = F E, which is a CM field. Let z — Z
be the complex conjugation of £/F, so that Ng,p(z) = 2z. Extended to (E ®q R)* for any Q-algebra
R, it gives Ng/p : Resg/o(Gm) — Respq(Gy,). Now we define the algebraic group G over Q by

G'(R) = {(g,2) € G(R) x (E xq R)* | det(g) = Np/r(2), det(g) - Ng/p(z) € R*}.

Then it has a homomorphism v : G’ — G, defined by v(g, z) = det(g) - Ng,p(2). Then G and G’ have
the same derived subgroup GG = Ker (det), and Ker v = G x Ker (Ng/p).

We interpret G’ as a unitary similitude group. Let B’ := B ®p E, which is a quaternion algebra over
E. Let trp//p be its reduced trace, and tr := trg/g o trg// g : B’ — Q. Define an involution on B’
by b® z = b ® Z, where b — b is the canonical involution on B. We can choose 6 € B’ with § = §
so that the involution * : B’ — B’°P defined as b* := §~1b4 is of second kind (i.e. *|g is z — Z) and
positive (tr(bb*) > 0 for every b € B\ {0}). Let V = B’, considered as a left B’-module of rank 1. Let
(,):V xV — Qbe an alternating pairing defined by (x,y) = tr(z8y*) for some 8 € B’ with * = —§.
Then (bz,y) = (z,b*y) for all b € B’. Then for any choice of § and 5 we have

G'(R) ={g € Autpo,r(V ®q R) | (g7, 9y) = vg(x,y) for vy € R*},

and the character G’ 5 g — v, € Gy, is our previous v.

For an E-algebra R such that B’ @ g R = M3(R) (e.g. R = E ®qgR), once we fix such an isomorphism
we denote by ¢ the element corresponding to the diagonal matrix (1,0) in Endp/g,r(V ®g R) = M2(R)
(since B°P = B’). We fix 79 : Fg — C, which gives E — C above each ' — R. Then the Hermitian
pairing on e(V ®g R) = (E ®g R)? 2 (C%)? (by 79) associated to (, ) has invariants (1,1) at 7 : F — R
and (0,2) at all the other. Thus G xg R = G(U(1,1) x U(0,2)%"!), where G(-) denotes the unitary
similitude group. The associated PEL-type Shimura varities X’ with X'(C) = G'(Q)\G'(Q)/U" - UL,
where U’ is a sufficiently small open compact subgroup of G’'(A>°) and U/ is the maximal compact modulo

centre subgroup of G'(R), are the special cases of the ones treated in [HTO1].

Now fix a prime py of Ey above p, and let q = ¢, ..., q¢ be the primes of E above pg and p1, ..., p;,
so that By, = F},, and By, = B’ ®p E,,. Let O be the ring of integers of E and O, () = O ®z Z(y).
Note that G'(A®) = G'(A®P) x G'(Q,) with G'(Q,) = (Hle B;ﬁ-) x QF. Take U' C G'(A™)
to be of the form U’ = U'? x UP x GLa(Oy) x Z,, with a sufficiently small U"? C G’(A>?) and
Up = [li—, Ker (OF ,. = (Opp,/pi")*) C [1i—y By for m; € N. Then the corresponding curve X’

We choose a maximal (’)E’(p)-order Op: of B’ with O5, = Op/, and let Op,, = Op/ ®Ok. () Oy, .
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has a canonical model over E/, whose base change to F/; = F), extends to a proper smooth curve over O,
([HTO1], 1I1.4).

We describe this integral model of X’ over O,. Let O, be the ring of integers for E ,,. Choose an
isomorphism Op,, = M;(O,), which gives B, = GLy(F}), and let ¢ € Op , be the element corre-
sponding to the diagonal matrix (1,0). We write A = €Op;, a free Op-module of rank 2 with a fixed
isomorphism A & (’)g. The Op-scheme X' represents a functor X from the category of pairs (S, s), where
S is a connected locally Noetherian O,-scheme and s is a geometric point of .S, to the category of sets. It

sends (5, s) to the set of equivalence classes of quadruples (A, A, 4, 7"), where

e A/S is an abelian scheme of dimension 4d;

e i: Op — End(A) ®z Z) such that Lie A (0 82, 05),101 Og is locally free of rank 2 and the
two actions of O (from Op, and Og) coincide;

e \: A— AV isaprime-to-p polarisation with A o i(b) = i(b*)Y o A forall b € Op;

o P = (ﬁp, (ni)ggigt) is a level structure outside p, i.e.:

o 7” is a w1 (S, s)-invariant U'P-orbit of isomorphisms 7 : V ®qg A®P — VPA, of B’ ®g A>P-
modules, which take the pairing ( , ) to an (A°>?)*-multiple of the A-Weil pairing on V? Ay,
where VP A, := (1@ A[N](k:(s))) 2z Q;

PN
o 0 i (p; " OBy, /Opp,)s — Alpi] is an isomorphism of S-schemes with O ,,-actions,

and two quadruples (A, A, i,n%), (A, X',i',n'?) are equivalent if there is a prime-to-p isogeny A — A’
X

(p)
X(S, s) and X(S, s’) are in canonical bijection, hence we think of X as a functor from connected locally

which sends (7, 7?) to (', ") and A to v\’ for some v € Z ,. For two geomteric points s, s’ of S the sets

Noetherian O,-schemes, and extend it to a functor from all locally Noetherian O,-schemes by setting
X(IL; Si) = I1; X(S0).

Given (A, A\, 4,nP) as above, let G4 = ¢ A[p>°], a Barsotti-Tate Op-module; it has O,-height 2, i.e. the
multiplication by a uniformiser g of O, has degree ¢, where ¢ is the order of the residue field k, = O, /p
of Fy,. Over a base in which p is nilpotent it is 1-dimensional and compatible, i.e. the two actions of O, on
Lie G4 coincide ([HTO1], II.1). Let A be the universal abelian scheme over X', and G = G 4.

To relate X to X', let FJ" be the maximal unramified extension of Fy,. For each connected component of
X ®p F, we can choose U’ so that it is canonically isomorphic to a connected component of X’ ® g Fyr
as F'"-schemes ([Car86], 4.5.4). By descent from X ®p F}", the above integral model of X " gives an
integral model of X, a proper smooth scheme over O, ([Car86], 6.1). Let X, = X ®o, ky. At each
geometric point s of X, the completion O x,s Of the strict henselisation of X at s is isomorphic to O X1 s
for the corresponding point s € X ", (kp), hence is isomorphic to the universal deformation ring of Gy
([Car86], 6.6). We write G; = G . For each n, if we choose a sufficiently small U, there exists a finite flat
O,-module scheme G,, on X which pulls back over O X,s = 1) x7,s t0 G[p"], the p™-torsion of G ([Car86],
6.5). Since we can vary UP, the Hecke algebra Ty = Z[UP\G*>? /UP]| away from p acts on X from the

right by algebraic correspondences.

Now we describe the supersingular points on X . For any field  of characteristic p, a point s € X, (k) is

called supersingular if Gs is a formal (i.e. connected) Barsotti-Tate O,-module for 5 € X, (%) above s. Let
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X,s be the reduced closed subscheme of X,, whose underlying set is (the closure of) the set of all closed
points of X, which are supersingular. Then it is a finite étale k;,-scheme, stable under the Hecke correspon-
dences in Ty. Hence the g-th power Frobenius morphism Fr : X — X restricts to an automorphism of X
as a ky-scheme. In particular Fr acts on the set Xy (k). Also, recall that X, — Spec k, factors through
Spec(Oyp/p) with geometrically connected fibres, hence X is a finite étale O /p-scheme and we have a

map
(2.1) Xs(kp) = Spec(Ou /p)(kp) = FX\AL/ det(U x Us),

equivariant with the Fr-action and the action of the inverse of a uniformiser of Fj,.

To describe the Fr-set Xgq (Ep), let B be a totally definite quaternion algebra over I whose non-split
places are exactly the places where B is non-split together with p and 7, and define an algebraic group G
over Q by G(R) = (B ®qg R)*. Note G(A>®) = G x E:, where B, = B ®F F}, is the quaternion
algebra over F},. Let (’)Ep be the maximal order of By, and v : F: / (’)%7’D =4 Z be the normalised
valuation. Fix a supersingular point s € Xg(ky). Then there is a bijection of finite sets with right T-

actions ([Car86], 11.2)

2.2) Xao(Fy) = GQ\G(A™)/(UP x 0% ) = é(q;p)\((c;wp JUP) x Z),

which sends sq to 1. Here the second bijection is defined by sending the class of § € G(A®) to the class of
(6", —v(dy)). The action of Fr on the left hand side coincides with the action of II™! € E: , on the middle
term, where v(II) = 1. The action on the right hand side is therefore given by h — h + 1 on Z. The map
(2.1) is given by the reduced norm det = Ng 7 : B — F*.

The right hand side is concretely described as follows. Fix a set of representatives 3o C G°* for the
double cosets in G(Q)\G*>*/U¥, with 1 € . Then the image of g x Z for g € X is given by I';\Z,
where the subgroup 'y C G(Q) is the intersection G(Q) N gUP g~ inside G°*, considered as a discrete
subgroup of E: and acting on Z via —v. We have I'y = 6§ for a unique §, € E: with v(dg4) > 0, hence

2.3) @(Q)\((Gw’p/U") X Z) = I vz 3 IT 2/v6,)2,
g€Xo geEXo
and Fr acts by h ~— h + 1 in each Z/v(d,)Z. The order of the automorphism Fr on X (k,) is the least

common multiple of v(d,) for g € Xy.

We make (2.2) into an isomorphism of schemes with a descent datum to k. Let n be the least common
multiple of two and the order of Fr on X (ky), and let k be a finite extension of k, with [k : kp] = n
(we ensure that n is even so that for z € X (Ep) the endomorphisms of G, descend to k). Let X5, =
Xgs @k, k. We have Xs(k) = Xgs(k) = X5k (k) by definition of n.

We define a k-scheme Z;, = [[, Speck, where we write Z! for the copy of Speck at h € Z. Let
Fr: 7z, = Z, be an automorphism as k-schemes, defined by Z' = ZZH for every h € Z. Let E:
act on Z,, from the left via § — Fr— ), Using this left E; -action, which clearly commutes with Fr, we

replace Z in (2.5) by Z,,, and obtain an isomorphism of k-schemes with Fr-action

(2.4) Xoope = GQ\((6#/U7) x 24.).
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By taking the base change to Ep over k, we obtain an isomorphism
2.5) Xy — a(@)\((G°°"°/U") x Z)

of kp-schemes with Fr-action, where X = Xy ®y,, ky and Z = ][, Specky.

2.2. The Lubin-Tate spaces, and the full level at p. Let us relieve some of our notational burden by
writing Ko = Fy, O = O,, and ko = k, = F, with ¢ = p/. Let k = F,. be as above, and we write k for
Ep = E]. We reserve K for a finite extension of K appearing later. Let D = Ep and Op = Oﬁ,p’ with its
maximal ideal p p and residue field x = Op /pp = F 2. Let W be the completion of the ring of integers of
K{", and Xy = X ®0 W. A formal spectrum Spf R for a complete Noetherian local ring R will have its

maximal ideal as the ideal of definition if not otherwise mentioned.

We desribe the p-adic uniformisation for the formal neighbourhood of X in Xy. Recall that we
fixed a supersingular point sg € Xgq (E) Let G = §,,, the Barsotti-Tate O-module at so. It is a (strict)
formal O-module of O-height 2 and dimension 1 over %, which is unique up to isomorphism. We denote
by LT the Lubin-Tate space for G (the Rapoport-Zink space [RZ96]); it is a formal scheme over Spf W,
whose reduced subscheme is LT™ = Z = 1, Speck. On the category C of Artinian local W-algebras
¢ : W — R with the maximal ideal m C R such that ¢ induces k = R/m, the set LT(R) is the set of
all isomorphism classes of pairs (G, p), where G is a Barsotti-Tate O-module over R and a quasi-isogeny
p:G®; R/m — G ®gr R/m. For h € Z, we denote the locus where the O-height of p is h by LT",
hence LT =[] hez LT". Then LT = Spf Ap, where we let Ag be the universal deformation ring of G,

non-canonically isomorphic to W[[T]].

Note that Op (resp. D*) is the endomorphism ring (resp. the self-quasi-isogeny group) of G, and v :
D* /0] = Zis given by the O-height. Hence D* acts on LT from the right as p — po ¢ ford € D*,
and we consider this as a left action by making & act as ! from the right. In particular, a uniformiser
II € D*, a self-isogeny of G with O-height 1 (degree ), defines an isomorphism IT : LT" =5 LT for
every h by p — p o II~!, hence an isomorphism LT 22 [ [, Spf A. This left D*-action extends the action

on Z defined previously, since O acts trivially on Z.

For any F,-algebra R, let o, : R — R be the g-th power ring endomomorphism. Let G(9 be the base
change of G with respect to 7; : Spec k — Spec k, which is (non-canonically) isomorphic to G. Let LT?
be the Lubin-Tate space defined for G(?). Then:

(i) Let o, : W — W be the arithmetic Frobenius, the continuous O-automorphism lifting o, on k. Then
(LT ®w,», W)(R) = LT(W % W - R) is the set of isomorphism classes of (G, p), where G/R is as
before (since R is unchanged as an O-algebra), and p : G ®y ., R/m = G ® R/m — G ® R/m.
Therefore LT(? = LT Qw, o, W.

(ii) Letting LT, = LT ®@uw k, the formal scheme over k obtained by reduction mod p, its base change
LT'(Jq) with respect to o, on k is just LT,(Jq) = LT@ ®w k by (i). The ¢-th power Frobenius morphism
Fr:LT, — LTE,q) is given by (G, p) — (G?, p(®) on the R-valued points, where (-)(9) denotes the base

change with respect to o, on R.
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(iii) The g-th power Frobenius morphism Frg : G — G(9 is an isogeny of O-height 1, hence p
p o Frg defines an isomorphism w : LT@ =5 LT of formal schemes over Spf W (the Weil descent), with
w : LT@" =, 17" for every h. The action of w o Fr : LT — LTA*" on LT™® = Z is what we
denoted by Fr at the end of §2.2.

Using the left action of D* on LT, we replace the Z in the right hand side of (2.5) by LT, and claim that

the formal completion X w |§ of Xy along its closed subscheme X is given by

2.6) Xwle, = [[SpfOx. = é(@)\((G‘”’p JUP) x LT),

s€Xgs(k)
as formal schemes over Spf W with the Ty-actions from the right. This is seen as follows. The right
hand side is a finite disjoint union of formal schemes of the form I'j\LT, as in (2.3), and I'j)\LT =
HZ Jo(8)Z Spf Ap non-canonically. Since (2.5) says that the E-points of (2.6) are in Ty-equivariant bijection,
and also Ox , = A for each s € X (k) (since G5 = G), we see that (2.6) is an isomorphism of formal

schemes over Spf .

For every s € X (k), canonically gFr( 5) = QS(Q) (by the moduli interpretation of X’), hence we have
(’3X7Fr(s) = @X,s ®w, s, W asin (i) above.

This picture descends to Xy, as follows. Let K/ K be the unramified extension with the residue field
extension k/kgy of degree n, and let |k| = ¢" = ¢'. Let O’ be its ring of integers, and Xor = X ®p O'.
Since Fr" = id on X defines a descent data G =, G, let Gy, be the corresponding formal Barsotti-
Tate @-module over k with G = G, ®;, k. Let LT}, be the Lubin-Tate space defined for Gy, which is a
formal scheme over Spf O, non-canonically isomorphic to [ [, Spf O’[[T]], with D*-action and the Weil
descent (note that k contains the quadratic extension of kg, hence all endomorphisms in End(G) = Op are
defined on Gg). Then LT, ® o W = LT with the D*-action and Weil descent. Then the formal completion

of X along its closed subscheme X /k 18 given by

27 Rolx., = [0t Ox.c = G@\((G=*/UP) x LT}),

s€Xss(k)

as formal schemes over Spf O’ with the Ty, -actions from the right, where 4] x,s 1s the complete local ring
of Xo at s.

Next we choose an open compact subgroup of G(A™) of the form U = UP x Uy, with Uy = Ker (GL2(0) —
GLz(ko)), and let X (p) be the corresponding canonical model over F', which is an étale GLj (ko )-covering
over X. Here we recall an integral model of X (p) over O, which is a regular scheme, proper flat over
O ([KM85], [Car86]). Choosing UP small enough so that we have the finite flat O-module scheme G
over X, the integral model for X (p) over O is defined as the relative moduli over X of the Drinfeld level
p-structures on Gy ([KMS85] 1.8, [HTO1] IL.2):

n:p 'A/JA — Gy,

where A = O? (for Shimura curves A = eOp , = 02, and the corresponding model for X" is as appears
in [HTO1], IIL4). For each geometric point s € X (p)(k), the completed strict henselisation O X(p),s 18

isomorphic to the universal deformation ring of G; with Drinfeld level p-structures ([Car86], 7.4), hence
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X(p) is regular and finite over X ([Dri74], §4). As X(p) — X is a finite morphism between regular
schemes of the same dimension, it is flat ([AK70] V, 3.6).

Now we look at the formal neighbourhood of X for X (p). For any field x’ of characteristic p and
t € X(K'), there is a unique Drinfeld level p-structure of (G ), hence a unique point s € X (p)(x’) above
t. Thus X, can be considered as a reduced subscheme of X (p). We denote by LT (p) the first covering of
the Lubin-Tate space for G, non-canonically isomorphic to [ [, Spf A, where A is the universal deformation
ring of G with Drinfeld level p-structures. Then LT (p) has a GLy(ko)-action from the right, and LT (p) —
LT is a D*-equivariant finite flat covering, which is an étale GL2 (ko )-torsor on the associated rigid spaces.
Since @X(p),s = A, the formal completion of X (p)i = X (p) ®o W along its closed subscheme X is
given by

(28) XP)wlx, = [0t Ox.s = G@\((G=*/U%) x LT (1)),

s€ X (k)
as formal schemes over Spf W with actions of Ty and GL2 (ko) from the right. This is a finite flat covering
of (2.6). It also descends to X/, as

X = 11 80EOxp.e = GI@\((G=#/UP) x LT(p)y ),

s€Xss(k)

(2.9) X(0)or

as formal schemes over Spf @’ with actions of Ty and GLy(kg) from the right, where @X(p)}s is the
complete local ring of X (p)e- at s and LT (p)y is the first covering of LT. This will be our starting point

in constructing the Hecke-equivariant semistable models of X (p) in the next subsection.

Here we collect some facts on LT and LT(p) we will need, or rather its connected components Spf A
and Spf A, all essentially due to Drinfeld [Dri74].

Let woq be a uniformiser of K. Recall that a (formal) coordinate for a 1-dimensional formal O-module
G over an O-algebra R is a choice of an isomorphism Spf R[[X]] —» G, with the ideal of definition (X),
as formal schemes over R. It gives the formal O-module law X +g Y € R[[X,Y]]and [[|=[]g: O —
R[[X]]. The formal additive group law G, is given by X + Y and [a](X) = aX forall a € O, and every
G is congruent to @a mod deg 2 by definition. A formal O-module over a kq-algebra R has O-height
h € Zsg if [wo](X) is a power series in X 4" but not in X" The O-height is independent of the choice
of coordinates, but a consequence of Lazard’s lemma is that if G has O-height h, then we can choose a
coordinate so that G = @a mod deg ¢" ([Dri74], 1.5).

For G/k of O-height 2 and a uniformiser g of Ky, we can choose a coordinate so that (1) [cp](X) =
X ‘12, )G = @a mod deg ¢? and (3) the formal O-module law is defined over a quadratic extension
of ko ([Dri74], Proof of 1.7). Then an element § mod p € Op/p is determined by [0](X) = asX +
bs X9 (mod deg ¢?) with as,bs € Fpe C k ([Dri74], Proof of 1.7(c)). Since a uniformiser II of Op =
End(G) has O-height 1, an element 6 mod IT € Op /pp is determined by the leading coefficient a5 € IF 2
of [§](X). Therefore G/k gives a ko-homomorphism x = Op/pp — k by § — as/a;. Also for Gy /k,

since all endomorphisms are defined over k, looking at the leading coefficients gives xk — k.

The deformation theory of Gy /k or G /k, height 2 and dimension 1 ([Dri74], 4.2), shows that the uni-
versal deformation G on Ay = O'[[T]] or W|[[T]] has height 1 on Ay/p and height 2 on Ay /(p,T"). More
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precisely, by changing T by its unit multiple if needed, its formal O-module law satisfies
(2.10) [@0](X) = @woX +TX9+uX? (mod deg ¢ + 1),

with u € AJ, and since Ay is Henselian and v mod (p,T) € k or k has a (¢> — 1)-th root so does u,
hence we can make u = 1 by replacing X by X’ = <*~/uX. On the universal deformation ring A with
Drinfeld level p-structures, we have G ® 4, A with the universal object  : p~*A/A — G[p], a morphism
of finite flat O-module schemes. Once we fix a coordinate of G and take the A-valued points, it gives a map
n:p 1A/A = k} — m, where m is the maximal ideal of A. Then A is regular with m = (X7, X5),
where X; = 7(1,0) and X5 = (0, 1) ([Dri74], 4.3). Only the case of G /F is treated in [Dri74], but the
proofs are valid for G, /k.

2.3. The Drinfeld curve and a semistable model. The goal of this subsection is to describe a semistable
model of X (p), obtained by blowing up in X /.. First we define the Drinfeld curve, which will appear in

the exceptional divisors. Let Dr° be the affine curve over kg = F, defined as
@11 Dr’ = Spec ko[ X1, X2/ (X1 X — X{X,)""" — 1)

2.12) =speckol X1, Xa)/ (] (@Xi+a2Xs) -~ 1),

(a1,a2)€k3\{(0,0)}
a closed subscheme of A%O (in fact defined over IF)), with an action of GLy (ko) from the right, by its linear
action on (X1, X5). It has connected components labelled by g, (ko) = kg, and each component is
smoothly compactified by taking its closure in IP’%O. We denote the resulting smooth compactification of
Dt by Dr'.

Let k be as in the end of §2.1, and ' = p o4 (k) = IE‘ZQ. The curve Dr{ = Dr” ®;, k over k has an
action of I" from the right, where ¢ € T acts as (X1, Xo) — ({71 X1, X5). This action commutes with
the right GL3(ko)-action.

Now recall K = Op/pp = F 2, and let t* : k — k be the two ko-homomorphisms. We have two left
actions of £* on DrY, where u € x> acts via t*(u~!) € I'. We denote by Drki, this curve over k with the
corresponding left k*-action and the right GL2(ko) x I'-action defined above, which commute with each
other. Now we define a k-scheme Dry,

Dr  (h:even),

Dry = H DrZ, where DrZ =
hezZ DI‘; (h : Odd)7

with the right GLy(kq) x I-action on each Dr}.
We extend the left action of k* to an action of D* as follows. We define IT : DrZ = Dr;’f1 to be the
identity morphisms, decreasing the index h by 1. Then since

1 —— k% =(0p/pp)* —= D*/1+pp —>7Z —> 1

is exact and D* /1 + pp = k* x IT1% with IIull ™! = u? for u € x*, the actions of x* and II combine to
give a left action of D* /1 + pp on Dry. The right GLa (ko) x I'-action on Drj, commutes with this left

D>*-action, since it commutes with the actions of IT and x*.
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Efq) as k-schemes,

Now let DrEf) be the base change of Dr;, with respect to o, on k. We have Drj, = Dr
and the right I"-action is twisted by ¢ — (9. Since the x*-actions on DI;: and Dr,; are exchanged, we
have Dr,(eq)’h = Dr’,;Jrl equivariant with the left D*-action and the right GLs (ko)-action. If we forget the

I"-action, we can consider the g-th power Frobenius morphism Fr : Dry, — Dr,(f) as Fr: Dr},; — Drzﬂ.

Using the above D *-action on Dry, we replace Z in (2.5) by Drj, to obtain a k-scheme

2.13) [] D) = 5((@)\((G°O’p/Up) x Drk),

SEXss(k)
with the actions of Ty and GLa (ko) x T from the right.

In section 2.4 we show that this scheme is a quotient by the x*-action on

(2.14) ( I1 HX) % Dr0 = (@(Q)\@(A”)/(UP x (1 +pD))) x Dr?,

s€EXgs(k)
acting diagonally (from the right on the first and from the left on the second factor).

Recall that K)/ K is the unramified extension with ring of integers O’ and residue field k. Let wy be
a suitable uniformiser of Ky. Let K = K} (w) with @w = "</~ a totally tamely ramified abelian
extension of K}, with the ring of integers Ok and the residue field k. Then w is a uniformiser of K, and

we identify its Galois group Gal(K/K()) with I" by the canonical isomorphism
Gal(K/K}) 30 —» 7(@) mod @ € pp (k) =T C k.
w
Now we can state our main geometric input.

Theorem 2.1. Let F be a totally real field and p its finite place. Let X (p) be the regular integral model
over O = Oy, of the modular or Shimura curve with full level p and sufficiently small level UP outside p.
Let X (p)or = X (p) @0 O, where O | O be the unramified extension with the residue field k, the extension
of ko = ky given in the end of §2.1.

Let X be an Ok -scheme obtained from X (p)or by (1) blowing up all s € X (k), (2) taking the base
change from O’ to Ok, and (3) normalising. Then:

(i) The curve X has semistable reduction, and retains the actions of Ty and GLy (ko) from the right.
It is a disjoint union of connected components X¢ labelled by & € k(, and the special fibre of each
X¢ is a grid made of q + 1 Igusa components (horizontal) and an irreducible component of Drg
above each s € Xgs(k) (vertical).

(ii) Let Yy be the complement of the Igusa components in X, =X ®oy k and let Zy, be the com-
plement of the Drinfeld components. Then the normalisation of Xy isa disjoint union Y 1, [[ Z,
where Y\, and Z, are the smooth compactifications of the (disjoint union of) smooth affine curves
Yy, and Z, respectively.

Moreover, there is an isomorphism

(2.15) Yo = J] D = 5(@)\((Goo,p JUP) x Drk) as k-schemes,
s€X s (k)
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equivariant for the actions of Ty and GLy(ko) from the right. Moreover in (2.15), the inertial
action of T on Yy, i.e. the action induced by the T' C Gal(K/K})-action on the base of X /O, is
induced by the right T'-action on Dry,.

Proof. (i): Since the procedure (1),(2),(3) is invariant under the actions of Ty and GLa (kg ), the morphism
X = X is equivariant under their actions. For the semistability and the configuration of components, the
question is étale local on X (p), and since the local picture around s depends only on G, everything is seen
near Xys (Deligne’s homogeneity principle, [KM85] 5.2). Hence we can perform (1),(2),(3) on (2.9) or
even (2.8), which is written out in detail in [Yos10], apart from proving that we have normal crossings at

the crossing points.

Here we sketch the argument in [Yos10]. Recall the remarks from the end of the last subsection. The

condition that the universal object 7 : k3 — m C A on G[p]/A is a Drinfeld level structure says

@16 (=lx)) = (I] (X =n@)) =( [T (x-(ax1)+ [aQMX2D)>

a€k? (a1,a2)€k?

as principal ideals in A[[X]]. Since [wo)(X) = X7 (mod m), the quotient U(X) = [wo](X)/(H (X -

n(g))) lies in 1 + m - A[[X]]. Hence comparing the leading terms gives

2
2.17) (D@ =u- T (lad(X0) + lazliXal),
(a1,a2)€k3\{(0,0)}
where v is the constant term of U (X ), hence in 1 + m. Blowing up and normalisation over Ok amounts to

the change of variables
(2.18) X, =wX;, Xo=wX)

and dividing out by —wy = @? =1 on the exceptional divisor away from the crossings, i.e. after invert-
ing the Igusa components ([Yos10], §5.1). As [a1](X1) +¢ [a2][X2] = a1 X1 + a2 X3 (mod deg 2), by
reducing mod w we get the equation (2.12) of the Drinfeld curve.

Proving that the complete local rings at the crossing points are of the form Ok [[V1, V2]]/(w — V1 V42) is
done as in [Edi01]. Indeed, after blowing up, the exceptional divisor has multiplicity ¢®—1, whilst the proper
transforms of the Igusa components have multiplicity g— 1. The normalisation of Spec(Ox[[U, V]]/ (U7 ~1va—1—
@7 ~1)) is a disjoint union of copies of Spec(O[[V1,Va]]/(w — ViV4)), indexed by the ¢ — 1 roots of
unity &, as can be seen by writing Ur-lye-l _ pa*-1 = ngkox (U9TV — £o9t1) and then computing
the normalisation of Spec(Ok [[U, V]]/(UI1V — £wiT1)) as in [Edi90, 2.2.2.4].

(i1): Now (2.15) is obtained by performing (1),(2),(3) on (2.9) as seen in (i), and the action of ( € T’
on Y}, induced from its action on the base of X /Of is given by @ — (w, which has the same effect as
(X1, X5) = (¢C71X{,¢71XY) on Dry, in view of (2.18). O

2.4. Compactification of Dr; and a x* torsor. Recall that we denote by Dr’ the smooth proper curve
over kq obtained from Dr” by taking the disjoint union of the closures of each of its connected components

in ]P’%O. The connected components of Dr° are labelled by ttq—1(ko), and the component labelled by & €



SHIMURA CURVES, THE DRINFELD CURVE AND SERRE WEIGHTS 15

tq—1(ko) is given by
Spec ko[Xl,Xg}/(Xng — XfXg — 6)

The closure of this connected component in IP’%O is given by
Projko[X,Y, Z] /(XY — XY — £79T1).

The right action of G extends naturally to ﬁo, and the right action of I' on Drg extends to ﬁz. We will
explicitly describe these actions on the boundary divisor A := ﬁZ\Drg. We see that A consists of g + 1
points [z : y : 0] in each component, with [z : y] € P! (k).

The right action of ¢ € G on A (which is a map of k-schemes) is given by the usual right action of G
on P! (ko), together with changing the connected component from ¢ to det(g)¢. The action of ( € T =
iq2—1(k) is given by the identity, together with changing the connected component from & to ¢ —(+a)¢,

We now have the obvious smooth compactification of Dry:
— —h
Dry = H DrkL
heZ
—h . =0 . .
where each Dr;, is equal to Dr; as a k-scheme but has the left k* action extending that on DrZ’ . The
k-scheme Dry, has a right action of G x I" and a left action of D*, extending the actions on Dry.

When U" is sufficiently small, the action of G(Q) on (G>* /U*) x Dry, remains free, so the quotient
G@)\((G=*/UP) x Dry)
is a smooth proper k-scheme. Therefore, the isomorphism of (2.15) extends (uniquely) to an isomorphism
Ve = é(@)\((aoom JUP) x Ek).
The actions of I', G and Ty on Y}, all extend uniquely to Y, and so coincide with the actions on the right

hand side of this isomorphism induced by the actions on Dry,.
We now define étale «*-torsors over the scheme Dry, and its compactification Dry,. This will allow us to
define k*-torsors over Y3 and Y. We first define a k-scheme
Dri(1) = H Dr{
deD> /1+pp

where Drﬁ is equal to the k-scheme Drg. We give Dry (1) the right ' X G-action induced by the right action

of this group on Drg. We also consider a right x*-action on Dry(1): u € k™ acts via the map
(u) : D — Driv

given by the right I"-action on Dr[,i. Finally, we have a left action of D* on Dry (1) given by left multipli-
cation on D* /1 + pp. Now we define a map o : Drg(1) — Dry: on Drg, « is given by composing the
identity map Drﬁ — Drg with the inclusion Drg — Dry, and then applying the left action of d on Dry, as
defined in 2.3. It is clear that « is equivariant with respect to the D™ action on its source and target. We

can extend everything to smooth compactifications and obtain a map « : Drg(1) — Dr.

Lemma 2.2. The map « : Dry(1) — Dry, defines an étale k* -torsor.
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Proof. The map « is flat and of finite type, so by [Gro71, Exp. I, Proposition 5.7] and fpqc descent [Gro71,
Exp. VIII Corollaire 5.4], it suffices to check that the fibre of o over each geometric point of Dry, is an
étale x ™ -torsor. First we show that « restricts to an étale x* -torsor over the affine curve Drj. Observe that

« restricts to a map [ [, x Dri — Dr}. Since v is D* equivariant (and in particular equivariant

D/1+pD
with respect to the action of I1%), it suffices to show that this restriction is a x> torsor. We can identify
O}/1 + pp with *. Recall the well-known fact that the fppf quotient of Dr{ by its right I'-action is
representable by a scheme P. In fact

P = BL\P! (ko).
In particular Dry — P is an étale T-torsor. If we let u € x> act on Dr} by +*(u) we obtain an étale

k> -torsor. Consider the diagram
R 0
Hdeog/HpD Drj, > Dry,
5 !
Dr} —— P

where the top row is just the identity map Drﬁ — Dr% on each component (note that this map is k-
equivariant). The diagram is Cartesian, by the definition of a torsor applied to Drg — P, so the left hand
vertical map is also an étale x> -torsor. It remains to show that o gives a torsor over geometric points of
the boundary Dry\Dry. This is easy to see from the explicit description of the boundary A of Drg and its

T'-action given at the beginning of the section. O
Definition 2.3. Denote by Y (1) the smooth affine scheme
@(Q)\((G"O’P/Up) X Drk(l)).
Similarly, denote by Y (1) the smooth proper scheme
G@\((G=*/U") x Drg(1)).
Both these schemes have commuting right actions of x>, G, T and Ty;. Denote by o : Y (1) — Y. the

map induced by « : Dr(1) — Dry. It follows from lemma 2.2 that o : Y1, (1) — Y is an étale x> -torsor.

We have an isomorphism
2.19) V(1) = GQ\G(A®)/UP (1 + pp) x Dy

given by mapping (¢*, z) with x € ﬁz to (g*d, x). This isomorphism respects the G, I" and Ty actions
on each side — the G x I action on the right hand side comes from the action on ﬁi, the Ty action comes

from its action on

G(Q\G(A™)/UP(1+pp).
The action of u € £ on Y (1) translates to the action (g, x) + (gu, x¢* (u)) on the right hand side, where
when we write gu we are thinking of u as an element of O}/1 + pp.

In section 4.2, we will compute the de Rham cohomology of Y. by relating it to the de Rham cohomol-

ogy of Y1 (1) (which, thanks to (2.19), has a simple description in terms of the cohomology of ﬁg).
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3. REPRESENTATION THEORETIC PRELIMINARIES

We write G for the algebraic group GL2/F,, B for the upper triangular Borel and B for the lower
triangular Borel. Similarly, we write N, N for the upper and lower triangular matrices with diagonal entries
1. Write T for the diagonal matrices and Z for the centre of G. We denote the k( points of each of these
algebraic groups by the appropriate Roman letter. We abusively confuse a rational representation of G with

its ‘F,-points’, i.e. the attached F,-vector space with an action of G(F},).

Definition 3.1. A weight is a character A : T — G,,. If (a,b) € Z?, we write \,, for the weight

(g ;) — a8l

A weight )\, is dominant (with respect to B) if b — a > 0. Write w for the non-trivial element of the
Weyl group of G. The Weyl group acts on the set of weights, and in particular we have w- A, = Ap . We
denote by Vj the rational representation of G given by the dual of the standard representation. Explicitly, V{

@
has a basis x, y (dual to the standard basis of the standard representation) with the action of g = < ﬂ)

v 4
given by

g-x=(detg™")(6z — By)
g-y=(detg ") (—z + ay).

If A = Aq 5 is a dominant weight, we write V () for the rational representation of G given by det® ®@Symm® V.
We denote by V() the ko[G]-module obtained by restriction to G. These representations have as a basis
1®z'y? withi+j = b—a. These are the ‘dual Weyl modules’ or ‘induced modules’ for G (see Proposition

3.5). We denote by A(\) the rational representation V (—w - A\)* and denote its restriction to G by A(\).
These are the ‘Weyl modules’ for G.

If V is a rational representation of G then we say that a weight v is a weight of V' if Homr (v, V') # 0.
The multiplicity of a weight in V' is defined to be dimg_ (Homr (v, V)). If A is a dominant weight, then the
weights of V() are (a,b), (a + 1,b — 1), ..., (b, a), each having multiplicity one.

If0 <b—a < qg—1wesay that Ais restricted. If 0 < b — a < p — 1 we say that \ is p-restricted. Any

restricted weight A can be written as a sum Z{;OI p*\;, where the weights \; are p-restricted.

The p-power map o induces a Frobenius endomorphism o of G. If ¢ € Z>o and V is a rational G-
representation we write V(*) for the rational G-representation with the same underlying vector space as V'

but with the g action given by the action of o%(g) on V.

The following are some well-known results in the representation theory of G and G in natural charac-

teristic.

Proposition 3.2. Let \ be a dominant weight. Then the representation V (\) contains a unique irreducible
rational subrepresentation. Equivalently, A()\) has a unique irreducible quotient. Both of these representa-
tions are isomorphic to the irreducible representation of G with highest weight \. We denote it by L(\) and
denote its restriction to G by L(\). If X is p-restricted then L(X) = V (X). If X is restricted then L(\) is an
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(absolutely) simple ko[G)-module. This construction gives all the simple ko|G|-modules. If X = sz.:ol Pt
with \; p-restricted, then

L(\) = QL) .

Proof. See, for example, chapter 2 of [Hum]. O

Lemma 3.3. Let \ be a restricted weight. Then Ext,lm[G] (L(A),L(XN) =0.

Proof. This is a special case of [BP12, Corollary 5.6 (i)]. 0

Definition 3.4. Let A be a dominant weight. The algebraic induced representation Indg(w - A) is a rational
representation of G given by the subspace of the regular functions on N\ G consisting of functions f
satisfying f(tg) = w - A(t)f(g) forevery t € T, g € G. The action of G is given by right translation of

the argument of a function.

Proposition 3.5. Let A be a dominant weight. Then
V(A = Indg(w < A).

Proof. We can think of V (), ;) as homogeneous polynomial functions f on the standard representation
Vi of degree b — a. Denote by e; and ey the standard basis vectors of V" (the G-action is twisted by det?

from the standard one). Consider the map
P :V()\) — F,[N\G]
given by
®(f) 1 g = det(g)"f(g™"e2).
This is G-equivariant for the left G-action on these spaces. Moreover, for ¢ € T we have ®(f)(tg) =

w - A#)P(f)(g). So ® gives amap V() — Indg(w - A). We can deduce that this is an isomorphism if

we know that summing over all dominant weights gives an isomorphism

P vK=FNG.
X dominant
This is standard. O

Corollary 3.6. Restricting functions from G(F,)) to G gives a G-equivariant map

Indg (w - A) = Ind%(w - A) @y, F,
which descends to a map V(\) — Ind%(w - A). If X\ is restricted this map is injective.
Proof. The only thing requiring proof is the injectivity. We use the notation of the preceding proof. Suppose
we have a polynomial function f on V", with coefficients f; in ko and degree b — a, such that ®( f) restricts
to zero on G. We have f(ue; + ves) = S 0—¢ fiu'vP=2~%. In particular, f(ue; + ves) is a polynomial in
u with at least ¢ distinct roots (one for each v € kg). Hence b — a > q. O

Lemma 3.7. We have an isomorphism

Ind%(w - \)* = IndS(—w - \).
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Proof. By [CL76, Proposition 3.5] Ind%(w -\) contains a vector ¢ on which B acts via w- \ and such that ¢
generates the G-representation Ind%(w-/\). This gives us a B-equivariant map w-\ — Ind%(w-)\) such that
the image is contained in no proper ko[G]-submodule. Dually we get a B-equivariant map Ind%(w A —
—w - X such that there is no proper ko[G]-submodule contained in the kernel. Frobenius reciprocity gives
us the desired map

Ind%(w A= Ind%(—w - A),
and it is injective since its kernel is a G--stable submodule of the kernel of Ind%(w < A)* = —w - A. Since

the dimensions are equal, the map is an isomorphism. g

Corollary 3.8. Let A = X\, be a restricted weight, and let N' = \y_ 41,4 (note that X' is again a restricted
weight). Then the map of Corollary 3.6 together with its dual induce a short exact sequence

0— V(\) = IndS(w - A) = A(N) — 0.

Proof. The above corollary and lemma give an injective map

V(A) = IndS(w - \)
and, dually, a surjective map

Ind%(w - A) — A(N).
Since

dim A(X) + dim V(\) = ¢ + 1 = dimInd$(w - \)

we need only to show that the composite of the two maps is zero. In fact, we will show that Homg (V(A), A(N)) =
0. First suppose that b — @ = 0. Then V(\) = L(\) = det” and A(N) = L(X) = det® ® Symm?~*(Vp)
and it is clear that Homg (V (), A(X)) = 0. Now suppose that b — a > 0. Let § € Homg(V(X), A(XN)).
The weights of V() are A\ 5, Ag+1,6—1, .-, Ab,o Whilst the weights of A(X) are A\p_g11,a, Ao—g+2,a5 s Aa,b—q+1-
Therefore ker(6) contains the weight spaces for Ag11,p—1, ..., Ap—1,4+1 (since these weights of 7" do not ap-
pear in A()\)). In particular, (1 ® =% 1y) = 0(1 ® zy*~*~!) = 0. But we have

1 0
(1 1) 1 ® xb—(l—ly — _1 ® xb—(l + 1 ®xb—(z—1y

1 1
1® befafl -1® xyb7a71 “1® ybfa.
0 1
Since ker () is G-stable, we have shown that ker(6) is all of V(\), as required. O
Proposition 3.9. Suppose A = A,y is restricted. Suppose 0 < b —a < q — 1. Then
SOCG<Il’ld%(’U) -A)) = L(\).
Proof. This follows from [CL76, Theorem 7.4]. Il

Remark. Ifb—a =0or g — 1 then Ind%(w -A) = L(A\) @ L(\). Note that Proposition 3.9 implies that
the short exact sequence of Corollary 3.8 is non-split when 0 < b —a < g — 1.

We will need to know the socle of a Weyl module in one particular case:
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Lemma 3.10. Let )\, be a restricted weight. Suppose b — a = q — 2. Then
SOCG(A()\>) = L()\a+pf—171’a+pf—1(p71)71)

Proof. This is a consequence of [CC76], [Der81]. In fact, these references completely describe the sub-
module structure of A(\). We refer to [Dot85, 2.3] for an elegant description of the submodule structure of
certain dual Weyl modules for SL,,, and explain the necessary computation in the case b — a = ¢ — 2. For
0<r<g—2and0 <i< f— 2, seta;(r) to be the carry into the coefficient of p*t1 when adding (the
p-adic expansions of) r and ¢ — 2 — r. This defines an element a(r) of {0, 1}/ 1. Denote by E the subset
of {0,1}/~! comprising a(r) for each 0 < r < ¢ — 2. A partial ordering on E is given by defining o < o
ifa; < q;forall 0 < i < f — 2. We say that a subset S of F is closed if S contains the predecessors of
all of its elements. For closed S we get a submodule Fs of V() ;) by taking the submodule generated by
the vectors of weights g4, p—r for 0 <r < g —2and a(r) € S. Itis proved in the references cited above
that every submodule of V (), 3) has this form. To compute cosoc(V (A, p)), or equivalently soc(A(Agp)),
we must determine the maximal elements in the poset . We observe that a(pf~! — 1) = (1,1,...,1) so
this is clearly the greatest element in E, which implies that cosoc(V(A,,)) is irreducible. Moreover, it is

straightforward to check that pf—! — 1 is the smallest integer r satisfying a(r) = (1,1, ..., 1), so

COSOC(V()\a,b)) = L()\a+pf—1,1’b,pf—1+1) = L()\a+pf—1,17a+pf—1(p,1),1).

Dualising gives the desired result for socg(A(N)). O

4. COHOMOLOGY

We return to the setting of section 2. The aim of this section is to describe the first de Rham cohomology

groups of Y, and Z}, as I' x G-modules (and as Ty-modules).

4.1. Igusa part of the cohomology. The connected components of Z, are parameterised by pairs (&, P),
with £ € k¢ labelling the connected components X¢ of X and P denoting a one dimensional ko-vector
subspace of p~'A/A. Denote such an irreducible component by Ige p. Each k-scheme Ig, p is isomorphic
to the relative moduli over X}, of Drinfeld level structures 7 : p~'A/A — Gi  such that P C ker(n).
The group G acts on Z, from the right. The description of this action on the components is that the map
7+ 1o g induces an isomorphism Ig, p — Ig¢ ge1(4),g—1 p» Which gives the action of g on the component
Ige p. The action of ¢ € I" on Z, is given by the identity map Ige p — Iger—+1) p-

Denote by Py the unique P such that g~'P = P for all ¢ € B — recall that B is the lower triangular
matrices in G. Write Ig, for Hg Ige py-

Lemma 4.1. We have an isomophism of G X I'-modules

H}p(Z/k) = S Hjp Ty /).

Proof. This is clear from the description of the action of G on the components, and the fact that B stabilises
Ig,. O

Lemma 4.2. The action of B on g, factors through the diagonal matrices T.
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Proof. See [KMS85, Theorem 13.10.3 (3)]. O

For A, a restricted weight, write H(Ig,/k)a.p for the direct summand of H},(Ig,/k) on which T

acts via the character A, ; (recall that k is an extension of ko).

Lemma 4.3. The group T acts on H}p(1gy/k)ap via the character ¢ s ¢~b(a+1),

0

1
Proof. This follows immediately from the fact that (¢,
0 ¢+t

)) € I' x T acts trivially on Ig,. O

Proposition 4.4. We have a I" x G and Ty equivariant isomorphism
Hap(Zi/k) = @[Ind%HéR(Igo/k)a,b]-
(a,b)
The action of T on H}p(1g/k)ap is given by the character ¢ — (~°+1). As a k[G]-module, we have an
isomorphism

Ind%HéR(IgO/k)a,b = (Ind%)\mb)@m Rk k

for some multiplicity m.

Proof. This follows immediately from the above lemmas. g

Remark. In fact, by considering the relative Frobenius morphism Zj/k — 7,(57) /k we can see that the
above isomorphism sends the action of ¢ on the left hand side to the action on the right hand side induced
from the o-linear maps ¢ : H}p(Igo/k)ap — Hjp(180/k)apsp- As a consequence, Fil' of the Hodge
filtration on the left hand side is given by

P [mdSFil' (Hjp (180 /k)a))-
(a.)

However, we will not use these facts in what follows.

Note that since A, p is restricted, s0 iS Ay q+q—1, and w - Ay qq—1 = Aq,p as weights of 7. So we have
G G
IndE()\a’b) = Indg(w “ Abatq—1)-

Recall that the structure of these representations was discussed in Corollary 3.8 and Proposition 3.9.

4.2. Drinfeld part of the cohomology. In this subsection we use the construction of the x> torsor over Y,
in section 2.4 to relate the de Rham cohomology of Y, to a space of mod p modular forms for G. We write
H},(Y}/k) for the hypercohomology of the de Rham complex of coherent sheaves Q%k Ik of the smooth
proper curve Y, /k. This cohomology group is a k-vector space with the following additional structures:

e Commuting left actions of Ty, I, G.

e A one step Hodge filtration Fil'.

e A o-linear map .
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We can similarly consider a cohomology group H} (Y (1)/k), which is a filtered >-module over k with
commuting left actions of Ty, I', G and x*. The cohomology group H} R(ﬁg /k) is a filtered p-module
over k with commuting left actions of I', G and x* — the left action of x* is given by composing :* and

the left action of I'. Recall that we have an étale ™ torsor
a:Yip(l) =Yy
which restricts to a torsor over the affine curve Y. The map « induces k-linear maps
o : Hyp(Vi/k) — Hip(Vi(1)/k)
which commute with all the additional structures.

Lemma 4.5. The map o gives an isomorphism (respecting all the structures listed above)
o Hin(Vi/k) = Hin(Ve(1)/k)"

where the superscript k> denotes taking invariants under the left K™ -action.

Proof. Let Q°(1) denote the de Rham complex for Y (1) /k and let 2® denote the de Rham complex for Y.
Since « is étale, we have an isomorphism of complexes a*Q2® = Q°*(1). Pulling back an acyclic resolution
of Q® by « gives an acyclic, x> -equivariant resolution of Q2°(1). Since Y (1) — Y7 is a torsor, for any
quasicoherent sheaf F on Y, we have o, (a* F )"iX = F (by étale descent for quasicoherent sheaves), so
by considering the double complex obtained by applying oz*()"’X to our acyclic k> -equivariant resolution

of °*(1) we obtain a spectral sequence
By H' (5%, Hyp(V(1)/K)) = Hogd (Vi/F).

Recall that x> is a cyclic group of order ¢ — 1. Since multiplication by ¢> — 1 is an isomorphism on the
k-vector space H;Ej (Y1 /k), the E;J term of the spectral sequence vanishes except when ¢ = 0, and we
obtain the desired isomorphism from the exact sequence of low degree terms, since the map E1 — Eg 1

coincides with the composition of a* and the inclusion
Hip(Yi(1)/k)" < Hyp(Yi(1)/k).
O

Remark. Note that we could abbreviate the above proof by computing the hypercohomology of the de

Rham complex on the étale site and using the Hochschild-Serre spectral sequence in étale cohomology.

We can now use lemma 4.5 together with equation (2.19) to give a simple description of the cohomology

groups of interest.

Definition 4.6. Suppose we have a finite set ¥ and a k-vector space V. Then we denote by £(X, V') the k-
vector space of functions from ¥ to V. Note that if V' is finite dimensional there is a canonical isomorphism
LE k)@, V — L(X,V).
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We write ¥y for the finite set G(Q)\G(A>)/UP(1 + pp). Recall that this finite set has a right action
(by correspondences) of Ty and a right action of k* = Of /1 + pp by right multiplication. We suppose
V is a filtered ¢-module over k, equipped with commuting left actions of x* and I" x G. Then we endow
L(Zy, V) with

e the obvious commuting left actions of Ty and I' x G

e aleft action of k™ defined by
u: L(Xy,V) = Ly, V)
fr= (s uf(su)),
We also make £(X7, V) into a filtered ¢-module by giving it
e afiltration Fil'(L(Xy, V)) = L(Zy, Fil'(V))
e ao-linear map ¢ given by (¢f)(0) = ¢(f(0))

Note that H} R(ﬁz /k) has the structures required of V' in the above definition.
Lemma 4.7. We have an isomorphism
J— ~ 70
Hap(Y(1)/k) = L(Sy, Hip(Dry/k))
which respects all the structures in the above itemized list.

Proof. This follows from equation (2.19). 0

Putting together lemma 4.5 and lemma 4.7, we obtain the following Proposition:

Proposition 4.8. We have isomorphisms of filtered p-modules
_ -0 x
Hyp(Yy/k) = L(Su, Hig(Dry/k))"

compatible with the Ty and T x G actions.

We think of the right hand sides of the isomorphisms in this Proposition as spaces of mod p modular

forms for G, with coefficients in the filtered ¢-module (with £ action) H} R(ﬁ,’i /k).

4.3. De Rham cohomology of the Drinfeld curve. Proposition 4.8 reduces the computation of the de
Rham cohomology of Y}, to the computation of the cohomology of ﬁz, which is essentially done in [HJ90].
Throughout this subsection & will denote any finite extension of ky containing a quadratic extension of k.

To simplify notation we will denote the proper curve ﬁz by C and denote the affine curve Dr% by C.

Proposition 4.9. We have a decomposition

HéR(é/k) = @ H;R(é/k)(i%
i€Z/(q*—1)Z
i#0 mod g+1

where H},(C /k)(i) is the direct summand on which T acts via the character { — (™. For every i there is

a short exact sequence

4.1) 0 —— H0(67Q%/k)(i) —— H}p(C/k)(i) —— H'Y(C,0g)(i) —— 0.
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Ifwe write i = ig +i1(q+ 1), with1 < i9g < gand 0 < i1 < q — 2 then we have isomorphisms of
k[G]-modules

1

HO(C, 0L ,)(0)

H'(C,05)(i)

V(Niy+1i0+ir—1) @k k
A()\i0+i1,i1+q—1) Ok k’

1

where if X is not a dominant weight we set V(\) = A(X) = 0. Note that the weights appearing in the
above are restricted. The extension in (4.1) is non-split (unless 1o = 1 or q, in which case one of the terms

in (4.1) is zero).

Proof. This is a mild generalisation of [HJ90, Proposition 2.8, Proposition 4.8]. It can be deduced directly
from loc. cit. by keeping track of connected components. Note also that the central characters of the G-
representations appearing in H}p(C/k)(i) are determined by the fact that the action of the centre of G is
inverse to the action of k' C p4—1(I') C I'. Therefore the weights A, , appearing in H},(C/k)(i) satisfy
a+b=1i=19+2i; mod (¢—1). O

Corollary 4.10. For each i, the weights of H},(C/k)(i) all appear with multiplicity one. They are
Aap:0<a,b<qg—2,a+b=1imodq—1.

In fact, [HJ90, Proposition 4.7] allows us to determine the G-socle of H},(C/k)(i). To state things

precisely, we need the following

Definition 4.11. Let A = )\, ; be a restricted weight. The weights of A(\) are Aq p— Where c runs over
integers satisfying 0 < ¢ < b — a. We define A(\); to be 0 if b — a # —2 mod p, and otherwise to be
the direct summand of A(X) (as a ko[T]-module) given by taking the direct sum of the weight spaces for
Aatc,b—c Where 0 < ¢ < b—aand c = —1 mod p.

Remark. Note that the condition b — a = —2 mod p implies that the set of weights appearing in A(\); is

closed under the action of the Weyl group (since b — a — ¢ = —1 mod p).

Lemma 4.12. A()\); is a G-stable submodule of A(N).

Proof. This can be shown by an elementary calculation. It also follows from [HJ90, Proposition 4.8]. [

Lemma 4.13. Suppose (1 = A, is a restricted weight such that L(y) is an irreducible constituent of A(\)1
for a restricted weight \. Then b — a = 0 mod p.

Proof. Suppose L(u) is an irreducible constituent of A()\);. It follows from the definition of A(\); that
the weights of L(1) are a subset of

-1
{)\a+kp,b—kp :0 < k S qT}

In particular, (b,a) = (a+ kp,b— kp) (an equality in (Z/(q — 1)Z)?) for some k, but since 0 < kp < g —1
we have b — a = kp in Z. So b — a = 0 mod p, as required. d
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Definition 4.14. We use the notation of Proposition 4.9. Leti € Z/(q*> — 1)Z, i # 0 mod ¢ + 1 and let
a=ip+i,b=r1i+q—1. Weset Hix(C/k)(i); to be 0 if iy # 1 mod p, and otherwise to be the
direct summand of H},(C/k)(i) (as a k[T]-module) given by taking the direct sum of the weight spaces
for Ag4c,p—c Where 0 < ¢ < b—aand c= —1mod p.

It is immediate from the above definition that the image of H,(C/k)(i)1 in H'(C, Og)(i) is G-stable,
and isomorphic to A(Agp)1 Rk, k-

Proposition 4.15. The k[T)-module H}(C/k)(i)1 is a G-stable subspace of H}p(C/k)(i). If ig > 2, it
is the maximal G-stable subspace of Hj,(C'/k)(i) which injects into H'(C, Og)(i).

Proof. This follows from [HJ90, Proposition 4.7], in particular the displayed equations 4), 5), 6) of that
Proposition, which explicitly describe the action of SLa(kg) X pg+1(I") on the de Rham cohomology of a

connected component of C. O

Remark. Note that if ¢ = p, we have H},(C/k)(i); = 0 for all i.

Putting everything together, we obtain the key result of this section:
Corollary 4.16. Ifiy > 2 then we have
socg Har(C/k)(6) = [L(Niy 41,1041 -1) @ 50CGANig tiy iy +q-1)1] @k K-
In particular, if ig > 2 and A(Niy+iy iy +q—1)1 = 0, then
socaHip(C/k)(i) = L(Niy+1,i0+i1-1) @k, k-
If ig = 1 then we have

SOCGHC%R(G/IC)(Z') = SOCGA()‘io-l‘ihil-‘rq—l) Bko k.

5. BREUIL-KISIN MODULES

We assume from now on that p > 2. For brevity, we will refer to Breuil-Kisin modules as Kisin modules

for the rest of this section.

5.1. Kisin modules with coefficients and tame descent data. In this section we let K be any finite ex-
tension of @, with ring of integers O, and fix a uniformiser w. We write k for the residue field. Denote
the ramification index of K by e. Denote [k : F,] by d. Let E be a finite field and denote [E : F,] by
dg. We write &1 for the ring k[[u]]. Since &; is an F-algebra we have a p-power ring homomorphism
o : 61 — &4. For an G;-module M we write o* M for the &;-module &1 ®, M.

Definition 5.1. A Kisin module over K is a free G;-module 9 , equipped with a &;-linear map ¢ :
o*M — M which satisfies u*MM C Im (). Define morphisms between Kisin modules over K to be
&1-module morphisms respecting ¢. We denote the resulting category by 900 .
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Write Gr g for the category of finite flat group schemes over Ok which are killed by p. It follows from
results of Breuil and Kisin (see [Kis09, Theorem 1.1.3, Proposition 1.1.11]) that there is an anti-equivalence
of categories Gr : Mo0x — Grg given by first forming the Breuil module 57 ®, 991 and then taking the
corresponding finite flat group scheme. For G € Grg we let 9t00(G) denote a quasi-inverse of G with

respect to Gr.

Our discussion of coefficients and descent data will be entirely parallel to the exposition of [Sav08] in

the setting of Breuil modules.

Fix an algebraic closure K of K, together with a choice of compatible p-power roots w'/?" € K.
Let Koo = Up>1 K (/") and write G, = Gal(K/K.). Denote by Repy (G ) the category of
continuous representations of G'x__ on finite-dimensional E-vector spaces. Denote by ¢Mod k the category
of finite-dimensional k((u))-vector spaces V' equipped with a bijective o-linear map . As discussed in

[Kis09, 1.1.12] there is an equivalence of categories
T: ¢Modg — Repy (Gk..).

More explicitly, the functor 7" is given by sending M € ¢Modg to [M @) k gw]q’zl, where k., is
a separable closure of k((u)) with an action of Gk __ inducing the action of Gx__ on T(M). In particular
the action satisfies the following: suppose v € k z,,. satisfies v = u® for coprime integers r, s with s > 0

and p 1 s. Then for g € Gi_ we have gv =

9Zu 9 where w, € O is some element satisfying w) = w®.
v

If j1,.(k) C k then this determines gv uniquely. Note that the field kz,, comes equipped with a G'x__-

equivariant embedding k < k z,,, where G'ic__ acts on k via Gal(k/k).
If M € Modx then zm[%] € pModg, and it follows from [Kis09, Proposition 1.1.13] that there is a
canonical isomorphism of G'i__ -representations
1.0 ~ *
T(M[=]) = GrM)* (Ox)(—Dlcx., = Gr(M)(OF) ¢

u

where ¥ denotes the Cartier dual, * denotes the dual representation and (—1) denotes a Tate twist.

Definition 5.2. Denote by D00 i (E) the category whose objects are Kisin modules 9t over K equipped
with an F-algebra map E' — Endoyeo , (9). The morphisms are given by morphisms in 9tod x compati-
ble with the E action.

The functor Gr induces an anti-equivalence of categories between 100 i (E) and the category Gry (E)
of finite flat E-module schemes over Of. We refer to the objects of 9Modk (F) as Kisin modules over
K with coefficients in E. The E action on 9t gives it the structure of a finite free module over &g :=

E ®r, 61. We set k(M) = rke , (M).

We assume from now on that £ embeds in E. We fix such an embedding
oo:k— E.

For i € Z/dZ we recursively define 0; 1 = 0; 0 0. The embeddings o; run over the d different embeddings
k — E. We have a decomposition E ®p, k = [[, £ ®q, » k so for M € Modx (E) we get a similar
decomposition M = Djcz/qazM; where MN; is a finite free Ef[u]] = E ®,, » &1-module and ¢ restricts to
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maps ; : M; — M;_; for each i. M; is the piece of M where the action of 1 @ v € E ®p, k is the same

as the action of 0;(z) ® 1. We again denote by o, the E-linear extension of o; to a map E ®F, k — E.

Now we discuss tame descent data. Let K/L be a tamely ramified Galois extension, with ramification
degree e(K /L), residue field kr, and Galois group Gal(K/L). We assume that the fixed uniformiser w of
K satisfies w®5/L) ¢ [, and denote by Lo, the field U, >0 L(cw®K/E)/P") Note that K. /L« is a finite
Galois extension with Galois group canonically isomorphic to Gal(K/L). The group Gal(K/L) acts on
E ®p, k via the trivial action on the first factor and via Gal(k/kr) on the second factor. Denote by 7 the
character Gal(K/L) — O} given by v — ~(w)/w and let 77 : Gal(K/L) — k* be the reduction of 7

mod o.

The choice of uniformiser w such that w**/) ¢ [ induces an identification of Gal(K/L) with
Gal (k((uw))/kr((u*®/F)))). The choice of compatible p-power roots w(K/L)/P" € K allows us to

extend the natural action of Gx_ on k Zur t0 @ natural action of Gr.-

We set D = [ky, : F,]. Fori € Z/dZ denote by [i] € Z/DZ the residue class of ¢ mod D. We have

[i] = [j] if and only if oy, = 0], -

Definition 5.3. Denote by 9od (E, L) the category whose objects are Kisin modules 9t over K with
coefficients in E equipped with additive bijections [y] : 99t — 91 for each v € Gal(K/L) satisfying

e [y] commutes with ¢ for each v € Gal(K/L)
e [1] is the identity and [yy'] = [y] o []
e [Y](au'm) =~(a) - 1 ®@7(y)") - u’ - [7](m) for a € E @, k and m € M.

Note that the latter condition implies that y : 9t; — 9M;, where 0; = 0 © ~~1. The embedding Oyi
only depends on the image of -y in Gal(k/kp).

If M € Mod (E, L) we obtain M[L] € pMod, equipped with an action of Gal(K /L) which is

semi-linear with respect to the action of Gal(//L) on k((u)) via its identification with

Gal (((w)) /e ((u/2)))

Galois descent gives us a p-module M7, over kp, ((u®%/L)), so we obtain a G, _ action on
1 -
T(‘)ﬁ[f]) = T(ML) = [ML ®kL((uEK/L)) ké?mn](’p_l.

u

Proposition 5.4. The functor Gr induces an anti-equivalence of categories

Modk (E,L) — Grg(E, L)
where Gry (E, L) denotes the category of finite flat E-module schemes G over Ok with descent data
relative to L (in the sense of [BCDTO1, 4.1]). There is a canonical isomorphism

TORL]) 5 Grom) (B)(~D)lg,.. = Grm)(T)'la, .

Proof. This can be deduced from [Sav08, Proposition 3.2] using the comparison between Breuil and Kisin
modules. Alternatively, observe that giving a tame descent datum on the generic fibre of the finite flat
group scheme is equivalent to giving a Galois descent datum to &z, ((u®</t)) on M[L] € pMod. This is

equivalent to a semilinear action of Gal(K/L) on M[1], as we have described — the relevant cocycle is
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given by v — [y] — id. The property that the descent datum extends to isomorphisms of group schemes
[v] : G =2 7G is equivalent to the property that the [y] give bijections on 9. O

The following is obtained by translating [Sav08, Theorem 3.5] from Breuil modules to Kisin modules:

Theorem 5.5. Let MM € Mod i (E, L). Then there exist integers 0 < r; < e, 0 < k; < e(K/L) for each
i € 7/ DZ, satisfying pk; = r; + k;—1 mod e(K /L), together with c € (E ®r, kr)* such that I has the

following form:

e M, =6 m; fori € Z/dZ
o p(o*m;) = o;—1(c)u"lilm;_4

o [ylmi =7(y)kim.,.

Suppose we have integers 0 < 7; < e, 0 < k; < e(K/L) for each i € Z/DZ, satisfying s; :=
ri—pk;+k;_1 = 0mod e(K /L), together with ¢ € (E®p, kz)* and let 9 be the Kisin module described
in the above Proposition. We denote by m the generator (my, ..., mq—1) of 9 as an & g-module. Denote
the corresponding finite flat £-module scheme over Ok by G. The descent datum gives us a finite flat
E-module scheme G, over L. Denote the unramified extension of K corresponding to o : k — E by K1,
so the field K has residue field E. We will compute the representation ¢ of I7, given by Gz, (L). Since it is
a character ¢ : I, — E, it is necessarily finite and tamely ramified, so it is determined by its restriction
to I, . So we just need to work with the Kisin module MM ®y, £ € Modg, (E, L). For this reason, from

now on we may assume that k = FE.

Lemma 5.6. Choose o € (E ®r, k)* such that [(1 ® o)(c)|c = . We claim that such an « exists and is
D
unique up to scaling by e @ 1 for e € E*. Choose up € kg,, such that ul = w. Thisis unique up to

scaling by an element of ju,0 (k) = E[. Let g be the integer

D-1 D-1
wo=—> simp' =7 = Dko— > risap’
=0 i=0

and recursively define v;_1 = (pP — 1)s; + px; for j € Z/DZ. The definition of xo ensures that the
definition makes sense even for j = 1 — D. Denote by [3 the element (u7) u ="t )iezyaz of (E ®r, kz..)*.
Then the one-dimensional E-vector space (M ®g, kz,,)?=" is spanned by affm.

Proof. 1t follows from the definitions (by an elementary computation) that aSm lies in (M Rg, &k Fur )=t

The only thing we need to justify is the existence of c. The map o > comes from a morphism of

[e]3
(I®o)a
connected smooth reductive group schemes

Resﬁ Gy — Resﬁ Gm

T
T —
Fx

where F' denotes absolute Frobenius. It suffices to show that this map is an epimorphism, but this follows
from the fact that it is an isomorphism on the d-dimensional formal group. The kernel is the constant group

scheme E*, which gives the claim about uniqueness. d
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-1

Corollary 5.7. Choose wp € K such that w%D = w. Then the character v : I, — E* is given by

)
Wp

Y(g) =

= 2.
9gwp

Note that the right hand side of this expression is independent of the choice of wp, since Gy, acts trivially

on o _1(k) = k.
Proof. Let g € I}, . Proposition 5.4 tells us that g(a3m) = (v "(g) ® 1)(aBm). We have
g(apm) = ag(pm)

since g is in the inertia subgroup. Since Sm =) . u DM u~Fiim;, we have

T3]
Zng ol —ki
g(ﬁm) = T[4 U’D u Mmgi
i %D

so, since [g0] = [0], the m( component of g(aSm) is

gwf’?m]

D, %], —kjo

o Up U Olagmy.
D

On the other hand, the m( component of (¢ "1(g) ® 1)(afBm) is
v g)up u oo (a)mo.
Equating these, we get the desired statement. g

The above results can also be deduced from [Sav08].

5.2. Kisin modules and crystalline cohomology.

Definition 5.8. Suppose M € Modx. Then we denote by Myp the k-vector space o* M /u(c*M). If
M € Modg (E), then My is a free k ®p, E-module. If M € Modx (F, L) then Myp is a free k @, £-
module equipped with a semi-linear action of Gal(K /L) (the semi-linearity comes from the action of
Gal(k/kp) on k).

Definition 5.9. Let G, be a finite flat group scheme over Spec(k). Denote by D(Gy,) the classical con-
travariant Dieudonné module of Gi. We define the crystalline Dieudonné module D*(Gy,) of Gy, to be the
Frobenius twist k @, D(Gy). Our terminology is justified by [BBM82, 4.2.14].

Remark. If G, = Ayg[p] for an Abelian variety A/ Spec(k) then there is a canonical isomorphism D*(Gy,) =
H} ..(Ay/k) sending F to ¢, by [BBMS82, 2.5].

Proposition 5.10. Suppose O € 9Mod . Recall that we have contravariantly associated to M a finite flat

group scheme Gr(9M) over O . Then there is a canonical isomorphism
ide = D*(Gr(m)k)

which sends 1 ® ¢ to F.

Proof. This is [BCDTO1, Theorem 5.1.3, Part 3] together with the relationship between the Breuil module
and the Kisin module attached to a finite flat group scheme killed by p ([Kis09, Proposition 1.1.11]). d
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5.3. Kisin modules with G-action.

Definition 5.11. For a finite group H, we denote by Emoag(E, L) the category whose objects are objects
of M € Movk(F, L) equipped with a homomorphism H — Aut(91). The morphisms are given by
morphisms in 9Mod i (E, L) which are compatible with the H-action.

We will find the following elementary lemma useful:

Lemma 5.12. Let M be a free E[[u]]-module of finite rank. Suppose M has a E[[u]]-linear action of the
torus T C G. Then

M =P M\
A

where \ runs over weights of T and M[)] denotes the subspace of M on which T acts via the character

gp © A
Remark. Note that the direct summands M [)\] are again free E[[u]] modules, since E[[u]] is a PID.

Proof. Ttis enough to show that the action of a generator & of the finite group k; on M can be diagonalised.
We have a E/[[u]]-linear map [¢] : M — M, which satisfies [€]?7! = id. Foreachi = 0, ..., ¢ — 2 we define

alinear map e; : M — M by
Jj=q—2

eii= ][ (=€)
Jj=0
J#i
Then [¢] restricted to e; M is multiplication by the scalar £¢. We have

q—2
@ eM =M
=0

since if m € M we observe that the polynomial identity

q—2q—2

Y I -¢)=(g- 1!

i=0 j=0
J#i

entails

O

Now we suppose k is an extension of kg, that £ embeds into E via a fixed embedding o, and that kr,
contains ky. Suppose M € Emobﬂ(E, L). Then lemma 5.12 gives weight space decompositions M; =
@, M;[A], where the sum is over weights A of 7". Restricting to these weight spaces the descent datum
gives maps [y] : M;[A] — M;[A] (since ky C kr the weights are preserved by the action of Gal(K/L)).
The map ¢ restricts to maps ¢; : 9 [A] — D1 [A].

Definition 5.13. Let \ : T — k) be a weight. Then for 9 € Modf (F, L) we define M[)] to be

@mm.
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The weight space 9] is the piece of 9 on which T acts via o o A.

Lemma 5.14. With the structures induced from M, IM[\] € Mook (E, L) and we have a direct sum
decomposition in Mod % (E, L):

m = P .
A
Proof. This follows from lemma 5.12. U

Proposition 5.15. Let 9 € Emobf((E, L) and suppose we have a G, X G-equivariant isomorphism
T(M[L]) = p ®p m where p and T are representations of G and G on E-vector spaces and p is
one-dimensional. Moreover, assume T = L(i1) ®p,.0, F for some restricted weight . = Aab- Then the
non-zero weight spaces M| are isomorphic to each other in Mod i (E, L) and for i € Z/dZ we have
(Mar)i = L(1) Qky,00 E as an E[G]-module.

Proof. First we show that (Myr); = L(it) ®ky,0, £ as an E[G]-module. Let k be a finite extension of

k((u)) inside kz,,. such that
1 1 _
T[=]) = (M[=] Dk(uy) k)7~
Observing that we are free to prove the Proposition after extending the coefficient field E, we may assume
that the residue field of k, which we denote k., embeds in E. Note that k is a ky-algebra, since it is an

equicharacteristic local field. We have a canonical isomorphism
1 1
T(M[-]) @r, k = M (u)) k

of free £ @, k-modules with G-action. Since

E@p k= H k@, - E

Tk —FE
(note this is a direct product of local fields) we obtain isomorphisms

K i TOR]) 2 (0

1

21 ®r() K7

where on the right hand side we take the direct summand corresponding to the factor k, g := k ®, - E
of E @r, k. Denote the ring of integers of k by o. The ring of integers in k, g is then given by o, g :=
0 ®p,,r &2. The residue field of k, g can be naturally identified with /. We define two o, g-lattices
Ly, Ly C (M[L] ®p((u)) k)- by taking Ly = (M X, 0)-, Lz = 0 @, - T(M[L]). Our desired statement
follows if we can prove that the reductions of each of these lattices are isomorphic as E[G]-modules. But

this is immediate from the Brauer—Nesbitt Theorem, since 7 is irreducible.

Now we can deduce that the non-zero weight spaces 9t[A] are isomorphic to each other in Modx (E, L).
We construct isomorphisms in 9100 i (E, L) between 9[u] and each 9[A] for the other weights A (recall
p is the highest weight of L(j)). Observe that M[A] € 9Modx (E, L) has rank one. Fix a generator m,, of
this free rank one & g-module. For some x,, € (E ®F, k ogr) X we have

1 1

umy € TM[u][-]) = TOM[_]){ul.

Write e, for an element of the group algebra E[G] which sends a basis for the highest weight space of L(u)

to a basis for the A\-weight space (we can assume that the coefficients of e actually lie in kg C E).
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Therefore, possibly after rescaling x» by an element of E*, we have ey (z,m,) = xaxmy. We deduce
that ex(m,) = (zx/z,)mx € M, s0 x) /2, € Gp (anditis aunitin £ ®r, k((u))).

Moreover, ey € ko[G] takes the basis vector (1 @ m); of (Mar[p]); to a basis vector of (Myr[A])i, so
we see that 5 /z,, has u-adic valuation 0 for each A. Therefore we have z/x,, € (6g)*. So e, gives an
isomorphism M [p] = M[A] in Modx (F, L), since it is an isomorphism of & g-modules, commuting with

all the other structures. O

6. APPLICATIONS TO REGULAR SERRE WEIGHTS

We again return to the setting of Section 2. We fix uniformisers wg € Ky and w € K satisfying

21

wi = —wy. We work with the theory of Kisin modules with respect to the uniformiser o of K — note

that this means we are implicitly working with the uniformiser —w( of Ky when we discuss Kisin modules

with descent data to K.

Definition 6.1. Suppose L is a subextension of K /K{ with residue field containing a quadratic extension
of kg. Define the fundamental character of niveau 2 f to be
wayf : Gal(K/L) — ,uq2,1(k‘) - k;

v+ v(w)/w mod w
Similarly, we define a fundamental character of niveau f

wr: Gal(K/Ko) — [J,qfl(k‘) - k’6<

v = (@) /' mod w
and the mod p cyclotomic character

wi : Gal(K/Qp) = pp—1(k) = F;
7= (1 =¢)/(1 = ¢p) mod .
Note that if f = 1 and g = p our definitions of w; and w; coincide, and we have w; = w%j{q.
6.1. Finite flat group schemes and Jacobians of semistable curves. Let L/K, be a finite extension,
with L C K}, and recall the semistable model X /O for X (p)/Ko. Denote the semi-Abelian scheme
Pic’(X /O ) by A° (it is the connected component of the identity in the Néron model of A := Pic®(X (p)x)
over Ok ) and let G be the quasi-finite separated flat group scheme over O given by the p-torsion A°[p].
We denote by G, C G C G the toric and finite parts of G. They are finite flat group schemes over O, with
descent data relative to K, since A(IJ( descends to K (the Néron model, together with the toric and finite

parts, are all canonical, so are preserved by the descent datum on the generic fibre).

The Grothendieck orthogonality Theorem [Gro72, Exp. IX, Proposition 5.6] tells us that the Weil pairing

(composed with the principal polarisation in one of the factors)

Alp] > Alp] = pp
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makes the generic fibres G; x and Gy i exact annihilators. We have a canonical isomorphism of G'g,-

modules (using the descent datum to give the action of G'i, on the left hand side)
Ok (K)" = Hoy(X (0, Z/pZ).

Let E be a finite extension of F,, and suppose we have a E[G]-submodule V of H},(X Pz, E)-
Since we have G (K) = H, (X (p)%,,Z/pZ)(1) we have V(1) C (Gx ® E)(K). Write Hy for the finite

flat E-submodule scheme, with descent datum to L, of Gx ® E with Hy (K) = V(1) which we obtain
from this embedding. If Hy C G¢ g ® E we say that Hy is finite.

If Hy is finite, we denote the Zariski closure of Hy in Gy ® E/ by Hy . Itis a finite flat £-module scheme

over Ok, with descent datum to L.
Denote by A% the maximal Abelian quotient of .A9. We have a short exact sequence in the Abelian
category of fppf sheaves of Abelian groups over Spec(k).

0T — A) - AP 0.

Applying the snake lemma to the diagram made up of two copies of this short exact sequence with multi-

plication by p maps between them we get a short exact sequence
0= Grx — Gr — A[p] — 0.
Lemma 6.2. Suppose Hy is finite. We have
Hvi X908 Gt @ E =0
if and only if

Hyv,x Xg; xor Gtk © E=0.

If these equivalent conditions hold, then there is a natural embedding of crystalline Dieudonné modules
with coefficients in E
D*(Hy) < D*(AL"[p]) @, E-

Proof. The equivalence of the two conditions follows from the fact that passing to the closed fibre gives an
equivalence of categories between multiplicative finite flat Z-module schemes over Ok and multiplicative
finite flat £-module schemes over k. Moreover, the finite flat £-module scheme Hy Xg,gp G; ® F is zero

if and only if its generic fibre is zero.
Now the condition
Hyvi X608 Gt @ E =0

implies that Hy,x C Ag’[p] ® E, so dually we have a surjection A}’[p] @ E — Hy, . (we use auto-duality
of the Jacobian A%%). This gives the desired result. 0

We finish this section by recalling the description of 7" and .A¢? in terms of the curve X}, Denote by Jthe
dual graph of X}, and recall that the normalisation of X}, is Y, || Zx. We have Agt = Pic’(Y},) xPic® (Zy,)
and T = H'(J,Z) @z G,,.

Lemma 6.3. There is a natural identification D*(G; 1) = k ®, H' (3, k).
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Proof. Since Gy, = H'(1,F,,) ®r, p1p, we have D(G; ) = H'(1,F,) ®p, k = H'(1, k) (with F acting as
1 ® o). The lemma follows from the definition of D*. O

Definition 6.4. We say that a k[G]-module is Steinberg if every irreducible constituent is isomorphic to
L(Ag,a4+q—1) O, k for some a € Z.

Remark. Being Steinberg is invariant under twisting by o.

The following lemma is well-known in the [-adic case. In our setting it follows from the same explicit

computation of the cohomology of the dual graph J, which we describe below.

Lemma 6.5. The k[G]-module D*(G, 1) is Steinberg.

Proof. This follows from describing the action of G on H!(J, k), since we can apply lemma 6.3. Recall
that the connected components of Zj, are indexed by pairs (¢, P) with ¢ € kj and P € P!(ko). The
connected components of Y, are indexed by pairs (£, x) with ¢ € kJ and z € X 4(k). For each ¢ the
irreducible components of X}, corresponding to (£, P) and (&, z) intersect (for all P and z), and these are
the only intersections. We have J = Hé Je, where J¢ denotes the dual graph of the connected component of
X, corresponding to £. Fix an orientation of these dual graph by making the components labelled by (£, P)
the target and those labelled by (&, x) the source. Write M, for the vector space of k-valued functions on
the set of vertices of J¢. Write N¢ for the vector space of k-valued functions on the set of edges of J¢, and
write dg for the map My — N¢ satisfying de f(e) = f(s(e)) — f(t(e)), where s(e) and ¢(e) denote the
source and target of an edge e. Then H'(J¢, k) = D:c I Coker (d¢). It is sufficient to show that every
irreducible constituent of the £[SLz (ko )]-module Coker (d ) is isomorphic to L(Xo,q—1)|SLy (ko) @ko k-

We have an SLo (kg )-equivariant isomorphism
1
Ne = @rGX“(k)kP (ko)

where the action of SLo (ko) is given by its action on kP (ko) The map is given by sending a function f to
(P +— f(es,p))s Where e, p denotes the edge joining (£, x) and (¢, P). We also have M, = kP’ (ko) g
kXe+()). The image of k¥>**) in N is given by ®pex.. (k- 1 C Buex..k® ), where 1 € k¥ (Fo)
denotes the constant function on P! (ko) with value 1. On the other hand, the image of f € k¥ (o) in N is
given by (f).. So we see that we have an SLy (kg )-equivariant isomorphism

o dia

Coker (d¢) = Coker | L(Xo,q—1) ®k, @ LMo g—1) @k, k

z€Xss(k)

O

Corollary 6.6. The ko|G] representation G i (K) ®r,, ko is Steinberg. If V.C HY,(X (p),, E) contains
no irreducible G-constituent isomorphic to L(\q q1q—1) @k, k for any a € Z then Hy is finite and there is
a G, ¢ and Gal(K/ K{))-equivariant embedding

Mod(Hy )ar = [Hip(Yi/k) @ Hip(Z1/k)] @y E.
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Proof. The first part of the Corollary follows from the proof of lemma 6.5 and fact that the étale finite flat
group scheme G, over O satisfies Gy (K) = GY (k) = H'(1,F,)*.

It follows from the Grothendieck orthogonality theorem that the ko[G] representation

(Gx(K)/G1.x(K)) @, ko

is Steinberg. Therefore the map

Hy(K) = (Gk(K)/Gs x(K)) ®F, E
is the zero map, and Hy C Gy g ® E.

Finally, we apply lemma 6.2 to conclude. g

6.2. Serre weights: supersingular case. In this section L will be the unramified quadratic extension of
K inside K. The coefficient field E is, as usual, assumed to be an extension of k. We fix an embedding
0o 1 k — E. Wehave e(K/L) = ¢°—1. Note that Gal(K/K}}) = T is the inertia subgroup of Gal(K/K}),
and is therefore canonically isomorphic to the inertia subgroup of Gal(K/L). We therefore regard I" as a
subgroup of Gal(K/L). We denote e(K,/Q,) by e and e(K/Q,) by e. We have e = (¢? — 1)eo.

Definition 6.7. Let 1 = A, be a restricted weight. Writeb —a =y = Zf:_ol yip' with 0 < y; < p. If
f > 1, we say that  is weakly regular if y # ¢ — 1 and y; # O forevery 0 < i < f — 1. If f = 1, we say
that v is weakly regularif 0 <y < p — 3.

With notation as in the above definition, write y[¢] for the integer ij;()l y;j—ip’ where we interpret y; as

Yy+; when j < 0. We have an isomorphism of G-representations

L(/\a,b)(i) = L()‘ap"\ap"'+y[i])~
If 1 = Aqp we write [i] for the restricted weight Ay i 4] Note that u[i] is weakly regular if and only
if p is weakly regular.
Lemma 6.8. Suppose p = A\, y, is weakly regular, with y = b — a.

Then any vector in the image of a map L(j1) ®y, k — Hip (Y. /k) lies in Fil'(H} 5 (Y1,/k)) and has T
acting via the character ¢ — ¢~ WH2+(gt1)(a=1)),

Similarly, any vector in the image of a map L(p) ®p, k — H}p(Z1/k) has T acting via the character
¢ — ¢~ latDa

Proof. By Proposition 4.8, it suffices to prove the first part of the lemma with H},(Y,/k) replaced by
H},(C/k). Since y # 0 mod p, L(11) does not appear as a constituent of A(X); for any restricted weight ,
by lemma 4.13. Also, by lemma 3.10 L(y) is not isomorphic to socg (A(N)) for A = A, p withb—a = ¢—2.

Now corollary 4.16 implies that the vector in question lies in Fil' (H},(C/k))(i), with

L(p) = L(Aiy4+1i0+i1-1)-
Sowehave y = ig —2and a = 1 +4; mod (¢ — 1), which gives the desired answer for the action of I.

The second part of the lemma follows from Propositions 4.4 and 3.9. 0
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We will also need the following stronger regularity condition:

Definition 6.9. We say that a restricted weight ;1 = A, 3 is strongly eg-regularif y = b —a = Zf;ol yip'

satisfies eg < y; < p — 1 — eq for every 1.

Note that if ey > %1 then there are no strongly eg-regular weights. If p is strongly eg-regular, it is
weakly regular. When ey = 1 the strongly eg-regular condition is a little less restrictive than the ‘regular’
condition appearing in [Geell] (this corresponds to 1 < y; < p — 3 for all ¢). On the other hand, the
strongly regular condition is more restrictive than the conditions appearing in [Sch08a] (which correspond

toy; < p—1—egforallq).

Proposition 6.10. Suppose M € Modx (E, L) and that we have a G, x G-equivariant isomorphism

T(M[L]) = p @ m, where p and 7 are representations of G, and G on E-vector spaces, p is one-

dimensional and m = L() ®py,0, E for some weakly regular restricted weight |1 = A, p. We write
y=b—a=0") yp’ with0 < y; <p.

Moreover, suppose we have a E @, k-module embedding
Mar — E x, [Hig(YVi/k) ® Hip(Z1/k)]

which is G-equivariant and Gal(K/ K()) = T'-equivariant — the action of I on M4 comes from restricting
the descent datum action of Gal(K/L).

Then the integers 0 < k; < e(K/L) = q*> — 1 for each i € Z/2fZ attached to the rank one module
M[p] by Theorem 5.5 satisfy

o if k) = 0mod q+ 1 then k) = —(q + Dap/ =" mod ¢*> — 1
o ifky # 0mod g+ 1then kyy = p~*(y[1 —d] + 2+ (¢ + 1)(¢ — 2 — ap’™ 1" — y[1 — i])) mod
2
q° — 1.

Definition 6.11. If k;;; = 0 mod ¢ + 1 we say that i — 1 is an Igusa index. If k;; # 0 mod g + 1 we say
that 7 — 1 is a Drinfeld index.

Proof. For i € Z/dZ denote by v; the image of 1 ® m; in M[u]gr. Since m; € M, we have v; €
Mu)ar,i—1. It follows from Proposition 5.15 that v; has image a highest weight vector in an E[G]-

submodule of
[Hin(Yi/k) ® Hip(Zk/k)] @ro, B
which is isomorphic to
L(k) @kg00 B = L)1 @4 4, | E.
If kf; = 0 mod g + 1 then v; has image in
[Hir(Z1/F)] ko, , B

and ¢ — 1 is an Igusa index. If k;; # 0 mod ¢ + 1 then v; has image in

[Hip(Yi/k)] ®ko0y E
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and ¢ — 1 is a Drinfeld index. Suppose ¢ — 1 is an Igusa index. By lemma 6.8 the I" action on v; is given
by the character 7~ (@19 S0 we conclude that ki) = —(g + 1)ap’ = mod ¢ — 1 (we divide by p

because the I'-action on 1 ® m; is the o-twist of the I' action on m;).

Similarly, suppose ¢ — 1 is a Drinfeld index. Then by lemma 6.8 the I" action on v; is given by the

character ﬁ_(y[l_i]+2+(q+1)(‘”’Hlﬂ._l)). So we conclude that
ki =p (g =1yl —i]) = (¢+1)(ap’ ") mod ¢* — 1.

O

We now consider 9)T as in the statement of Proposition 6.10, and denote the set of Drinfeld indices by J.
For simplicity, we assume a = 0. We have a congruence ;11 = pk;11 — k; mod ¢? — 1 for every 4, and
we have defined s;11 = ;41 — (pki+1 — k;), where we assume 0 < k; < q%> — 1 for every ¢. We want to
compute pk; 11 — k; in the four different cases depending on the type of the indices (i — 1,4). If i € J then,

mod ¢ — 1, we have

f-1 -2
ki =p g=1—yl=) =p™" Y (p—1—y)t! =D (P—=1—yjrir)V) + (p—1—y)p™ ",
=0 =0

whilst if ¢ ¢ J we have k; 1 = 0.

We therefore compute that

e If neither of i — 1, i arein J, then 7,11 = 5,11 = (¢? — 1)J; for some §; satisfying 0 < §; < €.
o If (i — 1,4) are both in J then

Phivi—ki=@—1-y)(@—1)—(p—1—yi—)(*’ ' —p/ 7).

Therefore, if y;_1 < p — 1 we get

2f—1 f71)

rig1=(* = 1)8 —(p—1—yi—1)(p P

and
sin=—(p—1-y)(¢>—1)+ (¢ - 1)5
for some ¢; satisfying 1 < §; < eg.
e If (i—1,i)arebothinJand y; 1 = p—1then pk; 1 —k; = (p—1—v;)(¢*>—1),rix1 = (¢*—1)d;
for some 9; satisfying 0 < 6; < eg, and s;11 = —(p—1—v;)(q*> — 1)+ (¢* — 1)6;. In fact, &; # 0,
since ;11 = 0 contradicts the fact that our vectors lie in Fil! (by lemma 6.8). So we obtain exactly

the same result as in the previous item.
o Ifiec Jandi—1 ¢ J then

f—2
Phivi —ki =Y (P—1 =y’ + (0 — 1 - 4:)d*
j=0
and we conclude that
f—1
rigt =Y (p— 1=y’ + (¢ — )5
=0

for some §; satisfying 0 < 6; < eg— 1,and ;11 = —(p— 1 —4;)(¢®> — 1) + (¢* — 1)6;.
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e ifi¢ Jandi— 1 € J then

f—2
phivi —ki==) (p—1—yirip)p’ = (p—1—y)p* "
=0
and we conclude that
f—2
Titl = — Z(p —1—yirir)p —(p—1—y)p™ ™"+ (¢° — 1)5;
§j=0

for some §; satisfying 1 < d; < eg (we use the fact that not every y; is equal to p — 1), and
sit1 = (¢* — 1)d;.

Definition 6.12. For a subset .J C Z/2fZ, and a set of integers (0;);cz/25z, We say that (J;) is allowable

for J if all the following conditions are verified

e 0 <4; <epforeveryi
e ifi—1eJ,i¢ Jtheno; > 1
° ifieJ,i—1¢Jthen5i§eo—l.

We say that (J, (0;)) is a pre-Serre datum if (J;) is allowable for J, J bijects with Z/ fZ on reduction
mod f and §; + ;1 = eg for all i. We say that a pre-Serre datum (J, (6;)) is a Serre datum if 6; > 1
whenever ¢ — 1 € .J (equivalently, if §; < eg — 1 whenever i — 1 ¢ J).

Given a set J, (4;) allowable for J, and a restricted weight p = pi, With b — a = Z{;()l yip', we say
that a character 1) of I, is attached to (.J, (0;), u) if

v =wp TTspr v Tl

ieJ i¢J

The following lemma follows from the computations preceding the above definition (keeping track of a

also).

Lemma 6.13. Let 9 be as in the statement of Proposition 6.10, and denote the set of Drinfeld indices
by J. Then there is a set of integers §; attached such that (6;) is allowable for J and p|;, is attached to

(J’ (61)’ M)'

Proof. Everything follows from the preceding computations and Corollary 5.7 (we just discuss the case

a = 0 for simplicity). We only need to observe that

2f—1

(> —1)'wo=—(¢*— 1)~ Z sipp' = (p—1—yi—8)p'+ ) (-

ic€J igJ

The definitions of pre-Serre and Serre data are explained by the following lemma:

Lemma 6.14. Suppose that (J, (0;)) is a pre-Serre datum, [t = A is a restricted weight and the character
Y of Ik, is attached to (J, (0;), pt).
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Then J bijects with ] fZ when we reduce its elements mod f, and there exist integers —1 < ¢; < eg—1
Sfori € Z/2f7Z, which depend only on i mod f, such that
’l/) — w;a (wé’})—(lﬁ‘yr‘rﬁi) H(wg;)—(eo—l—ﬁi).
i€J i¢J
The integers €; are > 0 unless i and t — 1 are both in J or both in the complement of J.

Moreover, if (J,(0;)) is a Serre datum, the €; are all > 0.

Proof. Wesete; = 6; — Lifbothi — 1,iarein Jande; = 6; if ¢ € J,i — 1 ¢ J. The requirement that

€; = €;4 s then determines the ¢; with ¢ 4nJ. The lemma then follows from the definitions. O

We will use the following easy lemma a few times in some calculations:

Lemma 6.15. Ler D be a positive integer and suppose that for i = 0, ..., D — 1 we have integers o; with

|| < p— 1 such that Ziif)l a;p* = 0 mod pP — 1. Then one of the following statements holds:

(1) o; =0 foralli
(2) aj=p—1forall
3) a; =—(p—1) foralli.

Proof. Write ¥ for the sum > 2" c;p’. We have S| < 227" |ai|p? with equality if and only if the o, all
have the same sign (we regard 0 as positive and negative). We also have Zi?)l o |p* < Zi_ol (p—1)p' =

pP? — 1. Since |X| is a multiple of p” — 1 we therefore have 3 = 0 or we are in cases (2) or (3).

So we assume ¥ = 0. Suppose some «; is non-zero. Let I be the largest ¢ such that «; is non-zero.
Then arp! = arp! — ¥ = — Zf;ol a;p’, and the modulus of the right hand side satisfies | Zf;ol a;pt| <

Zf;ol (p —1)p* = p! — 1 < |arp!|. This is a contradiction, so every a; is zero. O

The next Proposition gives a combinatorial argument, similar to [GS11b, Proposition 4.13], to produce

a pre-Serre datum from the allowable set (d;) provided by lemma 6.13.

Proposition 6.16. Suppose M is as in the statement of Proposition 6.10. Moreover suppose that the inertial

b

character pp?|y,, is given by w; “"wy %, that eg < p — 1, and that p|y, is not a power of wy. Then there

exists a pre-Serre datum (J, (5;)) such that p|;, is attached to (J, (6;), ).

Proof. We first claim that it is enough to find an allowable (.J, (6;)) such that p|;, is attached to (.J, (6;), 1)
and J bijects with Z/ fZ. We must show that in this situation the condition that gz + EH f = eg is automat-

ically satisfied. The condition on pp? implies that

f-1 , o
—2 Np—1—yi—8;—diry _  ,—a—b —
wf aH(w§ )p y +f _wfa w; eo
=0
where the left hand side is equal to w;“*b Hzf:_(]l (w?l)_gi_:”rf . Therefore we have

f-r -
Ty don -1
=0



40 JAMES NEWTON AND TERUYOSHI YOSHIDA

Now eg — (gl + gﬂ—f) € [—eo,€e0] and ey < p — 1, so lemma 6.15 implies that 5+ &+f = e for all 7.
This justifies the claim.

Now we turn to the rest of the Proposition. Lemma 6.13 provides us with an allowable J, (§;) with
attached character p|r,. Suppose that J does not already biject with Z/fZ. It suffices to produce an
allowable .J, (gz), with the same attached inertial character, such that J has more pairs (i,i + f) satisfying
i€ Jifand onlyif i+ f ¢ J than .J does (repeating this step finishes the proof). Let .S be the set of indices
isuchthat 0 < i< f—1,7€ Jandi+ f € J, and let T be the set of indices 7 such that 0 < ¢ < f — 1,
i¢Jandi+ f ¢ J.

The condition on pp? is equivalent to

-1 -1

i\ 546 iyl p—l—y; i
[Ty They = TLey == = T )
i=0 €S €T i=0

which we rewrite as
f-1r
P\6i+0iyf—eotei _
[Ty )yotomermeotes — 1,

i=0
wherec; =y; +1 —pifi e Sandc; = p—1 —y, if © € T (it is zero otherwise).

Each exponent in this product lies in the interval [—eqg — p + 1,e9 +p — 1] C [3 — 2p, 2p — 3] since
eo < p — 1. If follows, as in the proof of [GS11b, Proposition 4.13], that there are integers a; € {—1,0, 1}
fori € [0, f — 1] such that

0i +0iyp — €0+ ¢i = —a; + paii1

for each ¢ (we always interpret the subscript of an a; modulo f).

First we suppose that N := S][T # [0, f — 1]. Then we have an interval I = [j/,j] C N with
j'—1,57+1¢ N, where again the index set is interpreted modulo f. We permit the case j' — 1 = j + 1.
Then we define a set .J by removing every element of I N J from J and then adding every element of I N J¢
(J€ denotes the complement of J in [0, 2f — 1]). In other words, we switch the type of all the indexes in I.

We define new integers 5; as follows

o Ifi e (j, ] set &; = 0; + ¢; + ai — pais1.
o Set 3y =0y + ¢y — paiii.

Setgjﬂ = 0j41 + Gj41.

For all other i € {0,...,2f — 1} set &; = ;.

It is easy to check that J, (SZ) has the same attached inertial character as J, (;). It remains to check that
it is allowable. For i € (j’, j] we have 5+ di+5 = e, so the conditions imposed on ;4 ; by Definition
6.12 imply that gz satisfies the same conditions (with respect to J ). It remains to check that the conditions
are verified at j” and j + 1. Note that we have c;;_1 = ¢;11 = 0. S0 &; + 6,45 — e9 = —a; + pa;41 for
i =j" —1,j + 1. The left hand side of this equality lies in the interval [—eg, eg] C [2 — p,p — 2], which

forces the right hand side to be equal to zero or &1 and so we have aj = a2 = 0. Now

0 =0y +¢j —pajii1 = € = Ojryy
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and it is easy to check that gj/ will satisfy the desired conditions. Finally, we also have ng = 041 +

aj+1 = ep — 041+, and again we satisfy the desired conditions.

Now we just need to deal with the case where N = [0, f — 1]. Since p|;, is not a power of wy, we must
have §; # d;4 for some j. It can be easily verified that one of the following two constructions gives the
desired allowable J, (4;)

e We define jby switching the type of the indexes j, ..., j + f — 1, and set i = 0; + i+ ag — Pai+1
foriin (j,j+ f—1],6; =6, +c¢; —pa; and &, ; = 0;4 f + a;.

o We define jby switching the type of the indexes j+ f, ..., j+2f—1, and setgi = d;+c+a;—pa;
foriin (j+ f,j+2f — 1,045 = 8517 + ¢joy —pajand 6,4 5 = 8;4 f + a;.

The point is that if both of these constructions fail to be allowable, we can deduce that §; = 6, ¢. O

Corollary 6.17. Let L be the unramified quadratic extension of Ky inside K. Let |1 = \qp be a weakly
regular restricted weight. Write b —a =y = Zf;ol yip'.

Suppose 1 is an absolutely irreducible two dimensional representation of G with coefficients in a fi-
nite extension E of Fp, with k C E, such that r appears as an E|Gp]-submodule of Home (L(p) ®p,
E, Hy(X(p)F. E))-

Suppose that |G, is absolutely irreducible. Then there exists a pre-Serre datum (J,(6;)) such that
|G, = p © p? where plr, is attached to (J, (6;), p)-

Proof. We have r|g, = p ® p? for some E-valued character p of niveau 2f. Our assumptions imply that

we have an injective E[G g, X G|-module map
for @ L(p) = Hey(X (p)g,, Z/pZ) @ E.

Set V' = Im (f|,@,,L(x))- Then Corollary 6.6 gives us a finite flat £-module over Ok, with G-action and
descent datum to L, denoted Hy, such that if we set 0t = 9Mod(Hy, ), then N satisfies the hypotheses of
Proposition 6.16 (using [BDJ10, Corollary 2.11 (1)] and [Sch08a, Lemma 3.1] for the condition on pp9).
In particular, since Hy (Ok)(—1) =V, we have T(M[L]) =V = p g (L(p) @k, E).

We may assume eg < p — 1, since, as observed by Schein [Sch08a], the statement is vacuous for

ep > p — 1. We now conclude using Proposition 6.16. g

Remark. To recover Theorem 1.1 (i), we apply the above corollary together with lemma 6.14.

Under the strong eg-regularity assumption we can avoid the use of Proposition 6.16 and strengthen
the above corollary. The proof is completely elementary given the definition of strongly eg-regular, our
description of H} (Y /k)® H}»(Z),/k) and the classification of rank one Kisin modules with coefficients

and descent datum (Theorem 5.5).

Theorem 6.18. We put ourselves in the situation of Proposition 6.10, and make the following additional
assumptions:

o i is strongly ey-regular

e the inertial character xo(pp?)|1, is given by w;“_bwfe"
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® p|1, is not a power of wy.

Let J C 7./2fZ be the set of Drinfeld indices. Then there exist integers (0;);cz,/2f7 such that (J, (;)) is a
Serre datum and p|r, is attached to (J, (8;), p).

Proof. Since there are no strongly eg-regular weights when eg > % we assume that eg < %. We follow
the proof of Proposition 6.16, but we will not have to change the allowable J, (J;) given to us by lemma
6.13. As a consequence, we can make use of the fact that if i — 1,4 are both in J we have 1 < §; < eqg. As
before, we obtain a; € {—1,0,1} fori € [0, f — 1] such that

6.1 0i + 0ipf —eo + ¢; = —a; + pa;y1

for each ¢. We again denote by S the elements of [0, f — 1] such that i and ¢ + f are in J, denote by T the
elements such that ¢ and ¢ + f are not in J, and denote by N the union S ] 7.

The strongly eg-regular hypothesis implies that ¢; € [eg,p—1—eg|ifi € T, ¢; € [eg+1—p, —egifi €
S. We have ¢; = 0 otherwise. So the left hand side of the equality (6.1) is in the intervals [0, p—1], [1—p, 0],
[—eo, eq] for (respectively) ¢ in T', ¢ in S and 4 in neither. Applying lemma 6.15 to o;; = —a; + pa; 41 shows
that the a; are all equal. If they are all 1 or all —1, we have T' = [0, f —1] and S = [0, f — 1] respectively. If
S =10,f—1]thenJ =Z/2fZ,s06;+3J;1 > 2 for every i and we cannot have 6;+ 9, f —eg+c; = 1 —p,
which is a contradiction. If ' = [0, f — 1] then for every ¢ € Z/2fZ, i is an Igusa index, y; = e and
d; = eo. This implies that p|, is a power of w¢, contradicting our assumptions. So we conclude that a; = 0
for every . This forces §; = §,4y = 0fori € T and §; = §;1y = ep for i € S. Since J, (J;) is allowable,
this implies that if 7" is non-empty then 7' = [0, f — 1], and similarly if S is non-empty then S = [0, f — 1].
We deduce that both .S and T are empty, otherwise p|7, is a power of wy.

We have now shown the ¢ ¢ J if and only if i + f € J (i.e. i is an Igusa index if and only if i + f is a
Drinfeld index), and hence that §; + ;4 f = eg (by the argument at the beginning of the proof of Proposition
6.16). This suffices to deduce the Theorem. O

Corollary 6.19. Let L be the unramified quadratic extension of K inside K. Let i1 = \qp be a strongly
eo-regular weight. Write b —a =y = Z,{:_Ol Yip'.

Suppose 1 is an absolutely irreducible two dimensional representation of G g with coefficients in a fi-
nite extension E of Fp, with k C E, such that v appears as an E|Gp]-submodule of Homg (L(p) ®p,
E,Hy(X(p)7, E))-

Suppose that r|; x, 18 absolutely irreducible. Then there exists a subset J C Z /2 f7Z, which bijects with
7] fZ when we reduce its elements mod f, together with integers 0 < ¢; < eq — 1 for i € Z/2fZ, which
depend only on i mod f, such that r|c, = p @ p? where p satisfies

pli, =y [Lhp)~rvred T gy ~(com .
icJ i¢J

Proof. The proof is as for Corollary 6.17, replacing Proposition 6.16 with Theorem 6.18. 0

6.3. Serre weights: ordinary case. We can also deduce results about Serre weights in the ordinary case.

In fact, the proofs are almost identical to the supersingular case — this is a result of us working with
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‘induced’ and ‘cuspidal’ parts of cohomology simultaneously. The fact that the local Galois representation

may be non-split introduces a couple of extra steps in the arguments.

Suppose M € Mod i (E, Ko) and that we have a G x G-equivariant isomorphism T'(OM[1]) = p@p

m, where p and 7 are representations of G, .. and G on E-vector spaces, p is two-dimensional reducible
and ™ = L(p) ®y, E for some weakly regular restricted weight = A, . We writey = b—a = 251—01 yip'
with 0 < y; < p. If p) C p with quotient p” then we get a corresponding sub k((u))-vector space
of M[L] and define MV’ to be the intersection of N with this subspace in M[L]. This gives a subobject
in Mod (E, Ko), and it is saturated as a &-submodule of M. We have T(O'[1]) = o' ®p 7. The
quotient 9 := 90/ is again an object of Mod i (E, Ko), and T(M”[1]) = p” @ 7. Note that these
constructions have well-known analogues for the corresponding finite flat group schemes (taking the Zariski

closure of a sub-group scheme of Gy inside G).

Proposition 6.20. Suppose we have a k ®p, E-module embedding
Mar — [Hip(Y1/k) ® Hip(Z1/K)] ©x, E
which is G-equivariant and T'-equivariant — the action of T' on Myr comes from restricting the descent

datum action of Gal(K/Kj).

Then the integers 0 < k; < e(K/Ko) = q®> — 1 for each i € 7/ fZ attached to the rank one module
O[] by Theorem 5.5 satisfy

e ifky) = 0mod q+ 1 then k) = —(q + Dap’~" mod ¢*> — 1
o ifky # 0mod g+ 1then kyy =p~'(q—1—y[l—1d]) — (¢+ 1)(ap’ %) mod ¢* — 1

and the same for M [p].

Proof. For M’ this immediate from Proposition 6.10. Now we have a k ®r, E-module embedding
Mg = [Hap(Yi/k) ® Hip(Ze/k)] @5, E/Myp

which is G-equivariant and ['-equivariant. It follows from lemma 3.3 that the argument of lemma 6.8 still
applies, since when we quotient out by (91, ); we do not see any new copies of L(1) Qg+, E in the socle
of

([Har(Yi/k) © Hap(Zi/F)] ®F, E/Myp), -

We conclude that we have the same description of the possible k;;’s for " U

Definition 6.21. For a subset .J C Z/ f7Z, and a set of integers (0;);cz, fz, We say that (d;) is allowable for

J if all the following conditions are verified

e 0 <9; <eqforeveryi
e ifi—1€J,i¢ Jthend; > 1
e ifiec J,i—1¢ Jthend; <ey— 1.

Given two sets J', J” C Z/f7Z, and sets of integers (0;);cz/fz, (0; )icz, sz Which are allowable by .J’

K2

and J” respectively, we say that (J', J", (8}), (6!') is an ordinary pre-Serre datum if J" is the complement
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of J and ¢, + 8/ = eg for all 4. Note that an ordinary pre-Serre datum is determined by either of the
allowable pairs J', (d;) or J”, (7).

We say that an ordinary pre-Serre datum (J', J”, (8%), (6!') is an ordinary Serre datum if 6, > 1 for all ¢
such thati — 1 € J" and 6] < ep — 1 for all 4 such that i — 1 ¢ J’ (this is equivalent to the corresponding

condition on the (4.)).

Given a set J, (9;) allowable for .J, and a restricted weight © = A, with b — a = Z{;OI yip', we say
that a character 1) of I, is attached to (J, (0;), u) if

o P \p—1—yi—6; P\ —6;
w—wf“ (wf e H(Wf) :
i€J i¢J
As in the supersingular case, we obtain some allowable sets J, (§;) whenever we are in the setting of

Proposition 6.20.

Lemma 6.22. Let M be as in the statement of Proposition 6.20, denote the set of Drinfeld indices for U by
J' and the set of Drinfeld indices for "' by J". Then there are sets of integers (3;), (0!') such that J', (})
and J", (8}') are allowable, p' |1, is attached to (J', (3}), ) and p" |1, is attached to (J", (0;'), p).

We obtain the following analogue of Proposition 6.16:

Proposition 6.23. Suppose 9N is as in the statement of Proposition 6.20. Moreover suppose that the inertial

character p'p"|1, is given by w;a_bwl_eo, and that eg < p — 1,

Then there exists an ordinary pre-Serre datum J', J", g{, 5;’ such that p'|1, is attached to (J,(8)), 1)
and p" |1, is attached to (J", (87, ).

Proof. The proof is a simple modification of the proof of Proposition 6.16. The proof that we can ignore
the requirement that S; + gl’.’ = e is essentially identical to the first part of the proof of Proposition 6.16.
Lemma 6.22 provides us with two allowable sets .J',; and J”, 6;’ with attached inertial characters p'|r,.
and p"|1, . Let S be the set of indices i € Z/fZ such thati € J  and i € J”, and let T" be the set of
indices ¢ such thati ¢ J' and ¢ ¢ J”. When N := S[[T # Z/fZ we proceed exactly as in the proof of

Proposition 6.16 and construct the desired set .J' and integers gg, gg’ .

When N = Z/fZ, the proof is simpler in the ordinary case. We just define J' = Z/fZ\J', and set
gg =0, 4 ¢; + a; — pa;+1 for i in Z/ fZ (here the integers ¢; and a; are defined exactly as in the proof of

Proposition 6.16 — in particular, we could just have written gf =eo — 9}). O

Corollary 6.24. Let ;1 = A\, be a weakly regular restricted weight. Writeb —a =y = Zf;ol Yip'.

Suppose r is an absolutely irreducible representation of G with coefficients in a finite extension E of

F,, with k C E, such that v appears as an E[G r]-submodule of
Homg(L(p) @k, B, Hy (X (p)7, E))-

Suppose that 7|, is reducible. Then there exists a subset J' C 7/ fZ together with integers &; for
i € Z/fZ, such that we have an ordinary pre-Serre datum (J',J",8},56!) (here J" is necessarily the

» Y e
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/

*
complement of J" and 6] = eg — 0;) and |G, = (K;) p”) where |1, is attached to (J', (0;), ) and

" |1, is attached to (J", (6}'), ).

Proof. The assumptions of the corollary imply that we have an injective E[G, x G]-module map
for @ L(n) = Hoy (X (p)5,, Z/pZ) @ E.

Set V' = Im (f). Then Corollary 6.6 gives us a finite flat E-module over O, with G-action and descent
datum to K, denoted Hy, such that if we set 9t = WUD(H‘V/), then 91 satisfies the hypotheses of Theorem
6.25 (we are again using [BDJ10, Corollary 2.11 (1)] and its generalisation to the ramified case, which is
proved in the same way as [Sch08a, Lemma 3.1]). In particular, since Hy (Og)(—1) = V, we have
T(ML]) = V = r &y, L(s).

We may assume eg < p — 1, since, as observed by Schein [Sch08a], the statement is vacuous for

ep > p — 1. We now conclude using Proposition 6.23. g
Remark. To recover the statement of theorem 1.1 (ii) we just apply lemma 6.14.

Theorem 6.25. Suppose we are in the situation of Proposition 6.20 and make the following additional

assumptions:

e i is strongly eg-regular
b

. -1 .
ify = (eo) ELO p' then we do not have p'|1,. = p"|1,, = w;
ify=(p—1—eo) Z{:_ol p' then we do not have Py, =P, =w;®
the inertial character p'p" |1, is given by wf*afbwl_e".

Let J' C 7/ f7Z be the Drinfeld indices for WV and let J" C Z/ fZ be the Drinfeld indices for M". Then
there exist sets of integers (8;)icz, sz, (0 )icz, rz such that (J', J", (6;), (")) is an ordinary Serre datum,

3

P\ 1, is attached to (J', (6;), p) and p”| 1, is attached to (J", (5}'), p).

Proof. We proceed exactly as in theorem 6.18. Again we assume ey < %_1. Lemma 6.22 provides us
with allowable sets J', (8;), J”, (6/). As in the supersingular case, under the strong regularity hypothesis
(together with the additional hypotheses of this theorem), we will not have to modify these sets to obtain the
conclusion of Proposition 6.23. As in the proof of theorem 6.18, we obtain a; € {—1,0,1} fori € Z/fZ

such that
(6.2) 8+ 0 —eo + ¢; = —a; + paipq

foreachi. Set S =J' NJ" andset T = (Z/fZ\J') N (Z/fZ\J"). Denote by N the union S]] 7.
The strongly eq-regular hypothesis implies that ¢; € [eg,p — 1 —eg] ifi € T, ¢; € [eo + 1 — p, —eo] if
i € S. We have ¢; = 0 otherwise. So the left hand side of the equality (6.2) is in the intervals [0, p — 1],
[1 — p, 0], [—eo, eg] for (respectively) ¢ in T, ¢ in S and ¢ in neither. Therefore lemma 6.15 implies that the
a; are all equal. If they are all 1 or all —1, we have T' = Z/ fZ and S = Z/ fZ respectively.
IfS=7Z/fZthenJ =J" =7Z/fZ,sod;+06; > 2forevery i and we cannot have 6; + 9,1y —eo+¢; =
1 — p, which is a contradiction. If T' = Z/ fZ then for every i € Z/ fZ, i is an Igusa index for 0 and I,
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yi = eg and §; = §; = eo. This implies that p'[;, = p"|1,,, = wf_b, so we again have a contradiction.
So we conclude that a; = 0 for every i. This forces §; = 6 = Oandy; = p—1— ¢ fori € T and
=0 =epandy; =p—1—eofori € S. Since J, (§;) is allowable, this implies that if T" is non-empty
then T = Z/ fZ (hence p'|1,, = p"|1,;, = w;“), and similarly if S is non-empty then S = Z/ fZ (hence
P, = P"|1x, = w;®). We therefore contradict our assumptions unless V' is empty.

We have now shown that ¢ € J’ if and only if ¢ ¢ J”, and hence that §; + §' = e( (by the argument at
the beginning of the proof of Proposition 6.16). This suffices to deduce the Theorem. g

Corollary 6.26. Assume the following

o (1= Ay is a strongly eg-regular restricted weight
o ify=b—a=(eo) X./2) p' then we do not have Oty = 0" |1k, = w;b
o ify=b—a=(p—1—e) .1 p then we do not have p'|1,. = p"|r,, = w;®

Suppose r is an absolutely irreducible representation of G r with coefficients in a finite extension E of I,

with k C E, such that r appears as an E|G g]-submodule of
Home (L (1) @k, B, Hyy (X (p) 7 E)).-

Suppose that r|g K, IS reducible. Then there exists a subset J C 7 / fZ together with integers 0 < ¢; <

fox
eo — 1 fori € Z/f7, such thatr|g, = (l()) p”) where

#lne, =y [Lwp ) rvred T ) (ot
ieJ i

and

PN|IK0 _ w;a H(w?1)7(1+yi+€i) H(w? )7(6071767;).
igJ icJ

Proof. The proofis as for Corollary 6.24, replacing Proposition 6.23 with Theorem 6.25. We set ¢; = g{ -1
ifbothi — 1,7 arein J, & = 6 — 1 if neither of i — 1, arein J, & = 0, if i € J, i — 1 ¢ J and ¢; = 0/ if
i¢J,i—1€J. O

7. SERRE WEIGHTS AND FINITE FLAT MODELS

We present the results on finite flat models for modular Galois representations which we can deduce
from the work of the previous section. For simplicity we assume that eg = 1. We will need the following

definition:

Definition 7.1. Suppose I € Modx (F, L) and 7 is an E[G]-module. Then we define an object 1@ g0 €
Mod i (F, L) with G action, by letting the underlying & g-module be 7 ® g 9t and defining ¢ to be id ® .
The action of g € G is given by ¢ ® id and the action of v € Gal(K /L) is given by id ® [v].
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7.1. Finite flat models: supersingular case. We put ourselves in the setting of corollary 6.17, and assume
that ¢g = 1. Therefore, we let © = A, be a strongly 1-regular restricted weight — in other words,
b—a=y= Ef;_ol y;p’ with 1 < g; < p — 2. Suppose r is an absolutely irreducible representation of G

with coefficients in a finite extension £ of I, with & C F, such that r appears as an E[GF]-submodule of
HomG(L(U) ®k'o E7 Helt(X(p)fa E))

Suppose that 7|c,, is absolutely irreducible. We have shown that there exists a subset J C Z /2fZ,
such that r|g, = p @ p? where p satisfies

2f—1

Pliy =wi® T (@hp)~0we.
icJ

The assumptions of corollary 6.17 imply that we have an injective E[Gk, x G]-module map
for @k L(p) = Hy(X (), Z/PL) @ E.

Set W = Im (f). Then Corollary 6.6 gives us a finite flat F-module over O, with G-action and de-
scent datum to K, denoted Hyy. We have a sub-module scheme (with descent datum to L) Hy C Hw

corresponding to p®y, L(1) C r®p, L(1). Similarly, we obtain Hy+ C Hy corresponding to p?®p, L(1).

Set N = Mod(Hyy,), M = Mod(Hy,) and M’ = Mod(Hy,,). The proof of Theorem 6.18 determines
the invariants attached to the rank one Kisin modules 0 := M[u], M}, := 9M[u] by Theorem 5.5. In

particular, ¢ is an Igusa index for 9 if and only if it is a Drinfeld index for 91j,.

Theorem 7.2. There is a G-equivariant isomorphism in Mod i (E, L)
N (L(p) Qy E) @ Mo @ (L) Qk, E) @5 M,

Proof. It follows from Proposition 5.15 that 9t = (L(p) ®k, E) @ g Mo and M’ = (L(p) Qk, E) @5 MY
(each weight space is isomorphic as a Kisin module and the action of GG is determined by its action on
OM[1] and 9'[L]). It remains to prove that we have an isomorphism 91 = 9 & 9. Since Hy and Hy
are both closed subschemes of Hyy, we have injective maps 9t < 9% and 9 — 9. So we obtain a map
M d M’ — N which is an isomorphism when we invert u, since Hy, x & Hy+ x = Hw k. So it suffices
to check that this map is injective when we reduce mod u, or equivalently that it induces an injective map
Mar & M, — Nag. This follows from the fact that each map Myr — Nar, M), — Nar is injective
(since we have a closed immersion of finite flat group schemes over Og) and the fact that ¢ is an Igusa
index for 91 if and only if it is a Drinfeld index for 9" (and vice versa), so the images of Myx and N, ;, in

D4k have zero intersection. O

7.2. Finite flat models: ordinary case. We put ourselves in the setting of Corollary 6.24, and again as-

sume that ey = 1. Therefore, we let 1 = A4 p be a strongly 1-regular restricted weight. Writeb —a =y =

Z{;()l y;p® with 1 < y; < p — 2 and moreover suppose that y # Z{;()l ptandy # (p — 2) Z{;()l Pt
Suppose 7 is an absolutely irreducible representation of G with coefficients in a finite extension £ of

F,, with k& C E, such that r appears as an E[G p|-submodule of

Home(L(p) @k, B, H (X (p), E)).-
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Suppose that r|g,, is reducible. We have shown that there exists a subset J C Z/ fZ such that 7|, =

/

1% *
O pI/

where

P, = wp Lt~
ied
and
1, = w7 [T,
i¢J

The assumption of the corollary implies that we have an injective F[Gk, x G]-module map
for @k L(p) = Hy(X (), Z/PL) @ E.

Set V' = Im (f). Then Corollary 6.6 gives us a finite flat F-module over O, with G-action and descent
datum to K, denoted Hy,. We have a sub-module scheme Hy+ C #j, corresponding to p’ ®p, L(p) C
7 @k, L(11). We denote the quotient by Hy» — we have Hy (K ) = p” @, L(1).

Set M = Mod(Hy,), M’ = Mod(Hy,) and M” = Mod(Hy,.). We have a short exact sequence
0—=M —=M—M' -0

where the outer two terms satisfy the assumptions of Proposition 5.15. Set D, = 9 [u], M = M [p]. In
the proof of Theorem 6.25 we completely determine the invariants associated to these rank one modules by
Theorem 5.5.

Proposition 7.3. There is a G-equivariant short exact sequence in Mod i (E, Ko)
0= (L(p) @k, E) @5 My — M — (L(1) @k, E) @5 My — 0.

Proof. This follows from Proposition 5.15. U
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