A geometric Jacquet—Langlands for mod p Hilbert
modular forms, following Diamond—Kassaei—Sasaki part 2

The aim of this talk is to discuss a generalization the following result due to Serre and Gross:

1 Introduction
Let p be a prime. There is a Hecke equivariant short exact sequence
0 — HY(X1(N),d"wPt =" (=C)) = H(X1(Np),K)*™ — H*(X1(N),w"?(=C)) = 0

where X is the special fiber of the compactified modular X1(N) of tame level N, w the usual
Hodge bundle, C the divisor of cusps, ¢ a trivial sheaf which twist the action of T, by ¢, and
finally, I, the dualizing sheaf of X;(Np). This can be seen as a geometric counterpart to the
sequence of local systems on I'y (N)\H:

0 — det™ @ Sym? 1 ""F2 — Ind5"* " (1@ x,n) — Sym™F? — 0.

where P denotes the upper triangular matrices and (1 ® x,,,) is the character

a b m
(O d) —dm.

The work of DS17 suggests that there should be a generalization to Hilbert modular forms.
For a totally real field F' in which p is unramified, there should be a link between mod p Hilbert
modular forms of parallel weight 2, with Iwahori level U;(p) and character x : (Op/p)* —
==X

F,,

IndgLZ(oF/p)(l ® X). where P denotes the upper triangular matrices.

to mod p quaternionic modular forms of weights given by Jordan-Holder factors of V, =

Recall that the irreducible representations of GL2(OFp/p) are of the form

Vinn = (X) det™ @ Sym™V;
€0,

where (m,n) € Z® x Z° satisfy 0 < mg,ng < p — 1 with at least one mp < p— 1 and Vp = EQ)
with GL2(Op/p) acting via 6.

Recall the following:

Theorem 1.1. There is a decreasing filtration
Vy = Fil’Vy, D Fil'V,, o --- D Fil*™'V, =0

onV, = IndIGDL"’(OF/p)(l ® x) such that griV,, ~ ®|71=;Vx,s where the V,. ; are irreducible or 0.

We will explain the following main results from DKS20:



Theorem 1.2 (Theorem B). For sufficiently small U C GLa(Arp ) containing GLy(OF,) there
18 a Hecke equivariant spectral sequence

B = @ HY (Y, Ayy) = H (Yi(p), ).
[J]=j

Corollary 1.3 (Corollary C). In particular there is a length d + 1, Hecke equivariant filtration
on H°(Y 1(p),K)X with a Hecke equivariant embedding

grj (HO(?l(p)vlC)X) — @ HO(?EJPAX,J)'
[J1=3

I will refrain from defining these objects for now. The space H°(Y(p), K)X is our definition
of parallel weight 2 mod p Hilbert modular forms of Iwahori level Uy (p) and the H*(Ys;,, Ay, /)
are the mod p quaternionic modular forms of weight V, ; as introduced above.

2 Models of Shimura varieties

We start by introducing the necessary notation and recapping the contents of last week.

Let F be a totally real field of degree d and p be a prime which is unramified in F. Let ©
denote the set of embeddings 7 : F' — Q which we identify with ©, = Hom(F,Q,) via a fixed

embedding Q < Q,, and ©,, = Hom(Op/p,F,). We write Ap,; and Ag)f for the finite adéles
over F' and prime to p finite adéles over F' respectively. For any ring R, we write R, = R ® Z,,.
For any even subset ¥ C © we let B = By, be the unique (up to isomorphism) quaternion algebra
over I’ which is ramified exactly at the places in 3. We let Gx; be the algebraic group over Q
whose R-points are given by

Gx(R) = (B®gR)*.

We also let G = Resp/q(GLa).

2.1 Hilbert modular varieties

For a sufficiently small open compact subgroup U C GL2(Ay) which contains GL2(OF,)) we
have a canonical integral model over Z,, for the Shimura variety of level U for G which we denote

Yy (G). It is obtained as an étale quotient of a (union of) PEL Shimura variety Yy (G). This
variety is given as the moduli space which classifies isomorphism classes of tuples (A4/S5,¢, A\, n)
where:

e S is a Z-scheme and A/S an abelian scheme of dimension d with a ring embedding
t: O — Endg(A) such that Lie(A/S) is locally free of rank one over Or ® Og,

e ) is a prime to p quasi-polarization whose associated Rosati involution fixes ¢,
e 7 is a level structure for UP structure on A.

Both Yy (G) and Yy (G) are smooth varieties of relative dimension d over Z,,.

Last week’s result involved Shimura varieties for G of Iwahori level Uy(p). We will also need
Iwahori level Uy (p) which we recall now:

Let
Ui(p) ={9€Ulgy, = (1) modp} CUs(p) ={g€Ulgp=(5%) modp}.

We define Yy, () (G) as a quotient of the moduli space ?Uo(p)(G) of isomorphism classes of
tuples (A1, A, f) over S where



e A; define points of fo(G).

o f: A — Ay is a degree p? Op-linear isogeny such that f respects the level structures,
fYoXyof=pA and H = ker f decomposes as H =[], H, where H, C A;[v] has rank
[Fv 5@:0]
P .

vlp

It is a local complete intersection of dimension d and so Cohen-Macaulay.

We also define Yy, (,,)(G) as a quotient of the moduli space fol (»)(G) of isomorphism classes
of tuples (f, P) over S where

o f defines a point of ?Uo(p)(G).
e P c H(S) is a Op/p Drinfeld generator for H in the sense of Katz-Mazur.

The forgetful map h : Yy, ) (G) — Yy, () (G) is finite flat so in particular Yy, (,)(G)/O is
Cohen-Macaulay as well.

2.2 Quaternionic Shimura varieties

Similarly, for a sufficiently small open compact subgroup U C Gx(Af) which contains OF =~
GL2(OF,p), we have a canonical integral model over Z,, for the Shimura variety of level U for Gy
which we denote Yy (G). Similarly, this obtained as a quotient of an auxiliary Unitary Shimura
variety. It is smooth of relative dimension d — #X..

3 Automorphic vector bundles

3.1 Building blocks

We keep the same notation and assumptions as the previous section.
Over S = Yy(G) x F, we have the universal abelian scheme s : A — S with its Hodge
filtration
0= 8.0 /5 = Hip(A/S) = R's.04 = 0

which yields for each embedding 7 : O — Z,, by taking isotypic components, a sequence of
locally free sheaves R
0—=w, =V, =0, =0

of ranks one, two and one respectively. We also define 6, = A2V,. If we take U to be "p-neat",
that is « — 1 € pOp for all @ € UN O}, we can descend these sheaves to Y = Yy (G) x F,, which
we denote by removing the tilde.

Similarly, only under the assumption again that U C G'x(Ay) is has level prime to p, we can
define analogous line bundles wy for 6 ¢ ¥, and rank two vector bundles Vy for all § € ©. We
also write 69 = A%Vy.

On the geometric special fiber Yo(p) = Yo(p) X Fp, we have a decomposition into smooth
closed subschemes of pure dimension d, iy : Y ; — Y(p) indexed by subsets J C © given as the
descent of

V({Lie(f)o}og.s U {Lie(f")o}oes) C S.
Theorem A of DKS20 then states that there is a Hecke equivariant isomorphism

=7 :?J — H ]P)?EJ(VQ)
0ex

for ¥y ={0 € J|p0) ¢ JtU{0 ¢ J|p(0) € J}. We explain their relation to the analogous
Hilbert ones later.



3.2 Hilbert modular forms

For a pair (k,{) € Z® x 7° which is paritious (ie kg + 2¢p is independent of ), we define the
sheaf Ay ¢ on Y as the descent of the sheaf

1 o ~k
.A;C’g = ®596w96.

0€©
We define Hilbert modular forms of level U and weight (k, ) over F, by
My, o(U,Fp) = HO(Y, Ap )

There is a Kodaira-Spencer isomorphism

./2{2,_1 = ®50_1&)2 ~ ICS/O
(%

where Kg/0 ~ /\dle/O is the dualizing sheaf of S which descends to Y. This can be seen via
an explicit analysis of the deformation theory of S by using Grothendieck-Messing theory. There
is furthermore a canonical trivialization of Ao _1 = A3, o, 0, Hir(A/S) which also descends to
Y. This combines to give an isomorphism

Ms,(U,R) ~ H°(Y,Ky/R).

This leads to the definition of Hilbert modular forms of parallel weight 2 of level Uy(p) and level
Ui(p) as

Mso(Us(p), R) = H*(Yo(p), Kyy(pyyr) and  Mao(Ui(p), R) = H*(Y1(p), Kv;(p)/R)

respectively. The natural action of (Op/p)* ~ Uy(p)/Ui(p) on Y1(p) by acting on the generator
P yields a decomposition

Ms,0(Ur(p), O) = B MoUip), O
x:(Or/p)*—0x

into y components.

Remark 3.1. All of these constructions above make sense over a suitable localization at a prime
above p of the ring of integers O, of a large enough field L C Q. For such a field, the Kodaira-
Spencer isomorphism holds on Yy (G) x L for any U without any hypothesis on the level at p.
This (among other details) justifies our definition.

4 The main result

The main input in the proof of Theorem B is a technique dubbed dicing by the authors in which
they use the stratification of Y(p) to define a filtration on its dualizing sheaf such that the
graded pieces are supported on appropriate maximal strata.

Preliminaries: Let h : Yi1(p) — Yy(p) be the natural projection, it is finite flat. Hence
we have the relation h.KCy, (0)/Fy Hom(h.(Oy, (), ICYO(p)/Fp) and th*/Cyl (0)/F, = 0 for j > 0.

Furthermore since Y7 (p) can be described as a closed subscheme of the universal kernel H — Yj(p)
which is a Raynaud Op /p-scheme, we have a decomposition

hOy, (p) = @ L,

X



where the x are characters of (Or/p)*, and L, are line bundles on which (Or/p)* acts via x.
For example Hence, by thg above discussion (and the Leray Spectral Sequence), it follows that
H'(Y1(p), Ky, )/, = H' (Yo(p), E;llCYO(p)/?p) and in particular

M o(Ur(p), F)* = HO(?O(p)’ﬁ;}lKYo(p)/Fp)'

We now define a filtration on Oy ») by the ideal sheaves Z; which are given locally by (the
descent of)

I = <H Lie(f)o)|.7j=;-

oeJ

ThenZy = Oy, ) and Zy,1 = 0. Writing Z; for the analogous ideal sheaf on Y ;, ie generated
by [Iyc; Lie(f)g, one can check that the natural map

977 (O5,) = Pisns

is an isomorphism. Now, write J for the invertible ideal sheaf on Y ; generated by ]_[0¢ 5 Lie(fY)e.
Some general Yoga yields a canonical isomorphism

17Ky | = 1g(ZsTy) ® ’Cvo(p)-

Now, we can use this to define a filtration on K?O(p) by

FitV = Ky, ) = L © Ky, )

Then combining the discussion above yields an isomorphism

9 (Kyy) = €D 124(T; ' Kyr,)-

[T]=j

Repeating the same process after tensoring by £;1 combined with the machinery of spectral
sequences yields a Hecke equivariant spectral sequence

B} = H™(Yo(p), gr! (K, () £5) = @ HH (Y, T Ky i5L L) = HH (Yo(p), Ky,
[J|=3

-1
p)Ex*l)‘

We finish the proof of our result by computing the sheaves E,],*(JJIIC?Jijﬁ;I) on [[P(Vy)

and their projection toY's,.

We start by remarking that there is a canonical isomorphism

Tt 5 Qis(Ly L 1)

0¢.J

Roughly speaking, this identification comes in two parts, the first is to relate the sections
Lie(fV)g to Lie(g)y where g : Ay — A is the unique map such that g o f = p. The second is
to exploit the properties of the stratification coupled with an explicit analysis of the description
of H in terms of Raynaud bundles. As an example of such a property, we have isomorphisms
Lie(H)g ~ Lie(A1)p and so i%Ly =~ i%wy ¢ for 6 & J.

If we write ¢; @ X = [[Py (Vo) — Y's, for the natural projection, it is a fact that the
dualizing sheaf Kx is isomorphic to

ViKy, Q) <® w:;<69><2>9> ,

fex



where the (—2)y denotes a twist by O(—2)y = O(1),? where O(1), is the pullback of O(1) to
the # component of the product bundle. Combining this with the Kodaira-Spencer isomorphism
and the fact that EJ’*’C?O(p) ~ Kx yields

Kx ~ (@ 591w3> (@ 59(—2)9> .
6¢s oex

Finally, we remark that the line bundles Z;,L£, have explicit descriptions in terms of the
sheaves wy, dg and O(1)g, which come from an explicit analysis of the moduli theoretic construc-
tion of the map = ;.

Now, Recalling that in the situation ¢ : Pg(V) — S, we have an isomorphism ,O(n) ~
Sym% (V) We now have a description of EJ7*(‘7;1]C?Ji§L;}1) in terms of the sheaves wy, dg, and
Symg-_(Vp). In particular, we find that

Ripy (20.(T7 Ky, i5£1)) =0
for s > 1 and
— _ k p— Lro—1 ny, 2 é] nyj,
G (Baa(T7 Ko 15L0) ) = (@59 olpret ) <®5 “Syma )).
0¢x 9ex

Where the ¢; and n; are given by Vi ; ~ V,,, ,,. This can be rewritten as 6 'A, ; for
d = Q) dy a trivial sheaf and

Ax,J TLJ+2 0 = <®5€J9 n19+2> <®5€J€+IS mﬁJS(yg))

0¢x gex
One last application of the Leray Spectral sequence gives us Theorem B:
El' = @ HY(Vs,, Ags) = B (V1(p), K)X.
|7|=4

The corollary follows readily from the shape of the spectral sequence.



