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Recall from Lorenzo's talk

N Complete modular curve Ep
w the usual sheaf

Hol That wk Mk Tcm Ie
Space of mod p modular

forms

he Mp Fln Fp the

Hasse invariant



Unlike complex modular

forms mod p modular forms

of different weight can have

the same of expansion
Let

off e Malachi Ep Thefiltration

off is the minimal weightof
a modular form with the same

9 expansion as f If f hr g
where r o and g is not

divisible by h then the

filtration of f equals the
weight of g



Since w is an ample line bundle

on Xin the filtration of
f is always o

Now let F be a quadratic
totally real field in which p
is inert Recall from Chris's

talk the notion of mod p

HMF for F In particular
we have the partial
Hasse invariants

h of weight C t P

hz of weight _Cp 1



Unlike the case of modular
forms it is possible for mod p

HMFs to have weights with

negative components
Andreatta Goren asked if
the phenomenon of negative
weights for HMFs Can be

accounted for entirely by
partial Hasse invariants

Let us explain Let f to

be a mod p HMF

Write f hTh g r sao

g is not divisible by h hz

we define the filtration of



F Nfl to be the weight of g
AG asked if it is true

that 4 f lies in the

cone of non negative

weights In particular this

would imply that if
Hasse Cone of weights

spanned by the

weights of the

partial Hasse invariants

then there are no nonzero

Mod p HMFs of weight
outside EHasse



We answer this question
in the positive In fact
we prove a stronger result

Let Emile eailef.gsx3
We show that for every
nonzero Mod P H M F f
we have oil f c Emin
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Notation
p prime
F totally real field of degree d I

Of ring of integers
t 81 p FgcOg Fg OF Igs

IF a finite field containing all

F g for 81 P
E Hom CF OT

Egs Horn FgcOTp
Horn Fy W El
Hom Leg F

Gg
1 Eg Fob



Hilbert modular varieties

Recall from Chris's talk

the definition of HMV s

N 33 PKN Jct fractional ideal

1 1MT N X J W E

the scheme representing the functor

toe noeth
wees sell

sets

S A Anik Is he
Alg abelian scheme of dim D
i Of Ends A

A A Is ABT polarization
L F1nopj sAEN36fequiv.GJ polarized HBAS



Xj is a smooth quasi projective

scheme over W E

Let Jr r Jr be representatives

for d F

Det X II XI

Det I X
we if

IEP I Fp



We also need the HMV of
Iwakoci level Let f tweet

be the HMV classifying

LIED iii a HI

A is a J polarized HBAS

as before
He Aep is an Op stable

f in flat subgp scheme of rk pd
isotropic

w r to any all Je Honi Ain

ie KH CFI Atp
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Det Y LI l Ji
2 1

IFI ee't tween
I IT IT Y X

T E H A

Ts CA H A In



Note If R is a wee algebra

Cheer IT R
TE 2

where Re is R with Of action
coming from Ge West R

t fDz.R module A decomposes
as A where

A t KEA ax Tca x faceOF

Deff Let A5X be the universal

HBAS Define
IH R E THX
I e Aah



Then IH IH e

TEI

w We
ZEE

and we em are locally
free sheaves of rk L 2 on

X respectively

We denote the pullback of
Itt e w e under IT Y X

by the same notation

Let Cf H be the universal

object over Y We define

WE w Thx NBCHy y
IE 2

Each WE is a line bundle on Y
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Let K E Ke Ee E

Kz
define wk We

T.EE

Let R be an F algebra
The space of mod p HMFs

of weight K over R is

defined to be

Miz Nir H I R wk



Exam ple n t EEZ the

partial Hasse invariant

he E M Ti Ns F where

Tia PEE Ei defined

by Chris last time

he Verte c Hom Weiwei

otfeMzNEp
The filtration of f Iff
is the weight of the corresponding g
for the unique mail element

in

E.ae eEEolfEg I.ehig3



Det

est qq.ae e
xisoteeE3Emin

qExzEieoElpsee7EieV eE

e'tasse qy.ch
eoEfyjroteeEIqmin

c Est e

Hasse

Each inclusion is an equality
iff p splits completely in F



theorem Diamond K

Suppose k E Keef E 215 and

TEE is such that place Kote
Then multiplication by he
induces an isomorphism

MI HI Niels Miz NII

Ctr Let off c MeiCN p

Then oI f e Emin
Coir If MICN Ep 0

then I c Chasse
Cor proved indep.by Goldring Koskivirta



We prove the analogues

of these results in the

case p is ramified
in

F in a recent work



Stratificationsoni
I i f T Z we define

Goren Oort I V h i TET

WT IT U Z 1
T

then
IT We are nonsingular of pure
dimension d IT I

IT projective if Tt 0
WT quasi affine
The collection We ez
gives a stratification
of I



I Goren K

Let ft H be the universal

object over T Let f A Ah
be the natural projection and

g Ah A induced by Ep3

then go f Ep A
Consider

for Te E

f I WE We

GE We w't

In particular fEog O

T E E E



Det Let 9 ye Est otago 2 2

Define

2eii h.pk Innvcgi
EEZ

Where Zen U Ze c

things
Warden forms a stratificationof'T

Zaz We z are nonsingular

of pure dimension 2d 441 121

Weir is quasi affine
The irreducible components of
IT are the irreducible components



of Zoey z for ye 2

Re pbetwmSnaans
Tl Zen Zenz
it Zein Z Ey n m

We have a commutative diagram
g

Zam Pl ya
He

fee pr

Zenz
where pr is the natural projection
and g is a Frobenius factor i.e

F PL He Zen
S t gg Fabri for some n O



Some Pictures
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Globalgeometryofstralala
1a Helm

Tan Xia Each ZteX is

Heche isomorphic to a Cpe I bundle
over some quaternionic Shimura

variety precise recipe

Examples assume It Ifp and

To E Eg Then Zeo is isom

to a IPI bundle over a

quaternionic Shim variety
associated to B where BIF

ramifies exactly at E'To To



Diamond K Sasaki
Hecke

Each Zorzi z is isomorphic

to a Cpt
r
bundle over a

quaternion c Shimura variety

associated to the quaternion

alg B IF ramified exactly
at y Nuff Ez
Note 2mn19 2 p

Fob f bundle f Ti
i

i

warning 27 roll bun eB
This doesn't give correct Quat algebras



We initially proved our

main result in the case

p un ramified in F using
the above result of TX

which is as yet unavailable
in the ramified case We

Later proved the general
case using instead properties

of the stratification on

4 that generalize to

the ramified case



2cases 8 lt ToEE8
Fgs Ep Assume pk coekf.co

We have an exact sequence

the w
hE hesitant the.io

Enough to
show H Zeo WE o

Zeo IPL bundle over a

quaternionic shimura variety

XB
Let see Xp IP its fibre in Zeo

Prof Toklas Up Heo Koto

Ho Zeo wk o



Fgs _Fp
we prove a stronger result

If Keoeo then

Ho CI WI 0

This uses very closely
the geometric properties

of the Goren Oort strata

including the quasi affineness

of the open strata

which we prove in the

general case



Thenewp roof
Assume we are in case 1

above Fg Fp
To C Egs y Kotto P K To

p 8 g
Foe se.sc P

Tig f b
Zeo

Tos

Enough to show HOCZ io.co
oORtP

IP Hg wI o



Prof g wkTpsn

Qpr Keo Koko p

From which the result

follows








