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Take B Banach space, u, v proba on B with finite first moment
Transports from p to v

mi=m(p,v)={0 lawof (X, Y): X ~pu, Y ~v} =
= {01 0(0x, ) = j(@X)Kx(dy). Kx proba, [ j(ax)Ky = v}
Martingale transports
M= M, v) = {0 law of (X, Y): X ~ 1, Y ~ v, E/[Y|X] = X} =
—(0=poK enluv): /Kx(dy)y - x for all x}

Theorem (Strassen)
If B is separable then

M(u,v) #0 <= p=cv

So we will always assume B is separable and u <. v, i.e.
[ ¢d(v — ) > 0 for all ¢ convex (and Lipschitz)
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Theorem (Beiglbock, Nutz, Touzi '15)

Ifo=ux K e M then K is concentrated on Cy for i, a.e. x
(and not on Dy C Cy)

Intuitively: mass transported with 6 € M from x must stay in Cy

Can we define some Cy for general B so that prev. thm holds?
How? One cannot characterize ;1 <¢ v with some u, < u,...

For B = RN see also preprint by De March and Touzi (...), and
partial results by Ghoussoub, Kim And Lim.



Jensen inequality

@ Denote with @) be the barycentre [ xu(dx) of p.

@ Given a, ¢ : B — R with ¢ convex, we say that a supports ¢
at x if ais affine and continuous, a < ¢ and a(x) = ¢(x).

@ If a supports ¢ at x then

J(¢—a)du>0

and = holds < u is concentrated on {¢ — a=0}.

Jenses Inequality

If ¢ is convex then

J ¢dp = o(@),

and = < p is conc. on {¢ = a} for some a supporting ¢ at @.

Proof: da supporting ¢ at @), and ¢(@) = a(w) = | adpu.



Equality in Jensen inequality
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If 3¢ strictly convex s.t. [ ¢d(v — ) = 0 then p = v.

Proof: 4y ® K € M, Ky is conc. on {¢ = ax} = {x}, so0 Kx = dx.
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Ifo=pnux K e M, ¢" convex s.t. [¢"d(v — u) — 0 then

A((¢Mn)x = F(x,{¢" — ay — 0}) does not depend on a, and
K, is concentrated on A((¢")n)x for u a.e. x

IfB =R then Cy equals
Sx = N{A((¢Mn)x : @" convex s.t. [¢"d(v — p) — 0}

Can we use the eq. above as a definition of Cy when B = R?
Is it true that the mass transported with 8 € M from x must stay
In Sy (and notin Dy, C Sy) ?
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Explicit examples show that Sy can be too small,
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Explicit examples show that Sy can be too small,
l.e. Ky is not always conc. on Sy for pa.e. xforall ut ® K € M
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Consider these clues:

@ In some examples we can only prove that Cy C A((¢")n)x
for pa.e. x

@ We want to prove that for i a.e. x, Ky is conc. on Cy. This
also suggests that C, should only be defined for 1, a.e. x

@ In order to have
Ky conc. on A((¢")n)x = Ky conc. on N{A(¢")n)x : ¢n...}

we should have a countable intersection
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We aim to define C as
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Is this possible? Can one take equiv. countable intersection?
If so then any K| is conc. on Cy for i a.e. x, we are done.

ForY,Z,X;c A:=L°%P;[0,1])let Y < Zif Y < Z P a.e., then
by definition X := P-essinfic;X; is simply A-inf;c; X,
and A- inf,-E, X; = A-Infpen )(,'n 5 R-infpen X,-n(w)

Definition

We say that (A, <) has the Countable Inf Property it VD C A
bounded below Jinf D and d” € D with inf,ey d” = inf D.

JP-essinf.c; X; means that L%(P; [0, 1]) satisfies the CIP

For A,B e CC(B) .={V CB: Visclosed and convex}
define A < BIfA g B, soinf{A,B} = AN B, so
to conclude, let’s prove that L%(u; CC(B)) satisfies the CIP
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Theorem ...

Let A, B be ordered, h: A — B strictly increasing. If B satisfies
CIP and any (an)neny € A bounded below has an infimum,
then A satisfies CIP.

Take A := L°(P;[0,1]), B :=[0,1] and h = EF = 3P-essinfic;X;

If B =RN, M. Larsson showed 3¢ : CC(B) — [0, 1] strictly
increasing and measurable, so can take A := L%(u; CC(B)),
B :=[0,1] and h := E* o ¢ = Jpu-essinfiyn,A((¢")n)

Let By := {x € B :||x|| < k}, take A := L°(i; CC(B) N Bk),

B := CC(B) N By, let h be the selection expectation, then if B is
reflexive h is strictly increasing and B satisfies CIP =
Ju-essinfiym, A((¢")n) N By = Jpu-essinfiym, A((¢")n =2 Cx (and
L9(u; CC(B)) satisfies CIP)



