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D™ := D([0,00),R™), D™*™ .= D([0, 00), R™*™):
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Q@ C D: subset of cadlag functions with finite quadratic
variation along .
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Definition (Follmer1981)

We say that x € D has finite quadratic variation along 7 if
® the discrete measures

I = Z (x(tiy1) — X(ti))25t,- (1)

ti€mn

converges vaguely to a Radon measure p on [0, 00) and

® the distribution function [x] of u admits the the following Lebesgue
decomposition

[X1(2) = X°(8) + D _(Ax(s))*. (2)

s<t

| A

Remark

The existence of quadratic variation depends on the terms of the
sequence of distribution functions of () as well as the limit [x].
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e Coquet, Jakubowski, Mémin & Slominski (2006) "Natural
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Proposition

There exists continuous x such that [x] is finite but discontinuous.
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A[x] = (Ax)? Removable?

X(0F = x(0) = [ 2x(s-)x(s) + (o)

A < /O tx(s—)dx(s)) (£) # x(t—)Bx(t) 3)

® Unless one could give meaning to (3), one may not remove the
Alx] = (Ax)? literally.

® Can we reformulate quadratic variation such that we no longer need to
worry about A[x] = (Ax)??

.
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Definition (m-dimensional)

We say that x := (x*,...,x™)T € D™ has finite quadratic variation along
ifall x', x' +x! (1 <i,j < m) have finite quadratic variation. In this case,
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s<t
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Definition (m-dimensional)

We say that x := (x*,...,x™)T € D™ has finite quadratic variation along
ifall x', x' +x! (1 <i,j < m) have finite quadratic variation. In this case,
denotes

A F 1/, ; ) : ;
b, 1) = 5 (1 + 210 = 1Xe) - X))
which admits the following Lebesgue decomposition:

[ () =[x, X15(8) + ) AX(s)AxX (s).

s<t

e m=17?
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Definition (reformulation)

x € D™ has finite quadratic variation along 7 if

an(t) = D (x(tien) = x(t:))(x(tir) —x(8:)) "

Tt <t

converges in (D™*™ d). The limit [x] := ([x', x/])1<i<j<m is called the
quadratic variation of x.
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Definition (reformulation)

x € D™ has finite quadratic variation along 7 if

an(t) = D (x(tien) = x(t:))(x(tir) —x(8:)) "

Tt <t

converges in (D™*™ d). The limit [x] := ([x', x/])1<i<j<m is called the
quadratic variation of x.

e The definitions are equivalent. (Chiu & Cont 2018)
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| \

Recap

We have uncovered the connection between quadratic variation and the
Skorokhod topology.
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Thank you for your attention
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