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Föllmer(1981), Calcul d’Ito sans probabilités.
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Notations

• π := (πn)n≥1: sequence of partitions πn = (tn0 , ..., t
n
kn

) of
[0,∞) into intervals 0 = tn0 < ... < tnkn <∞; tnkn ↑ ∞ with
vanishing mesh |πn| ↓ 0 on compacts.

• Dm := D([0,∞),Rm), Dm×m := D([0,∞),Rm×m):
Skorokhod spaces each equipped with a complete metric
which induces the standard Skorokhod (a.k.a. J1) topology.

• F canonical filtration generated by the coordinate maps
x 7−→ x(t), t ≥ 0 on D := D1.

• Q ⊂ D: subset of càdlàg functions with finite quadratic
variation along π.
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Definition (Föllmer1981)

We say that x ∈ D has finite quadratic variation along π if

• the discrete measures

µn :=
∑
ti∈πn

(x(ti+1)− x(ti ))2δti (1)

converges vaguely to a Radon measure µ on [0,∞) and

• the distribution function [x ] of µ admits the the following Lebesgue
decomposition

[x ](t) = [x ]c(t) +
∑
s≤t

(∆x(s))2. (2)

Remark
The existence of quadratic variation depends on the terms of the
sequence of distribution functions of (µn) as well as the limit [x ].
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∆[x ] = (∆x)2 Redundant?

• Coquet, Jakubowski, Mémin & Slominski (2006) ”Natural
decomposition of processes ...”

• Davis, Obloj & Siorpaes (2018) ”Pathwise stochastic calculus ...”

Proposition

There exists continuous x such that [x ] is finite but discontinuous.
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• Coquet, Jakubowski, Mémin & Slominski (2006) ”Natural
decomposition of processes ...”

• Davis, Obloj & Siorpaes (2018) ”Pathwise stochastic calculus ...”

Proposition

There exists continuous x such that [x ] is finite but discontinuous.

16



∆[x ] = (∆x)2 Redundant?
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∆[x ] = (∆x)2 Removable?

x(t)2 − x(0)2 =

∫ t

0

2x(s−)dx(s) + [x ](t)

∆

(∫ t

0

x(s−)dx(s)

)
(t) 6= x(t−)∆x(t) (3)

• Unless one could give meaning to (3), one may not remove the
∆[x ] = (∆x)2 literally.

• Can we reformulate quadratic variation such that we no longer need to
worry about ∆[x ] = (∆x)2?
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Definition (m-dimensional)

We say that x := (x1, . . . , xm)T ∈ Dm has finite quadratic variation along π
if all x i , x i + x j (1 ≤ i , j ≤ m) have finite quadratic variation. In this case,
denotes

[x i , x j ](t) :=
1

2

(
[x i + x j ](t)− [x i ](t)− [x j ](t)

)
,

which admits the following Lebesgue decomposition:

[x i , x j ](t) = [x i , x j ]c(t) +
∑
s≤t

∆x i (s)∆x j(s).

• m=1?

23



Definition (m-dimensional)

We say that x := (x1, . . . , xm)T ∈ Dm has finite quadratic variation along π
if all x i , x i + x j (1 ≤ i , j ≤ m) have finite quadratic variation. In this case,
denotes

[x i , x j ](t) :=
1

2

(
[x i + x j ](t)− [x i ](t)− [x j ](t)

)
,

which admits the following Lebesgue decomposition:

[x i , x j ](t) = [x i , x j ]c(t) +
∑
s≤t

∆x i (s)∆x j(s).

• m=1?

24



Definition (m-dimensional)

We say that x := (x1, . . . , xm)T ∈ Dm has finite quadratic variation along π
if all x i , x i + x j (1 ≤ i , j ≤ m) have finite quadratic variation. In this case,
denotes

[x i , x j ](t) :=
1

2

(
[x i + x j ](t)− [x i ](t)− [x j ](t)

)
,

which admits the following Lebesgue decomposition:

[x i , x j ](t) = [x i , x j ]c(t) +
∑
s≤t

∆x i (s)∆x j(s).

• m=1?

25



Definition (reformulation)

x ∈ Dm has finite quadratic variation along π if

qn(t) :=
∑

πn3ti≤t

(x(ti+1)− x(ti ))(x(ti+1)− x(ti ))T

converges in (Dm×m, d). The limit [x] := ([x i , x j ])1≤i≤j≤m is called the
quadratic variation of x.

• The definitions are equivalent. (Chiu & Cont 2018)
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Demo

1 The existence of quadratic variation depends only on (qn).

i.e. x ∈ D has finite quadratic variation along π if and only if (qn) is
Cauchy in (D, d).

2 P(X ∈ Q), supP∈Λ P(X ∈ Q), Q ∈ F?

i.e. Q is the J1 convergence set of (x 7−→ qn(x))n≥1

Recap
We have uncovered the connection between quadratic variation and the
Skorokhod topology.
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Thank you for your attention
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