Analysis I — Intermediate value theorem proofsorter

Lent Term 2013 V. Neale

We saw one proof of the Intermediate value theorem in lectures, and mentioned another
approach as an exercise. I encourage you to try to produce a second proof along these lines
for yourself. When you have done so, or when you are revising the course, you might like
to try this ‘proofsorter’ activity. I have written out the two proofs and then jumbled them,
so your job is to separate out the two proofs and within each to put the statements in the
correct order. You might want to print the sheet of statements so that you can cut them up.

Here is a reminder of the statement of the theorem.

Theorem. (Intermediate Value Theorem) Let f : [a,b] — R be a function that is continuous
on [a,b] with f(a) <0 < f(b). Then there is ¢ € (a,b) such that f(c) = 0.

Please e-mail me with comments, suggestions and queries (v.r.neale@dpmms.cam.ac.uk).

You are also welcome to leave a comment on the course blog.



Thenbn:anjt%n(bo—ag)—>Aasn—>oo.

Since f(z,) < 0 for all n, we have f(s) < 0.

Since f is continuous at A, we have f(a,) — f(A) and f(b,) — f(A) as n — oo.

Now (ay,)22

° , is increasing (by construction) and bounded above (e.g. by b), so con-

verges, say a, — A as n — o0o. Note that a < A < 0.

If s = b, then there is a sequence (x,,)>°, in S with x, — b as n — oo.

Then a € S so S # 0.

Let S ={z € [a,b] : f(x) <0}.

So f(s) =0.

If f(x,) > 0, then set a, 11 = a, and b, 11 = x,.

Then f(an+1) <0< f(bn+1) and bn+1 — QApy1 = 2n%(bo — ao).

If f(x,) =0, then take ¢ = x,, — done.

If f(z,) <0, then set a,41 = =, and b, = b,,.

We see that S is bounded above (e.g. by b).

Then z, — s as n — oo.

So s > a.

Given a < a, < b, < b with f(a,) < 0 < f(b,) and b, — a, = 5 (bo — ao), put
z, = (a, +b,)/2.

Since f(x,) < 0 for all n, we have f(b) < 0, which is a contradiction.

But f is continuous at s, so f(z,) — f(s) as n — oc.

Since s = sup S and s > a, for each natural number n there is some z, in S such
thats—%<zn<s.

So s < b.

Also, f(b,) > 0 for all n, so f(A) > 0.

But f(a,) <0 for all n, so f(A) < 0.

So S has a supremum. Let s =sup S.

Let ag = a and by = b. Then f(ag) <0 < f(by).

Then f(w,) > 0 for all n and f(w,) — f(s) as n — oo, so f(s) > 0.

If s = a, then there is a sequence (y,)%%, in [a,b] with y, — a as n — oo and
f(yn) = 0 for all n, so f(a) > 0. This is a contradiction.

Since s < b, there is a sequence (w, )2, with w, — s asn — oo and s < w,, < b for

all n.

So f(A) =0, so can take ¢ = A.




