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Rational points of definable sets

and results of André-Oort-Manin-Mumford type

Jonathan Pila

Abstract

We prove some simple special cases, partly new, of results of André-Oort-Manin-Mumford type
using an extension to algebraic points of bounded degree of a result of Pila-Wilkie on the density
of rational points on sets definable in an o-minimal structure. The strategy follows that of a
recent new proof of the Manin-Mumford conjecture by Pila-Zannier, and a proof of a special
(but new) case of Pink’s relative Manin-Mumford conjecture by Masser-Zannier.
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1. Introduction

This paper is devoted to giving proofs of three results in the André-Oort-Manin-Mumford circle
of conjectures. Theorem 1.1 is an early case (due to André [2] and Edixhoven [21]) of the André-Oort
conjecture itself. Our proof apparently yields some new features. Theorem 1.2 is a variant of a result of
André [3] that is a special case of a “generalized André-Oort” conjecture described there. Theorem 1.3 is
a variant of a result of Nekovar-Schappacher [34] on non-triviality of Heegner points. (The André-Oort
conjecture has recently been proved in full under GRH in work of Klingler, Ullmo, and Yafaev, see [54].)

Our approach has been motivated by the following recent developments. Pila and Zannier [45],
implementing a strategy proposed by Zannier, gave a new proof of the Manin-Mumford conjecture, and
Masser and Zannier [31] saw that a similar strategy (though the technicalities are more delicate) could
be used to prove a very special case (but of an entirely new type) of Pink’s conjecture [47, 1.1], more
precisely a special case of Pink’s relative Manin-Mumford conjecture [47, 6.1]. In its general formulation
[47, 1.1] (see also [46]), Pink’s conjecture includes the conjectures of Mordell-Lang, Manin-Mumford
and André-Oort, and generalizes the questions raised in the multiplicative setting by Bombieri-Masser-
Zannier [7] (see also [8, 9]) and the conjectures proposed independently by Zilber [55]. One key ingredient
of the proofs in [45, 31] is a result of Pila and Wilkie [44] on the height density of rational points on
subsets of Rn that are definable in an o-minimal structure (see §3, or [17]), or its predecessors (on the
other ingredients see further below). This result can be extended [43] to a density result for algebraic
points of bounded degree on such sets, stated as Theorem 1.5 below. Now, for example, CM values of
the j-invariant of elliptic curves correspond to quadratic algebraic points τ in the upper half plane, so
such τ are algebraic of bounded degree. Thus this extension, in light of the previous applications to
Manin-Mumford-type problems, suggested that problems of André-Oort type might be amenable to the
same general strategy. The simple examples considered here show that this is indeed the case.

The strategy of proof may be sketched as follows. One has an algebraic variety A over Q of suitable
type (e.g. an abelian variety or a modular variety such as the affine line C parametrizing the j-invariants
of elliptic curves, or a combination of these), its special points (e.g. torsion points of an abelian variety, or
CM j-invariants, or combinations of these), and a subvariety V of A. One wishes to show that V contains
only finitely many special points unless it contains a special subvariety of A of positive dimension. The
variety A is uniformized by certain transcendental functions π : U → A on a complex domain U (e.g.
Cn for an abelian variety or the upper-half plane H for moduli of elliptic curves), automorphic for some
discrete group Γ (e.g. period lattice in Cn, or SL2(Z) action on H).
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The preimages in U of special points of A have certain rationality properties (e.g. rational points
with respect to the lattice, or quadratic algebraic points τ ∈ H). Let Z = π−1(V ) ⊂ U , and let Z be the
intersection of Z with a fundamental domain for Γ. To count special points on V we may count instead
their preimages in Z. We consider Z ⊂ R2n with suitable real coordinates. In these coordinates, if Z is
definable in some o-minimal structure (and observe that Z itself, with its invariance properties under the
infinite discrete group Γ, cannot in general be so definable), then [44] (respectively [43], see 1.5 below)
gives an upper bound on the number of rational points (respectively algebraic points of some bounded
degree) up to a given height in Z that do not lie on some connected positive dimensional semi-algebraic
subset of Z. In the cases considered it turns out that if V contains no special subvarieties of A of positive
dimension then Z has no such algebraic subsets containing special points and the upper bound applies
to Z in its entirety. On the other hand, as special points are algebraic points on V , their suitable galois
conjugates also lie on V . A second key ingredient is a lower bound for the number of conjugates of such
points in terms of their “complexity” (order of torsion point or discriminant of CM-field). The upper
and lower estimates contradict each other once the complexity of a special point on V gets too large,
giving the finiteness.

Each of our theorems concerns a curve V in a certain surface A. The same approach should work in
suitable higher-dimensional situations as well but we will pursue this and other generalizations elsewhere.
In each case, the curve V (which we do not assume to be irreducible) may be taken to be defined over C,
although the finiteness of special points is immediate for any component of V that is not defined over Q,
so in the proofs we quickly reduce to the case that V is defined over Q. The upper bounds from [44, 43]
can probably be made effective (though not too easily; see Remark 2.4.1), but since we rely on Siegel’s
ineffective lower bound for class numbers (see e.g. [28]), all our theorems below are ineffective.

Theorem 1.1 concerns the variety A = C2 parametrizing pairs of elliptic curves, up to isomorphism,
by their j-invariants. A point (j, j′) ∈ C2 will be called special if j, j′ are both j-invariants of CM elliptic
curves. For a positive integer N , it is well-known that, for τ ∈ H, j(τ) and j(Nτ) are algebraically
related, i.e. that FN (j(τ), j(Nτ)) = 0 for some bivariate polynomial FN where, classically, FN is
symmetric and has integer coefficients. The curve FN (z1, z2) = 0 in C2 is then a planar image of the
modular curve X0(N) (see e.g. Milne [32]). The special subvarieties of positive dimension of C2 are
accordingly the “vertical” lines, {(z, z2) : z2 ∈ C} where z is a CM j-invariant, the “horizontal” lines
{(z1, z) : z1 ∈ C} where z is a CM j-invariant, the modular curves in C2 defined by FN = 0, and C2

itself. (Here and below the special subvarieties of dimension 0 are just the special points.)

1.1. Theorem. Let V be a curve in C2. Then V contains only finitely many special points of C2 unless
V contains a special subvariety of C2 of positive dimension.

Suppose V contains no special subvarieties of positive dimension. The maximal possible number
of special points on V (and indeed the height of the corresponding points τ1, τ2 ∈ H in a fundamental
domain, i.e. (τ1, τ2) ∈ Z) is then bounded uniformly (though ineffectively) for V of given bidegree defined
over a number field of given degree over Q. This unconditional uniformity in our proof seems to be new.
Edixhoven’s proof [21] of Theorem 1.1 is conditional on GRH for imaginary quadratic fields (“GRHIQ”
in the sequel) and (under GRHIQ) uniform in the above sense (as noted in [12]: the uniformity is stated
in [21] only for curves of given bidegree defined over Q). Breuer [12] refines Edixhoven’s proof to yield
(under GRHIQ) an effectively computable bound on the height of a CM point on a curve (in Cn) of
given multidegree and degree of field of definition over Q that is not a modular curve. André’s proof [2]
of Theorem 1.1 is unconditional but appears not to be uniform (cf the comments in [12]). By general
theory of Shimura varieties (see e.g. [22, end of §1, or 25, Prop. 2.1]) the conclusion of Theorem 1.1
extends automatically to special points on curves in the product of any two modular curves (I thank
a referee for pointing this out). I sketch such an argument in 4.2.2 for products Y0(N) × Y0(M). The
result for such products has the same unconditional uniformity.
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Theorem 1.2 concerns the Legendre family of elliptic curves i.e. the quasiprojective surface A in
A1(C)× P2(C) defined by

Y 2Z −X(X − Z)(X − λZ) = 0, λ 6= 0, 1.

For a given λ 6= 0, 1, the points P = (X,Y, Z) such that (λ,X, Y, Z) ∈ A comprise an elliptic curve that
we denote Eλ.

The special points of A are points (λ, P ) where Eλ is a CM curve and P ∈ Eλ is a torsion point.
The special subvarieties of positive dimension of A are the “vertical” subvarieties i.e. those of the form
{λ} × Eλ for some λ 6= 0, 1, with Eλ a CM curve, the “torsion” subvarieties i.e. curves W ⊂ A whose
points are all of the form {(λ, Pλ)} where Pλ is a torsion point of Eλ for all λ (and therefore a torsion
point of fixed order independent of λ), and A itself.

1.2. Theorem. Let V be a curve in A. Then V contains only finitely many special points of A unless
V contains a special subvariety of A of positive dimension.

Let f : B → T be a non-isotrivial elliptic pencil, and σ a non-torsion section. André [3] (see also
[36, §3.3]) proves finiteness for the number of parameters t ∈ T for which Bt is CM and σ(t) is a torsion
point of Bt. The curve V in 1.2 need not arise from a section, and I have not found this variant in the
literature. When V contains no special subvarieties of positive dimension, the number (and “complexity”,
i.e. height of τ ∈ H and order of torsion point z of the corresponding point (τ, z) ∈ Z) of special points
is again bounded uniformly in terms of the bidegree and degree of defining field of V .

Theorem 1.3 concerns Heegner points. Suppose that E is an elliptic curve over Q of conductor N ,
and ΦE : X0(N) → E a modular parametrization. Let us call the image in E of a special point of
X0(N) a CM-point of E, where a special point of X0(N) is simply the image under H → X0(N) of a
special (i.e. quadratic) point τ ∈ H. Such a point is called a Heegner point of E if certain additional
“Heegner” conditions on the discriminant of τ with respect to the level N are satisfied, see e.g. [16, 34].
Sometimes, the term Heegner point is also used for a suitable sum of such points having a much smaller
field of definition, see e.g. [5].

Take now A = X0(N) × E. The special points of A are those (P,Q) with P a special point of
X0(N) (as above), and Q a torsion point of E. The special subvarieties of positive dimension of A are
the “vertical” subvarieties {P}×E where P ∈ X0(N) is special, the curves W ⊂ A whose points (P,Q)
are such that Q is always torsion, and hence are constant: i.e. “horizontal” subvarieties X0(N)× {Q},
Q ∈ E a torsion point, and A itself. Let V ⊂ X0(N) × E be the graph of ΦE . A point (P,Q) ∈ V is
special just if P is special and Q = ΦE(P ) is torsion. Now V evidently contains no special subvarieties
of positive dimension so it should contain only finitely many special points. More generally, one can
consider any curve V in X0(N)×E, and then E need not be parametrized by X0(N) in the formulation
and need only be defined over Q, with special subvarieties as defined above.

1.3. Theorem. Let V be a curve in X0(N) × E, where E is an elliptic curve defined over Q. Then
V contains only finitely many special points of X0(N) × E unless V contains a special subvariety of
X0(N)× E of positive dimension.

When X0(N) and E are fixed and V contains no special subvarieties of positive dimension, the
number of special points on V is bounded uniformly (along with the “complexity” of the corresponding
points in Z) as in 1.1 and 1.2. For modular E, Theorem 1.3. implies the non-triviality of all but
finitely many CM-points, and therefore of all but finitely many Heegner points. The latter is proved
in greater generality by Nekovar-Schappacher [34]. The connection between results of André-Oort type
with Heegner points is exploited in an alternative proof of a much deeper result on non-triviality of
Heegner points by Cornut [15].
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Note added. A referee has pointed out to me the preprint [13] of Buium and Poonen whose (much more
general) main result completely contains 1.3. (They state their result with X1(N) rather than X0(N),
though this immaterial in view of general theory of Shimura varieties alluded to above.) They prove
a finiteness result for CM points of X1(N) mapping under a correspondence into a finitely generated
subgroup Γ of E. In fact, they can replace E by an abelian variety, they can replace Γ with Γ+Bε, where
Bε is a set of points of small Néron-Tate height (torsion points have Néron-Tate height zero), and they
prove variants where the modular curve is replaced by a Shimura curve. See also [14]. Interestingly, they
observe that their theorem is apparently not a consequence of Pink’s conjectures. It may be possible to
recover further parts of the Buium-Poonen result by our methods, but we will pursue this elsewhere.

Since the result giving our upper estimates applies to sets definable in an o-minimal structure,
a crucial third ingredient in the application of these results is a theorem of Peterzil and Starchenko
[38] establishing this property for the Weierstrass ℘-function ℘(z, τ) when the variables are suitably
restricted. We take D = {τ ∈ H : −1/2 ≤ Re(τ) < 1/2, |τ | ≥ 1} to be the standard fundamental domain
for the action of SL2(Z) on H. For τ ∈ H we define Lτ = {t1 + t2τ ∈ C : t1, t2 ∈ R, 0 ≤ t1, t2 < 1}. This
is a fundamental domain for the action of the lattice Λ1,τ = Z⊕ Zτ on C. We define further

F = {(τ, z) ∈ H × C : τ ∈ D, z ∈ Lτ}.

The result of Peterzil and Starchenko [38], stated with the attendant definitions in §3, is that the
restriction of ℘(z, τ) to {(z, τ) : (τ, z) ∈ F} is definable in the o-minimal structure Ran,exp. (I follow
the more usual practice of ordering (z, τ) the variables of ℘, but it is convenient otherwise to have τ as
the first variable. I hope that this causes no confusion.) All the definability properties required in this
paper flow from this result.

For sets Z definable in an o-minimal structure, [44] (respectively [43]) gives a bound for the rational
(respectively algebraic of bounded degree) points of Z −Zalg up to a given height, where Zalg is defined
as follows.

1.4. Definition. Let Z ⊂ Rm. The algebraic part of Z, denoted Zalg is the union of all connected
positive-dimensional semi-algebraic subsets of Z.

We can now state the upper estimate result. For a set Z ⊂ Rm and an integer k ≥ 1, denote by

Z(k) = {x = (x1, . . . , xm) ∈ Z : max
i

([Q(xi) : Q]) ≤ k}

the set of algebraic points of Z of degree ≤ k. For k = 1 this is just the rational points of Z. Note
however that when k > 1 the definition allows points x ∈ Z(k) and indeed even the various coordinates
of a point x ∈ Z(k) to be defined over different numberfields. For T ≥ 1 set

Z(k, T ) = {x ∈ Z(k) : max
i
H(xi) ≤ T}

where H(α) is the absolute multiplicative height of an algebraic number, as defined in [6], and

Nk(Z, T ) = #Z(k, T ).

The result employed here is that the estimate of [44] for rational points on a definable set Z up to
height T holds for any fixed k.

1.5. Theorem. ([44], for k = 1, and [43]) Let Z ⊂ Rm be definable in an o-minimal structure over R,
let k ≥ 1 and ε > 0. There is a constant c(Z, k, ε) > 0 such that

Nk(Z − Zalg, T ) ≤ c(Z, k, ε)T ε.
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The main work in this paper is the identification of the possible constituents of Zalg in §2. Since
our Z ⊂ Cn we take Z ⊂ R2n in suitable coordinates. In each case we consider it turns out that the real
semi-algebraic curves in Z ⊂ R2n are contained in complex algebraic curves in Z ⊂ Cn and the curves
that may occur correspond almost precisely to the preimages of special subvarieties of A of positive
dimension, i.e. Zalg is almost the preimage under π of the special set of V . (The “almost” is explained
in connection with our definitions in §2 below. In short, our definitions admit some additional sets, but
they have no special points on them.) This phenomenon should be true more generally (see Remark
2.9) as it is very restrictive for a union of complex algebraic sets to be have the necessary invariance
properties under an infinite discrete group. One might then obtain new proofs of the corresponding
André-Oort-Manin-Mumford assertion provided the other requisite ingredients are available i.e. suitable
rationality properties of pre-images of special points, a suitable lower bound for the size of galois orbits
of special points (apparently such bounds are not presently available in general; see [24, Problem 5], cf
bounds obtained in [53]), and a suitable analogue of the definability result of Peterzil-Starchenko.

Note added. In the first instance, Theorem 1.1 can be extended to the case of a curve in the product
of two Shimura curves associated to indefinite quaternion algebras over Q, affirming the André-Oort
conjecture in that case. This seems to give the first unconditional proof of this result, which has been
established under GRHIQ by Yafaev [52]. The proof will appear elsewhere, but it proceeds along the
same lines. Indeed, when the Shimura curve is realized as a compact quotient of H, definability of
Z in Ran is immediate. The special points may be taken to be suitable algebraic points of degree 4,
and the analogue of 2.3 holds. I thank a referee for the suggestion to pursue this particular result.
The present approach may well yield an unconditional proof of the André-Oort conjecture for Hilbert
modular surfaces as well (the result has been proved under GRHIQ by Edixhoven [22]).

The proofs of the theorems are carried out in §4. They are quite straightforward, as our lower
bounds (as well as our upper bounds) come from results in the literature. For the j-function at a
quadratic point τ ∈ H, the number of conjugates of j(τ) over Q is equal to the class number of the
corresponding order. Here we use the aforementioned (ineffective) lower bound due to Siegel. We need
also a lower bound for the degree of a torsion point of an elliptic curve in terms of its order of torsion.
In Theorem 1.2, the elliptic curves concerned are varying but have CM and so we can use a result of
Silverberg [49]. The elliptic curve in Theorem 1.3 need not be CM, but is fixed and we use the result
of Masser [30] that was also employed in [45]. Since the lower bounds for the number of conjugates of
a special point depend on the corresponding discriminants (in 1.1) and (in 1.2, 1.3) order of torsion, a
final but elementary task is to relate the height of the preimage in Z of a special point of V to these
quantities.

2. Algebraic subsets

For each theorem we will have a suitable uniformization π : U → A, where U ⊂ Cn, and Z = π−1(V ).
We define the complex algebraic part of Z, denoted Zca, to be the union of of connected components Y
of W ∩U such that Y ⊂ Z over positive-dimensional irreducible closed complex algebraic sets W ⊂ Cn.
We will in each case use suitable real coordinates, giving Z ⊂ R2n. We must identify the possible real
semialgebraic subsets of the set Z, that is, the constituents of Zalg. This was also a key step in [45] and
we adapt some of the arguments there. With the real coordinates we use we will always have Zca = Zalg.

Let U ⊂ Cn be an open domain. By giving real coordinates for U we mean giving functions
x1, . . . , x2n : U → R such that the assignment z 7→ x(z) = (x1(z), . . . , x2n(z)) gives a bijection of U with
an open domain in R2n. The inverse functions we denote zi = zi(x). We identify subsets of U (including
U itself) with their images in R2n. By a complex analytic subset of an open domain in Cn we mean a set
defined in a neighbourhood of each point of the domain by the vanishing of a finite number of complex
analytic functions. The following generalizes [45, Lemma 2.1], in which we determined real coordinates
by zj = x2j−1 + iz2j .
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2.1. Lemma. Let U ⊂ Cn be an open domain. Suppose that real coordinates x1, . . . , x2n on U are given
such that U ⊂ R2n is semialgebraic and the functions zi(x) are given by polynomials in C[x1, . . . , x2n].
Suppose that Z ⊂ U is (complex) analytic. Then

Zca = Zalg.

Proof. Suppose that W is a connected closed algebraic subset of Cn of positive dimension with W ∩U ⊂
Z. Since U ⊂ R2n is semialgebraic, the set W ∩ U ⊂ R2n is semialgebraic. It is also connected and of
positive dimension. Thus we have Zca ⊂ Zalg.

Suppose now that Z ⊂ R2n contains an arc of an irreducible real algebraic curve C. Let P be
a smooth point of this arc, which for notational simplicity we may take to be the origin in R2n. So
t = x1, say, is a uniformizing parameter at P , and the functions xi on C are algebraic over R(t) ⊂ C(t).
The functions zj on C are then also algebraic over C(t). Suppose zj is non-constant on the arc (there
must be a zj with this property otherwise the arc would reduce to a point). Then all the functions zi

are algebraic over C(zj). Now the functions zi(t) are real-analytic in a real neighbourhood of t = 0,
and hence they are complex-analytic in some complex neighbourhood of t = 0. Then the image of
the assignment t 7→ (z1(t), . . . , zn(t)) in this neighbourhood is a neighbourhhod of P in some complex
alagebraic curve C. Then C, in a neighbourhood of P , contains C, and so some irreducible component
C′ of C contains C in the neighbourhood. As C ⊂ Z and Z is complex analytic, we have C′ ⊂ Z (the
functions defining Z vanish on the image of real t under t 7→ z(t), hence on the complex image as well).

Now any connected semialgebraic set of positive dimension can be covered by smooth arcs of irre-
ducible semialgebraic curves except perhaps for finitely many points. At every point of these arcs we
find an irreducible complex analytic curve containing it in some neighbourhood and contained in Z. The
remaining finitely many points also belong to Zca by continuity (they are in the closures of the arcs),
and we conclude that Zalg ⊂ Zca.

Remark. One could relax further the conditions on zi(x) in the lemma. It suffices if they are algebraic
functions analytic at each point of U . Perhaps just algebraic suffices.

Consider first the situation of Theorem 1.1. Here we have U = H2 = H×H with the group SL2(Z)2

acting as fractional linear transformations of each variable. The uniformization π : H2 → C2 given by
π(τ1, τ2) = (j(τ1), j(τ2)) is SL2(Z)2-invariant, so our sets Z ⊂ U will be SL2(Z)2-invariant.

For any positive N ∈ N we have a polynomial relation FN (j(τ), j(Nτ)), which determines some
plane curve in C2. We let ZN be its preimage in H2. Note that ZN does not consist in just the
(intersection of H2 with the) line τ2 = Nτ1, as we have FN (j(τ), Y ) =

∏
(Y − j(Nγiτ)) where the γi

run over a set of representatives for the (right) cosets of the congruence subgroup Γ0(N) in SL2(Z), see
e.g. [32, Ch. V]. Indeed, for any g ∈ SL2(R) whose image in PSL2(R) is in the image of GL2(Q), i.e.
such that the ratio of any two entries g is rational so that the same fractional linear transformation of
H is effected by some matrix with rational entries, the locus Zg = {(τ1, gτ1) : τ1 ∈ H} is contained in
ZN for suitable N , and the union of Zg and its conjugates under SL2(Z)2 is ZN . For τ ∈ H we set
Vτ = {(τ, τ2) : τ2 ∈ H} and Hτ = {(τ1, τ) : τ1 ∈ H}.

The sets Vτ ,Hτ , Zg,H2 are our analogues of “special subvarieties” of positive dimension, and ac-
cordingly we make the following definition.

2.2. Definition. Let Z ⊂ H2. We define Zquasispecial (for Γ) to be the union of all sets of the form Zg

(for rational g ∈ SL2(R)), Vτ ,Hτ ,H2 contained in Z.

Our notion of quasispecial subset of H2 differs somewhat from the corresponding notion of special
subvariety of positive dimension in C2 in that we do not insist that the τ corresponding to a quasispecial
set Vτ or Hτ be a special (i.e. CM) point. Evidently, as already mentioned, the sets Vτ ,Hτ that do not
correspond to special subvarieties do not contain any pre-images of special points.
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We write τ1 = u + iv, τ2 = x + iy and use u, v, x, y as real coordinates. The hypotheses of Lemma
2.1 are satisfied. The sets Zg, Vτ ,Hτ are evidently complex algebraic, thus

Zquasispecial ⊂ Zca = Zalg,

and our result is that, in analogy with [45, Theorem 2.1], these sets in fact coincide when Z = π−1(V ).

2.3. Proposition. Let V ⊂ C2 be an algebraic curve defined over C and let Z = π−1(V ) ⊂ H2. Then
Zalg = Zquasispecial.

Proof. Since V is a curve, Z is a one-dimensional complex analytic set and does not contain H2.
Suppose that Z contains a non-empty C ∩ H2 for some irreducible complex algebraic curve C. If τ1
(or τ2) is constant on C, then it is quasispecial and belongs to Zquasispecial. Otherwise suppose that
τ2 = φ(τ1) is an algebraic function such that G(j(τ1), j(φ(τ1)) = 0, where G is a bivariate polynomial
defining V . Since j has essential singularities densely on the real line, but is regular in H, there cannot
be an algebraic relation between the functions j(τ1) and j(φ(τ1)) in a neighbourhood of a point where
τ1 is real and φ(τ1) is not real, or vice versa. Therefore the algebraic function φ(τ1) cannot map any
point of H to R, and the same holds for its inverse.

I claim that φ is a fractional linear transformation (with real coefficients, after possible scaling, and
positive determinant, as it preserves H).

To see this, choose τ0 such that the equation G(j(τ0), y) has its maximum number of distinct roots
yi. Then G(j(τ0), j(φ(τ0)) = 0. If γ ∈ SL2(Z) then G(j(γτ0), j(φ(γτ0))) = 0 also by our assumptions.
However j(γτ0) = j(τ0) by the properties of j, and so φ(γτ0) must be equivalent, under SL2(Z), to one
of the roots yi. As there are just finitely many yi, there must exist in particular n 6= m such that

φ(
(

1 n
0 1

)
τ0), φ(

(
1 m
0 1

)
τ0)

are SL2(Z) equivalent, i.e. there is γ′ ∈ SL2(Z), with

φ(
(

1 n
0 1

)
τ0) = γ′φ(

(
1 m
0 1

)
τ0).

Now vary τ in a small neighbourhood of τ0 so that the roots of G(j(τ), y) remain distinct. Then
the two roots

j(φ
(

1 n
0 1

)
τ), j(φ

(
1 m
0 1

)
τ)

of G(j(τ), y) must be SL2(Z) equivalent for all τ in this neighbourhood, and so by the discreteness of
SL2(Z) we conclude that

φ(
(

1 n
0 1

)
τ) = γ′φ(

(
1 m
0 1

)
τ)

for all τ in the neighbourhood, and hence identically.

Replacing τ by
(

1 m
0 1

)
τ and putting N = n −m we then have φ

(
1 N
0 1

)
= γ′φ (in the first

place up to a scaling, but both sides have the same determinant).
Next, by composing φ with a suitable element of SL2(R) we may assume the composition ψ maps

∞ to ∞, and satisfies

ψ

(
1 N
0 1

)
= γ′′ψ

where now γ′′ ∈ SL2(R). By considering large |τ | it follows that γ′′(τ) = aτ + b for some a, b ∈ R. So
we have an algebraic function ψ satisfying

ψ(τ +N) = aψ(τ) + b.
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Taking a Puiseux expansion one sees rapidly that ψ must itself be of the form ψ(τ) = cτ + d for
some c, d ∈ R, and it follows that φ is given by an element of SL2(R).

I claim that the image of φ in PSL2(R) is in the image of GL2(Q), i.e. that the fractional linear
transformation can be effected with rational coefficients. From the above argument we have

φ

(
1 N
0 1

)
= γ′φ

for some γ′ ∈ SL2(Z). Writing

φ =
(
α β
γ δ

)
we have

φ

(
1 N
0 1

)
φ−1 =

(
1 0
0 1

)
+

N

αδ − βγ

(
−αγ α2

−γ2 αγ

)
∈ SL2(Z).

Therefore, if γ 6= 0 then α/γ ∈ Q, while if γ = 0 then (δ 6= 0 and) α/δ ∈ Q. Now if j(τ) and j(φτ) are
algebraically related then so are j(τ) and j(φγτ) for any γ ∈ SL2(Z) (with the same algebraic relation),
and so the above now implies that the ratio (α+mβ)/(γ +mδ) ∈ Q for all integers m. The ratio is not
constant (as α/γ 6= β/δ since φ is invertible) and so taking two distinct values of m we conclude that
β/γ, δ/γ ∈ Q, if γ 6= 0. If γ = 0 we already know α/δ ∈ Q and now get β/δ ∈ Q. Therefore the image
of φ in PSL2(R) is in the image of GL2(Q) and the locus (τ, φτ) is the special subvariety Zφ.

Thus Zalg is contained in the union of sets Vτ ,Hτ , Zφ (with φ as above) contained in Z, which is
Zquasispecial.

2.4. Remarks.
1. To make the present proof effective one would need, in addition to GRHIQ (or an effective

Dδ, δ > 0 lower bound for class numbers of imaginary quadratic fields), effectivity for the bounds
implicit in the definability result (such as e.g. explicit bounds for the maximum number of zeros τ ∈ D
of a polynomial F (τ, j(k)(τ)) in terms of the degree of F and k). Some such explicit bounds [4, 35, 40]
have been obtained in connection with transcendence measures for the j-function.

2. I conjecture that Zalg = Zquasispecial for any complex analytic SL2(Z)2 invariant set Z ⊂ H2

such that Z = Z ∩ D2 is definable in an o-minimal structure. This would be analogous to the result
established in [45], where the intersection of an analytic set in Cm with a fundamental domain for a
period lattice is always definable in Ran.

3. More generally, I would conjecture the corresponding result for sets Z = π−1(V ) ⊂ Hn, where
π : Hn → Cn is the j-function on each coordinate and V ⊂ Cn is a closed algebraic set defined over
C. Let us call two matrices g, h ∈ SL2(R) dependent over GL2(Q) if the matrix gh−1 has the property
that the ratio of any two entries is rational (so its image in PSL2(R) is in the image of GL2(Q)). A
locus (τ1, . . . , τm) ∈ Hm we call a basic quasispecial locus if τi = gijτj for every i, j where the matrices
gij are pairwise dependent over GL2(Q). We allow m = 1, so that H is a basic quasispecial locus. Let
S = Spoint ∪ S1 ∪ . . . Sk be a disjoint partition of {1, . . . , n} allowing k = 0 and allowing Spoint to be
empty. For each i ∈ Spoint take a point τS

i ∈ H, and for each Si 6= ∅ we choose a basic quasispecial locus
Li on the variables τS,i = {τj : j ∈ Si}. We define ZS to be the locus of points

ZS = {(τ1, . . . , τn) : τi = τS
i all i ∈ Spoint, τS,i ∈ Li all i = 0, . . . , k}.

For a set Z ⊂ Hn let Zquasispecial be the union of all the ZS of positive dimension contained in Z. (Cf
the definition of special subvarieties of products of modular curves set out in [23]. Our definition again
differs only in allowing points corresponding to coordinates in Spoint to be non-CM.) I conjecture then
that Zalg = Zquasispecial when Z = π−1(V ), and indeed more generally when Z is any SL2(Z)n-invariant
analytic set with Z ∩ Dn definable in an o-minimal structure.
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Note added. Kobi Peterzil [37] has informed me that the conjecture in 2.4.2 is true in that it reduces
to the case that π(Z) is algebraic which is established in Proposition 2.3. Namely, it may be shown,
using results from [39], that if Z ⊂ Hn is complex analytic and SL2(Z)n invariant with Z ∩Dn definable
in some o-minimal structure, then π(Z) is an algebraic subset of Cn. Likewise, in 2.4.3, the more general
assertion would follow from the assertion for Z = π−1(V ) for algebraic V .

4. The assertion of 2.4.3 restricted to those Z arising as preimages of algebraic subsets V ⊂ Cn

(even those defined over Q) yields a proof (unconditional but ineffective) of the corresponding case of
the André-Oort conjecture, namely for subvarieties of Cn, or, more generally, for subvarieties of products
of modular curves (a result of Edixhoven [23] under GRHIQ) by a proof analogous to the proof of 1.1
given here. As already mentioned, such higher-dimensional generalizations of the present results will be
pursued elsewhere.

Moving to the corresponding result required for 1.2, we need suitable functions, analogous to the
Weierstarss ℘-function, giving the uniformization of the quasi-projective set A ⊂ A1 × P2 defined by

Y 2Z −X(X − Z)(X − λZ) = 0, λ 6= 0, 1.

We set up some notation while recalling some parts of the classical theory of elliptic modular
functions to define these functions with a view to observing the definability properties we need in §3.

Recall that, for a lattice Λω1,ω2 = Zω1⊕Zω2 ⊂ C with basis ω1, ω2 (ordered so that τ = ω2/ω1 ∈ H),
the Weierstrass function ℘(z;ω1, ω2) is Λω1,ω2 periodic in z, while, for any c ∈ C− {0},

℘(z/c;ω1/c, ω2/c) = c2℘(z;ω1, ω2).

We define
℘(z, τ) = ℘(z; 1, τ).

Then, for fixed τ , the function ℘(z, τ) is Λ1,τ periodic in z, while, for γ =
(
a b
c d

)
∈ SL2(Z),

℘(
z

cτ + d
, γτ) = ℘(

z

cτ + d
;
cτ + d

cτ + d
,
aτ + b

cτ + d
) = (cτ + d)2℘(z; cτ + d, aτ + b) = (cτ + d)2℘(z, τ).

The function ℘(z, τ) and its z-derivative

℘(z, τ)′(z, τ) =
d

dz
℘(z, τ)

satisfy an algebraic relation

(℘(z, τ)′)2 = 4(℘(z, τ))3 − g2(τ)℘(z, τ)− g3(τ)

by virtue of which the map

z 7→
{

(℘(z, τ), ℘′(z, τ), 1), z /∈ Λ1,τ

∞ = (0, 1, 0), z ∈ Λ1,τ

parameterizes an elliptic curve (as the discriminant ∆(τ) of the cubic is nowhere vanishing for τ ∈ H).
The functions ℘(z, τ), ℘′(z, τ) are meromorphic on H×C indeed, for each τ , they are regular except for
poles at the lattice points Λ1,τ .

The roots of the cubic are given by the ℘-function at half periods

e1(τ) = ℘(
1
2
, τ), e2(τ) = ℘(

1 + τ

2
, τ), e3(τ) = ℘(

τ

2
, τ),

so that
(℘′(z, τ))2 = 4

(
℘(z, τ)− e1(τ)

)(
℘(z, τ)− e2(τ)

)(
℘(z, τ)− e3(τ)

)
.
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Define

ξ(z, τ) =
℘(z, τ)− e1(τ)
−(e1(τ)− e3(τ))

.

This function is again meromorphic in C × H as e1 − e3 never vanishes, and for this reason also the
function e1 − e3 has a regular square-root for τ ∈ H. Putting

η(z, τ) = 2
(
e3(τ)− e1(τ)

)3/2
℘′(z, τ),

we have
η2(z, τ) = ξ(z, τ)(ξ(z, τ)− 1)(ξ(z, τ)− λ(τ))

where

λ(τ) =
e2(τ)− e3(τ)
e1(τ)− e3(τ)

.

We observe that since e1(τ), e2(τ), e3(τ) are distinct for any τ ∈ H (as the discriminant of the cubic
is non-zero), λ 6= 0, 1 but ([26]) takes on every other complex value.

Accordingly, the map π : H× C → A given by

π(z, τ) =
{

(λ(τ), ξ(z, τ), η(z, τ, 1), 1), z /∈ Λ1,τ

(λ(τ), 0, 1, 0), z ∈ Λ1,τ

gives a parameterization of the curves in the Legendre family (the point (λ, 0, 1, 0) corresponds to the
point at infinity on Eλ(τ)).

The j-invariant of Eλ is

28 (λ2 − λ+ 1)3

λ2(λ− 1)2

i.e. we have, for τ ∈ H,

j(τ) = 28 (λ(τ)2 − λ(τ) + 1)3

λ(τ)2(λ(τ)− 1)2
.

We have λ(γτ) = λ(τ) for γ in a certain finite index subgroup Γλ of SL2(Z), namely those γ =(
a b
c d

)
∈ SL2(Z) for which a, b are odd and b, c are even [26].

We let B ⊂ H be a fundamental domain for Γλ, as described in [26], which consists of a suitable
choice of 6 fundamental domains for SL2(Z). For γ ∈ Γλ,

ξ(
z

cτ + d
, γτ) = ξ(z, τ), η(

z

cτ + d
, γτ) = η(z, τ)

(the factor (cτ + d)2 in the transformation of ℘ cancels with a similar factor from the ei(τ)). For
given τ , the functions ξ(z, τ), η(z, τ) are Λ1,τ -periodic. Therefore, the uniformization π : H × C → A

is automorphic for a semidirect product Γ of Γλ with (normalizing) Z2, and our sets Z will have the
following property with respect to Γ:

(τ, z) ∈ Z → (τ, z + λ) ∈ Z, all λ ∈ Λ1,τ ,

(τ, z) ∈ Z → (γτ,
z

cτ + d
) ∈ Z, all γ =

(
a b
c d

)
∈ Γλ.

For τ ∈ H we define Vτ = {(τ, z) : z ∈ C}. For r, s ∈ Q we define Hr,s = {(τ, rτ + s) : τ ∈ H}.
These are our analogues of special subvarieties of H×C of dimension 1. Again, the Vτ with τ not a CM
point do not correspond to special subvarieties (i.e. CM curves Eλ(τ)) of A.

2.5. Definition. For a set Z ⊂ H × C we define Zquasispecial (for Γ) to be the union of all sets
Vτ ,Hr,s,H× C contained in Z.

10



We write τ = u+ iv but now write z = x+τy to get real coordinates (u, v, x, y) on C2 in such a way
that a point (u, v, x, y) with rational (x, y) corresponds to a torsion point of the corresponding lattice
Λ1,τ , τ = u + iv. We have Zca = Zalg for any set complex analytic Z. The sets Vτ ,Hr,s are complex
algebraic, so we have again

Zquasispecial ⊂ Zca = Zalg.

2.6. Proposition. Let V ⊂ A be an algebraic curve defined over C and Z = π−1(V ) ⊂ H × C. Then
Zalg = Zquasispecial.

Proof. Let the curve V ⊂ A be defined by some equations Gi = 0 where the polynomials Gi are
homogeneous in the P2 variables. Let us first observe that Z is an analytic set. From the definition
we have given this is evident only away from the poles of ξ, η, i.e. for points (τ, z) such that z /∈ Λ1,τ .
However, we can alternatively define Z as the zero set of a suitable expression in theta functions and
the ei that are regular everywhere on H× C. As already observed, by Lemma 2.1, Zalg = Zca.

Now suppose we have some complex algebraic curve contained in Z. If τ is constant on this curve,
then it is {τ} × C and is quasispecial. Otherwise, we have some non-constant algebraic function φ(τ)
such that {(τ, φ(τ))} ⊂ Z, i.e. Gi(λ(τ), ξ(φ(τ), τ), η(φ(τ), τ), 1) = 0, for all i, away from poles.

Let G be one of the Gi. Generically, given λ, there are only finitely many points P on Eλ such that
G(λ, P ) = 0, except for any vertical components of V . Indeed, no more than the degree of the curve V
as a covering of the affine line. So there exists an integer K such that for all but finitely many values of
λ0, the points (τ, z) ∈ Z with λ(τ) = λ0 correspond to at most K distinct points of Eλ0 . The function
φ(τ) has a convergent Puiseaux expansion for |τ | sufficiently large.

Now (
1 2k
0 1

)
∈ Γλ

for any k ∈ Z, so τ, τ + 2, τ + 4, . . . give the same value of λ and the same lattice, so among the
points φ(τ + 2k), k = 0, . . . ,K at least two coincide mod Λ1,τ . Thus there exists 2k > 0 such that
φ(τ + 2k) − φ(τ) ∈ Λτ for a dense set of τ in some small neighbourhood, and so a, b ∈ Z are constant
and φ(τ + 2k)− φ(τ) = aτ + b identically in τ . So the Puiseaux series has no terms with exponent > 2.
Now by using binomial series to expand terms (τ + 2k)α we get a Puiseaux series for φ(τ + 2k) and we
see that φ(τ) = qτ2 + rτ + s for some q, r, s ∈ C with in fact q, r ∈ Q.

We need to show q = 0, s ∈ Q. We have λ(γτ) = λ(τ) for any γ =
(
a b
c d

)
∈ Γλ. For such γ

the point (γτ, φ(γτ) is also in Z, and therefore the point (τ, (cτ + d)φ(γτ)) ∈ Z. Considering again
τ + 2, 4, . . ., the mapping τ 7→ (cτ + d)φ(γτ) must have the same form established for φ, and this shows
that q = 0 and s ∈ Q.

For 1.3, we have again U = H×C, but C now uniformizes the fixed elliptic curve E, with the lattice
points mapping to the point at infinity of E, while H uniformizes the modular curve (except for the
finitely many images of cusps). The map C → E is periodic with period lattice Λ = Λω1,ω2 , and the map
H → X0(N) is invariant under Γ0(N). So here Γ = Γ0(N)×Λ. For τ ∈ H we set Vτ = {τ} ×C and for
z ∈ C we set Hz = H × {z}. These will be our analogues of special subvarieties of positive dimension,
though again the sets Vτ with τ not special, and the sets Hz with z not torsion with respect to Λ are
not preimages of special subvarieties of X0(N)× E.

2.7. Definition. For a set Z ⊂ H × C we define Zquasispecial (for Γ) to be the union of all sets
Vτ ,Hz,H× C contained in Z.

We write τ = u+ iv and z = xω1 + yω2 giving real coordinates (u, v, x, y) on H×C. We have again

Zquasispecial ⊂ Zca = Zalg,

and we prove the corresponding equality.
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2.8. Proposition. Let V ⊂ X0(N)× E be an algebraic curve, Z = π−1(V ). Then Zalg = Zquasispecial.

Proof. The function field of X0(N) is C(j(τ), j(Nτ)). Using suitable elements ri ∈ C(j(τ)) as co-
ordinates, we can give a projective embedding of X0(N). The curve V is defined by some equa-
tions in these coordinates, and these correspond to some polynomial relations between the functions
℘(z;ω1, ω2), ℘′(z;ω1, ω2), ri. Writing ℘ as a ratio of theta functions we can at any point of Y0(N) × E

express these equations locally using regular functions. The set Z = π−1(V ∩Y0(N)) is then a (relatively)
closed analytic subset of H× C. We have Zalg = Zca by Lemma 2.1 as previously.

Suppose now we have a complex algebraic curve contained in Z. If τ is constant on this curve, then
it is {τ} ×C and quasispecial. Otherwise we have a non-constant algebraic function z = φ(τ) such that
{(τ, φ(τ))} ⊂ Z, and φ has a Puiseaux series convergent for sufficiently large |τ |.

For all but finitely many pairs, given (j(τ), j(Nτ)) there are only finitely many points z modulo Λ
such that (τ, z) ∈ Z. The pair (j(τ), j(Nτ)) is invariant under Γ0(N). Since Γ0(N) contains translation
by N , this proves, as in the proof of 2.6, that φ must be of the form φ(τ) = `τ + m where ` is a

torsion point with respect to Λ. Considering general elements γ =
(
a b
c d

)
∈ Γ0(N) one finds that

(cτ + d)φ(γτ) must have the same form as above, so that m is also a torsion point with respect to Λ.
We can find a complex number K with positive imaginary part such that K` is a lattice point. On

the other hand, M = nN` is a lattice point for a suitable integer n. Then the points τ+κK+µM have the
same image in E, but correspond to infinitely many different points in a fundamental domain for Γ0(N).
But this is impossible, as for an algebraic subset V ⊂ A, the number of points of X0(N) corresponding to
a point in E is finite unless V contains a vertical component. A map φ as above with ` 6= 0 would mean
that V has vertical fibres at every image point, i.e. V = A. If V = A then Z = H × C = Zquasispecial,
otherwise ` = 0 and the curve z = φ(τ) is constant and contained in Zquasispecial.

2.9. Remark. In each of the settings 1.1, 1.2, 1.3, considering the possible algebraic subsets of an
analytic Z ⊂ U automorphic for the appropriate group led to a definition (2.2, 2.5, 2.7) of Zquasispecial

that almost corresponds to the inverse image of the special set when Z = π−1(V ), and coincides so far
as special points are concerned in that the additional sets we admit to do not contain any pre-images
of special points. The same phenomenon occured in [45] in considering possible algebraic subsets of
analytic sets Z ⊂ Cn periodic under a lattice Λ. There we found Zalg = Ztorus coset, the union of cosets
of subtori contained in Z. When Cn/Λ = A is an abelian variety, torus cosets correspond to special
subvarieties of A just if the coset is a torsion coset, i.e. just if it contains special points.

Note added: For the Shimura varieties A of 1.1, i.e. C2 or the product of two modular curves,
our Zquasispecial apparently coincides with the union of preimages of totally geodesic subvarieties of A
contained in V , as defined by Moonen [33], which we might denote Zgeodesic. One might then expect
that the identification Zgeodesic = Zalg holds more generally. For Cn or the product of several modular
curves this is the content of 2.4.3 when V ⊂ Cn is algebraic, and one could expect that it holds still
much more generally. It is striking that the algebraic part of Z, a very coarse analogue of the special
set, turns out in these circumstances to essentially coincide with its preimage.

3. Definability

An o-minimal structure is, informally, a collection of subsets of Rn, n = 1, 2, . . . that is sufficiently
rich and flexible to be closed under some basic operations on the one hand, while enjoying strong
geometric finiteness properties on the other hand. The paradigm example is the collection of real semi-
algebraic sets. Formally, the definitions are as follows (following [51]), but the reader should refer to [17]
and the other references cited below for further explication.

3.1. Definition. A pre-structure is a sequence S = (Sn : n ≥ 1) where each Sn is a collection of subsets
of Rn. A pre-structure S is called a structure (over the real field) if, for all n,m ≥ 1, the following
conditions are satisfied:
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(1) Sn is a boolean algebra (under the usual set-theoretic operations)
(2) Sn contains every semi-algebraic subset of Rn

(3) if A ∈ Sn and B ∈ Sm then A×B ∈ Sn+m

(4) if m ≥ n and A ∈ Sm then π(A) ∈ Sn, where π : Rm → Rn is projection onto the first n coordinates.

If S is a structure and X ⊂ Rn, we say X is definable in S if X ∈ Sn. If S is a structure and, in addition,

(5) the boundary of every set in S1 is finite

then S is called an o-minimal structure (over the real field).

The fact that the semi-algebraic sets form an o-minimal struicture follows from the Tarski-Seidenberg
theorem that the projection of a semi-algebraic set is semi-algebraic. Another example is afforded by
the globally subanalytic sets, Ran. (The globally subanalytic sets are those sets X ⊂ Rn that are
subanalytic when considered as subsets of Pn(R), see e.g. [20].) Here the main difficulty in establishing
o-minimality is the closure under complementation, which is furnished by a theorem of Gabrielov [27].
The subsets of Rn definable using the exponential function form an o-minimal structure, denoted Rexp.
Its o-minimality is due to Wilkie [50], the main difficulty again being behaviour under complementation
(the requisite finiteness properties then follow from Khovanskii’s theory of “Fewnomials” [29]). Neither
of these structures contains the other: for example Rexp includes sets such as

{(x, exp(−1/x)), x > 0}, {(x, xr), x > 0}

for positive irrational r that are not subanalytic (at the origin) in R2, and hence are not in Ran ([19]).
However, the structure Ran,exp generated by Ran and Rexp is o-minimal ([19], see also [18]). For further
examples, see e.g. [51, 48], the latter reference shows there is no largest o-minimal structure over R.

Let us state the result of Peterzil-Starchenko [38]. In the theorem below and subsequent discussion,
“definable” means definable in Ran,exp.

3.2. Theorem. ([38, Theorem 4.1]) The restriction of the function ℘(z, τ) to (τ, z) ∈ F is definable.

Then ℘(z, τ) is definable when D is replaced by any other fundamental domain for SL2(Z) on H, and
by the union of a finite number of such domains. The fundamental domain B ⊂ H (for the λ-function)
consists of finitely many (in fact 6) fundamental domains for SL2(Z). So ℘(z, τ) is also definable on
{(z, τ) : (τ, z) ∈ FB} where

FB = {(τ, z) ∈ H × C : τ ∈ B, z ∈ Lτ}.

The functions e1(τ), e2(τ), e3(τ) : B → C are then also definable. Then the function λ(τ) : B → C
is definable, and so are ξ(z, τ), η(z, τ) for (τ, z) ∈ FB (the requisite square-root is definable). Finally the
map j : D → C (or B → C) is also definable as it is a rational function (exhibited above) of λ(τ) (this
is also observed in [38, §5.4]).

The sets Z will in each case be defined (except perhaps at finitely many points) by the vanishing
of some polynomials in definable functions, and hence these sets will be definable as well.

4. Proofs of Theorems

The point j(τ) is special just when τ ∈ H belongs to a quadratic (imaginary) algebraic number
field. Consider such τ , the root of some irreducible polynomial ax2 + bx+ c where a, b, c ∈ Z and where
we may assume a > 0 and (a, b, c) = 1. Since τ /∈ R we must have c > 0 also. We will refer to the
discriminant D = b2 − 4ac of the quadratic as the discriminant of τ . Then Λ1,τ has CM by the order
OD = Z[(D +

√
D)/2] of discriminant D in the ring of integers of the field Q(

√
D). The number of

imaginary quadratic τ ∈ H of discriminant D that are inequivalent under the action of SL2(Z) (acting
on τ as fractional linear transformations) is equal to the class number h(D). According to the theory of
complex multiplication of elliptic curves (see e.g. [11], in particular Ch. II), the corresponding j(τ) are
a complete set of conjugate algebraic integers over Q(τ), and also over Q. Thus h(D) = [Q(j(τ)) : Q].
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For the size h(D) of the class group of an imaginary quadratic order we have Siegel’s result that,
given ν > 0 there is an (ineffective) constant c(ν) such that

h(D) ≥ c(ν)|D|1/2−ν .

The upper bound
h(D) ≤ C(ν)|D|1/2+ν

holds effectively (we need this in the proof of 1.2).
By H(α) we denote the absolute multiplicative height of an algebraic number, i.e. H(α) = exph(α)

where h(α) is the absolute logarithmic height of as defined in [6, p16] (not to be confused with the class
number h(D)). We extend the height H to tuples by setting H(α1, . . . , αn) = maxiH(αi).

If τ ∈ D then |τ | ≥ 1 so that, by the formulae in [6, 1.6.5, 1.6.6], we have

H(τ)2 = a
∏

α=τ,τ

max(1, |α|) = ac.

We need to relate the height and discriminant for τ ∈ D. The condition that τ ∈ D is the condition
that the integer triple (or the corresponding binary form) (a, b, c) is reduced, namely |b| ≤ a ≤ c (and
b ≥ 0 if b = a or a = c). Then from b2−4ac = D and the above inequalities we find 4ac = b2−D ≤ ac−D,
whence

H(τ)2 = ac ≤ |D|.

In counting quadratic algebraic points up to a given height in Z, we consider Z as a real surface in
R4, and thus we consider the real and complex parts of τ . When τ is quadratic, so too are its real and
imaginary parts. Indeed, writing τ = u+ iv we see that u = −b/2 is rational with

H(u) ≤ 2|b| ≤ 2|b|2 ≤ 8ac = 8H(τ)

and v =
√
D/2 is a root of 4(x−

√
D/2)(x+

√
D/2) = 4x2 −D whence

H(v) ≤ 4|D| ≤ 16ac ≤ 16H(τ).

4.1. Proof of Theorem 1.1. We have π(τ1, τ2) = (j(τ1), j(τ2)) mapping H2 onto C2 and Z = π−1(V ).
We consider Z as a two-real-dimensional subset of R4 in the coordinates (u, v, x, y) where τ1 = u + iv

and τ2 = x+ iy. We let Z = Z ∩ D2. If V contains no special subvarieties of C2 of positive dimension,
then Zalg = Zquasispecial is either empty or contains some sets Vτ ,Hτ that have no preimages of special
points in them, so that Zalg contains no pre-images of special points. We will show that Z contains only
finitely many pre-images of special points. As special points are algebraic, the finiteness is clear for any
components of V that are not defined over Q. Removing such components, we may assume then that V
is defined over Q.

Suppose that V is defined by G = 0 for some bivariate polynomial G. Then

Z = {(τ1, τ2) ∈ D2 : G(j(τ1), j(τ2)) = 0}

and is therefore definable in Ran,exp.
The pre-images of special points are the points (u, v, x, y) ∈ Z for which u+ iv, x+ iy are quadratic,

and are a subset of the points (u, v, x, y) ∈ Z whose coordinates are all of degree ≤ 2. Let us denote by
N special

2 (Z, T ) the number of points in Z(2, T ) that are preimages of special points. By Theorem 1.5 we
have that

N2(Z − Zalg, T ) ≤ c(Z, ε)T ε,

for any positive ε.
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The same estimate clearly holds for N special
2 (Z − Zalg, T ), and since Zalg contains no preimages of

special points we conclude that
N special

2 (Z, T ) ≤ c(Z, ε)T ε

for every positive ε.
Suppose that Z contains a point (τ1, τ2) such that τ1 is quadratic with discriminant D1, and τ2 is

quadratic with discriminant D2. Then H(u, v, x, y) ≤ 16 max(
√
|D1|,

√
|D2|). The number of conjugates

of j(τ1) is h(D1) and likewise for j(τ2). The image of (τ1, τ2) in C2 has therefore, for any ν > 0, at least

c(ν)max(|D1|1/2−ν , |D2|1/2−ν)

conjugates of which at least
c(V )c(ν) max(|D1|1/2−ν , |D2|1/2−ν)

lie on V , where c(V ) is the degree over Q of a numberfield of definition of V . These conjugate have
distinct preimages (τ ′1, τ

′
2) in D2. The τ ′1 = u′ + iv′ have discriminant D1, and the τ ′2 = x′ + iy′ have

discriminant D2, so that H(u′, v′, x′, y′) ≤ 16 max(
√
|D1|,

√
|D2|). Putting ∆ = max(|D1|, |D2|) we find

that
c(V )c(ν)∆1/2−ν ≤ N special

2 (Z, 16
√

∆) ≤ c(Z, ε)(16
√

∆)ε.

Taking some ν, ε with 1 − 2ν > ε, these inequalities are untenable once ∆ is sufficiently large. So
the discriminants D1, D2 that occur are of bounded size, and the possible τ ∈ D are finite in number.

4.2. Remarks.
1. The constant c(Z, ε) is uniform in definable families, hence is uniform for V of given bidegree.

The constant c(V ) is equal to – and so depends only on – the degree of the field of definition of V . Hence
the result is uniform for V of given bidegree and degree of field of definition. The constant c(ν) is, as
already noted, ineffective, but effective under GRHIQ.

2. Suppose V is a curve in X0(N) × X0(M). The modular curves X0(N), X0(M) are the com-
pactifications of Y0(N) = Γ0(N)\H, Y0(M) = Γ0(M)\H by the finite index subgroups Γ0(N),Γ0(M)
of SL2(Z). The fundamental domains DN ,DM each comprise finitely many fundamental domains of
SL2(Z), and the restriction of the uniformization is definable. Let Z = π−1(V ∩ Y0(N)× Y0(M)). Then
Z = Z ∩ DN × DM is definable. The proof of 2.3 goes through with minor changes (we take elements
of Γ0(N),Γ0(M) rather than SL2(Z)) to show that Zalg = Zquasispecial, with the same definition of qua-
sispecial. The proof of 1.1 goes through using Hpoly

2 (defined below) in place of the height H, with the
observation made below to relate heights and discriminants on DN ,DM . The conclusion of Theorem 1.1
therefore holds for curves V in X0(N)×X0(M) where we take the special points of X0(N)×X0(M) to
be points (z1, z2) with both zi CM points (i.e. images of quadratic τ ∈ H) and special subvarieties of
positive dimension of X0(N)×X0(M) to be vertical fibres {z} ×X0(M) with z a CM point, horizontal
fibres X0(N) × {z} with z a CM point, images of Zφ for φ rational, or X0(N) ×X0(M) itself. This is
also proved in [21, 2].

In Theorem 1.2 we will look for quadratic imaginary points in the fundamental domain B for Γ,
which consists of finitely many (6) fundamental domains for SL2(Z). Rather than relate the height of a
quadratic point τ ∈ B to its discriminant as we did above, it is simpler to use a different height.

For an algebraic number α of degree ≤ k we define

Hpoly
k (α) = min{H(q) : q = (q0, . . . , qk) ∈ Qk+1 − {(0, . . . , 0)},

k∑
j=0

qjα
j = 0}.

(with Hpoly
k (α) = ∞ if [Q(α) : Q] > k).
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An elementary use of [6, 1.6.5, 1.6.6] shows in [43] that

Hpoly
k (α) ≤ 2kH(α)k

for an algebraic number α of degree ≤ k over Q. We extend Hpoly
k coordinate-wise to n-tuples:

Hpoly
k (α1, . . . , αn) = max

i
Hpoly

k (αi),

and for Z ⊂ Rn we let

Npoly
k (Z, T ) = #{x = (x1, . . . , xn) ∈ Z : Hpoly

k (x) ≤ T}

be the associated counting function. The density result of [43] may be applied using Hpoly
k rather than

H, in fact it is proved using the former.
If σ = γτ for some γ ∈ SL2(Z) then

Hpoly
k (σ) ≤ C(γ)Hpoly

k (τ)

for some constant C(γ), as may be seen by computing a polynomial satisfied by σ in terms of one satisfied
by τ and the entries of γ−1. If σ ∈ B then we have σ = γτ for some τ ∈ D and γ from a finite subset
of SL2(Z). Let C(B) = maxC(γ) over this set and if σ ∈ B is quadratic of discriminant D, then τ ∈ D
also has discriminant D and we have

Hpoly
2 (σ) ≤ C(B)Hpoly

2 (τ) ≤ 4C(B)H(τ)2 ≤ 4C(B)|D|.

If σ + u+ iv with u, v ∈ R, and σ is a root of ax2 + bx+ c then u = −b/2, v =
√
D/2 so that

Hpoly
2 (u) ≤ 2|b| ≤ 2Hpoly

2 (σ) ≤ 8C(B)|D|,

Hpoly
2 (v) ≤ 4|D|.

4.3. Proof of Theorem 1.2. Let Z = π−1(V ). We may assume that V contains no special subvarieties
of A of positive dimension and must show that V can have only finitely many special points. As in the
proof of 1.1 we may assume that V is defined over Q.

We set Z = Z ∪ FB so that Z is definable in Ran,exp. The pre-images in Z of special points are
among the points (u, v, x, y) ∈ Z with all coordinates of degree ≤ 2, and by [43] we have

Npoly
2 (Z − Zalg, T ) ≤ c(Z, ε)T ε

for any positive ε.
Under our assumption that V contains no special subvarieties of positive dimension, Zalg contains

no special points. If we denote by Npoly,special
2 (Z, T ) the number of special points (τ, z) = (u, v, x, y) ∈ Z

with Hpoly
2 (u, v, x, y) ≤ T then

Npoly,special
2 (Z, T ) ≤ c(Z, ε)T ε

for any ε > 0.
Suppose that V contains a special point (λ, P ) = π(τ, z) where τ = u+ iv, z = x+ τy. Then λ(τ)

is algebraic with degree at least the degree of j(τ), so has at least

c(ν)|D|1/2−ν

conjugates λ′ (over Q), for any positive ν, where D is the discriminant of τ . The point P is torsion on
the elliptic curve Eλ, which is defined over Q(λ) where [Q(λ) : Q] = h(D). If T is the order of P as a
torsion point then, by [49], the degree d(P ) over Q(λ) of P satisfies

d(P ) ≥ c(µ)T 1−µ[Q(λ) : Q]−1 = c(µ)T 1−µh(D)−1

for any µ > 0, where c(µ) is effective.
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Putting c(V ) = [Q(V ) : Q]−1, we find using an (effective) upper estimate

c′(ν)|D|1/2+ν

for h(D) as well as the lower estimate that (λ, P ) has at least

max
(
c(µ)c′(ν)T 1−µ

|D|1/2+ν
, c(V )c(ν)|D|1/2−ν

)
conjugates (λ′, P ′, ) on V . The pre-images (τ ′, z′) in Z of these conjugates are distinct. We have
λ′ = λ(τ ′) with τ ′ quadratic of discriminant D, and the P ′ are torsion points of order T . If τ ′ =
u+′ iv′, z′ = x′ + τ ′y′ then the height of these points satisfies

Hpoly
2 (u, v, x, y) ≤ max(c|D|, T )

for any positive µ. Thus

max
(
c(V )c(µ)c′(ν)T 1−µ

|D|1/2+ν
, c(V )c(ν)|D|1/2−ν

)
≤ Npoly,special

2 (Z,max(c|D|, T )) ≤ c(Z, ε) max(c|D|, T )ε

for any ε, ν, µ > 0. Take say ν = 1/4, µ = 1/4, ε = 1/8, so that we have

max
(
c′
T 3/4

|D|3/4
, c′′|D|1/4

)
≤ c′′′ max(c|D|, T )1/8. (∗)

Suppose that T ≥ |D|3. We see that T 3/4/|D|3/4 ≥ T 1/2, also c′T 3/4/|D|3/4 ≥ c′′|D|1/4 and T ≥ c|D|
once |D| is large enough. But then (∗) becomes

c′T 1/2 ≤ c′′′T 1/8

which is impossible once T is sufficiently large. So |D| is bounded in this case, and then (∗) shows that
T is bounded as well. But if T ≤ |D|3 then (∗) implies that |D| is bounded, and so T as well.

4.4. Proof of Theorem 1.3. Let Z = π−1(V ). We may assume that V contains no special subvarieties
of positive dimension, so that Zalg = Zquasispecial contains no special points, and that V is defined over
Q.

We take a fundamental domain DN for Γ0(N), and a fundamental domain L for the lattice Λ. The
intersection Z = Z∩DN×L is definable, and Zalg = Zalg∩DN×L contains no special points. Therefore,
by [43],

Npoly,special
2 (Z, T ) ≤ c(Z, ε)T ε

for any positive ε.
Suppose that V contains a special point (P,Q) = π(τ, z) ∈ DN×L, where τ = u+iv, z = xω1 +yω2.

As in the previous proof, putting C(N) = C(DN ), we have

Hpoly
2 (u, v, x, y) ≤ max(c(N)|D|, T )

where D is the discriminant of τ , and T is the height (i.e. the order) of the torsion point z. The point
P has at least

c(ν)|D|1/2−ν

conjugates over Q.
If Q is a torsion point of order T then, by a result of Masser [30] (the same result used in [45]

for abelian varieties), Q has at least c(E)T ρ conjugates over Q, for some (explicit) ρ > 0 (in general ρ
depends on the dimension of the abelian variety concerned).

17



So (P,Q) has at least
c(V ) max(c(ν)|D|1/2−ν , c(E)T ρ)

conjuages lying on V whose preimages in Z have height

≤ max(c(N)|D|, T ).

Taking ν = 1/4 (say) and ε < min(ρ, 1/4), the estimates

c(V ) max(c(ν)|D|1/2−ν , c(E)T ρ) ≤ Npoly,special
2 (Z,max(c(N)|D|, T )) ≤ c(Z, ε) max(c(N)|D|, T )ε

are untenable once max(T, |D|) is sufficiently large. Therefore these quantities are bounded for special
points on V , and the special points (including perhaps those corresponding to the cusps of X0(N)) are
finite in number.

4.5. Final Remark. In [31], it is observed that it suffices to appeal to [41] rather than [44] as the
set in question is subanalytic of (real) dimension 2. While here we apply [43] only to sets Z of (real)
dimension 2, the results of [41] (or [42]) are not sufficient. In the first place, the result for algebraic
points requires implicitly results for higher dimensional sets. But a result for subanalytic sets in arbitrary
dimension would still not suffice as Z may not be subanalytic: Peterzil-Starchenko establish definability
of ℘(z, τ) on F in the larger structure Ran,exp and show that the “exp” is necessary. This demonstrates
that the o-minimal setting of [44] is not merely a convenient one, but gives it added generality over its
predecessors [41, 42, 10] that can be crucial in applications.
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