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We study a two-particle circular billiard containing two finite-size circular particles that collide
elastically with the billiard boundary and with each other. Such a two-particle circular billiard
provides a clean example of an “intermittent” system. This billiard system behaves chaotically,
but the time scale on which chaos manifests can become arbitrarily long as the sizes of the
confined particles become smaller. The finite-time dynamics of this system depends on the
relative frequencies of (chaotic) particle-particle collisions versus (integrable) particle-boundary
collisions, and investigating these dynamics is computationally intensive because of the long
time scales involved. To help improve understanding of such two-particle dynamics, we
compare the results of diagnostics used to measure chaotic dynamics for a two-particle circular
billiard with those computed for two types of one-particle circular billiards in which a confined
particle undergoes random perturbations. Importantly, such one-particle approximations are
much less computationally demanding than the original two-particle system, and we expect
them to yield reasonable estimates of the extent of chaotic behavior in the two-particle system
when the sizes of confined particles are small. Our computations of recurrence-rate coefficients,
finite-time Lyapunov exponents, and autocorrelation coefficients support this hypothesis and
suggest that studying randomly perturbed one-particle billiards has the potential to yield insights
into the aggregate properties of two-particle billiards, which are difficult to investigate directly
without enormous computation times (especially when the sizes of the confined particles are

small). © 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4775756]

A traditional billiard system consists of a point particle
confined in some domain (which is usually a subset of RZ)
and colliding perfectly elastically against the boundary of
that domain.'""*® Such billiards can have chaotic, regular
(i.e., integrable), or mixed dynamics.7’8’26 For example, a
finite-size circular particle confined within a circular
boundary is integrable, but two circular particles confined
in a circular domain yields chaotic dynamics, though reg-
ular behavior can persist for extremely long times.”'

The chaotic dynamics in two-particle billiards
appears via the dispersive mechanism®® as a result of
particle-particle collisions, whereas particle-boundary
collisions lead to regular dynamics when the boundary is
circular. Consequently, although the long-time dynamics
is chaotic, the regular transients can become arbitrarily
long as one considers confined particles with progressively
smaller radii. It is desirable to find means to simplify
investigations of the statistical properties arising from
long-time transient dynamics in two-particle billiards,
whose dynamics are not well understood and which
require very long computations to simulate. In this paper,
we take a step in this direction by considering one-particle
billiards with random perturbations and comparing diag-
nostics for measuring aggregate levels of chaotic dynamics
in two-particle versus perturbed one-particle billiards. In
particular, we consider two circular particles confined in
a circular table and one-particle circular billiards with
two types of random perturbations: one in which random
perturbations are applied at times determined via a
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Poisson process and another in which random perturba-
tions are applied at times given by actual particle-particle
collision times from the two-particle system. The two-
particle circular billiard considered in the present paper
provides a clean example of an “intermittent” system.
There continues to be considerable interest in intermittent
billiards,'® and this example in particular deserves many
future investigations.

. INTRODUCTION

Systems of hard particles interacting via perfectly elastic
collisions provide paradigm examples for studying the foun-
dations of statistical mechanics.'”> In particular, among the
primary examples used to study classical and quantum chaos
in conservative systems are billiard systems,“’28 which can
be implemented experimentally in both classical and quan-
tum settings.'>?%->*

Billiards are one of the most important types of Hamilto-
nian systems.® Typical classical Hamiltonian systems are nei-
ther fully chaotic nor fully regular (i.e., integrable) but instead
have “mixed” dynamics.'? That is, their phase space has both
regular and chaotic regions. However, generic mixed systems
are very difficult to analyze, so it is important to study Hamil-
tonian systems with simpler but non-generic mixed dynamics
that allow more thorough analysis.”'**"2*?7 Billiard systems
are among the most important systems for such pursuits.

© 2013 American Institute of Physics
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The most commonly studied type of billiard system con-
sists of a single point particle confined in a closed planar
region. The particle collides against the boundary of the
region such that its angle of incidence equals its angle of
reflection. More general types of billiards have also been
investigated. For example, the study of open billiards, which
contain a hole through which particles can escape, has
become increasingly prominent.** However, it is much less
common—but nevertheless extremely interesting—to study
few-particle billiards, in which a small number of finite-size
confined particles collide elastically both against a billiard
boundary and against each other.”’ The balls move freely
between collisions.

Depending on the geometry of the billiard boundary and
the confined particles, it is possible for a few-particle billiard
to exhibit both regular and chaotic features. This situation,
however, is somewhat different from the idea of mixed dy-
namics mentioned above. Namely, although the dynamics of
few-particle billiards are fully chaotic in the infinite-time
limit, it is possible to construct systems such that integrable
dynamics last for arbitrarily long periods of time. In particu-
lar, this can occur as one considers confined particles with
progressively smaller radii in two-particle billiard systems in
which both the billiard balls and the billiard table are shaped
like circles.?' This example thereby provides a clean exam-
ple of an “intermittent” system.'? Intermittent systems con-
tain “sticky” regions near which typical trajectories can get
trapped for very long times, and they can be notoriously dif-
ficult to study in detail. Accordingly, it is useful to examine
“simple” (relatively speaking) examples of such systems,
and studying intermittency in billiards provides a good ave-
nue for such investigations. '’

A circular billiard table with a confined finite-size
circular particle is integrable, and every particle-boundary
collision in a two-particle circular billiard leads to regular
dynamics. However, particle-particle collisions in this two-
particle system ultimately lead to chaotic dynamics (via
the dispersive mechanism) in the infinite-time limit. The
dynamics of this system arise from a competition between
the integrable particle-boundary collisions and the chaotic
particle-particle collisions. The relative frequency of the
latter versus the former becomes smaller as the radii of the
confined particles become smaller, and the integrable transi-
ents can therefore last for arbitrarily long times. Conse-
quently, although the dynamics are eventually chaotic if one
waits long enough, one must examine the transient dynamics
to achieve a thorough understanding of this system.

Investigating the transient dynamics of two-particle bil-
liards entails very long computation times, which is particu-
larly true when the integrable transients are long.
Accordingly, we use numerical computations to attempt to
discern when a perturbed circular one-particle billiard can
give a reasonable approximation for statistical properties of
the two-particle billiard. When this is the case, which we
show is true for small particle radii, one can attempt to gain
insights into the original two-particle system by studying a
perturbed one-particle system.

The rest of this paper is organized as follows. In Sec. II,
we describe the model of a circular billiard with confined cir-
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cular particles of finite radius. For simplicity, we assume that
both particles are of the same size. In Sec. III, we describe
some measures of the statistical properties of the system’s
dynamics. In Sec. IV, we compare these statistical properties
for the two-particle circular billiard and for two types of per-
turbed one-particle circular billiards. In Sec. V, we summa-
rize our results.

Il. MODELLING A CIRCULAR BILLIARD SYSTEM

We study a two-particle billiard that occupies a region
0 C R? with a circular boundary Q. Each of its confined,
finite-size, circular particles of mass m and normal momen-
tum p, = mv, moves freely until it encounters either the
boundary or the other particle. To understand this system,
we need to start from the simplest case. Accordingly, we
assume in this paper that m = |v| = 1 for both particles and
also that they have the same radius. (We consider several dif-
ferent radii in our computations.) Without loss of generality,
we set the radius of the billiard table to be 1.

The model that we consider is a simplification of a real-
life billiard system, as we do not allow particles to change
speeds when they collide with each other. Allowing such a
change in speeds would conserve momentum in situations in
which the center-of-mass motion is initially nonzero. (When
momentum is conserved, one can examine a two-particle bil-
liard in two dimensions as a one-particle billiard in four
dimensions.) This simplifies the dynamics, but the system
retains many interesting features, and this situation is more
tractable to study than the original system.

Consider the dynamics of one of the two particles in our
system. When it collides against the boundary, its momen-
tum changes according to

:ﬁ_2<ﬁ7ﬁ>ﬁv (D

where 7 is the momentum before the collision, p” is the mo-
mentum after the collision, and 7 is the unit normal to the
boundary 0Q at the collision point. When the particles col-
lide against each other, then the change in momentum of one
particle still obeys Eq. (1), but now 77 is the normal to the
tangent of the boundary of the other particle at the point of
collision.

In a dynamical system, a Poincaré section is a lower-
dimensional subspace of phase space that is transversal to
the flow. In a two-particle billiard, we can obtain a Poincaré
section separately for each particle. Consider the coordinates
(s;,sin(0;)), where s; is the arclength coordinate of the
boundary at a collision between particle i and the boundary
and 0; € [0,2n) is the corresponding angle of collision
against the boundary.'? We construct a Poincaré section by
tracking the coordinate values of such collisions for each
particle while throwing away the continuous flow and
particle-particle collisions in between such particle-boundary
collisions. This yields a four-dimensional Poincaré section,
as two dimensions from phase space are eliminated by only
considering the locations of particle-boundary collisions.
(We lose one dimension from using a Poincaré section, and
we lose a second dimension via energy conservation.)
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In Fig. 1, we show two-dimensional projections of
examples of Poincaré sections for one of the particles in the
two-particle system. We consider examples in which each
confined particle has a radius of 0.02 (top panel) or 0.014
(bottom panel). We plot the dependence of sin(0;) of
particle-boundary collisions versus the boundary location
(i.e., the arclength s;) of the collision. To construct Fig. 1, we
use discrete-time simulations with 15000 time steps in
which each time step has a duration t of up to 0.3 time units
of the simulation (and is exactly 0.3 time units when there
are no particle-particle or particle-boundary collisions during
the time step). We give a more precise description of our
simulation algorithm below. When the radii of the confined
particles are small, as in these two examples, the dynamics
can exhibit regimes of regular-looking behavior even for
long computation times.

Whether one can discern transient regular dynamics in
Poincaré sections depends on the initial conditions, computa-
tion time, and the sizes of the confined particles. In particu-
lar, regions of regular behavior (which appear as incomplete

0.5

sin(angle1)
o

|
ot
)

3
(a) arclength

sin(angle1)

0 1 2 3 4 5 6
(b) arclength

FIG. 1. Projections of example Poincaré sections for one particle in a two-
particle circular billiard. We use the same initial conditions for both panels.
(As discussed in the main text, we choose initial conditions uniformly at ran-
dom.) In panel (a), the radius of each of the confined particles is 0.02, and
we observe fairly regular behavior (horizontal segments from consecutive
particle-boundary collisions and parts of circles from recurrent behavior). In
panel (b), the radius of each confined particle is 0.014. The behavior now
appears to be more chaotic, as there are fewer regular features.

Chaos 23, 013123 (2013)

lines and circles) are more evident in the top panel then in
the bottom panel, although there are regions of regular
behavior in the latter plot as well. Such regular features arise
from particle-boundary collisions, which are angle-
preserving. Horizontal segments represent consecutive
particle-boundary collisions with the same angle, and parts
of circles represent regions of recurrent behavior. Chaotic
features arise from particle-particle collisions, whose disper-
sive character results in changes to 6; in subsequent particle-
boundary collisions and leads to divergence of trajectories
(and the splattering of dots in Poincaré sections).

In these simulations, we determine initial conditions as
follows. For each of the two confined particles, we choose
initial distances between the particle center and the center of
the billiard table uniformly at random from (0,1). As the par-
ticles have finite radii (i.e., they are not point particles), we
discard any configuration in which the particles overlap with
each other or any particle overlaps with the billiard bound-
ary. We do this by checking the overlapping condition and
choosing a new random initial position until there is no over-
lap with the other particle or the boundary. We choose the
initial angle of each particle uniformly at random from the
interval [0, 27). Because the magnitude of the speed for each
particle is always equal to 1, this gives the starting velocity
of each particle.

We use a uniform distribution to determine our ensem-
bles of initial conditions because it is the simplest choice. It
would be interesting to repeat our computational experi-
ments for other distributions and to compare the results
obtained for different choices.

In this paper, we perform computations for many values
for the radius r = r; =, of the confined particles. For a
given family of computations, we use the same ensemble of
initial conditions for each choice of r. For a given family, we
thus choose initial conditions (as described above) using the
largest employed value of r. This guarantees that there is
never any particle-particle or particle-boundary overlap. As
with our choice of using a uniform distribution, we have
made this choice because of its simplicity: when there is no
overlap between the particles at the largest radius, then there
is also no overlap for the smaller values of » and we can
therefore obtain precisely the same set of initial conditions
for each value of r.

Our algorithm for simulating a two-particle billiard pro-
ceeds as follows. After each discrete time step (of fixed dura-
tion 1), we calculate the positions and velocities of both
particles. For each time step, we check if a collision occurs
(either between the two particles or between a particle and
the billiard boundary). If no collisions occur, we determine
the new particle positions based on their free movement after
a time 7 (the velocities are unchanged). Otherwise, the par-
ticles evolve freely for the (shorter) time step ©" < 7 until the
next collision, and we then calculate their new positions and
velocities immediately after that collision.

lll. QUANTIFYING CHAOTIC DYNAMICS

Although the Poincaré sections in Fig. 1 illustrate regu-
lar features that result from particle-boundary collisions and
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chaotic dynamics that result from particle-particle collisions,
it is desirable to quantify the statistical properties resulting
from the interplay of these two types of events as functions
of the sizes of the confined particles. As diagnostics to
describe chaotic dynamics in our system, we use recurrence-
rate coefficients, autocorrelation coefficients, and finite-time
Lyapunov exponents.

A. Recurrence plots and recurrence rates

Recurrence plots (RPs) were introduced as a tool to vis-
ualize recurrences in a variable in phase space.'®* Recur-
rence of states is a typical feature of chaotic systems, and it
is traditional to try to find them by visualizing high-
dimensional phase spaces as projections to two-dimensional
or three-dimensional spaces. RPs take a different approach
and yield a visualization using an N x N matrix, where N
denotes the number of time steps in a simulation.

To construct an RP, we start with the formula?®

Rij(e) = ©(e — |l —xill), @)

where x;,x; € R" (with m=2 in this paper) and i,j
€ {1,...,N}. Additionally, ¢ is a threshold distance, || - || is a
norm, and ©(-) is the Heaviside function. In this paper, we
always use the Ly-norm.*

We compute RPs for the temporal evolution of the posi-
tions of the confined particles. We choose one of the two par-
ticles in the system and construct its recurrence plot. The
variable x; represents the position coordinates of the chosen
particle inside the billiard at time i. We are interested in how
close and how often a particle returns to a given position
(x, y) that it has visited previously in its trajectory. An RP
includes a dot in the location (i, j) if the positions of the par-
ticle center at times i and j are within a threshold distance ¢
from each other. The threshold should be small enough so
that the particle can be considered to have approached suffi-
ciently close to the previously visited locations, but it should
also be large enough to keep computations reasonably
efficient.”

In this paper, we present results using the threshold value
& =0.001. (Computations using the value of ¢ = 0.01 give
similar qualitative results.) Early RP studies suggested that
one should choose ¢ to be a few percent of the phase-space di-
am'f:ter,25 and similar comments have been made about prob-
lems with circular symmetry.® Additionally, some authors
have used an x;-dependent threshold s,-,m but we have elected
to use a uniform value. The constant value for the threshold
yields a symmetry in the recurrence plot: the RP always has a
main diagonal and is symmetric about it.

In Fig. 2, we show an example RP for one particle in
a two-particle circular billiard. As with Poincaré sections,
splatters of dots illustrate irregular behavior. The lines par-
allel to the diagonal represent regions of regular behavior,
in which trajectories visit the same region of position
space at different times. The isolated points by themselves
do not contain any information about the system. How-
ever, the occurrence of isolated points next to the lines
in an RP can be an indication of chaotic dynamics,23
which we know occurs in this system. The lengths of the

Chaos 23, 013123 (2013)

5000y,
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FIG. 2. Example recurrence plot with Euclidean norm for a two-particle cir-
cular billiard with two confined circular particles (each of which has a radius
of 0.02).

diagonal segments are determined from the durations of
regular dynamics.”

An RP can be used to define a recurrence-rate (RR)
coefficient'®*

N

RR(2) = —ZW;&R‘” , 3)
which measures the density of recurrent points in an RP and
can be used as a measure of complexity in a dynamical sys-
tem. As the discrete time N — oo, the coefficient RR(¢) rep-
resents the probability for a state to recur in an
e-neighborhood in position space.*

B. Autocorrelation

Autocorrelations measure the tendency for observations
of the same system made at different time points to be
related to one another.'” That is, an autocorrelation describes
a correlation in a time series with respect to its own past and
future values. A negative autocorrelation value indicates that
the direction of influence is changing as a function of time,
whereas a positive autocorrelation value can be construed as
a tendency for a system to remain in a similar state in the
observations considered.

For a series x consisting of N observations, the autocor-
relation coefficient R; calculated between the time series and
the same series lagged by / time units is given by the formula

N1
2 izt (i = () (Xis — ()
2
i (i — (x)
where (x) is the mean value of x among the N observations.

In this paper, we will compute autocorrelation coeffi-
cients for time series of angles of particle-boundary collisions.

R =

; “

C. Lyapunov exponents

The largest Lyapunov exponent A measures the rate of
separation of trajectories in a dynamical system.?’ Tt is
defined using the equation
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16d(r)|| = ¢"[[8d(0)][, (5)

where dd(t) is the time-¢ separation of two trajectories that
start a distance 0d(0) apart. We use a finite-time version of a
Lyapunov exponent because of the finite-time nature of nu-
merical computations. The dynamics of a system are only
predictable up to the Lyapunov time, which is defined as the
time it takes for two neighboring trajectories to diverge by a
distance equal to e.

A positive Lyapunov exponent indicates that trajectories
separate from each other exponentially fast. For chaos to
manifest, there needs to be a positive Lyapunov exponent
and trajectories also need to mix. A positive Lyapunov
exponent implies that there is a local instability, and mixing
implies that trajectories of individual particles get arbitra-
rily close to each other arbitrarily often if the system
evolves for a sufficiently long time.'*'7-*

Our two-particle system behaves chaotically in the
t — oo limit,>' though its most interesting behavior occurs
during the potentially extremely long transients, and we use
numerical computations to study such dynamics. To calcu-
late the largest finite-time Lyapunov exponent, we use
Benettin’s algorithm,” which assumes that small perturba-
tions in initial conditions stretch primarily along the most
unstable direction in phase space after a sufficiently long
time. As discussed previously, we evolve the billiard sys-
tem for N time steps of duration up to t. (Recall that
the duration is exactly t if there is no collision, and it is
the time ' < 1 that elapses until the next collision if there
is a collision.) The time step t thus gives the unit of time
for our numerical simulations. This yields a finite-time
Lyapunov exponent of

=13 (e (222)

k=1

where ||0d(kt)||/||0d(0)]|] is the stretching factor due to an
initial perturbation of size ||dd(0)||. After each of the N time
steps (which we index by k), we evaluate log(||dd(kt)||/
[|6d(0)|]) and compute An,x as a (scaled) mean over these N
evaluations.

Each of the simulations that we report in this paper’
uses either N =25 000 steps with T = 0.2 or N = 15000 steps
with 7 = 0.3. The size of the initial perturbation is always
[|6d(0)|] = 1/5000. In our numerical computations, we
report values for the largest finite-time Lyapunov exponent
/max (N) that is a mean over results that we obtain using an
ensemble of initial conditions (200 or 1000 in the examples
shown). We choose these initial conditions using the proce-
dure that we discussed in Sec. II.

We calculate finite-time Lyapunov exponents by sepa-
rately evaluating the stretching factor for the horizontal posi-
tion variables and vertical position variables and then taking
the maximum of the two corresponding exponents [} (N)
and 2, (N)] calculated using Eq. (6). Note that we evaluate
the stretching factors using position variables only rather
than using all phase-space coordinates, so we are actually
calculating a variant of Lyapunov exponents.

Chaos 23, 013123 (2013)

IV. COMPARISON OF TWO-PARTICLE BILLIARDS AND
PERTURBED ONE-PARTICLE BILLIARDS

Because analytical calculations are very difficult for two-
particle billiards, we use numerical computations to determine
when statistical properties for the two-particle circular billiard
can be approximated effectively by those for a perturbed one-
particle billiard. Perturbed one-particle billiards have the
potential to be more tractable analytically than two-particle
billiards, and they can require significantly less computational
time (and fewer computational resources).

In this paper, we compare our two-particle billiard sys-
tem with perturbed one-particle billiards using numerical
simulations to compute the diagnostics (largest finite-time
Lyapunov exponents, recurrence-rate coefficients, and auto-
correlation coefficients) that we discussed in Sec. III.

We consider two different types of perturbation to one-
particle circular billiards, where we apply perturbations
(“kicks”) to the confined circular particle. We first examine a
perturbed one-particle billiard with time intervals between
kicks determined using the exponential probability distribu-
tion. This corresponds to using a Poisson process to determine
the number of perturbations that a particle experiences in a
given amount of time. As we will explain in Sec. IVB, we
estimate the parameter for the exponential distribution (and
hence for the Poisson process) from the statistics of the origi-
nal two-particle system. The second type of perturbed one-
particle circular billiard that we consider is one with random
kicks at times that are determined directly from particle-
particle collisions in the original two-particle billiard.

A. Random perturbations in a one-particle billiard

We apply random perturbations to a one-particle circular
billiard at times determined by a Poisson process (see the
discussion below) or directly from particle-particle collision
times in the two-particle billiard. We impose the random per-
turbations by determining a velocity angle uniformly at ran-
dom from the interval [0,27). We have chosen this type of
perturbation because we are considering small confined par-
ticles, so particle-particle collisions are not very common,
and we are assuming that we have no knowledge of the angle
at which such a collision occurs. We have also considered
angles chosen from the standard Gaussian distribution
N(0,1). This approach appears to yield similar qualitative
results, so we only show the results of our computations for
the uniform distribution.

B. Poisson process for determining perturbation
times

Our original system consists of two circular particles of
the same size confined inside a radius-1 circular billiard.
These particles collide elastically against the boundary of the
billiard and against each other. As we discussed in Sec. II,
we choose the initial positions and velocities (i.e., angles) of
the particles uniformly at random for the two-particle bil-
liard. For our initial conditions in perturbed one-particle sys-
tems, we take the set of initial conditions for one of those
two particles. We compute each of our diagnostics for both
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two-particle billiards and one-particle billiards for each ini-
tial condition, and we show plots with the means of those
diagnostics over all initial conditions. (We consider as many
as 1000 initial conditions for some calculations.)

When applying kicks in the perturbed one-particle bil-
liards, we change the particle velocity (i.e., its angle) as
explained in Sec. IV A. Because of the randomness of the
initial data, we assume that all of the time intervals between
particle-particle collisions (and hence between particle per-
turbations in the one-particle systems) have the same distri-
bution. Each such collision is thus independent from other
collisions. Note that we make this assumption for simplicity,
and it is desirable to relax it.

Approaches that are similar to ours were used success-
fully by Dahlqvist er al.'* and Baladi et al.* The latter
authors investigated recurrence properties of intermittent dy-
namical systems using a probabilistic independence assump-
tion about recurrence times. They found that asymptotic
properties can be influenced significantly by the tail of distri-
butions (which, in the present context, is the distribution of
particle-particle collision times). Heavy tails are a hallmark
of intermittency, so it is good to keep this observation in
mind for the problem that we study.

We seek a means to estimate kick times for a particle in
a perturbed one-particle billiard to attempt to obtain an
approximation for some statistical properties of the original
two-particle billiard without having to simulate the original
two-particle system. Because of our independence assump-
tion, we use a Poisson process to describe the sequence of
particle-particle collisions in our two-particle system. (One
can, of course, use more sophisticated distributions based on a
system’s dynamics, and this is an important idea for future
investigations.) The Poisson process was developed to model
events that occur by chance and independently from each
other while maintaining a constant intensity (i.e., the expected
number of events per unit time is constant).>'® The Poisson
process in our example has a rate of 1/, where u gives the
mean (continuous) amount of time per particle-particle colli-
sion. Because the times of kicks of the confined particle in a
perturbed one-particle billiard should correspond to the times
for the particle-particle collisions in the original two-particle
system, a Poisson process gives estimates of these perturba-
tion times. In Fig. 3, we show a plot of the perturbation times
determined by a Poisson process in a one-particle system ver-
sus the original times of the particle-particle collisions in the
two-particle billiard. In this example, the radius of each con-
fined particle is r = r; = r, = 0.008. We fit a linear function
to this curve using the method of least squares. The high qual-
ity of our fit suggests that using a Poisson process to deter-
mine perturbation times is a reasonable approximation.

It follows from the definition of a Poisson process that
the time intervals between the perturbations are given by in-
dependent and identically distributed (IID) random variables.
Because the system behaves ergodically in the infinite-time
limit, such a distribution for particle-particle collisions seems
plausible. The sequence of particle-particle collisions in the
two-particle billiard and hence of the perturbations in the
one-particle billiard then behaves as a Markov process, so
the future of the process depends only on the present state
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3000f
20001
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FIG. 3. Comparison of the times of particle-particle collisions in a two-
particle circular billiard with Poisson-process kick times in a perturbed one-
particle circular billiard. We determined the initial conditions in our simula-
tions uniformly at random, and we consider confined particles of radius
r=ry =r, =0.008.

(and is independent of the past). However, when considering
finite-time dynamics, recurrences in the system lead to devi-
ations from the Poisson-process approximation to the colli-
sion times, and this becomes increasingly noticeable as the
radii of the confined particles become larger. We note, more-
over, that computations of escape rates in circular billiards
with a hole” suggest that the above Poisson picture is too
simplistic. Examining this in more detail is a very interesting
idea for future work.

One can do a set of simulations of the original two-parti-
cle billiard to estimate the mean number of particle-particle
collisions and hence the rate of the Poisson process. In
Fig. 4, we show the dependence of the number of particle-
particle collisions on the particle radius in the two-particle
billiard. We fit a linear curve to this graph using the method
of least squares, and the fit is reasonably good. This suggest
that, for a given particle radius, one can pre-determine the
rate of its associated Poisson process and then use that pa-
rameter value when investigating a perturbed one-particle
billiard. However, we did not do this when comparing our
results for two-particle billiards and perturbed one-particle
billiards. Instead, to obtain better estimates of the Poisson
rates, we perform numerical simulations of the original two-
particle system for each initial condition.

ey
a
(=]

y = 4449.4*x - 5.1905
100}

Number of particle—particle collisions
a
e

Of.- i
— data
--- linear fit
-50 . . . . .
0 0.005 0.01 0.015 0.02 0.025 0.03

Particle radius

FIG. 4. Mean number of particle-particle collisions in a circular two-particle
billiard as a function of the radius r = r; = r; of the confined particles.
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C. Results of the comparisons

In this section, we compute diagnostics for circular two-
particle billiards (which is computationally intensive) and
compare them to the same diagnostics computed for perturbed
one-particle billiards. For it to be reasonable to apply random
perturbations to the velocity variable in one-particle billiards,
we need to consider long computations and small confined
particles. For simplicity, we assume that both confined (circu-
lar) particles in the two-particle billiard have the same size,

10
8x T T T T T
7r J
E 6- ‘|r ‘|' I ‘|' -
[
: I
8 51 [ |
x
o
84 I { '
=]
SEERERSENRERRE
3 I I 7] I
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1t Poisson
) ) ) Actual
0.01 0.015 0.02 0.025 0.03
(a) Particle radius
x107°
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36| - Poisson .
Actual
T
2 3.4} 1
o
o
X
(4
2 3.2} 1
c
3
Qo
S 3f 1
|
2.8} 1
0.018 0.02 0.022 0.024 0.026
(b) Particle radius

FIG. 5. Finite-time Lyapunov exponents for a two-particle circular billiard
(“Two Particle™), a perturbed one-particle circular billiard with perturbation
times drawn from a Poisson distribution (“Poisson”), and a perturbed one-
particle circular billiard with perturbation times drawn from the times of
particle-particle collisions in the two-particle system (“Actual”) as a func-
tion of particle radius for (identical) confined particles. In the top plot, we
consider radii ranging from 0.008 to 0.03. For each radius, we average over
200 random initial conditions (see the discussion in the text for how we
choose these initial conditions) and simulate for 25 000 time steps (of 0.2
time units each). In the bottom plot, we consider radii ranging from 0.018 to
0.026. For each particle radius, we average over 1000 random initial condi-
tions and simulate for 15 000 time steps (of 0.3 time units each). In the top
plot, observe that our computations for the Poisson-time perturbed one-
particle billiard give a good approximation to those for the two-particle bil-
liard. The Lyapunov exponents from the actual-time perturbed one-particle
billiard have the same order of magnitude as the other two sets of values. In
the bottom plot, observe that our calculations for the actual-time perturbed
one-particle billiard give an excellent approximation to those for the two-
particle billiard. The Lyapunov exponents from the Poisson-time perturbed
one-particle system are also very similar. The mean values are located in the
centers of the error bars, which depict 1/10 of a standard deviation above
and below the mean.
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though of course it would be interesting to examine more gen-
eral situations. We consider several different particle radii in
order to examine the effect of particle size on the diagnostics.
As discussed in Sec. III, the diagnostics that we use to mea-
sure chaotic dynamics are maximal finite-time Lyapunov
exponents, recurrence-rate coefficients, and autocorrelation
coefficients for the angle of particle-boundary collisions.

In Figs. 5-7, we show the dependence on the radius of
the confined particles of the diagnostics applied to one parti-
cle in our three systems (which we label as “Two-particle,”
“Poisson,” and “Actual”). As discussed previously, we aver-
age each diagnostic over a large number of initial conditions.
In the plots, we also include error bars, whose length is given
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FIG. 6. Recurrence-rate coefficients for a two-particle circular billiard
(“Two Particle”), a perturbed one-particle circular billiard with perturbation
times drawn from a Poisson distribution (“Poisson”), and a perturbed one-
particle circular billiard with perturbation times drawn from the times of
particle-particle collisions in the two-particle system (“Actual”) as a func-
tion of particle radius for (identical) confined particles with radii ranging
from 0.008 to 0.03. For each particle radius, we average over 200 random
initial conditions and simulate for 25 000 time steps (of 0.2 time units each).
In the bottom plot, we show results only for small radii to make it easier to
see the very good agreement between all three computations in that regime.
For larger radii, the two perturbed one-particle billiards still have similar RR
coefficients, but the RR coefficient for the two-particle billiard exhibits an
interesting balloon (depicted in the top plot) before shrinking again. Even
during the balloon, all three computations give values with the same order
of magnitude. The mean values are located in the centers of the error bars,
which depict 1/10 of a standard deviation above and below the mean.
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FIG. 7. Autocorrrelation coefficients for the angle of particle-boundary colli-
sions for one particle in a two-particle circular billiard (“Two Particle”), a
perturbed one-particle circular billiard with perturbation times drawn from a
Poisson distribution (“Poisson”), and a perturbed one-particle circular bil-
liard with perturbation times drawn from the times of particle-particle colli-
sions in the two-particle system (“Actual”) as a function of particle radius
for (identical) confined particles. In the top plot, we consider radii ranging
from 0.008 to 0.03. For each radius, we average over 200 initial conditions
and simulate for 25 000 time steps (of 0.2 time units each). In the bottom
plot, we consider radii ranging from 0.018 to 0.026. For each radius, we av-
erage over 1000 initial conditions and simulate for 15 000 time steps (of 0.3
time units each). We observe excellent agreement for all three systems in
the top plot. We still find good agreement in the bottom plot, though for
larger radii the results for the two-particle billiard start to deviate quantita-
tively from those for the perturbed one-particle billiards. The mean values
are located in the centers of the error bars, which depict 1/10 of a standard
deviation above and below the mean.

by 1/5 of the standard deviation corresponding to the calcu-
lated mean value (i.e., the error bars show
1/10 above and below the mean). The computed standard
deviations are large because we choose our initial conditions
uniformly at random and the systems are chaotic.

As the plots illustrate, the values of the diagnostics have
the same order of magnitude for the two-particle billiard and
the perturbed one-particle billiards. In some cases, these val-
ues are also very close to each other quantitatively. In gen-
eral, the values of the diagnostics appear to become more
dissimilar as one considers confined particles of larger radii,
though we do not observe a monotonic dependence.

From our numerical computations alone, it is difficult to
discern when our one-particle systems provide ‘“good”
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approximations to the original two-particle billiard. However,
we believe that examining two-particle billiards versus associ-
ated perturbed one-particle billiards has the potential to be
valuable. Additionally, these perturbed one-particle billiards
are interesting systems to investigate in their own right.
Interestingly, drawing the perturbation times from a Pois-
son process sometimes yields better results than taking pertur-
bation times from the actual times of particle-particle
collisions in the original two-particle billiard, even though
doing this uses less information from the original system. This
result, together with Fig. 3, suggests that it is sometimes rea-
sonable to use a Poisson process to estimate the number of
particle-particle collisions in the two-particle circular billiard.

V. CONCLUSIONS AND DISCUSSION

Circular two-particle billiards provide a clean example
of intermittent dynamics, so studying them in detail should
be very useful for obtaining a better understanding of inter-
mittency. In the present paper, we have taken a step in this
direction by comparing the properties of a circular two-
particle billiard with two different circular one-particle bil-
liard systems undergoing random perturbations. We consid-
ered random perturbations at times determined in two
different ways: (1) times taken from a Poisson distribution
and (2) times obtained directly from the times of particle-
particle collisions in the original two-particle system.

For such approximations to be reasonable, one should
consider small confined particles, which entails very long
computation time for the two-particle system, as particle-
particle collisions occur much less frequently than particle-
boundary collisions. Consequently, the two-particle system
exhibits long transients with regular behavior, although the
system behaves chaotically in the infinite-time limit. Accord-
ingly, it can be very helpful to find situations in which it is
reasonable to compare some of the aggregate properties of
two-particle billiards to properties in perturbed one-particle
systems (which require much less exhaustive simulations to
study). We focused in the present paper on numerical simu-
lations, but ideally perturbed one-particle billiards will also
be studied analytically.

We considered Lyapunov exponents, recurrence-rate
coefficients, and autocorrelation coefficients; and we found
that the two-particle billiard and perturbed one-particle bil-
liards have values of the same order of magnitude for all of
these diagnostics when the confined particles are small. At
times, we also found quantitative agreement. Because these
diagnostics are used widely to measure the amount of chaos
in a system, this suggests that the aggregate levels of chaos
in the one-particle systems are similar to that in the original
two-particle system.

Importantly, the one-particle systems are much less
computationally demanding than the original two-particle
system, and we expect that they will also provide a much
easier setting for analytical investigations, which are very
difficult for two-particle billiards. We thus propose that ran-
domly perturbed one-particle billiards have the potential to
provide insights on the aggregate (and intermittent)
dynamics of associated two-particle billiards.

Downloaded 21 Feb 2013 to 152.23.127.12. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions



013123-9 S. Rankovié and M. A. Porter

ACKNOWLEDGMENTS

We thank Leonid Bunimovich, Carl Dettmann, Steven
Lansel, and two anonymous referees for helpful comments.
We are particularly grateful to Leonid Bunimovich for sug-
gesting that we examine this problem from this point of view
and to Carl Dettmann for several useful discussions and helpful
comments on manuscript drafts. S.R. also thanks the Nuffield
foundation and St. John’s College for financial support during
the time of the research, Charles Batty for recommendation let-
ters supporting the applications for the aforementioned fund-
ing, and the administration of Dartington House for office
space provided during the research. S.R. was affiliated with
University of Oxford for most of the duration of this project.

'We performed numerical simulations using various choices of T between
0.1 and 0.6. From these simulations, we concluded that 7 = 0.2 and
T = 0.3 give a reasonable balance between computation time and precision
of results.

’E. G. Altmann and H. Kantz, “Recurrence time analysis, long-term corre-
lations, and extreme events,” Phys. Rev. E 71, 056106 (2005).

3E. G. Altmann, J. S. E. Portela, and T. Tél, “Leaking chaotic systems,”
Rev. Mod. Phys. (to be published; e-print arXiv:1208.0254).

+V. Baladi, J.-P. Eckmann, and D. Ruelle, “Resonances for intermittent sys-
tems,” Nonlinearity 2(1), 119-135 (1989).

5G. Benettin, L. Galgani, and J. Strelcyn, “Kolmogorov entropy and numer-
ical experiments,” Phys. Rev. A 14, 2338-2345 (1976).

M. Blank and G. Keller, “Random perturbations of chaotic dynamical sys-
tems: Stability of the spectrum,” Nonlinearity 11(5), 1351-1364 (1998).

L. A. Bunimovich, “Mushrooms and other billiards with divided phase
space,” Chaos 11(4), 802-808 (2001).

SL. A. Bunimovich, “Kinematics, equilibrium, and shape in Hamiltonian
systems: The LAB effect,” Chaos 13(3), 903-912 (2003).

°L. A. Bunimovich and C. P. Dettmann, “Open circular billiards and the
Riemann hypothesis,” Phys. Rev. Lett. 94, 100201 (2005).

1L, A. Bunimovich and L. V. Vela-Arevalo, “Many faces of stickiness in
Hamiltonian systems,” Chaos 22(2), 026103 (2012).

"IN, Chernov and R. Markarian, Chaotic Billiards (American Mathematical
Society, 2006).

Chaos 23, 013123 (2013)

12p, Cvitanovi¢, R. Artuso, R. Mainieri, G. Tanner, G. Vattay, N. Whelan,
and A. Wirzba, Chaos: Classical and Quantum (Niels Bohr Institute, Co-
penhagen, 2009), Version 13.

13P. Dahlqvist and R. Artuso, “On the decay of correlations in Sinai billiards
with infinite horizon,” Phys. Lett. A 219(3-4), 212-216 (1996).

145 De Biévre, P. E. Parris, and A. Silvius, “Chaotic dynamics of a free par-
ticle interacting linearly with a harmonic oscillator,” Physica D 208(1-2),
96114 (2005).

'5Ch. Dellago and H. A. Posch, “Kolmogorov-Sinai entropy and Lyapunov
spectra of a hard-sphere gas,” Physica A 240(1-2), 68-83 (1997).

165.-p. Eckmann, S. Oliffson Kamphorst, and D. Ruelle, “Recurrence plots
of dynamical systems,” Europhys. Lett. 4(9), 973-977 (1987).

'7J.-P. Eckmann and D. Ruelle, “Ergodic theory of chaos and strange
attractors,” Rev. Mod. Phys. 57, 617-656 (1985).

"8W. Feller, An Introduction to Probability Theory and its Applications, 3rd
ed. (Wiley, 1968).

e, w. Gardiner, Stochastic Methods: A Handbook for the Natural and
Social Sciences, 4th ed. (Springer-Verlag, 2009).

2OM. C. Gutzwiller, Chaos in Classical and Quantum Mechanics, Number 1
in Interdisciplinary Applied Mathematics (Springer-Verlag, New York,
NY, 1990).

2lg, Lansel, M. A. Porter, and L. A. Bunimovich, “One-particle and few-
particle billiards,” Chaos 16(1), 013129 (2006).

22N. Marwan, “Encounters with neighbours—current developments of
concepts based on recurrence plots and their applications,” 2003, http://
opus.kobv.de/ubp/volltexte/2003/89/pdf/marwan.pdf.

2N. Marwan, M. C. Romano, M. Thiel, and J. Kurths, “Recurrence plots for
the analysis of complex systems,” Phys. Rep. 438(5-6), 237-329 (2007).

24y, Milner, J. L. Hanssen, W. C. Campbell, and M. G. Raizen, “Optical bil-
liards for atoms,” Phys. Rev. Lett. 86, 1514-1517 (2001).

25G. M. Mindlin and R. Gilmore, “Topological analysis and synthesis of
chaotic time series,” Physica D 58(14), 229-242 (1992).

2°M. A. Porter and S. Lansel, “Mushroom billiards,” Not. Am. Math. Soc.
53(3), 334-337 (2006).

27N, Saito, H. Hirooka, and J. Ford, “Numerical study of billiard motion in
an annulus bounded by non-concentric circles,” Physica D 5(2-3), 273—
286 (1981).

Y. Sinai, “WHAT IS... a billiard,” Not. Am. Math. Soc. 51(4), 412-413
(2004).

29S. H. Strogatz, Nonlinear Dynamics and Chaos (Westview, 2001).

305, p. Zbilut, N. Thomasson, and C. L. Webber, “Recurrence quantification
analysis as a tool for nonlinear exploration of nonstationary cardiac sig-
nals,” Med. Eng. Phys. 24(1), 53—60 (2002).

Downloaded 21 Feb 2013 to 152.23.127.12. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions


http://dx.doi.org/10.1103/PhysRevE.71.056106
http://arxiv.org/abs/1208.0254
http://dx.doi.org/10.1088/0951-7715/2/1/007
http://dx.doi.org/10.1103/PhysRevA.14.2338
http://dx.doi.org/10.1088/0951-7715/11/5/010
http://dx.doi.org/10.1063/1.1418763
http://dx.doi.org/10.1063/1.1598411
http://dx.doi.org/10.1103/PhysRevLett.94.100201
http://dx.doi.org/10.1063/1.3692974
http://dx.doi.org/10.1016/0375-9601(96)00404-5
http://dx.doi.org/10.1016/j.physd.2005.06.008
http://dx.doi.org/10.1016/S0378-4371(97)00131-3
http://dx.doi.org/10.1209/0295-5075/4/9/004
http://dx.doi.org/10.1103/RevModPhys.57.617
http://dx.doi.org/10.1063/1.2147740
http://opus.kobv.de/ubp/volltexte/2003/89/pdf/marwan.pdf
http://opus.kobv.de/ubp/volltexte/2003/89/pdf/marwan.pdf
http://dx.doi.org/10.1016/j.physrep.2006.11.001
http://dx.doi.org/10.1103/PhysRevLett.86.1514
http://dx.doi.org/10.1016/0167-2789(92)90111-Y
http://dx.doi.org/10.1016/0167-2789(82)90022-7
http://dx.doi.org/10.1016/S1350-4533(01)00112-6

