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RE PRESENTATION THEORY

Levee St RC(rLSewl’A‘I\'of\ \/ of Lie 9oV p G means -

CoanuouS &ow\ G _— Amt(\/) bJL\e,rL \/ vector S‘pac.e_

EMKS |) o We Work over feld F =R o C

o q|ua75 QSSume V 'I[\um-\-e o'AMZV\SmV\R.\ V- S‘/IF a= A\M (V)
2—) Aut (V) = (|V\€°f biyedNons V_’V) £ eveK basys o’j V Av»(:(V) GL(J F)
3) 2E.CIJ\.H Covx‘hnUouI hom = Smootn howa

Lemmoa Equivalent defnibon of rep

G(\QU,O a.d\'an G ) ¢ V e V c,on‘)\'nuov.s "~ G) ||'n€ar- n V

Exp|\‘c\'\-|j: &) |-V = v all ve\/
i) (9‘9'_)_\,—: a,- (3, V) all 4,9,e & veV
For Hais ctason, we oftem call V a4 G-modelde o G—mod
PE Pekon delumines G 4 Bijeckons (V, V) | 9+ (\r\__—s%/
Conbnaveus Tn G amd linearin V  hence G X Aut (V) rep-

Comlmdjl for rep G5 AnTV) define ackon 3-v= Q@)Y | a

Lehvee S RC(MLm‘l’WL‘ow\ V of Lie aﬂjx_Lm % means -

Lie aﬁay_lnm fhom % — End (V) where V vector Space

using Mo bracket Lo, fl=dof—ftoxt on End (V)
Rak  End (V) =(linear maps Y2V | I£ pick basis of V/, End (V] Mat, ,(F)

Leekhee 1O = For 6 .S‘\~\o|) -covmethed @Mo\ wnwec_kd) Lie g¢:

[ Lie gp reps G Autv)) s [Lie aly reps o— End (V)]
QS Queshon sheet 4 (case SU(2)— SO(3) genwl\m {o universal covers G—ws.)
Tor G conneded Lie

{Lie 45 eps G ——1/\1/1'!‘(\/)} 5 [Le aly reps Y5 End (1))
Con\ll’_rsc_l.-_, 9iven

For rep G X5 Aut(V) = gt rep T =or: G.—>C;—“C*Pm+(v3} &G > Aut(v) with

= forces Ker T € ker ¢ (i.e. IKer TS G adds bj Id on V) ‘,:eg{.c:/:: tha:lv)

= (Lie g9 veps G — Ant(V)] €L [Lie gp reps G5 Aut(V) with KerT < Ker )



EXAMPLE S

e Trivial reprtemphov G — Aut(W) , 8‘——4 Td
«Adjoiat represemtakon Ad . 6 — Aw{'(%)

De€  faithhl ree means fA;'ec\\'ve. ep.

I f’(‘a(kce W+ means you Can Mevﬂ\":v G or % with & subset «rf_ makrices.

EXAMPLES Standosd e presmbaions

O(nm — Aunt (R") _
U (n) —s Ak (C") 9iven by Lotk mulbplcahon :

L (P — F"
A (u‘|——aA-\r

Deft VW G-mods, a G -linea” map  (or G-mod homowmorphism) Means

. |F—|§n-€afww\,‘o f:V—W
- £ commutes with G-achon: £ (3V)= g€

Hom_ (V,W) = 1 G- linear maps £:V—W)
Det V,\/\} -Qu\\/qICnt rees iF 3 G-isomorphism €2 V—W
Write V=W .
EXP'\'CC'H\; “
p.1 6 — Auk(R™) = GL(nR) Mps
f: R“-—\ \R“ o = }\W« L\; invehlemadty F
f: quivalit & £(pqv)= (. (9)Ffv) & f )= Flp@)-F

Q‘(L\'\,‘Q(Hvﬂ G- linesr movp)

S f‘- (3) are Conjv'aa\k Vie @&n 1So F )-ﬁ)ra”g,

INVAR\ANT \NNER — PRODUCTS

Ef‘-t for & vt V) an inW prodiet (Hﬂ.rwd)\‘an L 16 F=C) <50 UxV—aF is G=lavartant €
<9V, gudy = <UD all 9e6, v,weV
and el V am octhogoral vep (F=R) or unitwy p (F=C).

EXP'I\(,;'\'LJ If Pk o.n./unitary baosis e, for V
=) <Tace;,Thye;> = &b

(all:é F“ GMA X= oo“)'ujq-\{ '}f'ah.f?ose.\)
= v*fcg\*g(g)u.r = LIV, PPWI> = KW = v¥uw  for all v,
= £(9V*§(9) = Td so ¢3) is an orthegonal/unitery madviX
= f=R: p: G — O &€ GL.(hllk)':-"A'wHV)
F=C: g & — W & 6L C) = Aut[V)



New FRoMm oLD
Lek VW be 6-mods : we want to build new G-mods from VW

1) Mtk sum VASRY, 9 (V) =(9\r’3u—)
?.) Yemsor pro dvdk V®IFW 3(‘\)’@(.!‘) T 9V @ gy
Recall : VAW is a veckor space of dimension dimV. dimW . ) ‘
We use Hhe symbols v @y o denole o basis of V@W, whenever{V: 15 & basis of V
exanfle R'@R = R™™ , So v®0=0
[t 'S convenient o exkend the Symbol @ Yo any vedors Ly ole.c\arinj ok “ S®w=0
(z A:Vc)®(z//|\}- Ul‘,) = 3 Nf\j (-\J‘;@ u:;) (o'F-I»CA all vVur 9€nerac+o(‘s)

My not all vectors in VOW arise as v@us - You weed +oallow sums S Vi ®@ W,

For exawple in I11®IR" ®e, +2,8e, # vRW fr any v, w e R
A linear map : V@W—) W is delermined b.‘? its valves on genera\kr.r (V@ w') since
Hhol dedermines @ on the basis v @uy. Conversely, if you define @(VO W) in & way Hhat
s lintor in V" and in W, Mhen zxkv\d:+o o wa\l defned linew mop V®W—') A

) f ¢ HomG(v,\rJ) = g¢t G-mods - Ker f(v)=0 = £(9-v)=9-f=0
lwm £ % fo) = 'F(g-'\f)élmp

Cokar £ =w/’m-F g.-(r.r-(-\m'n = guw+ I £

L}) u’"‘j"}“"e sras. \/ : as seds V=V, uSe same G-—ackov\l bwt c\,.muge_+ke_¢-qckan-_

($or F=C) Nev= AV for NeC
5) dvalspa V'=[F-tinwr VESE)  (34)0)= ¢ (57 V)
Rmk. : Need inverse 87" o make i} a left-achon (check axiom (<)) V— L f
Another reason is Haak you want the -Fo\\owir\:) diag ram +o commute : 3l 94 S IF
V_
6) e\()m spacs H'oM,F{V’\.J)-: {IF’UALMV-Z»W} (j ¢) (v)= 3( ( '-u’))
This emsuces Hhat Hie -Fn”,owh\j o\,\‘agmw\ ommubes : V—_—y\,\l
*)
tmmn W = Homy (VW) G-ise o
:V—W s
& \P ®® u—— ("?(“ﬂ _ \PN)I'"> amd extend L.&M@ in ¥ amd W
EF

* Lineos by consievikon. V . +
Bijechve : P«-K basis ve o V, gk dval basis v 5o v (wr) (7% ‘ " Pk basis u- W
Thew v' O is a basis for VOW. T\v\ecanerfom(.,a, ¢ mops ace: @5 VoV widh
‘&J(m_ V; (\TK)U‘ {‘“O’J 'ﬁ :#_l: so ‘?U i§ Hhe makix NI“\{I " po.hhor\ (J;‘)
These modices are o bagis €or HomF(v,W) v’ O in all ohher pasions

> presesves G.'adwn

(3:(¢8u)v = (946 i) v = (30)) - gor = YG™ 19w = 3(Hy™) )= (3 0)0e). Vm
€IF



REDWAIBILITY
'DC_‘F A G-submadule or subrepresentalion of \/is & G - invaliant veckor s‘uLspace wWeV.
‘ \. . nng: q. ew
Gl V reduible if 3 subrep W0V GWeW (rent e W
iccedvuble if W=0,\/ are the only svbreps. «— call V \Crep
EXAMPLES

«G=S ‘o;c.'l:S' on CL \93 C"e-' (‘%,,%z\= (eae:_l'e,cg a,_)_-ﬂnis 1S f‘eJ.vui\u\c_: a- ( Il) < Clis avaliant

.G._— {(3’ E) a_,bicem) ac_—f-o} ACh Y\ﬁ,‘i\lm“j on m-’- ('\r F—-’A\r "FO(' ve C-L/ AG. G)
BU\‘\' |KL 1y FQA\AC{L\Q : \/\]: |R(cl,\ I a G'Sutﬂl\l\ool Since GWC—' W.

e Gz u(z‘) Q(.H'\a on C% 15 irceducible ¢ if \/iOC—.Cz, exfend 4= IVTI toa Unm"\'af') basis Wy, Uz .
Then A= (u w)e U(2),and Ae=u = % So A\ v =|vle, - Sim;\arka for B= (uy “l\,
B'.v=vle, . So ¥ WS % isastbeey anh vo €W, then G- W E W ,in prRuwlor
A'v, 8'veW, so €,6.e\W, so W=C* (since it is a vedor subspace, span(e,,¢,) c W)

Schue's Lq,wwv\o» fe HOWG(V)W\ for V,W \rreps = £ tso o £=0
PE or £ =0 or / Siad V irep Wbt =W or 0 sinee W irrep. 8

Shur's lamma. o€ £ eH~”""c;(\/pV) for Vicep = f=X2-Td some deC

P F=C =3 ) tpne of £
= JF-2T4 € HONG (V,W) Wit von-zerv kecnel

=) - \- =
Schur f-MId=o @

Cor V,W intps = {H‘ov"‘q (V;W):o it VW et "4"'\"1"“5'
dim Bome (v, W) 21 ¥ VM gquivati

(=1 ulm F=C)
Abbeeviate nV = M\/ ne N
n copies
Thsoromn Vc nov\——qviuM irreps Hon  IDER: Compare
(‘D wV, = ® n; Vi & m =ng prime fatorimNons
(we assvme oaly fiailely many mi,ni are non-2eco) over N,
Pﬁ =3 HOMG(V\UQM;V“,) o= Hov\'\q(\/k,@n\‘ V'.)
1 13
Om: Hown (V2 ®n: Wowy (Vi Vi)
Shwe s ——— I n
Hov-a(Vj,V.:)=o - Homq (vk,vk) N H°""c {Vh,\/k)
unless {=)

Take Mmcmiovd = Mh =N, B



