Dr Alexander F. Ritter, ritter@maths.ox.ac.uk
LECTURE IB C3.5 LIE GROUPS, HT2015, Oxford.

This lectvre : G COMPACT LIE GROUP, F=C
REPRESENTATION RING = CHARACTER RING
be_'(' Keff‘&S'Cn\'ukon,ﬁng— R(G) = { ZV‘\‘. V\,'g n{ € Z/ ‘F\'n”dy many nc#o_l,

\-—v\/\v

MS\'naﬁw{ R ;ZV\QV\—&quVﬂJthrreps of G.
(V{®VJ' =Y_mka inR@G) if V; ®¢Vj =@ mkvh\ victval ceps or vichal G-mods
”L\oﬂesp\ reps: { ) n Vi e RCG) Dong >,0)— <'L, {e«,uiva(cv\u. classes of reps\\]
4

(complede eduabiliby+last Hum of Lechvee 1)
Def CO(G) = (ing of class funckons : onknvous 65 € sassfying £(87'98) = £(g)
pointwise addifon & multiplicalon N exaneLe chacackers £=Xy-
Tam X:R(G)—=W(G), X(Tn:Ve)= T Xy, s am injechve hom of rings
P£ Injechve by orthoqonality relns, hom sinc XV;@VJ-= Xy, " Xy; @
Def  Oftem idembify R(6) with X(R(Q) «called chamacter cing

Thm | Any class function is uniformly agpeoximaked by 22: X, (2i€q)
(Q-Sheet€) | That is:  Spang (Image X)c L (6) dense-

@( Falls for F=R:holds i wse {f:G—R in REG) with F(4) =fl5™Y
EXA’MPLE G:S‘: |R/Z §‘ . 5‘4 GLU}C) gA:§®a:SI%GL(|,¢)

(here aeZ, ¢ = & ®lal ¢,() = e*"*.14 Oala) = 2T " T
+Sa 6 ' 2T X :
' a<o GZ) x, (x) = e ?('a(x’= eufum')(
= R(Sl) = {Z Na §o~ 'F:m'-k S'WV\) r\aéZ} s Z[t;t_l — PL},;;-e'lgt{:
Q.sheet 5 acZ s Ja
‘ ' Ja < t i etnc polys
. — 2 Cax igonom e poly
'2(, RISH— C@(S )’ 'X(fm\fﬂ q%'znae = Wik fnkgrerweF'FS_

EXAMPLE G=T"=R"/2"  Q@.sheet ¢ using T"= x5 (o direckly by @.5heet S):
R(Q) = § T Nala finitesum, nae2) = Z[1F)... £5 = Laveateotss
aen /l\ eo‘_e ‘H\l\{:?z---‘t&“ Wt ren
¢ T"— GL(,C), (0= VI, Aalr) =HTEer*>
whee <a,X>= ayx,+---+ap¥n
PETER-\JEYL THREOREM

£: G =AW (C") gves a subset of C(G)=ic,on+fnvou.s funthons £: §— CC}

called matcix entries : {-(ﬂ:((ﬁ,j)—ew&rs of the mateix £(9)) =Trace (o p(9))



Where @: C"—>C" linear map will C€(€t)=€j omd  @(e)=0 all k¥j-
(0 = madrix with | in posibon (j,i) and O elsewhere)
EXAMPLE G=S'CCE elx) = (n Jme sama ) € AdtC). Take (4§)= (42)
v xes'=R/2
= (O °) . v, — /O (o) . (1, L) entr
4= 58] 20750 (5 ) Tl e (B4
FACT (Schne) matnx entries of imePs ace OFH\oaoY\&Q “5"’\3 <‘cu(:7,7 =524% £9).

RME holds for IF =R for two non—equivalent irreps, otherwise fails (e g, example above).
EXAMPLE G =S' dim(itcees) =1 = madix enry = X, = e2Tax for a€eZ are «Jr—\*koj.
(indeed orthogonality relns: < Xa,X1,>=0 for a#b). Above example fails sinca redvable . |

Def Represertalive funchon means any \inear combinahon of malvix en¥ies
Lo whee f:G— AntV, LeHome(YV)*

They con alwavys be waten as

Le{_" F@;’ {mmww’gu o) T T (e ) for g6 ARY, YeHom (VV)

O liog, +ALa0f, = (LOAL)o(FOFf) using V=V, OV = F(G)is v-s. /C

@) Product of two mabvix enlries from fuf?_ s o Mmakeix enkj 94. 5 ®F, (Q.1 QSheet 5)
D F(G)C C(6) is subring amd v-5/C 50 it C-algeben.

(@ £ only allow ep V, g2t vedor subspace %/ (G)<S FG)of dim < (dimV) = #(meis,

Above Fact = FGe)=® FVC(G) orthogonal direct sum over Ue intps v

will not prove i}
(Rea\”y wostly, S

nchonal O\M\)’S;

Peter -Weyl Theotm (vecsion | F (G) € C(G) is dense

RmE also holds for F=R.
GL)Q cts = can mni-&(‘m'y aLﬂomx?mx\C £ \97
(given €30, Ip:G6—Aut(v), I @e Hom(vV) with 3¢ | £ - Telop)| < €)
Fact ({—:GH(C) e ((G) = ¢an choose @ e Homa(\/,\/) < Homc(V,V)
Stone -Weierstrass theoem  (NoN-EXAMINABLE)

M  compadk mfd (moregenemllj a compact Havsdorff dopological space)

e S € C(M)=lcts M- G} is -\i—SmLo\\jeLra. sefacating 'Poin*s with 1€S
Am = m’ = 3£€S

| cC is d l f — \ in
Then 5 < CM) is dense fcS= £ €S SE C(11) sube ) With £0m) 3 f0m’)

and vector subspace

re_ercse,v\“‘aﬁ\'e s

Rk also holds for F=R s0 S € C(MR).
EXANPLE S = span {Te0 =™ ™ ae 2\ € C(S") where xe$'=R/2

S is v.s. sine it5 & span, amd & subakdpelbn, since € =F,4L €S ‘
I=f €S £= MMt €S x#Yy mod Z = e g™

(
= S — {”+ri3 P‘Dljﬂom\‘ﬂ\s“} < C_(S\) JWCI = {:l(x)#: 'F ‘3)
EXANPLE for F=R use Spammg_c.or 2Tax , Sin 2TaL : qu‘J < C(SI,R)



CONSEQUENCE :  FOURIER ANALYS\S — IIfll;=§] e

Reaall C(S') € L2(S") ={square —integmble fns £: S'5 ) dense (easy fack)
=) can Lroppoximate any L-fonckon by trig polys. We Knew Hhis .

. Lo
. f=(Foun‘erser\eS Z_Zoﬁ x)::’z % 2, f. for N0, (' —(aB
| ‘ Q€ T a=-N 2“:%‘-50&—\ -F(Q)dé
o 2,4 =j- e_?_'ﬂ'mx_ﬁ_x) ax = L ‘F&(ﬂf(ﬂdx = <‘Fa,‘r'7 e of ParameNize \oy
e O¢lo2T)

PROOF OF PeETER-WEYL FOR MATRIX GROWP

CLAIM G =Compackt MAIX 300up = F(6) € C(G) dense

e Already showed S= F(G) s C—-lyebro-.

1eS since = (nLn ew\f_\; of 4rival rep GqAV\‘-'((f)) 9— Id.

f=lepesS = £=Lof €5 wsing dual ey V¥ =V (Qsheet 5 G compact)
Separale Poin¥s : use standard €p G GLINIR) ackag on € by makix muft,

So §:G<alLin,RY—> GQL(nE) inclusion, and if 91F g, are drffeent
motrices Hien Some eny must be dréfecent = £(9))££(3,) some f=Tr(e-p)eS @

COMPACT LIE GPS ARE MATRIX GROVPS

Peler - \Je,\.!l Hreorenn (version ‘2.\

G COW\PQCA— Lie gp —> g(jid:j;‘l'et\i‘l\ge) e G —— (A(™m)  Some m

We eroved version 2= version \/ Q. sheet & : yerston | = version2!

REGULAR REFP, FOURIER ANALYSIS,00—DIM REPS (NoN-EXAMINABLE!)

Pe-l{(" - WQ,»?Q T’/\eortm (VQ(‘ Svon 3\ [ (v(’r?vdfc‘.:;kc;x\mk\
AV\& whitary rep G — U(H)E Aut(H) on o Hitbert space H
is an orthogonal direct sum of Haite dim' unitary subregps

H = @Wc +— (allow ‘nkaite Sums F c_gt ia H \

(-e. closure of Yhe usval dirtet S

Recall for Bnile ¥ G He rﬁﬁuem(‘ =P i H = Funchons (G,T)

H is & v.s. of dim=|G6| Wil basis Qp, indexed by heG givem by:
ee\=('fUncHov/\ | and all other 9HO)

Q- atkon q-e, = ege‘ (since on fonchons (g-gﬂ(ﬂ—ﬁ)‘ekfge\):\}

= G Faithfol f‘:zrmu\'qkonmmkice:} C Aut (([.'[G'I) :

FACT G Raile = req.rep. H 2~ @dim TARYA summing over al\ irreps

So in prinkple can £ind all irceps of Gl




Can't Work Hor compact Lie G unless allow o0 -dim reps since for
inEniYe G (COMPOLCH Hrere ace Coun)—v\uj \‘r\'F\'m'-LQ_(:, moany Fine diml ireeps
(for example for SU(2),Q.sheet 5). This will follow from PW version below.

“F”zz: £ 2 oo
Regueo\r rty H=[1*@) = {square “"’\*fjmk\e £ G—’E}] U Q <
Hitbert space Witk <f, £ :92‘63%_‘33 £,(9) and G-achon: (e‘.{l) (?\ -"—HCC'%)

Pekr,wcgl Theocem (Version W) L"(G):@ W
where W, = (o{im\/;)' Vi and all finite-dim irreps /. acise

FACT An orthoviormal analysis- bas's for L2 (G) is \dim V; - f‘(i‘d

Where f\-”k)(g)=<f(g)-\);-,v'k> iy the (j,k) makix enty in o.n. basis VJ-wfoer

Analysis_Lasis e, means bnear combos can be infnite c.anverﬁen"' Sums
9

So eac~n VE I;i is' U\m‘quelv = EZZ:—en/(diM L?'(G) counhue Q. sheet 6)
ExAMPLE  LZ(S')

Reg.cep. £:1G — Aunt (L)), (POx) - £) (9) 7 fly-2) (vc.vef':%)

Claim el _ ~ _—umax € paramedcine S' by Lo .
a\ L (S ) 0%)2([: e ('\4’\&'\ (g(ece)_(:)(e‘w)—_:'_p(enee.‘?)
N iceps of § ' have = et
P By Pt [2(5) = & Voo (it Lot

. put Y=o replacex by-x
= d: . e——?_T\'LQ.x. ] ,F.(x\ ='F(O\. e—Z.'ll'l'&.'X.
F(G’) - C(G) < Ll(G) ace dense ?'\L{.dé\'ohj

. _ po2Tax
ken(.e_ \/a_: H:éL?'(S‘) : f()()._&l - eZW\aX"S:}‘/ ’JC(’;J-'X\— e ‘F\‘J\)

Rwi

\l\”\a‘l’ iJ' dr\ﬂ.fad-ef OF L-L{Sl)? !\«(Conjugq‘;\'on invariant LL—{\H\C’)\.th)
'XLL(SI) = Z 'e—?;m.ax ADQS Y\O{' OOY\\/-efﬂe_ “|~0 O ’FVV\CHOY\-
aeZ

I+ does however converge to a distvibubion (i.e.linear fmckonal C(s') > ©)
fec(s) — § iMem“oc(ﬂo\x = > Z_o— L2 = (o)
- & =-N ae

‘ * oot LWL
f = £y s Hhe delta-"Funchon' | Fourier coctts Zi—\?im_gm

Genowl G too~dim rep £ Hee chamck 15 diskibvhon 7(H(\C)=Tr /;EG’C(?) ?(%\)
For PQ%H’.P L*(6) 'X'L"(G)({_):’F'“) is delta-fmihon ok |

= reeover fo X (Fof)= £(d, ) = £(0) |




