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Example: CY resolution of singularities 9t — C" /G for finite G < SL(n, C)
H*(971) has basis labelled by Conjugacy Classes (G) (McKay Correspondence)
McLean-R.'23 SH 1 (9) = H*(9M) for isolated singularities C"/G

and non-constant orbits are naturally labelled by Conjugacy Classes (G).
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Symplectic manifold
(M, w)

Basic example: C?/(Z/3) — V(XY — Z3) C C3, (x,y) — (x3,y3,xy),
C*-action (tx, ty). Blow-up 0 get Ap-resolution 9, W= (X2 Y2 Z3)cC3.

Reeb orbits
[—

Positive symplectisation
T X [1,00)

Contact manifold

3 Many examples of symplectic C*-manifolds, often hyperkahler:

T*CP", T*(Flag Variety)

Negative complex vector bundles

CY Resolutions of singularities C"/G
Conical Symplectic Resolutions

Springer resolutions of Slodowy varieties

Quiver varieties

Semiprojective toric varieties
Hypertoric manifolds

Moduli spaces of Higgs bundles
C*-equivariant projective morphisms
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1) Can do Floer theory for Hamiltonians Hy that are kH+constant at co.
= ker(c; : QH*(9M) — HF*(Hy)) filtration by ideals of QH*(9M).

2) 3 Morse-Bott-Floer spectral sequence with E;-page:

0-th column: QH*(9Mn)

higher columns: H*(Morse-Bott mfds of non-const orbits)[index shifts]

Converges to HF*(Hy) if we ignore columns above “slope k.

Converges to SH*(9) = lim HF*(Hy) if we use all columns.

Filtration: x € ker ¢/ < columns up to “slope” k kill x on some page.

3) SH*(9M) = QH* (M) /Eo = QH*(IM) o (localisation at Q), where
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Eq := ker QN>0 = generalised 0-eigenspace of quantum product by Q.
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CY (c1(9M) = 0): SH*(M) =0, ker cj = QH* (M) = SH (M) for k>>0.
Fano O(—1) — CP" has dim QH* = n+1, dim Ey = 1, dim SH* = n.
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3 three versions, depending on what you want it to be for a point e

E-H*(e)=K[u],

E>*H* (o) =K[u],=K(v)),
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Adapting Kirwan '84 to our 9, “Equivariant formality”:
3 non-canonical iso E¢H*(M) = H* (M) @ E®H*(e) of K[u]-modules

Borel’s localisation theorem: For char K = 0,
E~ H*(Compact mfd) — E~ H*(Fixed Locus) is an iso after u-localisation.

Equivalently: E°°H*(Compact mfd) = H*(Fixed Locus)((u)).
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Two S'-actions on loops x(t) C 91, C*-action ¢ and loop-reparametrisation:
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For simplicity, assume: char K = 0 and (a, b) is a free weight, meaning
non-constant S'-orbits x are not fixed: 0 - x # x.

Examples: (1,0),(0,1), or (a, b) # (0,0) with ab < 0. Not (1,1).
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Zhao'19 Localisation theorem for 901 Liouville, weight (0,1), different proof.
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For EtH*(9M): bigraded filtration | &Y := u" " ker(c})|for N > 1 € N.
Just like in the non-equivariant case, the kernels increase with k.

Surprising: ker ¢ do not grow for E~ and E®°, they are trivial:

Theorem ( , Injectivity theorem)

cp  ETQH* (M) — E~ HF*(Hy) is injective. (For E* it is an iso)

"
Ck

E~HF*(Hy)

Proof. H*(M)[u] = E~ QH* (M)
injective inclusionl l
H* () ((u)) = E©QH*(901) — Bt i poc pye(f). [0
Natural u-filtration on £~ QH*(9M) (it aIso_induces one on EXQH*(M)):
FN = {x:c}(x)is divisible by u"N in E~HF*(Hy) modulo torsion}
— ker( QH*(MM) % E-HF*(Hy) / (uNE~HF*(Hy) + torsion) )




Filtrations on EH*(9)t) via Floer theory

For EtH*(9M): bigraded filtration | &Y := u" " ker(c})|for N > 1 € N.
Just like in the non-equivariant case, the kernels increase with k.
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"
Ck

E~HF*(Hy)

Proof. H*(M)[u] = E~ QH* (M)
injective inclusionl l
H* () ((u)) = E©QH*(901) — Bt i poc pye(f). [0

Natural u-filtration on £~ QH*(9) (it also induces one on E* QH*(IN)):

FN = {x:c}(x)is divisible by u"N in E~HF*(Hy) modulo torsion}
= ker( QH* (M) & E~HF*(Hy) / (uNE~HF*(Hy) + torsion) )

JLES: --- - E-HF — EXHF — ETHF — - respecting filtrations,
which becomes a SES in the limit: 0 — E-SH — E*SH — E*SH — 0




Computing ECSH* = Hﬂ(EQQH* - EOHF*(Hl) — EOHF*(H2) — )

R'14 Non-equivariant case: SH*(9) = QH*(IM)/Ey for Eg = ker QN>0:



Computing EV¥SH* = Hﬂ(EQQH* — EQHF*(Hy) — EQHF*(H) — ---)

R'14 Non-equivariant case: SH*(9) = QH*(M)/Ey for Eg = ker QN>0:
QH*(MM) - HF*(H1) — HF*(H2) — --- can be turned into
QH* (M) — QH*T21(M) — QH*F4#(IM) — -+ each map is xQ,

using “Seidel iso” HF*(Hy) & HF*T24(Hy_1).



Computing EV¥SH* = Hﬂ(EQQH* — EQHF*(Hy) — EQHF*(H) — ---)

R'14 Non-equivariant case: SH*(9) = QH*(M)/Ey for Eg = ker QN>0:
QH*(MM) - HF*(H1) — HF*(H2) — --- can be turned into
QH* (M) — QH*T21(M) — QH*F4#(IM) — -+ each map is xQ,

using “Seidel iso” HF*(Hy) = HF*T2#(H,_1). Equivariant version:

- - 2 — 2N
E(a,b)QH* (G E(Hb,b) QH* 2 s ... 5 E(a+Nb,b)QH*+ [ G



Computing EYSH* = lim (E® QH* — EVHF*(Hy1) — EYHF*(Hy) —

R'14 Non-equivariant case: SH*(9) = QH*(M)/Ey for Eg = ker QN>0:
QH*(MM) - HF*(H1) — HF*(H2) — --- can be turned into
QH* (M) — QH*T21(M) — QH*F4#(IM) — -+ each map is xQ,

using “Seidel iso” HF*(Hx) & HF*T2#(H,_1). Equivariant version:

C 2 - +2N
(a.0) 9" w Easnpp QHT
(CI’:I)*l — adjugate(cl’f,) ® ﬁ

Efy.s) QH™ @ K((u)

= allows us to view E~ HF*(Hp) as increasing nested submods in E*° QH*.

:::Ji—QH*
u b

T QH*
Tzé\

New classes from E~ HF*(Hy)




Computing EYSH* = lim (E® QH* — EVHF*(Hy1) — EYHF*(Hy) —

Equivariant version:
Bl QH" e By Q12 = - o

(a+b, (a+Nb,b
%
(cy) ™ = adjugate(cy) ® go¢ i

*+2Np
) QH

N

Ep QH* © K (1)

= allows us to view E~ HF*(Hy) as increasing nested submods in E*°QH*.

:::Ji—om
u b P

T QH*
sz

New classes from E~HF*(Hy)

Non-trivial example: 9t = T*CP!, for N = 1:

e Vea Al
Might expect “naive inclusion” e KD 2 [+Te
E-HF*(H) = u'- QH*(M)[u]: O {[e]e d OpE

clasges

in € HF(H,) Graded picture



Computing EV¥SH* = Ii_»m(EW()H* — EQHF*(Hy) — EQHF*(H) — ---)

Equivariant version:
Ea)QH" By QH P2 o s

l(a+b,b/ (a+Nb,b
*)~1 = adjugate(c %
Elo ) QH" @ () e e

= allows us to view E~ HF*(Hy) as increasing nested submods in E*°QH*.
Non-trivial example: 9t = T*CP!, for N = 1:

*+2Np
) QH

w L. EGH. 4]
Might expect “naive inclusion” K KD 2]
E-HF*(Hy) = u~' - QH*(M)[u]: & {jjwm b
clasges
in E'HF(H\) Graded picture
oL bEar gL P
- o] (FRET olfePe L ccp!
But actually, this happens: a” { [o]e 0[eF wn €
=]\ New -2 [+
. clasges
L Jin €7HF(H) Graded picture

what this implies about the filtration: dimg (70 N .Z2) = 1.



Equivariant formality: computation in the CY / Fano cases

Recall: Ey = ker QNV>0 ¢ QH*(M), and that SH*(M) = QH*(IM)/ Eo.
Non-canonically: QH*(9t) = SH*(9M) & Ey, as K-modules.



Equivariant formality: computation in the CY / Fano cases

Recall: Ey = ker QNV>0 ¢ QH*(M), and that SH*(M) = QH*(IM)/ Eo.
Non-canonically: QH*(9t) = SH*(9M) & Ey, as K-modules.

Theorem ( , Equivariant “formality” theorem)

If (M) e R

) >o|w], then 3 non-canonical K[u]-module isomorphisms:
E~SH*(I)

SH*(M)[u] @ Eo(v))

E>°SH*(t) = SH*(IM)(v) @ Eo((v)) = E*QH*(IN)
E*SH*(9M) = SH*(M) @ K((v))/uK[u].

In CY case (c1(9) = 0) have SH*(9M) = 0 and Eg = QH*(IM).

E~HF*(Hy)

SH*(9M)[u] “ Iiili[u]

SH*(0) i E

1 e IR v




Equivariant formality: computation in the CY / Fano cases

Recall: Ey = ker QNV>0 ¢ QH*(M), and that SH*(M) = QH*(IM)/ Eo.
Non-canonically: QH*(9t) = SH*(9M) & Ey, as K-modules.

Theorem ( , Equivariant “formality” theorem)

If c1(9M) € R>plw], then 3 non-canonical K[u]-module isomorphisms:
E~SH*(OM) = SH*(O)[u] ® Eo(w))

E>©SH®(I) 2 SH*(M)((u) ® Eol(1)) = E®QH*(M)

E*SH*(9M) = SH*(M) @ K((v))/uK[u].

In CY case (c1(9) = 0) have SH*(9M) = 0 and Eg = QH*(IM).

E~HF*(Hy)
SH*(9M)[u] “ Iiili[u]
SH*(9m) B
CY example. T*CP! = O¢pi(-2): E~SH* = K((u))>.

Fano example. Blo(C?) = Ogp1(—1): E~SH* 2 K[u] ® K((v)).



The filtration polynomial

>_1 K[u]® = v K[u] & v 3K[u] @ v *K[u]

of,o
oo

4

<

u
Basic example: <o
0

Young diagram for the j; Dual Young diagram: the d;

oo Kllu]]3 ] _/:1 = ] d, =
olele [] 2= 3 - d2 =2
ofefe K3 = d3 =2

[T1 5= e
Lo _ . (French notation: row — oy — —
. u~2-slice lengths non-decreasing) (do =r=3, d25 - 0)

d, = dimg(u~"-slice), and u’t, u’2, u¥ are the invariant factors u, u3, u*.

(RZ'24) Filtration polynomial:
h:=dy+dit+---+djt/ + - where d; := #{invariant factors u=/}.
In the basic example: h = 3 + 3t + 2t% 4+ 213 + t4.



The filtration polynomial

Young diagram for the j; Dual Young diagram: the d;

T | KPP ] h=1 | =3
o[e|e ﬁé\ I I | J:2 :2 HE 32 :%
DRE 3 = =
il <\K 2 1 dz =1
L French notation: row — = —
u™2-slice fengths no:-cfecreasing) (do =r=3 d25 - 0)

d, = dimg(u~"-slice), and u’t, u’2, u¥ are the invariant factors u, u3, u*.

(RZ'24) Filtration polynomial:
hi=dy+dit+---+djt/ + - where d; := #{invariant factors u=/}.
In the basic example: h = 3 + 3t + 2t2 4+ 2t3 + t4.

K[u] is a discrete valuation ring with parameter u, so the Smith normal
form of (cy)~! is encoded by invariant factors that are powers of u:

=] L=l “naive inclusion”
[e]e] [o]e]
1]
] Graded picture Graded picture
Invariant factors (1, u?) Invariant factors (u,u)

Filtration polynomial h = 2 4 ¢ + ¢2 Filtration polynomial h = 2 + 2t



Filtration polynomial determines a Hilbert-Poincaré series

(c;)"NE~HF*(Hy)) C E-QH*(M) @ K((u))| for slopes k € [0, )

= nested Young diagrams as increase k, filtration polys h(t) = > d;(k) ¢/

Theorem. (R724) | di(k) = dimg .7, /uZl | (dj(k) < d;(K) for k < k')




Filtration polynomial determines a Hilbert-Poincaré series

(ck)"H(E”HF*(Hx)) € E~QH* (M) @ K((v)

for slopes k € [0, c0)

= nested Young diagrams as increase k, filtration polys h(t) = > d;(k) ¢/

Theorem. (RZ'24) | d;(k) = dim 9;{/“9/{_1

(di(k) < dh(K) for k < K')

Pj =L JuF]" filter E-QH*(9M)/uE~QH*(9M) = QH*(IM).

= non-canonical K-linear iso QH*(9M) = ;>0 Pj/Pj+1.

= (RZ'24) Hilbert-Poincaré series P, =" p;j(k)t/ for QH* (M)
pj(k)=dimg P;/Pj+1 = dij(k) — dj+1(k) = #{invariant factors /}.

Conversely, recover dj(k)=dj_1(k)—pj—1(k) using do(k) =dimg QH*(I).



Filtration polynomial determines a Hilbert-Poincaré series

(c;)"NE~HF*(Hy)) C E-QH*(M) @ K((u))| for slopes k € [0, )

= nested Young diagrams as increase k, filtration polys h(t) = > d;(k) ¢/

Theorem. (RZ'24) | dj(k) = dimg ZL/uZ] | (di(k) < dj(K') for k < K')

Pj =L JuF]" filter E-QH*(9M)/uE~QH*(9M) = QH*(IM).

= non-canonical K-linear iso QH*(9M) = ;>0 Pj/Pj+1.

= (RZ'24) Hilbert-Poincaré series P, =" p;j(k)t/ for QH* (M)
pj(k)=dimg P;/Pj+1 = dij(k) — dj+1(k) = #{invariant factors /}.

Conversely, recover dj(k)=dj_1(k)—pj—1(k) using do(k) =dimg QH*(I).

Examples. M=C: he=1+t+---+tkand P, =t~
M = Blo(C?) = Ocpr(—1): he=2+t+---+tFand P, =1+ t
M= T*CP! = Ocpr(—2): he=2+2t+ - +2tk"1+o,

where o = thk + thkt1 or 2tk. So P, = th=1 4 thkt1 or 2¢k.




Filtration polynomial determines a Hilbert-Poincaré series

Theorem. (R7'24) | dj(k) = dimg Z JuZl | (dj(k) < dj(K') for k < K')

Pj = F JuF] ! filter E-QH*(IM)/uE~QH*(IM) = QH*(M).

= non-canonical K-linear iso QH*(9M) = @j>0 P;/Pjt1.

= (RZ'24) Hilbert-Poincaré series P, =" p;j(k)t/ for QH* (M)
pi(k)=dimg P;/Pji1 = dj(k) — dj1(k) = #{invariant factors /}.

Conversely, recover dj(k)=d;_1(k)—pj_1(k) using do(k) =dimg QH*(I).

Examples. M=C: he=1+t+---+tkand P, =t~
M = Blo(C?) = Ocpr(—1): he=2+t+---+tFand P, =1+ t
M = T*CP' = Ocpr(—2):  he =2+2t+---+2tk71 o,

where o = thk 4 thkt1 or 2tk. So P, = th=1 4 thkt1 or 2¢k.

4
E-QH*(Y) { 2
0
TN
—6
k = 3 case Graded picture Graded picture

hs = N3 = 2 4+ 2t + 2t% + t3 + t* possibility hy = Z5 = 2 + 2t + 2t2 + 23 possibility



Semiprojective toric manifolds

Natural class of non-compact toric mfds: GIT quotients of a cx torus action
on a cx vector space (Hausel-Sturmfels'02). Toric mfds 9t have lots of
C*-actions ¢, from v € N = Hom(C*, T), as 9t = Closure(T).

There is a combinatorial description of 91 in terms of a fan X.

Moment polytope A = image(u : 9 — R") = {x € R":(x, &) > A},
inward normals e;, toric divisors D; = u~1({x € R" : (x, ;) = \;}) C M.
Landau-Ginzburg superpotential W = 3~ T 28,

Jacobian ring Jac(W) = K[z*']/(8,,W).

Example:
Fano SP-toric surface 7 : BI{O}X{[l:O]}(CxIP’l) — C. Holo curves appear
at infinity: 7~ 1(c) 2 P! for ¢ # 0 € C. Fan ¥, moment polytope A are:

& =(0,1) e =(11) (-1,1) Dy
Dy
> € = (1,0) (71.0) A
Ds
=(0,-1
e = ( ) lﬂ- (0,-1) \Lﬂ' D,




Semiprojective toric manifolds

Natural class of non-compact toric mfds: GIT quotients of a cx torus action
on a cx vector space (Hausel-Sturmfels'02). Toric mfds 9t have lots of
C*-actions ¢, from v € N = Hom(C*, T), as 9t = Closure(T).

There is a combinatorial description of 91 in terms of a fan X.

Moment polytope A = image(u : 9 — R") = {x € R":(x, &) > A},
inward normals e;, toric divisors D; = u~1({x € R" : (x, ;) = \;}) C M.
Landau-Ginzburg superpotential W = 3~ T 28,

Jacobian ring Jac(W) = K[z*']/(8,,W).

Theorem (RZ'23 (and in RZ'25 the equivariant version of this theorem) )
Let M be Fano SP-toric. Any v e NN Int(\Z]) (O, @) symplectic

Vi V2 Vn

C*-manifold, with rotation element O, =x" =X X X where

V = viej, + -+ vy, in the basis ej, of some maximal cone, and
K[xi,...,x]/JT = QH*(IM), x; — PD[D],
QH* (M) [x = K[x, ..., xE/T = SH* (M, ) = Jac(W)
xj — c*(PD[D;]) —» T
J :=ideal generated by linear & quantum Stanley-Reisner relations.




Semiprojective toric manifolds

Fano SP-toric surface 7 : BI{O}X{[l:O]}((CxIP’l) — C. Holo curves appear
at infinity: m=1(c) 2 P! for ¢ # 0 € C. Fan ¥, moment polytope A are:

_ Dy
62:(0,1) 93*(]”1) (7111)
Dy
P € = (170) (71’0) A
Ds
ey = (0,—1)
lﬂ_ (0771) \Lﬂ' D,

Pick any v € Zwg x Z C N = Z?, then for C*-action ¢,:
H* (O Z) & Zlxa, %)/ (axe, X2, X3),
QH* (M) = K[x1, xo] /(xixa+ Txt, X2, X3+ Txy — T?),
SH* (M, ) = QH(Y)[x™]
& K[Xlil,xzil]/(xlxz—l— Txi, x2, x3+Tx; — T?)
= 0’
Eq = QH* (M),
E~SH*(OM) = Ep(v)) = QH* (M) (v)) = E>SH* ().



Thank you for listening!



