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can be represented by Floer chains
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∃ LES

· · ·→ HF ∗−1
+ → H∗ c∗H→ HF ∗ → · · ·

Direct limit (increase growth ofH):

· · ·→ SH∗−1
+ → H∗ c∗→ SH∗ → · · ·

Example: CY resolution of singularitiesM → Cn/G for finite G ≤ SL(n,C)
H∗(M) has basis labelled by Conjugacy Classes (G ) (McKay Correspondence)

McLean-R.’23 SH∗−1
+ (M) ∼= H∗(M) for isolated singularities Cn/G

and non-constant orbits are naturally labelled by ConjugacyClasses (G ).
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We obtain a filtration on quantum cohomology QH∗(M) by ideals.

Proof idea: Let x ∈ ker c∗a . For ε > 0 small and “generic”, and any
y ∈ QH∗ ∼= HF ∗(Hε) we need to prove: y ⋆ x ∈ ker c∗a+ε = ker c∗a .

QH∗⊗QH∗ c∗ε⊗c∗a //

��

HF ∗(Hε)⊗HF ∗(Ha)

��
QH∗ c∗a+ε // HF ∗(Ha+ε)
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• RŽ’23Symplectic C∗-manifold: (M, ω),ω-compatible almost cx str.I ,
⋄ ∃ Hamiltonian S1-action which extends to I -holomorphic C∗-action;
⋄ at∞, ∃ proper I -holo map Ψ to Σ×[1,∞), Ψ∗XS1 = const·(Reeb field).

Floer
cylinder

Σ

Reeb orbits

Contact manifold

Positive symplectisation
Σ × [1,∞)

Ψ

C∗

Symplectic manifold
(M, ω)

Note: often ω not exact at ∞, so Ψ not symplectic. Don’t require diffeo.

Basic example: C2/(Z/3) ↪→ V(XY − Z 3) ⊂ C3, (x , y) 7→ (x3, y3, xy),
C∗-action (tx , ty). Blow-up 0 get A2-resolution M, Ψ=(X 2,Y 2,Z 3)∈C3.



Examples where we have such a family HF ∗(Ha)

Floer
cylinder

Σ

Reeb orbits

Contact manifold

Positive symplectisation
Σ × [1,∞)

Ψ

C∗

Symplectic manifold
(M, ω)

Basic example: C2/(Z/3) ↪→ V(XY − Z 3) ⊂ C3, (x , y) 7→ (x3, y3, xy),
C∗-action (tx , ty). Blow-up 0 get A2-resolution M, Ψ=(X 2,Y 2,Z 3)∈C3.

∃ Many examples of symplectic C∗-manifolds, often hyperkähler:
T ∗CPn, T ∗(Flag Variety) Quiver varieties

Negative complex vector bundles Semiprojective toric varieties

CY Resolutions of singularities Cn/G Hypertoric manifolds

Conical Symplectic Resolutions Moduli spaces of Higgs bundles

Springer resolutions of Slodowy varieties C∗-equivariant projectivemorphisms
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1) Can do Floer theory for Hamiltonians Hk that are kH+constant at ∞.
⇒ ker(c∗k : QH∗(M) → HF ∗(Hk)) filtration by ideals of QH∗(M).

2) ∃ Morse-Bott-Floer spectral sequence with E1-page:
0-th column: QH∗(M)
higher columns: H∗(Morse-Bott mfds of non-const orbits)[index shifts]
Converges to HF ∗(Hk) if we ignore columns above “slope k”.
Converges to SH∗(M) = limHF ∗(Hk) if we use all columns.
Filtration: x ∈ ker c∗k ⇔ columns up to “slope” k kill x on some page.

A2-resolution example M → C2/(Z/3):



Floer theory is possible

Let H =moment map of S1-action on symplectic C∗-manifold M.

Theorem (RŽ’23)
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3) SH∗(M) ∼= QH∗(M)/E0
∼= QH∗(M)Q (localisation at Q), where

Q ∈ QH∗(M) is a rotation class (“Seidel element”) for the S1-action
E0 := kerQN≫0 = generalised 0-eigenspace of quantum product by Q.

Examples:
CY (c1(M) = 0):SH∗(M)=0, ker c∗k =QH∗(M) ∼= SH∗−1

+ (M) for k≫0.
Fano O(−1) → CPn has dimQH∗ = n + 1, dimE0 = 1, dimSH∗ = n.
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Adapting Kirwan ’84 to our M, “Equivariant formality”:
∃ non-canonical iso E♢H∗(M) ∼= H∗(M)⊗ E♢H∗(•) of K[[u]]-modules

Borel’s localisation theorem: For charK = 0,
E−H∗(Compact mfd) → E−H∗(Fixed Locus) is an iso after u-localisation.

Equivalently: E∞H∗(Compact mfd) ∼= H∗(Fixed Locus)((u)).
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Two S1-actions on loops x(t)⊂M, C∗-action φ and loop-reparametrisation:

θ · x(t) = φaθ(x(t−bθ)) “weight (a,b)” action

For simplicity, assume: charK = 0 and (a, b) is a free weight, meaning
non-constant S1-orbits x are not fixed: θ · x ̸= x .

Examples: (1, 0), (0, 1), or (a, b) ̸= (0, 0) with ab ≤ 0. Not (1,1).

Theorem (RŽ’23, Localisation theorem)

E−HF ∗(Hk)u ∼= E∞HF ∗(Hk) ∼= E∞QH∗(M). (u is u-localisation)
E−SH∗(M)u ∼= E∞SH∗(M) ∼= E∞QH∗(M).

Proof. E∞HF ∗(Hk): in the Morse-Bott-Floer spectral sequence E1-page,

E∞H∗(Bott manifold of non-const orbits)[shift] = 0 by Borel!

Zhao’19 Localisation theorem forM Liouville, weight (0,1), different proof.
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∼=

// E∞HF ∗(Hk).



Filtrations on EH∗(M) via Floer theory

For E+H∗(M): bigraded filtration E N
k := uN−1 ker(c∗k ) for N ≥ 1 ∈ N.

Just like in the non-equivariant case, the kernels increase with k.

Surprising: ker c∗k do not grow for E− and E∞, they are trivial:
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∼=

// E∞HF ∗(Hk).

Natural u-filtration on E−QH∗(M) (it also induces one on E∞QH∗(M)):

FN
k := {x : c∗k (x) is divisible by uN in E−HF ∗(Hk) modulo torsion}

= ker( QH∗(M)
c∗k→ E−HF ∗(Hk) / (uNE−HF ∗(Hk) + torsion) )
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∃ LES: · · · → E−HF → E∞HF → E+HF → · · · respecting filtrations,
which becomes a SES in the limit: 0 → E−SH → E∞SH → E+SH → 0



Computing E♢SH∗ = lim−→ (E♢QH∗ → E♢HF ∗(H1) → E♢HF ∗(H2) → · · · )
R’14Non-equivariant case: SH∗(M) ∼= QH∗(M)/E0 for E0 = kerQN≫0:
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QH∗(M) → QH∗+2µ(M) → QH∗+4µ(M) → · · · each map is ⋆Q,

using “Seidel iso” HF ∗(Hk) ∼= HF ∗+2µ(Hk−1).
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⇒ allows us to view E−HF ∗(HN) as increasing nested submods in E∞QH∗.
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QH∗

· · ·
E−QH∗

u



Computing E♢SH∗ = lim−→ (E♢QH∗ → E♢HF ∗(H1) → E♢HF ∗(H2) → · · · )
Equivariant version:

E−
(a,b)QH

∗ � � //
� _

��

E−
(a+b,b)QH

∗+2µ � � // · · · �
� // E−

(a+Nb,b)QH
∗+2Nµ

C c

(c∗N)
−1 = adjugate(c∗N)⊗

1
det c∗N

qq
E−
(a,b)QH

∗ ⊗K((u))

⇒ allows us to view E−HF ∗(HN) as increasing nested submods in E∞QH∗.

New classes from E−HF ∗(HN)

QH∗

· · ·
E−QH∗

u

Non-trivial example: M = T ∗CP1, for N = 1:

Might expect “naive inclusion”
E−HF ∗(H1) = u−1 · QH∗(M)[[u]]:
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1
det c∗N

qq
E−
(a,b)QH

∗ ⊗K((u))

⇒ allows us to view E−HF ∗(HN) as increasing nested submods in E∞QH∗.

Non-trivial example: M = T ∗CP1, for N = 1:

Might expect “naive inclusion”
E−HF ∗(H1) = u−1 · QH∗(M)[[u]]:

But actually, this happens:

what this implies about the filtration: dimK(F
0
0 ∩ F 2

1 ) = 1.



Equivariant formality: computation in the CY / Fano cases

Recall: E0 = kerQN≫0 ⊂ QH∗(M), and that SH∗(M) ∼= QH∗(M)/E0.
Non-canonically: QH∗(M) ∼= SH∗(M)⊕ E0, as K-modules.
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Recall: E0 = kerQN≫0 ⊂ QH∗(M), and that SH∗(M) ∼= QH∗(M)/E0.
Non-canonically: QH∗(M) ∼= SH∗(M)⊕ E0, as K-modules.

Theorem (RŽ’24, Equivariant “formality” theorem)

If c1(M) ∈ R≥0[ω], then ∃ non-canonical K[[u]]-module isomorphisms:
E−SH∗(M) ∼= SH∗(M)[[u]]⊕E0((u))
E∞SH∗(M) ∼= SH∗(M)((u))⊕E0((u)) ∼= E∞QH∗(M)
E+SH∗(M) ∼= SH∗(M)⊗K((u))/uK[[u]].
In CY case (c1(M) = 0) have SH∗(M) = 0 and E0 = QH∗(M).

SH∗(M)

· · · · · ·
E−HF ∗(Hk)

SH∗(M)[[u]] E0[[u]]

E0
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CY example. T ∗CP1 = OCP1(−2): E−SH∗ ∼= K((u))2.
Fano example. Bl0(C2) = OCP1(−1): E−SH∗ ∼= K[[u]]⊕K((u)).



The filtration polynomial

Basic example:

(
u 0 0
0 u3 0
0 0 u4

)−1

·K[[u]]3 = u−1K[[u]]⊕u−3K[[u]]⊕u−4K[[u]]

j1 = 1
j2 = 3
j3 = 4K3

· · ·
K[[u]]3

d2 = 2
d1 = 3

d3 = 2
d4 = 1

Dual Young diagram: the dj

(d0 = r = 3, d≥5 = 0)

Young diagram for the ji

u−2-slice
(French notation: row
lengths non-decreasing)

dn = dimK(u
−n-slice), and u j1 , u j2 , u j3 are the invariant factors u, u3, u4.

(RŽ’24) Filtration polynomial:

h := d0 + d1t + · · ·+ dj t
j + · · · where dj := #{invariant factors u≥ j}.

In the basic example: h = 3 + 3t + 2t2 + 2t3 + t4.



The filtration polynomial
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j3 = 4K3

· · ·
K[[u]]3
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d4 = 1

Dual Young diagram: the dj

(d0 = r = 3, d≥5 = 0)

Young diagram for the ji

u−2-slice
(French notation: row
lengths non-decreasing)

dn = dimK(u
−n-slice), and u j1 , u j2 , u j3 are the invariant factors u, u3, u4.

(RŽ’24) Filtration polynomial:

h := d0 + d1t + · · ·+ dj t
j + · · · where dj := #{invariant factors u≥ j}.

In the basic example: h = 3 + 3t + 2t2 + 2t3 + t4.
K[[u]] is a discrete valuation ring with parameter u, so the Smith normal
form of (c∗N)

−1 is encoded by invariant factors that are powers of u:



Filtration polynomial determines a Hilbert-Poincaré series

(c∗k )
−1(E−HF ∗(Hk)) ⊂ E−QH∗(M)⊗K((u)) for slopes k ∈ [0,∞)

⇒ nestedYoung diagrams as increase k,filtration polys hk(t) =
∑

dj(k) t
j

Theorem. (RŽ’24) dj(k) = dimK F j
k/uF j−1

k (dj(k) ≤ dj(k
′) for k ≤ k ′)
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′) for k ≤ k ′)

Pj := F j
k/uF j−1

k filter E−QH∗(M)/uE−QH∗(M) ∼= QH∗(M).

⇒ non-canonical K-linear iso QH∗(M) ∼= ⊕j≥0 Pj/Pj+1.

⇒ (RŽ’24) Hilbert-Poincaré series Pk =
∑

pj(k)t
j for QH∗(M)

pj(k)=dimK Pj/Pj+1 = dj(k)− dj+1(k) = #{invariant factors uj}.
Conversely, recover dj(k)=dj−1(k)−pj−1(k) using d0(k)=dimKQH∗(M).
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Examples. M = C: hk = 1 + t + · · ·+ tk and Pk = tk

M = Bl0(C2) = OCP1(−1): hk = 2 + t + · · ·+ tk and Pk = 1 + tk

M = T ∗CP1 = OCP1(−2): hk = 2 + 2t + · · ·+ 2tk−1 + ⋄,
where ⋄ = tk + tk+1 or 2tk . So Pk = tk−1 + tk+1 or 2tk .
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Theorem. (RŽ’24) dj(k) = dimK F j
k/uF j−1

k (dj(k) ≤ dj(k
′) for k ≤ k ′)

Pj := F j
k/uF j−1

k filter E−QH∗(M)/uE−QH∗(M) ∼= QH∗(M).

⇒ non-canonical K-linear iso QH∗(M) ∼= ⊕j≥0 Pj/Pj+1.
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· · · · · ·

E−QH∗(Y ) E−QH∗(Y )

k = 3 case

h3 = N3 = 2 + 2t + 2t2 + t3 + t4 possibility h3 = Z3 = 2 + 2t + 2t2 + 2t3 possibility

4

0
2

−2
−4
−6 u3

u3

· · ·
4

0
2

−2
−4
−6

· · ·

Graded picture Graded picture

u4
u2



Semiprojective toric manifolds

Natural class of non-compact toric mfds: GIT quotients of a cx torus action
on a cx vector space (Hausel-Sturmfels’02). Toric mfds M have lots of
C∗-actions φv from v ∈ N = Hom(C∗,T), as M = Closure(T).
There is a combinatorial description of M in terms of a fan Σ.
Moment polytope ∆ = image(µ : M → Rn) = {x ∈ Rn :⟨x , ei ⟩≥λi},
inward normals ei , toric divisors Di = µ−1({x ∈ Rn : ⟨x , ei ⟩ = λi}) ⊂ M.
Landau-Ginzburg superpotential W =

∑
T−λi zei .

Jacobian ring Jac(W ) = K[z±1
i ]/(∂ziW ).

Example:
Fano SP-toric surface π : Bl{0}×{[1:0]}(C×P1) → C. Holo curves appear
at infinity: π−1(c) ∼= P1 for c ̸= 0 ∈ C. Fan Σ, moment polytope ∆ are:

π

∆

π

e1 = (1, 0)Σ

e4 = (0,−1)

e2 = (0, 1)
e3 = (1, 1) D4

D2

(−1, 1)

(−1, 0)

(0,−1)

D3

D1



Semiprojective toric manifolds

Natural class of non-compact toric mfds: GIT quotients of a cx torus action
on a cx vector space (Hausel-Sturmfels’02). Toric mfds M have lots of
C∗-actions φv from v ∈ N = Hom(C∗,T), as M = Closure(T).
There is a combinatorial description of M in terms of a fan Σ.
Moment polytope ∆ = image(µ : M → Rn) = {x ∈ Rn :⟨x , ei ⟩≥λi},
inward normals ei , toric divisors Di = µ−1({x ∈ Rn : ⟨x , ei ⟩ = λi}) ⊂ M.
Landau-Ginzburg superpotential W =

∑
T−λi zei .

Jacobian ring Jac(W ) = K[z±1
i ]/(∂ziW ).

Theorem (RŽ’23 (and in RŽ’25 the equivariant version of this theorem) )

Let M be Fano SP-toric. Any v ∈ N ∩ Int(|Σ|) ⇒ (M, φv ) symplectic
C∗-manifold, with rotation element Qφv =xv :=xv1j1 x

v2
j2
· · · xvnjn , where

v = v1ej1 + · · ·+ vnejn in the basis eja of some maximal cone, and

K[x1, . . . , xr ]/J ∼= QH∗(M), xi 7→ PD[Di ],

QH∗(M)[x±v ] ∼= K[x±1
1 , . . . , x±1

r ]/J ∼= SH∗(M, φv ) ∼= Jac(W )

xi 7→ c∗(PD[Di ]) 7→ T−λi zei ,

J := ideal generated by linear & quantum Stanley-Reisner relations.



Semiprojective toric manifolds

Fano SP-toric surface π : Bl{0}×{[1:0]}(C×P1) → C. Holo curves appear
at infinity: π−1(c) ∼= P1 for c ̸= 0 ∈ C. Fan Σ, moment polytope ∆ are:

π
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e1 = (1, 0)Σ

e4 = (0,−1)
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e3 = (1, 1) D4
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Pick any v ∈ Z>0 × Z ⊂ N = Z2, then for C∗-action φv :

H∗(M;Z) ∼= Z[x1, x2]/(x1x2, x21 , x22 ),

QH∗(M) ∼= K[x1, x2]/(x1x2+Tx1, x21 , x22+Tx1 − T 2),

SH∗(M, φv ) ∼= QH∗(Y )[x±v ]

∼= K[x±1
1 , x±1

2 ]/(x1x2+Tx1, x21 , x22+Tx1 − T 2)

= 0,

E0 = QH∗(M),

E−SH∗(M) ∼= E0((u)) ∼= QH∗(M)((u)) ∼= E∞SH∗(M).



Thanks

Thank you for listening!


