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Abstract—We present a meshless simulation method for mul-
tiphase fluid-particle systems using Smoothed Particle Hydrody-
namics (SPH) and the Discrete Element Method (DEM). Rather
than fully resolving the interstitial fluid, which is often i nfeasible,
we use an unresolved fluid model based on the locally averaged
Navier Stokes equations. A variable-h SPH formulation is used
to calculate the fluid phase, where the density of each particle
is proportional to the local porosity. The SPH-DEM method
is validated using simulations of single and multiple particle
sedimentation in a 3D water column. The velocity and terminal
velocity for the single particle compares well with the analytical
solution, provided that the minimum resolution of the fluid phase
is much larger than the solid particle diameter. In the multiple
particle sedimentation simulation, the two-way coupling between
the phases permits the growth of a Rayleigh-Taylor instability.
The growth rate of the instability in the linear regime is calculated
and compares well with theory.

I. I NTRODUCTION

Fluid-particle systems are ubiquitous in nature and industry.
Sediment transport and erosion are important in many envi-
ronmental studies and the interaction between particles and
interstitial fluid affects the rheology of avalanches, slurry flows
and soils. In industry, the efficiency of a fluidised bed process
(e.g. Fluidized Catalytic Cracking) is completely determined
by the complex two-way interaction between the injected gas
flow and the solid granular material. The dispersion of solid
particles in a fluid is also of broad industrial relevance in the
food, chemical and painting industries.

The length-scale of interest determines the method of simu-
lation for fluid-particle systems. For very small scale processes
it is feasible to fully resolve the interstitial fluid between the
particles (see [1]–[3] for a few examples of particle or pore-
scale SPH simulations). However, for many applications the
dynamics of interest occur over length scales much greater
than the particle diameter and it becomes necessary to use
unresolved, or mesoscale, fluid simulations.

Fluid-particle simulations at this scale are often given the
term Discrete Particle Models (DPM). These models fully
resolve the individual particles using a Lagrangian model for
the solid phase. The fluid phase does not resolve the interstitial
fluid, but instead models the locally averaged Navier-Stokes
equations and is coupled to the solid particles using appropri-
ate drag closures. Most of the prior work on DPMs have been

done using grid-based methods for the fluid phase, and a few
relevant examples can be seen in the papers by Tsuiji et al.
[4], Xu [5], [6] or Hoomans et al. [7], [8].

Fixed pore flow simulations using SPH for the (unresolved)
fluid phase have been described by Li et al. [9] and Jiang et
al. [10], but these do not allow for the motion and collision
of solid grains. Cleary et al. [11] and Fernandez et al. [12]
simulate slurry flow at the mesoscale using SPH and DEM in
SAG mills and through industrial banana screens, but only
perform a one-way coupling between the solid and fluid
phases.

The SPH-DEM model presented in this paper can be used
for both one and two-way coupling and is suitable for both
dilute and dense particle systems. It is based on the locally
averaged Navier-Stokes (AVNS) equations that were first de-
rived by Anderson and Jackson in the sixties [13], and have
been used with great success to model the complex fluid-
particle interactions occurring in industrial fluidized beds [14].
Anderson and Jackson defined a smoothing operator identical
to that used in SPH and used it to reformulate the NS equations
in terms of smoothed variables and a local porosity field
(porosity refers to the fraction of fluid in a given volume).
Given its theoretical basis in kernel interpolation, it is natural
to consider the use of the SPH method to solve the AVNS
equations, coupled with a DEM model for the solid phase. This
results in a purely particle-based solution method and therefore
enjoys the flexibility that is inherent in these methods. In
particular, the SPH-DEM model described in this paper is well
suited for applications involving a free surface, including (but
not limited to) debris flows, avalanches, landslides, sediment
transport or erosion in rivers and beaches, slurry transport
in industrial processes (e.g. SAG mills) and liquid-powder
mixing in the food processing industry.

Sections II-IV describes the AVNS equations and the SPH
and DEM models for the fluid and solid phases. The remainder
of the paper then describes SPH-DEM simulations of single
(Section V) and multiple (Section VI) particle sedimentation
in a 3D water column. These results are compared against
analytical solutions in order to validate the proposed model.
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II. T HE LOCALLY AVERAGED NAVIER-STOKES

EQUATIONS

Most models of the unresolved fluid phase are based on the
locally averaged Navier-Stokes equations derived by Anderson
and Jackson [13]. Anderson and Jackson defined a local
averaging based on a radial smoothing functiong(r) with
similar properties to the SPH kernel. The functiong(r) is
greater than zero for allr and decreases monotonically with
increasingr, it possesses derivativesgn(r) of all orders and
is normalised so that

∫

g(r)dV = 1 (1)

The local average of any fluid variablea′(x) can be obtained
by convolution with the smoothing function

ǫ(x)a(x) =

∫

Vf

a′(y)g(x− y)dVy , (2)

where x and y are position coordinates which are one
dimensional for simplicity. The integral is taken over the
volume of interstitial fluid andǫ(x) is the porosity.

ǫ(x) = 1−

∫

Vs

g(x− y)dVy , (3)

where the integral is taken over the volume of the solid
particles.

Applying this averaging method to the Navier-Stokes equa-
tions, Anderson and Jackson derived the following continuity
equation in terms of locally averaged variables

∂(ǫρ)

∂t
+∇ · (ǫρu) = 0, (4)

whereρ is the fluid mass density andu is the fluid velocity.
The corresponding momentum equation is

ρǫ

(

∂u

∂t
+ u · ∇u

)

= −∇P +∇ · τ − nf + ǫρg, (5)

whereP is the fluid pressure,τ is the viscous stress tensor
andnf is the fluid-particle coupling term. The coefficient for
the coupling termn is the local average of the number of
particles per unit volume andf is the local mean value of the
force exerted on the particles by the fluid.

The force on each solid particle by the fluid is

f = Vp(−∇P +∇ · τ ) + fd, (6)

where the first and second terms model the effect of the
resolved fluid forces on the particle andfd is a particle drag
force. This force depends on the unresolved fluctuations in the
fluid variables and is normally defined using both theoretical
arguments and fits to experimental data. For a single particle
in 3D creeping flow this term would simply be the Stokes
drag force. For higher Reynolds numbers and multiple particle
interactions this term is determined using fits to numericalor
experimental data [15].

III. SPH IMPLEMENTATION OF THE AVNS EQUATIONS

SPH is based on an identical local averaging technique to
that used in the AVNS equations, so it is natural to convert
the interpolation integrals in Eqs. 2 and 3 to SPH sums using
a smoothing kernelW (x, h) in place ofg(r). Therefore the
calculation of an arbitrary variablea(x) becomes

ǫ(x)a(x) =
∑

b

a′(rb)W (x− rb, h)
mb

ρb
, (7)

where the sum is over all SPH particles within2h of x
andrb, mb andρb are the position, mass and density of SPH
particleb.

To calculate the porosityǫa at SPH particlea, the integral
in (3) is converted into a sum over all DEM particles within
the kernel radius and becomes

ǫa = 1−
∑

j

W (ra − rp, ha)Vj , (8)

whereVj is the volume of DEM particlej. For readability,
sums over SPH particles use the subscriptb, while sums over
surrounding DEM particles use the subscriptj.

Applying the local averaging method to the Navier-Stokes
equations, Anderson and Jackson derived the continuity and
momentum equations shown in Eq. 4 and 5 respectively. To
convert these to SPH equations we first define a superficial
densityρa for SPH particlea

ρa = ǫaρa =
∑

b

mbWab, (9)

whereWab = W (ra − rb, h).
Substituting the superficial density into the averaged con-

tinuity and momentum equations reduces them to the normal
Navier-Stokes equations. Therefore, our approach is to use
the standard compressible SPH equations using the superficial
densityρ in place of the density and adding terms to model
the fluid-particle drag.

Neglecting gravity, the SPH acceleration equation becomes

dua

dt
= −

∑

b

mb

(

Pb

ρ2b
+

Pb

ρ2b
+Πab

)

∇aWab+ fa/ma, (10)

wherefa is the coupling force on the SPH particlea due to
the DEM particles. The pressure is calculated using the weakly
compressible equation of state, but with the reference density
scaled by the local porosity

Pa = Ba

((

ρa
ǫaρ0

)γ

− 1

)

. (11)

The scaling factorBa is set so that the variation from the
new reference density is less than 1 percent

Ba =
100ǫaρ0v

2
m

γ
, (12)

wherevm is the maximum velocity of the fluid.
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As the superficial density will vary according to the local
porosity, care must be taken to update the smoothing length
for all particles in order to maintain a sufficient number of
neighbour particles. The smoothing lengthha is calculated
using

ha = σ

(

ma

ρa

)1/d

, (13)

whered is the number of dimensions andσ determines the
resolution of the summation interpolant. The value used in all
the simulation results presented here isσ = 1.5.

The most obvious effect of allowing the density and smooth-
ing length to vary according to the porosity is that the
resolution of the method will reduced in areas of high porosity.
The smoothing lengthh is proportional toh ∝ (1/ǫ)1/d.
Compare this with the Einstein’s [16] equation for effective
viscosity for a dilute suspensions

µeff = µ[1 + 2.5(1− ǫ)], (14)

or the effective viscosity by Krieger [17] using a hard sphere
model

µc

µf
=

(

ǫ− ǫmin

1− ǫmin

)

−2.5(1−ǫmin)

, (15)

whereǫmin = 0.37 is the porosity at the maximum packing
of the solid particles.

Keeping in mind that the Reynolds number is inversely
proportional to the viscosity, it can be seen that for both of
these equations and for all dimensions greater than 1, the
effective Reynolds number decreases more quickly than the
SPH resolution. Therefore, not only is the variable-h SPH
formulation presented valid for a wide range of porosities,it
is also computationally efficient thanks to the natural variation
in resolution with effective Reynolds number.

The SPH viscosity termΠab is unchanged and is calculated
using the term proposed by Monaghan [18].

IV. D ISCRETEELEMENT MODEL (DEM)

In DEM (also known as Molecular Dynamics), Newton’s
equations of motion are integrated for each individual solid
particle. Interactions between the particles are explicitforce
expressions that are used whenever two particles come into
contact.

Given a DEM particlei with position ri, the equation of
motion is

mi
d2ri
dt2

=
∑

j

cij + fi +mig, (16)

wheremi is the mass of particlei, cij is the contact force
between particlesi andj and fi is the fluid-particle coupling
term. For the simulations presented below, we have used the
linear spring dashpot contact model

cij = −(kδ − βδ̇)nij , (17)

whereδ is the overlap between the two particles andnij

is the unit normal vector pointing fromj to i. k = 2.5 ×
105kg/s2 andβ = 2.0kg/s is the spring and damping constant
respectively. The simulation timestep is calculated basedon a
typical contact duration and is given by

∆t =
π

50ω
, (18)

ω =
√

(2k/mi)− β/mi. (19)

This timestep is significantly smaller than the normal SPH
CFL condition and in most cases sets the minimum timestep
for the SPH-DEM method.

Anderson and Jackson [13] give the force on particlei due
to the fluid as

fi = Vi(−∇P +∇ · τ) + fd(ǫi,us), (20)

where the pressure and stress tensor are the local values of
the fluid variables. The pressure gradient and the divergence
of the stress tensor are evaluated at each solid particle using
a Shepard corrected [19] SPH interpolation. Rather than in-
terpolating eitherP or τ and then finding the gradients, the
pressure gradient and viscous force fields calculated at each
SPH particle are interpolated directly to each DEM particle.

The drag forcefd depends on the relative velocity between
the two phases, otherwise known as the superficial velocity.If
uf andui are the fluid and particle velocity respectively, then
the superficial velocity is defined asus = ǫ(uf − ui). Once
again, the fluid velocityuf is found at each DEM particle
using a Shepard corrected SPH interpolation.

The simplest drag law is Stokes drag, which is valid for a
single particle in creeping flow and is defined as

fd = 3πµdus, (21)

whered is the particle diameter.
For higher Reynolds numbers and multiple particles, the

drag law can be generalised to

fd =
1

8
Cdf(ǫ)πd

2ρ|us|us, (22)

whereCd is a drag coefficient that varies with the particle
Reynolds numberRep = ρusd/µ, and f(ǫ) is the voidage
function that models the interactions between multiple parti-
cles in the fluid.

A popular definition for the drag coefficient was proposed
by Dallavalle [20]

Cd =

[

0.63 +
4.8

√

Rep

]

. (23)

Di Felice proposed a voidage function based on experimen-
tal data of fluid flow through packed spheres [21]
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Fig. 1. Setup for single particle sedimentation test

f(ǫ) = ǫ−ξ, (24)

ξ = 3.7− 0.65 exp

[

−
(1.5− log10 Rep)

2

2

]

. (25)

Both the Stokes drag term and the combination of Dallavalle
and Di Felice’s drag terms are used in the simulations pre-
sented in this paper.

In order to satisfy Newtons third law, the fluid-particle
coupling force on the fluid must be equal and opposite to the
force on the solid particles. Each DEM particle is contained
within multiple SPH interaction radii, so care must be taken
to ensure that the two coupling forces are balanced.

The coupling force on SPH particlea is determined by in-
terpolating the fluid-particle coupling force on the surrounding
DEM particles

fa = −
ma

ρa

∑

j

1

Sj
fjWaj . (26)

The scaling factorSj is added to ensure that the force on the
fluid phase exactly balances the force on the solid particles. It
is given by

Si =
∑

b

mb

ρb
Wib, (27)

where the sum is taken over all the SPH particles surround-
ing DEM particlei. For a DEM particle immersed in the fluid
this will be close to unity.

V. SINGLE PARTICLE SEDIMENTATION

In order to validate the SPH-DEM model we have used
several 3D test cases involving sedimenting particles in a water
column. This section describes the first test case, that of a
single sedimenting particle. Figure 1 shows the geometry. The
water column has a height ofh = 1.5 and the bottom boundary
is constructed using lennard-jones repulsive particles (these
particles are identical to those used by Monaghan et al. in
[22]). The boundaries in thex and y directions are periodic
with a width of w = 1 and gravity acts in the negativez

-0.45

-0.4

-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

 9.6  9.8  10  10.2  10.4  10.6  10.8  11

V
er

tic
al

 V
el

oc
ity

time (s)

SPH-DEM
Stokes Law

-0.44

-0.435

-0.43

-0.425

-0.42

 10  10.5  11  11.5

Fig. 2. Sedimentation velocity for single particle with one-way coupling
compared with the analytical solution derived from Stokes drag. The inset
shows the same plot zoomed in to show the exact steady state terminal
velocity.

direction. The single DEM particle is initialised atz = 0.75.
It has a diameter equal tod = w/20 and has a density8 times
greater than the surrounding fluid (ρ = 1000). The dynamic
viscosity of the fluid is set toν = 0.0218, which results in a
particle Reynolds number ofRep = 1.

For the first 10s of the simulation, the position of the DEM
particle is fixed and the fluid is allowed to reach hydrostatic
equilibrium. The particle is then released and allowed to fall
under gravity att = 10s.

The standard Stokes law (see Eq. 21) is used to calculate
the drag force on the particle. Since Stokes drag law assumes
a quiescent fluid, the force on the fluid due to the particle
is initially set to zero (this implements a one-way coupling
between the phases). Subsequent results will explore the effect
of a two-way coupling.

Figure 2 show the evolution of the DEM particle’s vertical
velocity using the one-way coupling. Also shown is the
expected analytical velocity given by

v(t) =
(ρs − ρ)V g

b

(

1− e−bt/m
)

, (28)

b = 3πµd, (29)

whereρs is the solid particle density.
The vertical velocity of the falling DEM particles matches

the analytical velocity very well, with no discernible difference
between the data and the analytical expression. The plot inset
in Figure 2 shows a zoomed portion of the main plot, which
reveals that the final terminal velocity of the particle is within
2% of the expected value.

However, one of the main goals of the SPH-DEM for-
mulation described in this paper is to simulate the two-way
coupling between the particle and fluid phases, and therefore
it is instructive to consider the effect on the single sedimenting
particle when the full two-way coupling is used. Figure 3
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Fig. 3. Sedimentation velocity for single particle with two-way coupling
at various resolutions. The resolution number indicates the number of fluid
particles across the box widthw. The inset shows the superficial, or slip,
velocity versus time.

shows the vertical velocity data for multiple simulation runs
using different numbers of SPH particles for the fluid, ranging
from 10x10x15 particles (the lowest resolution, which is also
the resolution used for the previous results in Figure 2) to
25x25x37. The general trend shown in these plots is that
the sedimentation velocity of the DEM particle increases for
higher resolutions. This effect is due to the increase of the
fluid’s vertical velocity in the region directly surrounding the
particle. This is confirmed by the plot inset, which shows
the particle’s slip velocity (ie. the superficial velocityus =
ǫ(uf − ui)) versus time for all the different runs. As can be
seen, these plots all collapse onto the one line, confirming that
it is the fluid velocity in the region of the DEM particle that
results in the higher terminal velocities.

Due to the two-way coupling, the drag force on the particle
will be felt by the fluid as an equal and opposite force.
This will accelerate the particles by a amount proportional
to the mass of the SPH particles. For higher resolutions the
mass of the SPH particles is lower, leading to an increase
in vertical velocity of the affected fluid particles. Since the
DEM particle’s drag force depends on the velocity difference
between the phases, this will lead to a increase in the particle’s
terminal velocity. Figure 4 shows the error in the terminal
velocity of the DEM particle versus the resolution used. As
can be seen, the change in the terminal velocity for the higher
resolutions is significant and in the range of 10-20% for SPH
particle separations of1.25d - 0.75d, whered is the diameter
of the DEM particle.

While unexpected at first, this result can be explained by
examining the limitations of the AVNS equations that are
used for the fluid phase. The AVNS equations assume that
the width of the smoothing kernel is sufficiently larger than
the solid particle diameter so that the fluctuations in the fluid
variables due to individual particles are smoothed out. These
fluctuations are instead modelled by the particular particle
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Fig. 4. Percentage error in the terminal velocity (as compared with Stokes
drag analytical solution) for different fluid resolutions.

drag term used, in our case the Stokes drag law. In other
words, the AVNS equations assume a clear separation between
the resolved length scales and the unresolved length scales
associated with the drag force. In the simulations shown in
Figure 3, the higher resolutions become comparable to the
particle diameter, violating the main assumption of the AVNS
equations and leading to an erroneous result.

In practice, this error should be corrected by using a drag
law that incorporates the effect of the ratio between fluid
resolution and particle diameter. Drag laws are generally a
relationship between porosity and drag force for a given
superficial velocity, and ideally they will be calculated using
experimental or fully resolved simulation results where the
representative length scale is equal to the resolution of the
unresolved fluid simulation (i.e. a multiscale approach). If this
is not feasible, then a more general drag term can be used
(for example the Dallavalle and Di Felice terms in Eq. 23
and 24) provided that the fluid resolution is sufficiently low.
From the data shown in Figure 4, an SPH particle separation
of 2d (resulting in a smoothing length ofh = 3d) results
in an acceptable4% error in the particle terminal velocity.
Therefore this resolution will be used for the multiple particle
sedimentation problem described in the next section.

VI. M ULTIPLE PARTICLE SEDIMENTATION

Most fluid-particle systems of interest will involve large
numbers of particles, and therefore this test case involvesthe
sedimentation of multiple particles through a water column.
In this case, a layer of sedimenting particles is placed above a
clear fluid region. Figure 5 shows the setup geometry. The fluid
column is identical to the previous test case, but now the upper
half of the column is occupied by an even distribution of DEM
particles with a given porosityǫ. The diameter and density
of the particles is identical to the single particle simulation.
The only other parameter change is that the particle Reynolds
number is reduced toRep = 0.01 in order to slow down the
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Fig. 5. Setup for multiple particle sedimentation test

terminal velocity of the particles and allow the instability more
time to develop.

This setup is similar in nature to the classical Rayleigh-
Taylor (RT) instability, where a dense fluid is accelerated
(normally via gravity) into a less dense fluid. The combi-
nation of particles and fluid can be modelled as a two-fluid
system with the upper ”fluid” having an effective density of
ρc = ǫρf + (1 − ǫ)ρs, whereρf is the fluid density, and an
effective viscosityµc. Using the hard sphere model proposed
by Krieger [17], the effective viscosity can be estimated as

µc

µf
=

(

ǫ− ǫmin

1− ǫmin

)

−2.5(1−ǫmin)

(30)

where µf is the fluid viscosity andǫmin = 0.37 is the
porosity at the maximum packing density of the solid particles.
We found that the growth rate of the RT instability for our
chosen parameters was insensitive to changes inµc, therefore
we conclude that the accurate estimation ofµc is not essential
for the analytical solution.

The two-fluid model of a Rayleigh-Taylor instability was
derived in the authoritative text by Chandrasekhar [23]. The
exponential growth raten(k) of a normal mode disturbance
with wave numberk at the interface between the two fluids
(with zero surface tension) is characterised by the dispersion
relation given by

−

[

gk

n2
(αf − αc) + 1

]

(αcqf + αfqc − k)− 4kαfαc

+
4k2

n
(αfνf − αcνc)[αcqf − αfqc + k(αf − αc)]

+
4k3

n2
(αfνf − αcνc)

2(qf − k)(qc − k) = 0, (31)

whereνf,c = µf,c/ρf,c, αf,c = ρf,c/(ρf + ρc) and q2f,c =
k2 + n/νf,c.

We generate an initial disturbance in the interface between
the two ”fluids” by adding a small perturbation to the vertical
position of every DEM particle

−
d

4
(1− cos(kxxi))(1 − cos(kyyi)), (32)

Fig. 6. Visualisation of the DEM particles for the multiple particle
sedimentation test att = 12.51s. Also shown is the porosity field atx = 0.

where kx = ky = 2π and xi and yi are the x and y
coordinates of the particle position. This yields a symmetric
disturbance in the interface with a wave length equal to the
box widthw.

Figure 6 shows the positions of the DEM particles during
the growth of the instability. This figure is taken att = 12.51s,
which is2.51s after the release of the DEM particles from their
initial positions. At this time there is a strong fluid circulation
that is moving downward in the centre of the domain and
upward at the edges. This causes the growth of the instability
by increasing the sedimentation speed of the DEM particles
near the centre while reducing or reversing the sedimentation
of those particles near the outer boundaries of the domain.

The red crosses in Figure 7 show the vertical position of the
lowest DEM particle. The vertical displacement of this point
over time can be compared with the estimated growth rate for
the RT instability as given by the two-fluid model in Eq. 31.
Using the given parameters of the simulation and solving for
the growth rate leads ton = 1.18. This compares well with
the exponential fit to the SPH-DEM data, which results in an
growth factor ofn = 1.3. The growth rate of the simulated RT
instability is slightly higher than expected, which is consistent
with the data obtained from the single particle sedimentation
test case. In that case we saw that the terminal velocity of
the DEM particles is artificially increased (albeit slightly at
this resolution) by the finite resolution of the fluid phase. This
will lead to an increase in the growth rate of the RT instability,
which is what we see in Figure 7.
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VII. C ONCLUSION

We have presented an SPH implementation of the locally
averaged Navier Stokes equations and coupled this with a
DEM model in order to provide a simulation tool for one or
two-way coupled fluid-particle systems. One notable property
of the resulting method is that it avoids the use of a mesh and
is completely particle-based. It is therefore suitable forthose
applications where a mesh presents additional problems, for
example, free surface flow or flow around complex, moving
and/or intermeshed geometries.

The SPH-DEM formulation was applied to 3D single
and multiple particle sedimentation problems and compared
against analytical solutions. The method gave accurate results,
provided that the resolution of the fluid phase is sufficiently
larger than the DEM particle diameter. For these simulations
it was found that an SPH smoothing length greater than
3d was enough to reduce the error to acceptable limits.
However, a higher fluid resolution might be necessary for
some applications, so future work in this area will focus on on
characterising and correcting for the effects of a higher fluid
resolution.
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