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Abstract

Let A be an abelian variety over the function field K of a curve over a finite field.
We describe several mild geometric conditions ensuring that the group A(KPeT) is
finitely generated and that the p-primary torsion subgroup of A(K®P) is finite. This
gives partial answers to questions of Scanlon, Ghioca and Moosa, and Poonen and
Voloch. We also describe a simple theory (used to prove our results) relating the
Harder-Narasimhan filtration of vector bundles to the structure of finite flat group
schemes of height one over projective curves over perfect fields. Finally, we use our
results to give a complete proof of a conjecture of Esnault and Langer on Verschiebung

divisibility of points in abelian varieties over function fields.
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1 Introduction

Let k be a finite field characteristic p > 0 and let S be a smooth, projective and geometrically
connected curve over k. Let K := k(S) be its function field. Let A be an abelian variety of
dimension g over K. Choose an algebraic closure K of K. Let K C K be the maximal
purely inseparable extension of K, let K*P C K be the maximal separable extension of K
and let K" C K*P be the maximal separable extension of K, which is unramified above
every place of K. Finally, we let A be a smooth commutative group scheme over S such

that A = A. We shall write wa 1= €} 4(€2a/s) for the restriction of the cotangent sheaf of



A over S via the zero section €4,5 : S — A of A. We shall say that w4 is the Hodge bundle
of A.

If G is an abelian group, we shall write
Tor,(G) ={r € G|3In>0:p" -2 =0}

and
Tor’(G) :=={z€G|In>0:n-2=0 A (n,p) =1}

The aim of this text is to prove the following two theorems and to give a proof of a conjecture

of Esnault and Langer (see further below).

Theorem 1.1. (a) Suppose that A is geometrically simple. If A(KP*Y) is finitely generated
and of rank > 0 then Tor,(A(K>P)) is a finite group.

(b) Suppose that A is an ordinary (not necessarily simple) abelian variety. If Tor,(A(K>P))
is a finite group then A(KP®™) is finitely generated.

Theorem 1.2. Suppose that A is a semiabelian scheme and that A is a geometrically simple
abelian variety over K. If Tor,(A(K*P)) is infinite, then

(a) A is an abelian scheme;

(b) there is 74 > 0 such that p™» - Tor,(A(K*P)) C Tor,(A(K"™)).
Furthermore, there is

(c) an abelian scheme B over S

(d) an S-isogeny A — B, whose degree is a power of p and such that the corresponding
isogeny Ax — By is étale;

(e) an étale S-isogeny B — B whose degree is > 1 and is a power of p,

(f) (Voloch) if A is ordinary then the Kodaira-Spencer rank of A is not maximal;
(g) if dim(A) < 2 then Trg(Ag) # 0;

(h) for all closed points s € S, the p-rank of As is > 0.



Here Trg;(Ag) is the K|k-trace of Ag. This is an abelian variety over k. See subsection
9.1.

Theorems 1.1 and 1.2 (b) have applications in the context of the work of Poonen and
Voloch on the Brauer-Manin obstruction over function fields. In particular Theorems 1.1
and 1.2 (b) show that the conclusion of [50, Th. B| holds whenever the underlying abelian
variety is geometrically simple, has semistable reduction and violates any of the conditions
in Theorem 1.2, in particular if it has a point of bad reduction. Theorems 1.1 and 1.2 (b)
also feed into the ”full” Mordell-Lang conjecture. See [50, after Claim 4.4] and [2, Intro.]
for this conjecture. In particular, in conjunction with the main result of [19] Theorems 1.1
and 1.2 (b) show that the ”full” Mordell-Lang conjecture holds if the underlying abelian
variety is ordinary, geometrically simple, has semistable reduction and violates any of the

conditions in Theorem 1.2, in particular if it has a point of bad reduction.

Let now L be a field, which is finitely generated as a field over an algebraically closed field

lo of characteristic p. Let C be an abelian variety over L.

Conjecture 1.3 (Esnault-Langer). Suppose that for all £ > 0 we are given a point x, €
C@)(L) and suppose that for all £ > 1, we have Vc<pe)/L(xg) = x4_1. Then the image of xg
in C(L)/Trru,(C)(lo) is a torsion point, which is of order prime to p.

See [15, Rem. 6.3 and after Lemma 6.5]. This conjecture is important in the theory of
stratified bundles in positive characteristic; see [15, Question 3 in the introduction] for
details.

Here C'®") is the base change of C' by the ¢-th power of the absolute Frobenius morphism
on Spec L and V¢, e C®) — ¢ is the Verschiebung morphism. The abelian variety
Trr, (C) is the L|lp-trace of C' (see subsection 9.1). It is an abelian variety over [/, and
the variety Trp);,(C) comes with an injective morphism to C'. This gives in particular an
injective map Trp;,(C)(lo) — C(L). The Lang-Néron theorem (see [35, chap. 6, Th. 2J)
asserts that C'(L)/Trp,(C)(lo) is a finitely generated group. Thus Trp, (C)(lo) € C(L) is
precisely the subgroup of C'(L) consisting of divisible elements (ie elements divisible by any

integer).

In the present text, we shall call a point xy € C(L) with the property described in Conjecture
1.3 an indefinitely Verschiebung divisible point. We shall write IVD(C') = IVD(C, L) C C(L)
for the subgroup of indefinitely Verschiebung divisible points.

We prove:

Theorem 1.4. Conjecture 1.3 holds.



Note that Theorem 1.4 has the following consequence, which is of independent interest: if

C is as in Conjecture 1.3, C'is ordinary and Trpperr)y) (Cppers) = 0 then

(p - C(LP) = Tor”(C(LP)).

=20
To see this, let x € C(LP*). Let L;|L be a finite purely inseparable extension, which
is a field of definition for . Remember that the multiplication by p endomorphism of C
is the composition of the Verschiebung morphism with the relative Frobenius morphism,
which is purely inseparable. Also, recall that since C is ordinary, the Verschiebung mor-
phism is (by definition) separable. Note finally that since Trpper |, (Crrers) = 0 we also have
Trr, 1, (Cr,) = 0. In particular, if & € (5,9’ -C(LP*") then x is an indefinitely Verschiebung
divisible element of C'(L;) and thus must lie in Tor?(C(L;)) C Tor?(C(LP*T)) according to
Theorem 1.4. The inclusion Tor?(C(LPet)) C N s - C (LPe ) is straightforward.

Outline of the paper. The basic strategy of the paper hinges on Lemma 4.8 below. This
Lemma associates a maximal multiplicative subgroup scheme with any finite flat group
scheme of height one over S. The existence of this subgroup scheme is not straightforward
and follows from an analysis of the Harder-Narasimhan filtration of (a Frobenius twist of)

the coLie algebra of the group scheme. This analysis is carried out in subsection 4.2.

One can apply Lemma 4.8 to the kernel of the relative Frobenius morphism Fly/s : A — AP
replace A by the resulting quotient and repeat this construction ad infinitum, stopping only

when the maximal multiplicative subgroup scheme is trivial.

It is then a basic (unresolved) question to determine minimal geometric conditions on A
ensuring that the resulting sequence of semiabelian schemes stops. This also makes sense
(and seems important to us) if k is replaced by any perfect field of characteristic p > 0 (not

only when £ is finite).

This question turns out to be intimately related to Theorems 1.1, 1.2 and 1.4. To explain
why, we shall first quote a result, which improves on (and elucidates) Lemma B.2 in the
Appendix. This result is proven in [52], which builds on the present article. We shall only
need Lemma B.2 in the present text but for conceptual clarity, we shall present the improved
result in this outline. Let E2 C S be the finite set of points s € S where A, is not an abelian
variety. Let U := S\ E. We first recall a classical result:

Theorem 1.5 (Artin-Milne). There is a canonical injective group homomorphism

AP/ Fagie(A(K)) = Homye (Fi (i), Q)
Here F is the absolute Frobenius endomorphism of K (the p-th power map). See [3,
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I11.3.5.6] for the proof, which works in a more general setting. In [52] this is refined as

follows:

Theorem 1.6 (R.). The image of the Artin-Milne map lies inside the subgroup Home(F§(w), Qs/u(E))
Of HOIHK(F ((,UK) QK/kz)

Here Fj is the absolute Frobenius endomorphism of S. Here we write Qg/(E) := Qg/x(E)®
Os(E) and FE is understood as a divisor with no multiplicities. Theorem 1.6 refines Lemma
B.2 below (for the knowledgeable reader, in [52] it is even proven that the image of the
Selmer group of the relative Frobenius morphism lies in Home(F§(w), Qs/x(£))). The
group Home (Fg(w), Qg/k(E)) can be understood as the target of an Abel-Jacobi map in
logarithmic Higgs cohomology, although to give a precise meaning to this interpretation
would require the development of a good theory of Higgs bundles in positive characteristic
(which does not exist at the moment, to the author’s knowledge). This theorem is proven
by providing a geometric interpretation for the Artin-Milne map and analysing its poles,
making essential use of Faltings-Chai’s semistable compactification of the universal abelian
scheme. The existence of this compactification allows us to show that the poles are at most
logarithmic, which is in essence the content of Theorem 1.6. Let us now explain why Theo-
rem 1.6 is relevant for Theorem 1.1. Consider eg (b) in Theorem 1.1. Suppose that A(KP)
is not finitely generated. We have

A(KP ) = | JAK™)

>0

and by the Lang-Néron theorem (see also subsection 9.1) A(K?"') is finitely generated.

Hence for infinitely many ¢ > 0, we must have

AP [ F g e (A(K)) = A(KP) JACKY ™) # 0.

In particular, for infinitely many ¢ > 0, we must have

Home (Fg ™™ (w), Qg (E)) # 0

according to Theorem 1.6. If now the vector bundle w were ample, this would lead to
a contradiction, because if 7 is large enough and w is ample then there cannot be any
morphism from Fg"™*(w) to Qg/k(E). This was already noticed in the earlier article [51],
where details are given. One can refine this line of reasoning as follows. If w is not ample
and A is ordinary then one can show that w must have a certain non trivial quotient, which
is semistable of degree 0. This non trivial quotient turns out to be induced by the maximal

multiplicative subgroup scheme mentioned above. Calling it G 4, we may then replace A by
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A/G 4. The group (A/G4)k(KP) will again be infinitely generated, since the morphism
A — (A/G )k has finite kernel. Hence we can repeat the above reasoning for A/G 4 and
we obtain an infinite sequence of isogenous abelian varieties. The next step in the proof
of Theorem 1.1 (b) is to show that in this sequence, there are finitely many isomorphism
classes. This follows from the fact that the degrees of w4 and A/G 4 are the same and more
generally the degrees of the Hodge bundles of all the semiabelian schemes in the sequence
are the same. This is a consequence of a computation involving the cotangent complex of the
quotient morphism (see Lemma 4.12). It then follows from a classical reasoning involving
moduli spaces of abelian varieties, familiar from Zarhin’s proof of the Tate conjecture over
function fields, that the sequence contains only finitely many isomorphism classes. We can
thus conclude that, up to isogeny, A contains a non trivial finite endomorphism, whose
kernel is multiplicative. The dual of this endomorphism is then separable and this shows
that Tor,(AY)(KP) is infinite (consider the kernels of its powers). Since AV is isogenous
to A, we see that Tor,(A)(K*P) is also infinite. This concludes our outline of the proof of
Theorem 1.1 (b).

For Theorem 1.1 (a), we consider the quotients of A by finite subgroups of Tor,(A)(/*?P)
of increasing size. These quotients also run through finitely many isomorphism classes by
a similar reasoning and we thus see that if Tor,(A)(K®P) is infinite then, up to isogeny, A
is endowed with a separable finite endomorphism. The dual of this endomorphism is then
purely inseparable and of degree a positive power of p, and if AY(K) is not finite, we may
show that AY(KPe?) is infinitely generated by considering the inverse images of A(K) under
the powers of this endomorphism. If now AY(KP*?) is not finitely generated, neither is
A(KPT) since A and AY are isogenous. This concludes our outline of the proof of Theorem
1.1 (a).

In Theorem 1.2, we start out as in Theorem 1.1 (a) and we again obtain, up to isogeny,
a separable finite endomorphism of degree a positive power of p. The rest of the theorem
investigates the geometric consequences of the existence of this endomorphism. The most
interesting consequence is the fact that it implies that A must be an abelian scheme (if
A is geometrically simple). This is (a) in Theorem 1.2). The main point here is that
the endomorphism extends to an étale endomorphism of A. If A had a fibre with a toric
part then the endomorphism would induce an automorphism of the toric part, because tori
only have infinitesimal p-primary subgroups in characteristic p and these are only étale if
they are trivial. This fact forces the whole endomorphism to be an automorphism, which
is impossible. The proof of (c), (d) and (e) are straightforward and not much more than
a rewording of the fact that there are only finitely many isomorphism classes in the set

of quotients described above. The proof of (b) follows essentially from a variant of the



fact that, under (a), the above endomorphism extends to an everywhere étale and finite
endomorphism of A. This also easily gives a proof of (h). The proof of (g) is based on class
field theory and the Serre-Tate theory of canonical liftings. First, up to a finite extension,
the field extension generated by the points of Tor,(A)(K>P) is everywhere unramified by (a)
and (b). If Tor,(A)(K*P) = Tor,(A)(K) then a simple application of the Serre-Tate theory
of canonical liftings shows that Ag is the base change of an abelian variety defined over
k. Hence it must be contained in the Hilbert class field of K, which is but a constant field
extension (ie comes from an extension of k), up to a finite extension. So if Tor,(A)(K>P)
is infinite then it is an infinite torsion subset of A(Kk), which is finitely generated by the

Lang-Néron theorem if the trace of A vanishes: contradiction.

We now turn to Theorem 1.4. Using a height argument due to Raynaud, Esnault and
Langer prove in [15, Th. 6.2] that the image of xy in C'(L)/Trr;,(C)(lp) is a torsion point
under the assumption that C' has everywhere potential good reduction in codimension one.
Their argument works as follows. Choose a polarisation on C. This induces polarisations
on all the C®") by base change. A simple computation shows that if a point z € C(L) has
a preimage y in C®(K) under the Verschiebung map then the height of x with respect to
the polarisation is p times the height of y with respect to the base changed polarisation.
Now if C' has everywhere good reduction in codimension one, there is an abelian scheme C
extending C' on an open subset with complement of codimension > 2 of a normal complete
model V of L and the polarisations on C' and C'® naturally extend to this open subset.
This implies that the heights of x are y (with respect to the polarisations and a choice
of ample line bundle on V') are integers, because they can then computed in a completely
geometric fashion. In particular, the height of x is an integer divisible by p. Repeating this
argument with y, one sees that the height of = is divisible by arbitrarily high powers of p
and one concludes that it must vanish. Then the conclusion follows from a theorem of Lang
(see [11, Th. 9.15]). The argument described above breaks down in the presence of bad
reduction in codimension one because the orders of the component groups of the special
fibres of the local Néron models of the varieties C'®) increase with ¢ if they are not trivial

and this introduces denominators in the heights.

Our approach to Theorem 1.4 is again via the infinite sequence of quotients described at
the beginning of the outline. This sequence will effectively replace the sequence of the C' "),
It has the advantage over the sequence of the C®") that it falls inside a bounded family of
abelian varieties (see below), making it possible to control the order of the (analogues of
the) images of the x, in the component groups of the Néron models. This makes a similar

height computation possible. The proof is in several steps.



Step (0). Reduction to the case where L is the function field of a smooth and projective

curve B over [y. This follows from a Bertini type argument - see section C in the Appendix.

Step (1). We consider the images of the x, under the Artin-Milne map. A crucial point is
that these images must be compatible under the Verschiebung morphisms (see diagram (8)
below) and this constrains the image of x; under the Artin-Milne map. Using Lemma B.2 (or
Theorem 1.6), the theory of semistable sheaves in positive characteristic and various global
results on finite flat group schemes of height one in a global situation proven in section 4, we
show that the image of 1 under the Artin-Milne map must factor through the coLie algebra
of the maximal multiplicative subgroup (ker F¢/p), of ker Fiz)p. This implies that the image
of z; in (C™ /(ker FC/B)LIT)L)(L) = (C”/Gew ) (L) maps to 0 under the Artin-Milne map.
From the definitions, this means that the image of xy in (C'/Ge )(L) is divisible by p in
(C'/Ge.r)(L). Suppose for simplicity that C' has a semiabelian model C over B. We can now
repeat this process and we obtain a sequence of purely inseparable morphisms ; : C — C;

of increasing degree, such that 1; .(zo) in C; is divisible by p’ in C;(L).

Step (2). We choose a polarisation ¢p, : C'— CV. The image of zy under ¢p, is of course
also indefinitely Verschiebung divisible. We identify ¢p,(xo) with a line bundle M on C.
Since ¢p, (z0) is indefinitely Verschiebung divisible, there are line bundles M; on C'®) such
that M is the pull-back of M; by the morphism C — C®) arising by composing relative
Frobenii. The morphism C' — C®") factors through Y; 1, by construction. Hence there are
line bundles J; on the C; such that 7 (J;) = M.

Step (3). We now compute the height pairing between xy and M. This can easily be seen to
equal the height pairing between v); 1,(z0) and J;. Since 1; 1,(z¢) is divisible by p', we see that
the height pairing between zy and M is divisible by p’. If the C; were all abelian schemes we
could deduce (like Raynaud-Esnault-Langer above) that the height pairing between xy and
M must vanish, because then all the values of the various height pairing would be integral.

However, we cannot assume this.

Step (4). All the C; are essentially part of a bounded family of abelian varieties over L
because the degrees of the Hodge bundles of the C; are all equal (see above in the outline).
Using this, one can prove that there is an infinite set Iy C N such that if i € I the image of
any element of C;(L) in the component groups of the Néron model of C; has an order, which
is bounded independently of 7. This follows from Proposition A.2 (a) in the appendix. The
gist of the argument is that in a bounded family of semiabelian varieties over B, it is possible
to smoothly compactify the generic fibre, up to to normalisation in a finite extension of the
function field of the parameter space. This would follow from resolution of singularities

but in the present situation is a consequence of the work of Mumford, Chai-Faltings and



Kiinnemann (see [34, Th. 4.2]). This means that the abelian varieties in the family almost
all have regular compactifications with a bounded number of geometric fibres over B. This
bound is also a bound for the order of the image of a rational point in the component groups

of the Néron model.

Step (5). In view of Step (4), if we replace xy by a certain multiple of xg, all the height
pairing in sight are integers. Hence the divisibility argument envisaged in Step (3) can be
carried out and yields that the height pairing of x¢p and M vanishes. This pairing is by
construction twice the Néron-Tate height of z( with respect to the polarisation ¢p, and we
conclude from a theorem of Lang (op. cit.) that the image of ¢ in C'(L)/Tr;,(C)(lo) is a

torsion point. It remains to show that its order is prime to p.

Step (6). We first show that we may suppose that Trz, (Cz) = 0. This is not completely
straightforward, because when one passes to a finite extension in Conjecture 1.3, one loses
control of part of the torsion of C'(L)/Tr);,(C)(lo). However, although the parasitical torsion
subgroup that might appear is not known, its exponent only depends on the degree of the
extension. This degree can be taken to be the same for all the Frobenius twists of C' and the
information one gathers from this suffices to prove the conjecture, provided one can prove it
for a finite extension. Thus we may suppose that dim(Trz,,(Cz)) = dim(Trz,(C')) and then,
after quotienting by Try, (C), that Trz, (Cr) = 0. Now recall that the C; are essentially
part of a bounded family of abelian varieties over L (see step (4)). Using this, and the fact
that now Trz, (C;z) = 0 for all i > 1, one can prove that there is an infinite set [y € N
such that if i € I, the cardinality of the torsion subgroup of C;(L) is uniformly bounded.
This follows from Proposition A.2 (b) in the Appendix. To finish the proof of Conjecture
1.4, suppose that x( is a non-zero torsion point, which is indefinitely Verschiebung divisible.
Since the image of zy in C;(L) is divisible by p’, we see that the torsion group of C;(L) has
an element of order p**!. This contradicts the above uniformity statement and shows that

the order of xo must be prime to p.

The argument to prove the uniformity statement alluded to in Step (6) goes roughly as
follows. One first notices that the torsion subgroup of a trace free abelian variety coincides
with the set of elements of vanishing Néron-Tate height by the already quoted theorem of
Lang. Thus they can be described as the points of a moduli space of sections, which is of
finite type over [y, at least for those torsion points, whose image in the component groups
of the Néron model of the abelian variety is trivial. Since the abelian variety is trace free,
the torsion subgroup is finite and thus this moduli space is finite. Using the uniformity
statement in Step (4), we may assume that the torsion points of the C;(L) have trivial

images in the components of the corresponding Néron models, up to multiplication by a
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fixed integer (independent of ¢ running through an infinite set). The number of irreducible
components of the moduli space of each C; is now uniformly bounded, since the C; are part

of a bounded family. This gives a uniform bound for the torsion subgroups of the C;(L).
The reader may enjoy the talk [55] as an introduction to parts of the present article.

The structure of the article is as follows. In section 2, we state various intermediate results,
from which we shall deduce Theorems 1.1 and 1.2. Theorem 2.1 in subsection 2.1 is of
independent interest and is (we feel) likely to be useful for the study of the geometry of
(especially ordinary) abelian varieties in general. The results in subsection 2.1 are deduced
from some results in the theory of finite flat groups schemes of height one over S, most
of which follow from the existence of a Harder-Narasimhan filtration on their Lie algebras.
These results on finite flat group schemes are proven in section 4 and for the convenience of
the reader, we included a section (section 3) listing the results on semistable sheaves over
curves in positive characteristic that we need. To the knowledge of the author, there are
very few general results on the structure of finite flat group schemes in a global situation
(eg when the base is not affine) and it seems that it is the first time time that the theory
of semistability of vector bundles is being used in this context. In [9] a similar idea is used
in characteristic 0, where it is applied to the study of formal groups over curves (recall that
all groups schemes are smooth in characteristic 0, so the Lie algebras of finite flat group
schemes vanish in characteristic 0). Lemma 4.4 below (which concerns finite flat group
schemes of height one) is inspired by [9, Lemma 2.9]. A prototype of Lemma 4.4 can be
found in [58, Lemma 9.1.3.1] but it is not applied to the study of group schemes there.
The key results here are the Lemmata 4.4 and 4.8, which will hopefully lead to further
generalisations (eg in the situation when the base scheme is of dimension higher than one -
in this direction, see [38, Th. 7.3]). The results in subsection 2.2 do not require the theory
of semistable sheaves and are based on geometric class field theory, the theory of Serre-Tate
canonical liftings and on the existence of moduli schemes for abelian varieties. In section
5, we prove the various claims made in subsection 2.1 and in section 6 we prove the claims
made in subsection 2.2. In section 7, we prove Theorem 1.1 and in section 8 we prove
Theorem 1.2. In section 9.2, we give a proof of Theorem 1.4. The proof of Theorem 1.4 is

quite long and uses virtually all the other results proven in this text.

In his very interesting recent preprint [(1], Xinyi Yuan uses some techniques which are also
used in the present paper. They were discovered independently. His text focusses on the
case where the base curve is the projective line. In particular, the ”quotient process” used
in step (2) of the proof of Theorem 1.4 and also in the proof of Theorem 1.2 also appears

(over the projective line) in section 2.2 of [61]. Theorem 2.9 of [61] overlaps with the proof
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of Lemma 4.11.

The prerequisites for this article are algebraic geometry at the level of the EGA, familiarity
with the basic theory of finite flat group schemes, as expounded in [60] and a good knowledge
of the theory of abelian schemes and varieties, as presented in [13], [15] and [11]. We also
expect the reader to be familiar with the basic properties of Néron models (as in the chapter

on basics of [¢]) and to have a working knowledge of Grothendieck topologies.
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Notation. If X is an integral scheme, we write x(X) for the local ring at the generic
point of X (which is a field). If X is a scheme of characteristic p, we denote the absolute
Frobenius endomorphism of X by Fx. If f: X — Y is a morphism between two schemes
of characteristic p and ¢ > 0, abusing language, we denote by X ") the fibre product of f
and FYY, where Fyf is the (-th power of the Frobenius endomorphism Fy of Y. If G — X

is a group scheme, we write eg,x : X — G for the zero section of G' and

wa/x = Wag = EE/X(Qg/X).

If X is of characteristic p, we shall write Fg/x : G — G® for the relative Frobenius
morphism. If in addition G is flat and commutative, we shall write Vo), x G - @

for the corresponding Verschiebung morphism; we shall write Fg;)X . G — GP") (resp.

chjin) ix G@") — G@")) for the composition of morphisms
Faen-1,x © o Fo/x
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(resp. the composition of morphisms
VG(pn*j+1)/X ¢) VG(pn*jJr?)/X o:---0 VG(P”)/X

). See [25, Exp. VII4, par. 4, "Frobeniuseries”] for the definition of the relative Frobenius
morphism and the Verschiebung. If G is finite flat and commutative, we shall write GV for
the Cartier dual of G.

2 Intermediate results

We keep the notations and terminology of the introduction.

2.1 Consequences of infinite generation of A(KP)

We shall write

thinin(6.4) 2= 1 vk ((F"" (@.4))min)

and é
d FO i min
fomin(w.a) := lim es(( Soe EWA)) ) .

Here Fg' is the (-th power of the absolute Frobenius endomorphism of S and (Fg"*(w.4))smin

is the semistable quotient with minimal slope of the vector bundle F ;Z’*(w 4). See section 3

for details. Our main tool will be the following theorem.

Theorem 2.1. There ezists a (necessarily unique) multiplicative subgroup scheme G4 —
ker Fy/s, with the following property: if H is a finite, flat, multiplicative group scheme of
height one over S and f : H — ker Fq/5 is a morphism of group schemes, then f factors
through G 4.

If A is ordinary and w4 is not ample then the order of G 4 is pﬁmi“(“’f‘).

If ¢ : A — B is a morphism of smooth commutative group schemes over S, then the

restriction of ¢ to G 4 factors through Gg. Furthermore, we have deg(w4) = deg(wa/c,)-

Here A/G 4 is the "fppf quotient” of A by G, which is also a smooth commutative group

scheme over S. See Proposition 4.1 below for details.
Remark 2.2. Note that fimin(wa) > 0 is equivalent to w4 being ample (see [1]).

Remark 2.3. Theorem 2.1 holds more generally if k is only supposed to be perfect (the
proof does not use the fact that k is finite).
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Remark 2.4. It would be interesting to provide an explicit example of an abelian variety A
as in the introduction to this article, such that A is ordinary, A is semiabelian, Trz 5 (Ag) = 0
and G4 # 0. It should be possible to construct such an example by considering mod p
reductions of the abelian variety constructed in [10, Th. 1.3]. We hope to return to this
question in a later article. The following question is also of interest: is there an ordinary
abelian variety A as above, such that A has maximal Kodaira-Spencer rank, A is semiabelian
and G4 # 07

Proposition 2.5. Suppose that A is ordinary and that A is semiabelian. Suppose that
A(KP) is not finitely generated. Then G 4 is of order > 1 and A/G 4 is also semiabelian.

Proposition 2.6. Suppose that A is ordinary and that A is semiabelian over S. Suppose
that A(KP*™) is not finitely generated.

Then there is a finite flat morphism
p: A—B
where B is a semiabelian over S and a finite flat morphism

AN:B—B

such that ker(¢) and ker(\) are multiplicative group schemes and such that the order of
ker(A) is > 1.

2.2 Consequences of infiniteness of Tor,(A(K*?)) or Tor,(A(K"™))

Theorem 2.7. Suppose that Trgr(Ag) = 0. Suppose that the action of Gal(K*P|K) on
Tor, (A(K™™)) factors through Gal(K*°P|K)*. Then Tor,(A(K"™)) is finite.

Here Gal(K*°P|K)? is the maximal abelian quotient of Gal(K*P|K).
Proposition 2.8. Suppose that dim(A) < 2 and that Trgp(Ag) = 0. Then Tor,(A(K™))

is finite.

Theorem 2.9. Suppose that Tor,(A(K®P)) is infinite. Then there is an étale K-isogeny
p:A— B

where B is an abelian variety over K and there is an étale K-isogeny
AN B—B

such that the order of ker(\) is > 1 and such that the orders of ker(\) and ker(¢) are powers

of p.

14



Theorem 2.10. Suppose that there ezists an étale K-isogeny ¢ : A — A, such that deg(¢) =
p" for some r > 0. Suppose also that A is a geometrically simple abelian variety and that A

18 a semiabelian scheme.

Then A is an abelian scheme and ¢ extends to an étale (necessarily finite) S-morphism

A — A of group schemes.

3 Semistable sheaves on curves

Let Y be a scheme, which is smooth, projective and geometrically connected of relative

dimension one over a field .
Suppose to begin with that t; is algebraically closed.

If V' is a non zero coherent locally free sheaf on Y, we write as is customary
(V) = deg(V) /rk(V)
where
deg(V) = / c1(V)
Y

and rk(V) is the rank of V. The quantity u(V) is called the slope of V. Recall that a non
zero locally free coherent sheaf V' on Y is called semistable if for any non zero coherent
subsheaf W C V| we have (W) < u(V). Let V/Y be a non zero locally free coherent sheaf

on Y. There is a unique filtration by coherent subsheaves
O=WCVicWhc - CVu=V

such that all the sheaves V;/V;_; (1 < i < hn(V)) are (locally free and) semistable and
such that the sequence u(V;/V;_1) is strictly decreasing. This filtration is called the Harder-
Narasimhan filtration of V' (shorthand: HN filtration). One then defines

Vmin = V/th(V)fla Vmax(v> = Vi

and
Nmax(v) = /L(Vl), ,umin(v) = “(Vmin)'

Let now 7 € Q. Suppose that r € {u(Vi), ..., (V/Viny-1)}. Let i(r) € N be the unique
natural number such that p(Viiy/Vigy—1) = 7. We shall write

Ve = Vigy/Viery—1
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and
Vor = Vi@
We shall also write
Var = Ve
where j(r) € N is the largest natural number such that p(Vjq)/Vj@y-1) > 7.
One basic property of semistable sheaves that we shall use repeatedly is the following. If

V and W are non zero coherent locally free sheaves on Y and pimin(V) > pimax(W) then
Homy (V, W) = 0. This follows from the definitions.

See [0, chap. 5] (for instance) for all these notions.

If V' is a non zero coherent locally free sheaf on Y and t; has positive characteristic, we
say that V' is Frobenius semistable if Fy"* (V') is semistable for all » € N. The terminology

strongly semistable also appears in the literature.

Theorem 3.1. Let V be a non zero coherent locally free sheaf on Y. There is an €y =
lo(V') € N such that the quotients of the Harder-Narasimhan filtration of FQKO’*(V) are all

Frobenius semistable.

Proof. See eg [37, Th. 2.7, p. 259]. O

Theorem 3.1 shows in particular that the following definitions :
Frn(V) = 1 i (F52 (V)

ﬂmaX(V) = Elggo NmaX(F;&*(V))/pev

thinin (V) := Tim k(B3 (V))min).

{—o0

and

Kpax (V) 1= Zlim rk((F;Z’*(V))max)-
—00
make sense if V' is a non zero locally free and coherent sheaf on Y.

Suppose now that ty is only perfect (not necessarily algebraically closed). If V' is a non zero
coherent sheaf on Y, then we shall write u(V') := pu(V3,) and we shall say that V' is semistable
if Vz, is semistable. The HN filtration of V%, is invariant under Gal(#y|to) by unicity and by

a simple descent argument, we see that there is a unique filtration by coherent subsheaves
VoCeViCVaQ - C Vinw

such that
Vofo - vlyfo - ‘/2»{0 -G Vim(V)fo
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is the HN filtration of V;. We then define as before

,UmaX(V> = N(Vl}
and
ﬂmin(v) = M(V/th(v)*l)'
Notice that we have fimax(V) = timax(Vz,) and pimin(V) = pmin (Vi) -

Notice that if V' and W are non zero coherent locally free coherent sheaves on Y and

tmin (V) > fimax (W) then we still have Homy (V, W) = 0, since there is a natural inclusion

HomY(‘/a W) - HOHlyEO (V;f_o’ Wfo)'

If t has positive characteristic, we shall say that V' is Frobenius semistable if V4, is Frobenius
semistable. Since Frobenius morphisms commute with all morphisms, this is equivalent to
requiring that Fy>*(V') is semistable for all » € N (with our extended definition of semista-
bility).

We can now extend the range of the terminology introduced above:
Vmax = ‘/17 Vmin = V/‘/hn(V)fla

fianin(V) = I pragin (B (V) /D, rana(V) = B prana (B3 (V) /1,

hin (V) = 1im rk((F2"* (V) min)s Tmax (V) := Hm rk((F27* (V) max)-

£—r00 £—r00

Note that we have fipn(V) = fimin(Vio) Jimex(V) = Fimax(Vio)s Tmin(V) = uin(Vio),
TKmax (V) = tknax (V) as expected.

If V is a non zero coherent locally free coherent sheaf on Y such that all the quotients
of the HN filtration of V' are Frobenius semistable, we shall say that V' has a Frobenius
semistable HN filtration. Note that by Theorem 3.1 above, for any non zero coherent locally
free coherent sheaf V on Y, the sheaf F°"*(V') has a Frobenius semistable HN filtration for
all but finitely many r € N.

The following simple lemma will also prove very useful. It was suggested by J.-B. Bost.

Lemma 3.2. Let V and W be coherent locally free sheaves on'Y . Suppose that (V') = u(W)
and that tk(V') = rk(W). Let ¢ : V. — W be a monomorphism of Oy-modules. Then ¢ is

an 1somorphism.

Proof. We may suppose that V and W are of positive rank, otherwise the lemma is
tautologically true. Let M := det(W)®det(V)". The assumptions imply that deg(M) = 0.
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Let det(¢) € H°(Y, M) be the section induced by ¢. The zero scheme Z(det(¢)) of det(¢) is
a torsion sheaf since det(¢) is non zero at the generic point of Y and the length of Z(det(¢))
is equal to the degree of M so Z(det(¢)) must be empty. In other words, M is the trivial

sheaf and det(¢) is a constant non zero section of M. In particular, ¢ is an isomorphism. [

4 Finite flat group schemes over curves

The terminology of this section is independent of the introduction.

4.1 Quotients by proper flat group schemes

Let Y be a noetherian scheme. Let G be a commutative strongly quasiprojective flat group
scheme over Y. See [8, 8.2, p. 211] for the definition of strong quasi-projectivity. Note that

if Y is regular then G is strongly quasiprojective over Y if it is quasiprojective over Y.

Suppose that H is a closed subgroup scheme of G, which is proper and flat over Y. The
Y-scheme G (resp. H) defines a functor G (resp. H) from the category of Y-schemes
to the category of abelian groups. Both functors are fppf sheaves by a classical result of
Grothendieck. We may thus form the quotient G/H of G and H in the category of fppf

sheaves.

The following proposition describes the quotient construction that we use in this text.

Proposition 4.1. The fppf sheaf G/H is representable by a group scheme G/H over Y,
which is also strongly quasiprojective. The natural morphism q : G — G/H is proper and
faithfully flat and makes G into an Hg,p-torsor over G /H.

Proof. See [3, Th. 8.12, p. 220]. O

Note that if G is semiabelian and Y is normal then G is quasiprojective over Y (combine
[14, VLI.3.1] with [51, XI.1.4]). In particular if Y is regular and G is semiabelian then G is

strongly quasiprojective over Y.

4.2 The HN-filtration on the Lie algebra of a finite flat group

scheme of height one

Let S be a smooth, projective and geometrically connected curve over a perfect field k.
Suppose that char(k) =p > 0.
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The following preliminary lemma will be very useful.

Lemma 4.2. Let G be a finite flat commutative group scheme over S. Let T — S be
a flat, radicial and finite morphism and let ¢ : H — Gr be a closed subgroup scheme,
which is finite, flat and multiplicative. Then there is a finite flat closed subgroup scheme
oo : Hy — G, such that ¢por ~ ¢.

Proof. Taking Cartier duals, we get a morphism
" Gy — HY.

Notice that HY is étale over T, since H is multiplicative. By radicial invariance of étale
morphisms, there is a finite flat group scheme Jy — S, such that Jyr ~ HY. Notice also

that the morphism ¢ is given by a section of the first projection
G;,é X HY - G}/w

and since HY is étale over T, the image of this section is open and closed (see [12, Cor.

3.12]). Since the projection morphism
G}é XTHV — Gv Xg Jo

is also radicial, this open set comes from a unique open subset of G xg Jy and this open
subset defines an open and closed subscheme of GV x g Jy, which is isomorphic to GV via the
first projection. Hence the morphism ¢V comes from a unique morphism GV — J,. Taking

the Cartier dual of this morphism gives the morphism ¢y. [J

Recall that a commutative finite flat group scheme v : G — S over S is said to be of
height one if Fo)s = €g/s © 1. Recall also that a (sheaf in) commutative p-Lie algebras
(resp. p-coLie) algebras V over S is a coherent locally free sheaf V' on S together with a
morphism of Og-modules F§(V) — V (resp. V — F§(V)). A morphism of commutative
p-Lie (resp. p-colie) algebras V' — W is a morphism of Og-modules from V' to W satisfying
an evident compatibility condition. There is a covariant functor Lie(+) (resp. contravariant
functor colie(-)) from the category of commutative finite flat group schemes of height one
over S to the category of commutative p-Lie (resp. p-coLie) algebras , which sends a group
scheme G over S to Lie(G) 1= €f/5(€2gys)" (resp. coLie(G) := €f/4(Q2q/s), together with

the morphism

Lie(Vao/s) == (Viw )" : Fa(Lie(G)) = Lie(G™) — Lie(G)

(resp.
coLie(Vaw/s) == Vi) /g © coLie(G) — F?(coLie(G"))) = coLie(G™))
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)

Here (V) / g)" (resp. V5, / ) is the dual of the pull-back morphism

*

G(») /S
pull-back morphism) on differentials induced by the Verschiebung morphism Vi) /g-

(resp. is the

The category of sheaves in commutative p-Lie algebras is tautologically antiequivalent to

the category of sheaves in commutative p-coLie algebras.

It can be shown that Lie is an equivalence of additive categories (see [25, Exposé VIIA, rem.

7.5]). In particular, a sequence of finite flat group schemes of height one
0-G —>G—=>G" =0
is exact if and only if the sequence
0 — Lie(G') — Lie(G) — Lie(G") = 0
is a sequence of commutative p-Lie algebras. Furthermore, we have
order(G) = pr@ie(@)
(see [15, Proof of Th., p. 139, par. 14].)

Lemma 4.3. Let ¢ : V. — W be a morphism of commutative p-Lie algebras. Then the
image Im(¢) (resp. the kernel ker(¢)) of ¢ as a morphism of Og-modules is endowed with a
unique structure of commutative p-Lie algebra, such that the morphism Im(¢) — W (resp.

ker(¢p) — V') is a morphism of commutative p-Lie algebras.

Proof. Left to the reader. O

If ¢ : V — W is an injective morphism of commutative p-Lie algebras, we shall say that
Im(¢) is a subsheaf in commutative p-Lie algebras. Beware that in this situation, the
arrow ¢ might have no cokernel in the category of commutative p-Lie algebras. So in
particular, Im(¢) might not correspond to a subgroup scheme. On the other hand, if the
quotient of Og-modules W/Im(¢) is locally free, then W/Im(¢) can be endowed with an
evident commutative p-Lie algebra structure, making it into a cokernel of W by Im(¢) in
the category of commutative p-Lie algebras. In that case, Im(¢) corresponds to a subgroup

scheme.

We shall say that a finite flat commutative group scheme G of height one (or its associated
commutative p-Lie algebra) is biinfinitesimal if the associated morphism F¢(Lie(G)) —
Lie(G) is nilpotent. To say that F&(Lie(G)) — Lie(G) is nilpotent means that for some

n > 1, the composition

Fg" (Lie(G)) — F§" " (Lie(G)) — - -+ — F§(Lie(G)) — Lie(G) — 0
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vanishes. We notice without proof that if
0-G —=G—=>G" =0

is an exact sequence of commutative finite flat group schemes, then G’ and G” are biin-
finitesimal if and only if (G is biinfinitesimal. Note also that a finite flat commutative group
scheme G of height one is multiplicative iff the associated morphism F¢(Lie(G)) — Lie(G)
is an isomorphism. This implies that if G; and G5 are finite flat group schemes of height one
over S, where (51 is biinfinitesimal and (5 is multiplicative then there are no non-zero mor-
phisms of group schemes from G to G5 and also no non-zero morphisms of group schemes
from G4 to Gy.

We inserted the following alternative proof of a special case of Lemma 4.2 to show the

mechanics of p-Lie algebras at work in a simple situation.
Second proof of Lemma /.2 when G is of height one and T is smooth.

We may assume that 7"~ S and that 7' — S is a power F§" of Fs. By induction on n, we

are reduced to prove the statement for n = 1.

We are given a commutative diagram with exact rows and columns

0
F(Lie
0—— Fa(Lie(H)) 2 pr Lie(@)r)
0 Lie(H) —9 _1ie(@)r
0
With the above reductions in place, this gives a commutative diagram with exact rows and
columns
0
FZ%(Lie
0—— Fz(Lie(H)) 2L pore 5006
Lie(VH/S) ng(Lie(VG/S)
. Lie(¢) .
0 —— Lie(H) F§(Lie(G))
0
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Now consider the commutative diagram

F(Lie(¢))

Fe(Lie(H)) P2 (Lie( )
lLie(VH/S)\ ng(Lie(VG/S)
. Lie(¢) )
Lie(H) F¢(Lie(@))
lLie(G)
Lie(G)

where the diagonal arrows are defined so that the diagram becomes commutative. The
labelling of the arrows shows that the upper triangle is the base change by Fs of the lower
triangle. Hence the image of Lie(¢) is the base change by Fg of the image of Lie(H) in
Lie(G), since Lie(Vy)s) is an isomorphism. So Hy can be defined as the group scheme of
height one associated with the image of Lie(H) in Lie(G). O

Lemma 4.4. Let V be a sheaf in commutative p-Lie algebras V over S. Suppose that the
HN filtration

O=VWCcWVicWVCe - CVyw =V
of V' is Frobenius semistable. Then for any V; such that pmi,(V;) > 0, V; is a subsheaf in
commutative p-Lie algebras V' over S. If pimin(V;) > 0 then V; is biinfinitesimal.

Proof. For the first statement, consider the morphism ¢ : F&(V;) — V given by the
composition of the inclusion F§(V;) — F&(V) with the morphism F§(V) — V given by the
commutative p-Lie algebra structure. We have to check that the image of ¢ lies in V;. The
composition of ¢ with the quotient morphism V' — V/V; gives a morphism F§(V;) — V/V;
and it is equivalent to check that this morphism vanishes. Now compute
pnin(F5 (Vi) = p - p(Vi/Viea)
and
pmasx(V/Vi) = p(Viga / Vi) < u(Vi/ Viea)

and thus pmin(FE(V;)) > pmax(V/V;). We conclude that Homg(F§(V;), V/Vi) = 0 (see the
discussion after Theorem 3.1) which concludes the proof of the first statement. To prove the
second statement, it is sufficient by the remarks preceding the lemma to show that V;/V;_;

is biinfinitesimal for all indices ¢ such that p(V;/V;—1) > 0. By the above computation, we

have

fimin (F5(Vi/Vie1)) = p(F5(Vi/Vier)) = p - u(Vi/Viza)
and thus pmin (F§(Vi/Vic1)) > u(Vi/Viz1). Again, this implies that Homg(F§(V;/Vic1), Vi/Vic1) =
0, showing that V;/V;_; is biinfinitesimal. [
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Remark 4.5. As explained in the introduction, a characteristic 0 analog of Lemma 4.4 can
be found in [9, Lemma 2.9]. See also [58, Lemma 9.1.3.1], where a variant of a special case

of Lemma 4.4 is proven under the assumption that p is sufficiently large.

Lemma 4.6. Let G be a commutative finite flat group scheme of height one over S and

suppose given an exact sequence
0= Gpinf G =G, — 0

of finite flat group schemes such that G, is multiplicative and G s biinfinitesimal. Then

the sequence splits and this splitting is unique.

Proof. Consider the commutative diagram with exact rows and columns

0 — ker(Lie(V" (0, 1) — ker(Lie(V () 15) ———0
0 F"* (Lie(Ghpint)) F"(Lie(G)) Fg"*(Lie(G,)) —=0
- | :
0 Lie(Ghjinf) Lie(G) Lie(G}.) 0
where n > 0 is chosen so that Vé?’r(pn) 5= 0. Then the image of the arrow

F"*(Lie(G)) — Lie(G)

splits the bottom sequence. For the unicity of the splitting, note that for any two splittings
o1, 02 of the bottom sequence the morphism oy — o5 : Lie(G,,) — Lie(G) of vector bundles
factors through the image of Lie(Gpine). It thus defines a morphism of vector bundles
Lie(G,) — Lie(Ghuin), which is by construction a morphism of p-Lie algebras. Such a

morphism must vanish (see the discussion after Lemma 4.3). Thus o1 = 09. O

Lemma 4.7. Let G be a commutative finite flat group scheme of height one over S. Suppose

that Lie(G) is Frobenius semistable of slope 0. Let n > 0 be such that rk(ker(Vé@a’;/S)) is

maximal. Then there is a canonical decomposition
'3
G(p ) ~ Hbinf Xg H,u

where Hyins (resp. H,) is a biinfinitesimal (resp. multiplicative) finite flat group scheme
over S.

Proof. Consider the commutative diagram
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0 — F™* (ker(Lie(V, ) —= FI™* (ker(Lie(V. ", .))) ———0

G(P”)/S G(P")/S
omn,* . n o(2n),* /1 - on,*
0 — F&"" (ker(Lie(V{ih, /o)) FSP™* (Lie(@)) F& (W) —=0
=0
0 ——ker(Lie(V{ih /5)) FS™* (Lie(@)) W 0

where n > 0 is such that rk(ker(Lie(VG(?gn)/S))) is maximal and W is the image of Lie(VG(Zzn)/S).
The two bottom rows and the two leftmost columns in this diagram are exact by construc-
tion. Furthermore the map Fy”*W — W is a monomorphism for otherwise rk(ker(Lie(VG(?p)n> /5)))
is not maximal. The diagram thus has exact rows and columns. Since the second row gives

a surjection

FSP™*(Lie(Q)) — FI™ (W)

we have i (Fg " (W)) > 0. Also, since the second column gives an injection
F&™ (W) = F&V7 (Lie(@)

we have i (Fg™ (W)) < 0. Thus Fg"* (W) is of slope 0. Thus W is also of slope 0. Hence
by Lemma 3.2, the monomorphism

FM (W) = W

is an isomorphism. Now we see that the image of the morphism Fg ™" (Lie(G)) — FI™* (Lie(G))
splits the bottom sequence. [

Lemma 4.8. Let G be a finite flat commutative group scheme of height one over S. There
exists a (necessarily unique) multiplicative subgroup scheme G, — G, such that if H is
a multiplicative subgroup scheme of height one over S and f : H — G s a morphism of
group schemes, then f factors through G,,. Furthermore, for any n > 0, we have (G,)?") =
(G®),,. If G is multiplicative over a dense open subset of S and Lie(G) has Frobenius
semistable HN filtration then Lie(G) = Lie(G)<¢ and G,, corresponds to the subgroup scheme
associated with Lie(G)—y.

Proof. In view of Lemma 4.2, we may replace G by G"" for any n > 0 and in particular
suppose that Lie(G) has a Frobenius semistable HN filtration. Let f : H — G be a morphism

of group schemes and consider the corresponding map
Lie(f) : Lie(H) — Lie(G).
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Since H is multiplicative, Lie(H) is Frobenius semistable of slope 0 (this is a consequence
of Theorem 3.1). Thus the image of Lie(f) lies in Lie(G)>o. According to Lemma 4.4 there

is an exact sequence of p-Lie algebras
0 — Lie(G)s — Lie(Q)so = Lie(G)—y — 0
and we may assume according to Lemma 4.7 that there is a splitting
Lie(G)=¢ =~ Lie(G)=o pint ® Lie(G)=o

of Lie(G)—¢ into multiplicative and biinfinitesimal part (we might have to twist G some
more for this). The inverse image of Lie(G)=o , by 7 gives a p-Lie subalgebra 7*(Lie(G)=o,,,)

of Lie(G)>o. This gives an exact sequence
0— W*(Lie(G):07u> — Lie(G)ZO — Lie(G):()’binf —0

Since Lie(H) is multiplicative, the image of Lie(H) in Lie(G)—qpinf vanishes and thus the
image of Lie(H) lies in 7*(Lie(G)=o,). On the other hand by Lemma 4.6 and Lemma 4.4,

we have again a canonical decomposition
7" (Lie(G)=o,u)p @ 7 (Lie(G)=0,4)bint

into multiplicative and binfinitesimal part and thus the image of Lie( f) lies in 7*(Lie(G) =0, ) .-
Now 7*(Lie(G)=o,.), is a multiplicative p-Lie subalgebra of Lie(G) and it defines the required

subgroup scheme.

If G is multiplicative over an open subset of S then we have an injection
F""(Lie(G)) < Lie(G)

(obtained by composition) for any n > 0 and thus if Lie(G) has Frobenius semistable
HN filtration then we must have Lie(G) = Lie(G)<o. Secondly the morphism F¢§(Lie(G)) < Lie(G)
then induces an injection
F§(Lie(G)=g) — Lie(G)=o
and since both source and target in this map have the same rank and the same slope,
we deduce from Lemma 3.2 that this map must be an isomorphism. Thus Lie(G)—o is

multiplicative and by the explicit construction above, it is associated with G/,. [

Remark 4.9. Note that the ”connected étale” decomposition of G} (see the beginning of

[60]) gives a canonical exact sequence of group schemes
0= (Gf)imt = Gf = (Gf)et = 0
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over K, where (GY, )iy is an infinitesimal group scheme and (GY, ) is an étale group scheme
over K. The group scheme (GY;)et corresponds to a representation of Gal(K*P|K) into a
finite p-group E and one might be tempted to think that G, is the Cartier dual of the group
scheme corresponding to the largest unramified quotient of E, ie the largest quotient of F,
such that the action of Gal(K*P|K) factors through the fundamental group 7 (.S). This not
so, however. Indeed, consider a finite flat commutative group scheme G of height one, which
is such that fimax(Lie(G)) < 0. Then G, = 0 and for any finite flat base change S" — S, we
also have (Gg/), = 0. On the other hand (GY;)e will become constant (and hence entirely

unramified) after a finite separable field extension K'|K .

4.3 Quotients of semiabelian schemes by finite flat multiplicative

group schemes

Let S be a smooth, projective and geometrically connected curve over a perfect field k.

Lemma 4.10. Let A — S be a semiabelian scheme. Suppose that there is an open dense
subset U C S, such that Ay — U is an abelian scheme. Suppose that G — A is a finite,
flat, closed subgroup scheme. Then the quotient scheme A/G is also a semiabelian scheme
and (A/G)y — U is an abelian scheme.

Proof. Since the quotient morphism ¢ : A — A/G is faithfully flat, the group scheme A/G
also has geometrically regular fibres (and is flat). Hence A/G is smooth over S. Over U,
its fibres are proper since the quotient morphism is also proper and they are thus abelian
varieties. In other other words, (A/G)y — U is an abelian scheme. Now let s € S. Since
(A/G); is smooth, we know by the Barsotti-Chevalley theorem (see [10, Th. 10.25, p. 157])
that (A/G);s sits in the middle of an exact sequence

0= E — (A/G)s — A1 =0 (1)

where A; is an abelian variety over s and FE; is a connected affine algebraic group variety
over s. The subgroup variety F; is maximal among connected affine subgroup varieties of
(A/G)s (see [10, Th. 10.5, p. 153 and proof] and [10, Th. 10.24, p. 156]). Finally it has the
form Fy =Ty x, U, where T} is a torus and U is a connected unipotent group variety (see
[10, chap. 10.(i), p. 161]). When we write that the sequence (1) is exact, we mean that the
third morphism is faithfully flat and that its kernel is Fj.

By assumption, the corresponding presentation for A, is

0—>T—A,— Ay —0
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where T' is a torus and Ay is an abelian variety, both over s.

Let D be the identity component of the closed subgroup scheme ¢; (U x 0) of A, (see
[10, Prop. 1.14] for details). Since s is perfect the closed subscheme D,eq of D is a closed
subgroup scheme of D (see [10, Cor. 1.25, p. 24]). Moreover D and hence D,eq is affine,
since ¢, is finite. Since T is the maximal connected affine subgroup variety of A,, we see that
D,.q must be contained in T. However, every closed subgroup scheme of a multiplicative
group over s is multiplicative (see [20, 8.1, Exp. IX]) and thus D,eq is multiplicative. Thus
Dieq is contained in the kernel of the morphism ¢;'(U x 0) — U x 0 (because there are no
non trivial morphisms between multiplicative and unipotent algebraic groups - see [10, Cor.
15.18, p. 255]). Now notice that ¢;'(U x 0)(5)/D(5) is a finite set (see [10, Prop. 1.14,
p. 21]). On the other hand ¢s(D(5)) = {0} by the above so U(5) must be finite. Since U
is smooth, it must thus be trivial. This shows that (A/G)s is an extension of an abelian

variety by a torus. Since s € S was arbitrary, we see that A/G is a semiabelian scheme. []

Lemma 4.11. Let G — S be a finite flat group scheme of multiplicative type. Then there

is a finite étale morphism T — S such that Gr is a diagonalisable group scheme.

Proof. See [26, Exp. IX, Intro.]. O

Lemma 4.12. Let A — S be a smooth commutative group scheme. Suppose that G — A

is a finite, flat, closed subgroup scheme, which is multiplicative. Then

deg(wa) = deg(wa/q)

Proof. By Lemma 4.11, we may assume that G is diagonalisable. In particular, we may
assume that there is a finite group scheme Gy — Spec(k) such that Gy s ~ G. Let B := A/G.
Let f: A — S and g : B — S be the structural morphisms and let 7 : A — B be the
quotient morphism. The triangle of cotangent complexes associated with the morphisms ,

g and f gives an exact sequence
0 — H1(CT(m)) = 7" () = Q= Q. — 0 (2)

where CT() is the cotangent complex of m and H;(CT (7)) is its first homology sheaf. Now
m makes A into a torsor over B and under Gg. Hence there is a faithfully flat morphism
T — B (for instance, we may take T' = A), such that Ar ~ (Gp) xg T. In particular we

have

Qrp =~ Qao/ir
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and
Hi(CT(7r)) = Hi(CT(Go/k))r

because the homology sheaves of the cotangent complex of G over k are flat (since they are

k-vector spaces).

On the other hand, since T'— B is flat, we have
Qﬂ'T = Qﬂ',T
and
H1(CT(mr)) ~ Hi(CT(m))r

Finally, notice that Qg /x,r and H1(CT(Go/k))r are flat and thus by flat descent, the sheaves
H1(CT (7)) and €2, are flat (in other words: locally free). Hence the sequence

0 = €4/5(H1(CT(m))) = €e5/5(€2g) = €ays(€2y) = €4/5(2x) = 0 (3)
is also exact. Furthermore, we then have

€a7s(H1(CT(m))) = H1(CT(Go/k))s

and

€1/5(Qx) = Qaosrs

and thus the sheaves € ,(H1(CT(7))) and €},5(¢2) are trivial sheaves. In particular, we
have deg(€y 5(H1(CT(m)))) = deg(e}y,s({2x)) = 0 and by the additivity of deg(-), we deduce
from the existence of the sequence (3) that deg(w4) = deg(wa/g). O

Remark 4.13. The computation of the cotangent complex made in the proof of Lemma
4.11 is in essence also contained in [, Prop. 1.1] (but the assumptions made there are not

quite the right ones for us).

5 Proofs of the claims made in subsection 2.1

We now use the terminology of the introduction. So let k be a finite field of characteristic
p > 0 and let S be a smooth, projective and geometrically connected curve over k. Let
K := k(S) be its function field. Let A be an abelian variety of dimension g over K. Fix
an algebraic closure K of K. Let KPf C K be the maximal purely inseparable extension

of K and let K" C K®® be the maximal separable extension of K, which is unramified
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above every place of K. Finally, we let A be a smooth commutative group scheme over S
such that Ax = A.

Proof of Theorem 2.1. Recall the statement: there exists a (necessarily unique) multiplica-
tive subgroup scheme G 4 < ker Fq/5, with the following property: if H is a multiplicative,
finite and flat group scheme of height one over S and f : H — ker F/g is a morphism
of group schemes, then f factors through G 4. If A is ordinary and w, is not ample then
the order of G4 is pmin(wa)  If ¢ : A — B is a morphism of smooth commutative group

schemes over S, then the restriction of ¢ to G4 factors through Gg. Furthermore, we have
deg(w.a) = deg(wasc,)-
In spite of its lengthy statement, the proof Theorem 2.1 readily follows from Lemma 4.8 and

Lemma 4.12. More precisely, we simply have to define G 4 := (ker F4/g), in the notation of
Lemma 4.8. The equality deg(wa) = deg(w.a/c,) now follows from Lemma 4.12.

Proof of Proposition 2.5. Recall the assumptions of Proposition 2.5: A is ordinary, A is
semiabelian and A(KP®?) is not finitely generated. We have to prove that G4 is of order
> 1 and that A/G 4 is also semiabelian.

We know that fimin(wa/s) > 0 by Lemma 4.8 and since A(KP*T) is not finitely generated,
we know by Theorem B.1 that fiy,(w A/S) = 0. Proposition 2.5 now follows from Theorem
2.1 and Lemma 4.10.

Proof of Proposition 2.0. Recall the assumptions of Proposition 2.6: A is ordinary, A is
semiabelian over S and A(KP®) is not finitely generated. We have to prove that there a

finite flat morphism

op: A= B

where B is a semiabelian over S and a finite flat morphism
A:B—B

such that ker(¢) are ker(\) are multiplicative group schemes and such that the order of
ker(\) is > 1.

Consider now A; := A/G 4. By Lemma 4.10, the group scheme 4, is also semiabelian and
of course A; := A  is also an ordinary abelian variety. We also have that A; (K perf) is not
finitely generated, since the natural map A(KP!) — A;(KP) has finite kernel. Finally,
the quotient morphism is A — A; is finite, flat, with multiplicative kernel and G 4 is non

trivial by Proposition 2.5.

Repeating the above procedure for A; in place of A and continuing this way, we obtain an
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infinite sequence of semiabelian schemes over S

where all the connecting morphisms are finite, flat, of degree > 1 and with multiplicative

kernel. Applying Lemma 4.12, we see that

deg(wa) = deg(wa,) = deg(wa,) = ...

Let now K’ be a finite separable extension of K such that A(K)[n| ~ (Z/nZ)>3™A) for
some n > 3 such that (p,n) = 1. Let S’ be the normalisation of S in K’. After base-change,

we obtain an infinite sequence of semiabelian schemes over S’
.AS/—>.A1,S/—>.A275/ — ... (5)

and applying a theorem of Zarhin (see [53, Th. 3.1] for a statement, explanations and further
references), we conclude that in the sequence (5), there are only finitely many isomorphism
classes of semiabelian schemes over S’. On the other hand, applying a basic finiteness result
in Galois cohomology proven by Borel and Serre (see [19, par. 3, p. 69]), we can now
conclude that in the sequence (4), there are also only finitely many isomorphism classes of

semiabelian schemes over S.

Hence there are integers 7 > ¢ > 0 and an isomorphism
I:A~A;

over S. Letting ¢ : A — A; be the constructed morphism and letting A be the constructed

morphism A; — A; composed with /!, we can now conclude the proof of Proposition 2.6.

6 Proofs of the claims made in subsection 2.2

We start with the proof of Theorem 2.7. We recall the statement:

Suppose that Trgp(Ag) = 0. Suppose that the action of Gal(K*P|K) on Tor,(A(K"™))
factors through Gal(K*P|K)*. Then Tor,(A(K"™)) is finite.

For the proof, let L| K be the maximal subextension of K"™| K, which is Galois with abelian
Galois group. Since S is geometrically integral, K ®;, k is a field and L contains a subfield
isomorphic to K ®;k (note that k = k%P and that Gal(k|k) ~ Z., which is an abelian group).
Furthermore, geometric class field theory (see eg [59, Cor. 1.3]) tells us that Gal(L | K ®y k)
is a finite group. In particular, the field L is finitely generated (as a field) over &, since K ®k
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is finitely generated over k. Now suppose to obtain a contradiction that Tor,(A(K")) were

infinite. By assumption, we have
Tor, (A(K™)) € Tor,(A(L))
Thus Tor,(A(L)) is infinite as well. By the Lang-Néron theorem, this implies that

TTL|1?;(AL) # 0,

contradicting the first assumption.
We now turn to the proof of Proposition 2.8. We recall the statement:
Suppose that dim(A) < 2 and that Trgp(Ag) = 0. Then Tor,(A(K"™)) is finite.
For the proof, notice that if Tor,(A(K"™)) is infinite then we have
NP - Tor, (A(K™)) £ 0
>0

This follows from the fact that for each n > 0, the set
{z € Tor,(A(K"™))|p" -z =0}

is finite (the details are left to the reader). Let G C (0,5, p‘-(Tor,(A(K™))) be the subgroup
of elements annihilated by the multiplication by p map.

If G = 0 then there the conclusion holds, because then (5, p" - (Tor,(A(K"™))) = 0 and
thus Tor,(A(K"™)) is finite by the above remark.

Suppose now that #G = p. Then [),~, p’- Tor,(A(K"™)) is infinite and it is a union of cyclic
groups of p-power order (use the classification theorem for finite abelian groups). Thus the
action of Gal(K*P|K) on (s, p" - (Tor,(A(K"™™))) factors through Gal(K*P|K)*. But this
contradicts Theorem 2.7 and thus we must have #G > p. If #G > p then by the assumption
that dim(A) < 2, we see that we must have #G = p? and thus the inclusions

Tor, (A(K™™)) € Tor,(A(K™F)) € Tor,(A(K))

are both equalities. In particular, A is an ordinary abelian surface. Let now s € S be a
closed point such that A is an ordinary abelian variety over s. Let W := Spec((’)fq}js) be the
spectrum of the completion of the strict henselisation of the local ring at s and write Kb

for the fraction field of 655?3 The abelian scheme Ay, — W gives rise to an element e of
Homg, (T},(As(5)) @ T,(A{ (), OF ).
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Here T,(As(5)) and T,(.AY(S)) are the p-adic Tate modules of A; and AY respectively and
(58\51178* is the group of multiplicative units of (’/)-SSE The element e is called the Serre-Tate
pairing associated with Ay,. See [31] for the construction of this pairing. We have e = 0 if
and only if Ay ~ As; x5 W. Furthermore, the fact that

Tor,(A(W)) = Tor,(A(Ks")) = Tor,(A(K"™)) = Tor,(A(K:h))

in our situation shows that e = 0. This follows directly from the definition of the Serre-Tate
pairing in the ordinary case (see the definition of the morphism ”p"” in [31, p.151]). Thus
we have Ay ~ As x5 W and in particular Trgp(Ag) # 0 by Proposition 9.1 (c) below.
This contradicts one of our assumptions. We conclude that G = 0, so that the conclusion
must hold.

We shall now prove Theorem 2.9. Recall the statement:

Suppose that Tor,(A(K>P)) is infinite. Then there is an étale K-isogeny
p:A— B

where B 1s an abelian variety over K and there is an étale K-isogeny
AN B—B

such that the order of ker(X\) is > 1 and such that the orders of ker(\) and ker(¢) are powers
of p.

For the proof, note that in [53, Th. 1.4], this statement is proven under the supplementary
assumption that there exist n € Z, such that (n,p) = 1 and n > 3 and such that A[n](K) ~
(Z/nZ)?3m™(A) - Using [49, par. 3, ”Finiteness Theorem for Forms”, p. 69] in the proof,
it can be seen that this assumption is not necessary. A completely parallel argument is

described in the proof of Proposition 2.6. We leave the details to the reader.
We now turn to the proof of Theorem 2.10. Recall the statement:

Suppose that there exists an étale K-isogeny ¢ : A — A, such that deg(¢) is strictly larger
than 1 and that deg(p) = p" for some r > 0. Suppose also that A is a geometrically simple

abelian variety and that A is a semiabelian scheme.

Then A is an abelian scheme and ¢ extends to an étale S-morphism A — A of group

schemes.

For the proof, notice first that by a result of Raynaud (see [51, IX, Cor. 1.4, p. 130]), the
morphism ¢ extends uniquely to an S-morphism ¢ : A — A of group schemes. Since ¢ is

étale over K, we have an exact sequence of coherent sheaves
0— Q_S*(QA/S) — QA/S
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on A. Let 0 € HO(A,det(¢*(24/5))" ® det(24,5)) be the corresponding section. Since
ok € H°(A,det(¢* (k)" ®det(Q4/k)) has an empty zero-scheme, the zero scheme Z (o)
is supported on a finite number of closed fibres of A. Hence there exists a finite number
Py, ... P, of closed point of S, such that Z(o) = [[;_, niAp, (as Weil divisors) for some
n; = 0. On the other hand, the Weil divisor Z(o) is rationally equivalent to 0, since
det(¢*(2a/5))" @det(24/s) ~ det(24/5)Y @det(2.4/5) ~ O.4. Now notice that the morphism
p* : Pic(S) — Pic(A) of Picard groups is injective, because it is split by the map €45
Pic(A) — Pic(S). Hence the Weil divisor [[;_, n;P; is rationally equivalent to 0 on S,
which implies that n; = 0 for all i = 1,...n. In other words, we have Z(o) = () and thus
the morphism ¢*(Q4/5) — Q4/s is an isomorphism. By [21, III, Prop. 10.4], this implies
that ¢ is étale.

Let now s € S be a closed point such that A, has a presentation
0G5 A, — A) =0

where G is a torus over s of dimension d > 0 and Aj) is an abelian variety over s. The
morphism ¢,|¢ : G — A, factors through G, since there is no non-constant s-morphism
G — A). Call v: G — G the resulting morphism. The morphism 7 is étale. Indeed, we

have a commutative diagram

Y (Qa,ss)) —= 7 (Qays) — Qays

i~ |

(05 Qanss) —= 0 (Qass) —= Qays.
and in the lower row of this diagram all the arrows are surjective. Thus the arrow

’Y*(QG/S) — QG/s

must also be surjective and hence an isomorphism. Since G is smooth over x(s), we conclude
that v is smooth by [21, III, Prop. 10.4]. In particular « is faithfully flat, because it is a
morphism of group schemes and G is connected (see eg [25, SGA 3.1, Exp. IV-B, Cor. 1.3.2]).
Now recall that there is a K-morphism v : A — A such that ¢ o ¢ = [pi&(®)], (because
finite commutative group schemes over K are annihilated by their order; see [18, Theorem
(Deligne), p. 4]). The morphism 1 extends uniquely to ¢ : A — A and thus by unicity, we
have ¢ o ¢ = [pd°&(®)] 4. In particular, ker(7) is a closed subscheme of ker([ps(®)]5). Since
ker([p¢8(®)]) is an infinitesimal group scheme and 7 is étale, we see that ker(y) = 0 (since

ker(7y) is étale over s). Thus + is an isomorphism.
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Now choose a s-isomorphism G5 ~ G¢ (here 5 if the spectrum of the algebraic closure of
#(s)). The morphism ~; is described by a matrix M € GL4(Z) (because the group scheme
dual to Gf is the diagonalisable group scheme over 5 associated with Z?). Hence there exists
a monic polynomial P(z) € Z[z], such that P(0) = £1 and such that P(ys) = 0.

Finally, choose a prime [ # p. Let @ih be the completion of the strict henselisation of
the local ring of S at s. Let I?Eh be the fraction field of @ih and let 5 € N. The closed
subgroup scheme Gs[l’] of G5 extends uniquely to a finite and étale subgroup scheme Gy
of A@Z‘h over @zh See [26, Th. 3.6 and Th. 3.6 bis|. Furthermore the natural map
élj(@\ih) — G5[l7](8) is a bijection, since (’A)ih is strictly henselian and G, is étale (see
[12, Prop. 1.4.4]). Hence P(¢)(Gy(O™®)) = 0. On the other hand, the image of the
group ey Gy (O™ in Aga is dense, because A is geometrically simple and the group
Ujen @lm((’)ih) is infinite. Hence P(¢) = 0 and since P(0) = £1, we see that ¢ is an

automorphism, which is a contradiction. [J

7 Proof of Theorem 1.1

Recall the statement:

(a) Suppose that A is geometrically simple. If A(KP™) is finitely generated and of rank > 0
then Tor,(A(K®P)) is a finite group.

(b) Suppose that A is an ordinary (not necessarily simple) abelian variety. If Tor,(A(K>P))
is a finite group then A(KP®) is finitely generated.

We shall need the following

Lemma 7.1. Let B be an abelian variety over K and let v : B — B be a K-isogeny such
that deg(¢) > 1. Suppose that B is geometrically simple. Let H C A(K) be a finitely
generated subgroup. Then the set

()" (H)

r>0

s a finite group.

Proof. (of Lemma 7.1) Let G := (5,7 (H). Let F' := G/Tor(G) be the quotient of G by
its torsion subgroup. We may Suppo;e without restriction of generality that rk(G) > 0 for
otherwise the lemma is proven. Since 7 is a group homomorphism, we have v(Tor(G)) C
Tor(G) and thus v gives rise to a group homomorphism F' — F that we also denote by ~.
By construction, we have v(F') = F and thus v : F' — F' is a bijection, since F' is a finitely

34



generated free Z-module. Let
P(t) :==t"+a, 1t" '+ +art +ag € L[]

be the characteristic polynomial of 7 : F' — F. We have P(y) = 0 by the Cayley-Hamilton

theorem and since 7 is an automorphism, we have have
P(0) = ap = £1 = det(vy).

Hence
(—ao) ™ - (V" a1 " 4 ay - 1dp)

is the inverse of v : FF — F. Now let 7 be the K-group scheme homomorphism

Fi=(—ag) ™ (" an g " 4 Lag - Idp)

from B to B. Suppose first that the morphism of K-group schemes 7§ o« — Idg is not the
zero morphism. Then it is surjective, because B is simple. Furthermore the group G is
dense in By, since B is geometrically simple. Thus the group (7 oy — Idg)(G) is dense in
Bg. On the other hand, by construction (7 oy — Idg)(G) C Tor(G). Since Tor(G) is a
finite group, it is not dense in By and thus we deduce that 7 o v — Idg must be the zero
morphism. Hence v is invertible (with inverse ), which contradicts the assumption that
deg(y) > 1. We conclude that we cannot have rk(G) > 0 and thus G = Tor(G) is a finite
group. [J

For the proof of Theorem 1.1 (a), suppose first that Tor,(A(K®P)) is not a finite group.
Then by Theorem 2.9, there exists an abelian variety B over K, which is K-isogenous to A
and which carries an étale K-endomorphism B — B, whose degree is > 1 and is a power
of p. The dual of B hence carries an isogeny ¢, which is purely inseparable (because the
dual of a finite étale group scheme over a field is an infinitesimal group scheme) and thus
we have
BV(errf) _ ﬂ ¢or(BV(errf))
r>0

By Lemma 7.1, BY(KP®) is thus either finite or not finitely generated and the same holds
for A, since A is isogenous to BY. This proves (a).

We now turn to the proof of statement (b). Note that by Grothendieck’s semiabelian re-
duction theorem, there is a finite and separable extension K;|K such that Ag, extends to
a semiabelian scheme over the normalisation S; of S in K;. The scheme S; might not be

geometrically connected over k but there a finite extension k; of k, such that the connected
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components of S, are geometrically connected. We choose one of these connected com-
ponents, say Sy. The extension of function fields corresponding to the morphism S, — S is
separable by construction so we may (and do) assume that 4 is semiabelian to begin with.
Suppose that A(KP®) is not finitely generated and that A is ordinary. Then by Proposition
2.6, there is an abelian variety B over K, which is K-isogenous to A and which carries a
K-isogeny B — B, whose kernel is a multiplicative group scheme of order > 1. The dual
¢ of this isogeny is an étale isogeny of BY, which has degree p" for some r > 0. Thus
Tor,(BY(K*P)) is an infinite group and the same holds for A, since A is isogenous to B".
This proves (b).

8 Proof of Theorem 1.2

Recall the statement:

Suppose that A is a semiabelian scheme and that A is a geometrically simple abelian variety
over K. If Tor,(A(K®P)) is infinite, then

(a) A is an abelian scheme;

(b) there is 4 > 0 such that ™ - Tor,(A(K*?)) € Tor,(A(K™™);
Furthermore, there is

(c) an abelian scheme B over S;
(d) a generically étale S-isogeny A — B, whose degree is a power of p;

(e) an étale S-isogeny B — B whose degree is > 1 and is a power of p.
Finally

(f) if A is ordinary then the Kodaira-Spencer rank of A is not maximal;

(g) if dim(A) < 2 then Trg(Ag) # 0.

(h) for all closed points s € S, the p-rank of As is > 0.

Proof of (a): note that by Theorem 2.9, the abelian variety A is isogenous to an abelian
variety B over K, which is endowed with an étale endomorphism of degree a positive power

of p. Since A extends to a semiabelian scheme over S so does B. This is a consequence of a
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theorem of Grothendieck (see [1, 5.] for a nice presentation). Thus, by Theorem 2.10 we see
that B extends to an abelian scheme B over S. Using the criterion of Néron-Ogg-Shafarevich
(see [57]), we see that A also extends to an abelian scheme over S. By the uniqueness of
semiabelian models (see [51, IX, Cor. 1.4, p. 130]), this extension must be A and thus A is

an abelian scheme.

Proof of (b): Let H := Gal(K*P|K"). For i > 0, let G; := A(K*P)[p‘]. The group G; is
the group of K-rational points of an étale finite group scheme G; over K, which is naturally
a closed subgroup scheme of A. Let A; := A/G, and for i < j let ¢;; : A; — A, be the
natural morphism. Let A; be the connected component of the zero section of the Néron
model of A; over S. By (a) and the criterion of Néron-Ogg-Shafarevich (see [57]), this is an
abelian scheme. Furthermore, by [51, IX, Cor. 1.4, p. 130] the morphisms ¢; ; extend to

morphisms ¢; ; : A; — A; and we have the classical exact sequence

0i;(Qays) = Quys = Q5. = 0.
Now the morphism ¢; ;(Q4,/5) — Q.4,/s is injective over the generic point of A;, because
¢ij = ¢ijx is smooth by construction. On the other hand both é;‘,j(QAj/s) and Q4,/s are
locally free and thus it follows that ng’j(QAj /s) — Qg /S is also injective. Hence we have an
exact sequence
0= &7 ;(4,/5) = Qays = Qg,, = 0. (6)

Let m; : A; — S be the structural morphism. We have a functorial isomorphism
Q-Ai = W: (ﬂ—i,* (QAz/S))

and thus there is a coherent sheaf T; ; on S, which is a torsion sheaf, such that 7 (7; ;) ~ Qg, ;

and the sequence (6) is the pull-back by 7} of a sequence
0 — m(Q4,/5) = Tiw(Qayys) = Tij — 0
and in particular

degs ()« (2a,/5)) + degs(Ti;) = degs(mi(Qays))-

Now recall that degg(7; .(24,/5)) = 0 for all i > 0 (see [16, V, Prop. 2.2, p. 164]). Thus, for
i=0,1,... the sequence degg(7;.(24,/5)) is a non-increasing sequence of natural numbers.
Hence for large enough i, say i, it reaches its minimum. We conclude that T}, ; = 0 for
j > g, so that the morphism ¢, ; is étale and finite. Now ¢ ;, (G;(K5P)) lies by construction
in the kernel of ¢;, ;. Thus

Po,io (G (K5P)) © Ay (K™™)

37



when j > 4. In other words, for any x € G;(K*P) and any v € H, we have
v(z) — € Gy (K°P).

In particular, we have
V(P x)=p° () =p° -

In particular, since j > i¢ was arbitrary, we see that

for all x € Tor,(A(K*P)) and all v € H. Setting r4 = io concludes the proof of (b).

Proof of the existence statements (c), (d), (e): this is a consequence of (a) and Theorems
2.9 and 2.10.

Proof of (f): this is contained in a theorem of J.-F. Voloch; see [62, Proposition on p. 1093].

Proof of (g): this is a consequence of (b) and Proposition 2.8.

Proof of (h): This follows from (a) and (e).

9 Proof of Theorem 1.4

9.1 The trace of an abelian variety over a function field: basic

facts

Let E be an abelian over a field F'. Let Fy C F be a subfield.

The F|Fy trace (Trpg, (E), A) (if it exists) of £ over Fj is an abelian variety Trp g (£) over
Fy together with a homomorphism A : Trg g (E)p — E of abelian varieties over F. They
have the following universal property. For any abelian Ej over Fy and a homomorphism
¢ : By p — E of abelian varieties, there is a unique morphism gz~5: Eor — Trpg, (E)p such

that ¢ = Ao ¢. This means that Tr F|F,(E) and A are uniquely determined if they exist.

Here are some known facts about Trpg, (£). Before stating them, we record the fact for any
finite morphism of abelian varieties f : E' — E over F', the natural morphism E’/ker(f) —
E is a closed immersion. Here E’/ker(f) is the quotient described in Proposition 4.1. To see
this, consider that the morphism E’/ker(f) — F is by definition a monomorphism of fppf
sheaves over Fj and hence a monomorphism of schemes. On the other hand, it is proper
and of finite type and thus a closed immersion (see [13, EGA IV .4, 18.12.6]) for this). We
shall call Im(f) the abelian variety E’/ker(f) viewed as an abelian subvariety of E.
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The field extension F'|Fy is called primary (resp. regular) if the algebraic closure of Fp in F
is purely inseparable over Fy (if F} is algebraically closed in F' and F is separable over Fy).
Note that if I is the function field of a smooth and geometrically integral variety over Fj

then F'|F} is regular.

Proposition 9.1. [see [I1, Th. 6.4 and Th. 6.12]]

(a) If F|Fy is primary then the F|Fy trace (Trpip,(E), A) of E over Fy ewists and the kernel
of A is finite over F.

(b) If F|Fy is reqular then the kernel of the morphism X is connected and so is its Cartier
dual.

c) If Fi|F and F|Fy are primary extensions then (Trpip (E)p, Ap ) s an Fy|Fy-trace o
| Fo 1 1
Ep,.

(d) We have Trpg, (A/Im(X)) = 0.

We also recall the Lang-Néron theorem (see [11, Th. 7.1] and [35, chap. 6, Th. 2]): if
F|Fy is a finitely generated regular extension then the quotient group E(F)/Trp g (E£)(F)
is finitely generated. Here Trpg, (E)(Fp) is viewed as a subgroup of E(F) via A and the

natural base change map from Fj to F.

9.2 The proof

We now use the notations of Conjecture 1.3.

Let A : Trz);,(C) — C be the canonical morphism. We write C'/Im(X) for the quotient of C'
by Im(\) in the sense of Proposition 4.1.

We begin with the

Proposition 9.2. IfIVD(C/Im(X), L) C Tor?((C'/Im(X))(L)) then IVD(C, L) C Tor?(C(L)).

For the proof of Proposition 9.2, we shall need the following

Lemma 9.3. Let N be a finite flat infinitesimal group scheme over a field J of characteristic
p. There is a finite field extension J'|J such that for any n > 0 and any element o €
HY(J,N®"), the image oy of o in H'(J', N®") 1)) vanishes.

Here H'(J, N®")) is the first cohomology group of N®") viewed as a sheaf in the fppf

topology. More concretely, it is the group of isomorphism classes of torsors of N®*) over J.
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In the following proof, we shall write J?~ " C J for the subfield of J consisting of elements

of the form 2P~ ", where x € J.

Proof. (of Lemma 9.3) First suppose that N has a filtration by finite closed subgroup
schemes, whose quotients are isomorphic to either oy, ; or i, ;. Let m > 0 be the number
of non vanishing quotients. We shall prove by induction on m that the image of « in
H(JP™", N®") vanishes for all n > 0 (under the supplementary assumption on N), for any
field J of characteristic p. If m = 0 the statement holds tautologically, so we shall suppose
that it holds for 1,...,m — 1. Let

0—=F, = Nj = F—=0

be a presentation of N where F is isomorphic to either oy, ; or 11, ; and F} has a filtration as
above, whose number of non vanishing quotients is < m — 1. This induces exact sequences

o) = (N

0— Hl(t]pila (Fl inl)(pn)) - H1<Jp71> (F27Jp*1)(pn))

gt

and

0— H'(J" ", (F

) ) s YN

Jr—

)P 5 NP (F,

- )(p”))

(observe that HO(JP™", (F, ;,-m)®")) = 0 since F} is infinitesimal). Since F5*") is of height
-1

one, the image of o in H'(J?", (F, j,-1)"")) vanishes by [11, Lemma I11.3.5.7]. The el-
ement « is thus the image of an element 8 € H'(J? ', (F,»-1)%). By the inductive
hypothesis, the image of 8 in H'(J?" ", (F, ;,-=)®")) vanishes and thus the image of « in

HY(JP™, (N ,-m)®")) vanishes, proving the claim.

Now according to [27, par. 2.4, p. 28] there is a finite extension J; of J such that N;, has a
filtration by finite closed subgroup schemes, whose quotients are isomorphic to either «,, 5,
or fy, j,- This extension will by construction also work for all the group schemes N ") and

the number of non vanishing quotients of all the group schemes N®"); is constant, say it

1

is m. Hence the extension J' := J} " has the required property. [l

Proof. (of Proposition 9.2). Now suppose that IVD(C/Im()), L) C Tor?((C/Im(\))(L)).
We want to show that IVD(C, L) C Tor?(C(L)).

Write
AP . TIL‘Z()(C)(p") — ")

for the base change of A by F;". We have an exact sequence

0— Im(A\) (L) — C(L) = (C/Im(X))(L)
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and we have (C/Im(\))®") ~ C®") /Im(A®™). Let now
2o € C(L), 21 € CP)(L), 25 € CP)(L),. ..

be a sequence of points such Vow (1) = @0, Viye2),p(22) = 21 etc. Then we know from
the above supposition that the image of z,, in (C®")/Im(A\®")))(L) is a prime to p torsion
point for all n > 0. In particular, the order m of the image of z,, in (C®")/Im(A®™))(L)
is independent of n, because the degree of the Verschiebung is always a power of p. Let m
be the order of zy (and hence of all the x,,). Then m - z,, € Im(A®"))(L) for all n and thus
m-xy is indefinitely Verschiebung divisible in Im(A)(L) (because the Verschiebung morphism
commutes with morphisms of commutative group schemes). It now suffices to prove that
m - xg is of finite and prime to p order in Im(A)(L). Hence, we may and do assume that the

morphism A : Ty, (C') = C' is a surjection.

Now A is also finite and purely inseparable by [I 1, Th. 6.12] and it is thus a bijection. We

are now given infinitely many L-morphisms
TN () = (AP () = A (20)

where (A?"))*(z,) is the base change by A®") of z,, viewed as a closed subscheme of C®").
The L-scheme (A®"))*(x,) is a torsor under the group scheme (ker A\)®") ~ ker A®?") and
according to Lemma 9.3, there is a finite extension L', which splits all the (A?"))*(z,,). We
thus obtain an indefinitely Verschiebung divisible point xf in Trz;, (C')(L’), whose image in
C(L') is xo. Now Trp,(C)r is by definition the base change to L’ of an abelian variety
over lp; so we are reduced to showing Theorem 1.4 for abelian varieties C' that arise by

base-change from [y. Lemma 9.4 below thus concludes the proof. [

Lemma 9.4. We have IVD(C, L) C Tor?(C(L)) if C ~ Cy x;, L, where Cy is an abelian

variety over lg.

Proof. (of Lemma 9.4) By [I5, Th. 6.2 and afterwards| there is an m > 1 so that
m-xg € Co(lp). Since [y is algebraically closed, this implies that zq € Cy(ly), concluding the
proof. [

Proof. (of Theorem 1.4.)
We begin with a couple of reductions.

(1) We may assume in the statement of Theorem 1./ that L is the function field of a smooth

and proper curve B over l.

Using Proposition 9.2 and Proposition 9.1 (d), we see that when carrying out reduction (1),

we may assume that Trz);,(C) = 0. Reduction (1) now follows from a standard spreading
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out argument together with Proposition C.1 in the Appendix. Here one could probably
appeal instead to Hilbert’s irreducibility theorem (as in [35, chap. 9, cor. 6.3]) but for lack

of an adequate reference in the case of function fields, we prefer to use Proposition C.1.
(2) We may assume in the statement of Theorem 1.4 that dim(Trz,, (Cr)) = dim(Tr, (C)).

To see this, suppose for the space of this paragraph that we know that Theorem 1.4 is
true in general under restrictions (1) and (2). Let L’|L be a finite extension such that
dim(Trz;,(Cr)) is maximal among all finite extensions of L. In particular we then have
dim(Trp, (Crr)) = dim(Trz,, (Cr)). According to Proposition 9.1 (c), we may assume that
L'|L is separable. Replacing L' by the Galois closure of L’ over L, we may even suppose that
L’|L is Galois. Let yo € C(L) be an indefinitely Verschiebung divisible element. Suppose
Yo # 0. Applying our assumptions to Cp, and to the normalisation B’ of B in L', we see
that the image of yo in Cp/(L’) is indefinitely Verschiebung divisible. Thus for some integer
my,, which is prime to p, the element m,, - yo is divisible in the group Cr/(L’). Now there

is a natural group homomorphism u : Cp, (L") — C(L) (the trace) given by the formula

uz)=" Y o(2)

o€Gal(L'|L)

Hence my, - u(yo) = my, - [L' : L] - yo is divisible in the group C(L) and hence
My, - [L/ . L] - Yo € TrL|l0 (C)(lo)

Now if the order of the image of yg in C'(L)/Trzy,(C(ly)) is prime to p then we are done. Oth-
erwise, we may (and do) replace yo by a multiple such that the image in C'(L)/Trry,(C(ly))
of 1y is a non-zero element of order p. In the rest of the argument, we shall derive a con-
tradiction from the existence of this element. Let i > 1. Let y; € C®)(L) be such that
Vc(z()pi) /L(yl) = 1. The variety

(C®N,, = (Cp)P) = C’g’,’i)

also has the property that dim(Trz, (C’gi))) = dim(TrmlO(C’épi))) since C'") is isogenous to
C over L. Hence, repeating the above reasoning, there is an integer m,,, which is prime
to p, such that my, - [L' : L] -y € Trpp(C%)(L). Now according to Proposition 9.1
(c), the natural morphism Trp, (C’)(Lpi) — C®) obtained by base change under F% from
the morphism Trz, (C)r — C makes Trpy, (C)(pi) into the trace of C?). Thus the map

V(Z)

C(pi)/L(E> (resp. F((JZ/)L(E)) induces a surjective map

C (L) /T, (C) 7 (l) — C(L)/Tryy,(C)(lo)
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(resp. a bijective map

C(L)/Trpyy (O)(lo) — C¥I(L)/ Ty (C) (1)

). Since %9 (L)o F((;/)L(E) = p', we see that the order of y; in

cwh /L
COI(L) [ Tryyiy(CP) (1) © O (L) /Tra (C7)) (0o)

is p™1. This is a contradiction if 7 is chosen large enough so that p' is not a divisor of [L’ : L].
We conclude that the order of the image of yo in C(L)/Trr,(C)(ly) is prime to p and this

concludes reduction step (2).

We now assume that we are given an abelian variety C' over L and that C satisfy the

assumptions of 1.4 as well as (1) and (2).

Let as before A : Try;,(C'), — C be the canonical morphism. According to Proposition 9.2,
it will be sufficient to prove that IVD(C'/Im(\), L) C Tor?((C'/Im(A))(L)). By Theorem 9.1
(d), we have Trz;,(C/Im(X)) = 0 and since we work under supplementary assumption (2),
we even have Trz, (C/Im()\)) = 0. Thus we may replace C' by C'/Im()\) and assume from
now on that Trz, (C) = 0. Finally, since we have Trz; (C') = 0, we may replace without
restriction of generality replace L by a finite extension L' and B by its normalisation B’ in
L’. We may thus assume that there is an integer m > 3, with (m,p) = 1 and such that
Clm] =~ (Z/mZ)?>3™C) and CV[m] ~ (Z/mZ)?>3m(C),

By a theorem of Raynaud (see [I, Prop. 5.10]), the connected component of the Néron
model of C' will then be a semiabelian scheme. We call it C.

Now suppose as in the statement of Conjecture 1.3 that we are given points x, € C(p[)(L)
and suppose that for all £ > 1, we have VC@e)/L(xg) = x4_1. We want to show that xy €
Tor?(C(L)).

By Lemma B.2 and the discussion preceding it we have a canonical map
a:CP(L) — Hompg(wew), 2p/1,(E)) (7)

such that a(x) = 0 iff v € Foy(C(L)). Here E = E(C) is the reduced divisor, which is the
union of the closed point b € B such that C, is not proper over k(b). Note that we have
E(C) = E(C®)) = E(C")) = .... The map a is naturally compatible with isogenies (we

skip the verification) and so there is an infinite commutative diagram
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C(P)(L) —>Hom3(wc(p), QB/lo (E)> (8)
VC(FQ)/LT VC*WQWBT

C(pQ) (L> - HOIHB (wc(pQ) ) QB/lo (E))

| |

Remember that we have

Wepn) X Fg"’*(wc).
Now choose n; > 1 so that
- Wem) has a Frobenius semistable HN filtration;

- (W) )=0 2 (Wem1) ) =0,binf P (Weem1) )=0,, SPlits into a biinfinitesimal and a multiplicative
commutative coLie-algebra (see Lemmata 4.4 and 4.7).

Note that if some n; > 1 has the two above properties, than any higher n; will as well (by

definition for the first property and tautologically for the second one).
Choose ny > n; so that

(I) the image of the map

V(ng—nl),*

C(Pn2)/B D Wepn) — Wep™2)

lies in (wen2))>0 ~ Fo™ ™" (wewm))s0);

(IT) the image of the map of coLie algebras

Vc(ggl/lf):’* (weom)=o = FR™ ™™ (weom))=0) = (Weora))=o0
is F ;(nQ_nl)7*((Wc(p7L1)):O,M). Note that this is possible because the biinfinitesimal part of
(W) )=o will be sent to 0 by sufficiently many composed Verschiebung morphisms (by
definition).

Note that under (I) for any ns > ng the image of the map

(n3—n2)* |
Vc(p"3)/B : (wc(pW))ZO - Wep™3)

and hence of the map

V(ngfnl),*

C(pn3)/B . WC(pnl) — WC(p"B)

automatically lies in (wpoms )s0 ~ Fo™ ™ (wWoem) )0)-

Choose nz > ny so that
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(III) the map
Wepns) — QB/lo (E)

given by x,, factors through its quotient (Fp"™"(we))<o ~ FO("3 n1) (Wewm))<0);

(IV) the image of the map

Vi s F™ 7 (wewmn)=0) = FR™ 7" (wewra)=o)

is F™ "2 ((Wegm2) )=o) = F™ ™™™ (wewm) )=ou)-
Now we shall exploit the compatibility between the morphism

c(Tny)
weery — Qpi(E)

induced by z,, and the morphism

(Zng)

We(p™3) —>3 QB/k(E)

induced by z,,. According to the diagram (8), this compatibility gives the equality

(xn3> © vc(p"S "1)/B C<xn1>'

In other words the composition of morphisms

V*
C(T-’n37n1)/B C(an?))
Wepm) — " weersy — Qpi(E)

is ¢(xy, ). Furthermore, in view of (I) and (III) the map c(z,,) factors as follows:

(n3—mny),*

c®™) /B F(n3 n1),x Fo(ngfnl),* Fo(n;gfnl),* 0 E
Wewn) = (Wewm))>0) = Fg (Wewr))=0) = F (Wewm)) <o) = Qp/k(E)

and by (I) the map

(n3—mny),*
c®™3)/p o(nz—n1),*
weerny = Iy ((Wewm))=0)

factors as follows

(ng—mnq),* (ng—ng),*
(1) _ _ (1) _
weory =" Fi nl)’*((wc@"l))zo) — F m)’*((wc@"l)):o) R (wegn) )=o)

and thus by (IV) and (II) the image of this last map is precisely FE(nB_"l)’*((wC@nw):OVM).

We have thus constructed a multiplicative quotient of the p-colLie algebra w,en1). On the

other hand the p-coLie algebra wym1) is the p-coLie algebra of the finite flat group scheme
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ker Fom) . By the equivalence of categories recalled in subsubsection 4.2, this quotient cor-
responds to a multiplicative subgroup scheme of ker Fn1) /- By Lemma 4.8, this subgroup
scheme embeds in the canonical largest multiplicative subgroup scheme (ker Fj 1) / 5)u of

ker Fopm) g (in fact, it coincides with it, but we shall not need this). Finally note that

(ker Fomy ) = ((ker Foyp),)®™),

by the last part of Lemma 4.8.

Let G := (ker F¢/p),. Note that G = G¢ in the notation of Theorem 2.1. Now consider
the quotient C; := C/G (which is a semiabelian scheme by 4.10) and let ¢; : C — C; be the

quotient morphism. The point x,, and its image y,, in C;(L) give a commutative diagram

0 Fg(nS*”l)a*((wc(pnl)):O,H)
Wak™) F;(nS_m)’* (wC(Pnl ))
W) a/x(E)
Y] )
C(ynl)
Wew™) a/1(E)

where the left column is an exact sequence and ¢(y,, ) is the morphism induced by y,,.

Thus c(yy,,) vanishes. In particular, y,, lies in the image of FC@nlfl)/B(C?nlA)(L)). Using
1

the fact that

=1, = V _(pn1 oF a1
I:p]cip 1 ) C%p )/B C%P 1 )/B’

we conclude that y,,_; has a p-th root in Cﬁpnlil)(L). Hence yy also has a p-th root in
Ci(L). Now since G is independent of zy, we conclude that the image of any indefinitely
Verschiebung divisible point of C'(L) in C;(L) has a p-th root. Since G is compatible with
twists, we also see that for any n > 0 the image of any indefinitely Verschiebung divisible
point of C®")(L) in C;*")(L) has a p-th root. From this, by an elementary combinatorial
consideration, we see that the image of any indefinitely Verschiebung divisible point of C'(L)

in C;(L) has a p-th root, which is indefinitely Verschiebung divisible.
By the discussion above, the image of IVD(C') in C;(L) lies in p-IVD(C, ). This is the

crucial fact that the rest of the proof will exploit.

Let C; :=C/Ge, C2/Ge,, . .. be the sequence of smooth commutative group schemes obtained

by successively quotienting by the canonical subgroup schemes described in Theorem 2.1.
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Note that all the C; are semiabelian by Lemma 4.10. We shall denote by 1); the morphism

C — C; obtained by composition. Write C; := C; 1, for convenience.
Let mg be an integer such that mgg - 2o =: vy extends to an element vy of C(B).

Now let Dy be a line bundle on C. We suppose that [—1]&(Dg) =~ Dy (ie Dy is symmetric),
where [—1]¢ is the inversion morphism given by the group scheme structure of C' over B.
We also suppose that Dy is a relatively ample line bundle. If x € C(B), write 7, : C — C for

the translation by x morphism. We use the same notation for x € C(L).

Now consider the isogeny ¢p, : C — CV from C to its dual abelian variety, which is
induced by Dq (this is the polarisation induced by D). Since vy € IVD(C), we also
have ¢p,(vy) € IVD(C"), since relative Frobenius morphisms are naturally compatible with

morphisms of abelian varieties. The point ¢p,(vg) corresponds to the line bundle
M = T;O(DQ) & D(\)/

on C (see [15, II1.13]). Since the morphism dual to the Verschiebung morphism is the
relative Frobenius morphism (this is very often the definition of the Verschiebung), we see
that the fact that ¢p,(vy) € IVD(C") translates to the fact that there exist line bundles M;
on C®) for all i > 1, such that

Fé‘/L(Ml) ~ M, Fé(p)/L(M2) ~ M, F’

Since 1; factors by construction through Fe,i-1y,1, © Fowi-2) 00 Fg/, we see that for
each i > 1, there is a line bundle J; on C; such that @ZJZL(JZ-) ~ M.

Now recall that Dy extends uniquely (up to isomorphism) to a line bundle Dy on C, if we
require Dy to be trivial along the unit section of C (see [11, Prop. 2.6, p. 21]). Similarly
the line bundle M extends uniquely (up to isomorphism) to a line bundle M on C with
the same property. We shall write J; for the line bundle similarly associated with J; on C;.
Notice that by unicity, we have ¢} (J;) ~ M.

We shall now make a height computation. We shall need the

Lemma 9.5. Let W be a line bundle on C, which is trivial when restricted to the unit section
and such that Wy, is algebraically equivalent to 0. Let x € C(B). Then deg(xz*(W)) is the
Néron-Tate height pairing of xr, € C(L) and Wy.

Proof. This follows from [11, III.3.2 and 3.3] and the definition of polarisations. [

We shall also need the crucial
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Proposition 9.6. (a) There exists a constant my € N* and an infinite set Iy C N* such
that for any i € Iy and any P € C;(L), the element mg - P extends to an element of C;(B).

(b) There is a constant ¢y € N* and an infinite set Iy C N* such that for any i € Iy and any
P € Tor(C;(L)) we have ¢y - P = 0.

We shall prove this proposition later, using Proposition A.2 in the Appendix.

Let i € Iy. For the next computation, recall that v; 1 (vg) is divisible by p’ in C;(L). Let
z; be an element of C;(L) such that p' - z; = 1; 1(vy). According to Proposition 9.6 (a),
myg - z; extends to an element u; of C;(B). By construction, we have p’ - u; = mq - ¢;(vy). We

compute

deg(([mo](v0))"(M)) = deg(([mo](v0))"(¥;(J;))) = deg(([mo)(¥i(v0)))*(J;))
= deg(([p'](u i))"(Ji)) = deg(u; ([p 1°(J2)))
= deg(u (J")) = p' - deg(uf ( ;).

Here [my] refers to the multiplication by mg morphism (in particular [my](vg) = myg - Uo).
Now suppose for contradiction that deg(([mo](vy))*(M)) # 0. If we choose i large enough
so that p’ is not a divisor of deg(([mo](v9))*(M)) then we obtain a contradiction. Thus
deg(([mo](v9))*(M)) = 0. We may also compute

deg(([mo](%))"(M)) = deg(¥5([mo]"(M))) = deg(T5(M=™)) = mq - deg(vG(M)).

In particular, by Lemma 9.5, the Néron-Tate height pairing of vy and M vanishes. Now no-
tice that M is by definition the image of vy under the polarisation induced by the symmetric
ample line bundle Dy. Hence the Néron-Tate pairing of vy and M is twice the Néron-Tate
height of vy with respect to the polarisation induced by Dg. In particular, the Néron-Tate
height of vy with respect to Dy vanishes. By a theorem of Lang (see [11, Th. 9.15]) we
conclude that the image of vy in C'(L) is an element of finite order. Thus the image of xy in

C(L) is also an element of finite order.

Now we show that z¢ € Tor?(C(L)). For contradiction, suppose that z¢ ¢ Tor?(C(L)). We
thus may (and do) replace xy by one of its multiples and suppose that p-xy = 0 and z¢ # 0.
We know that 1; 1,(z0) is divisible by p in C;(L) and since 1; 1, is injective we conclude that
there is an element of order p'™ in C;(L) for all ¢ > 1. Thus contradicts Proposition 9.6 (b)

so we are done.

Proof of Proposition 9.6. We need some preliminaries on moduli spaces of abelian
varieties. Let n > 3 with (n,p) = 1) and g > 1. We shall choose particular values for g and

n later.
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Let A, be the functor from the category of locally noetherian F,-schemes to the category
of sets, such that

A, (B) = {isomorphism classes of the following objects :
principally polarized abelian schemes over B endowed

with a symplectic isomorphism (Z/nZ)% ~ An] }

D. Mumford proves (see [16]) that the functor A, is representable by a scheme, which is

separated and of finite type over IF,. We shall also denote this scheme by A, ,,.
Furthermore, in [16, V, 2., Th. 2.5], C. Chai and G. Faltings prove that there exists

e a scheme Agﬁn (resp. A;n)7 which is proper over Fy;

. . A . . * .
e an open immersion A, < A,, (resp. an open immersion A,,, — Agm)7

a semiabelian scheme U over A,,, such that Uya,, is isomorphic to the universal

abelian scheme over A ,,.

e a morphism 7 : A, — A7, compatible with the above open immersions of A ,;

a line bundle w” on A}, which is ample and such that 7*(w°) = wy/a, .-

Now write Z := B x;, A

represents the functor

Recall that the Hilbert scheme Hilb(Z/lj) is a scheme, which

*
gn,lo”

T — {closed subschemes of Zr, which are proper and flat over 7'}

from the category of locally noetherian scheme T" over [y to the category of sets. It is locally

of finite type over [y (see [28]).

Let ® € Q[)\] be a polynomial with rational coefficients and Lg/Z an ample line bundle. By
definition, the ly-scheme Hilbg(Z/ly) represents the functor

T — {closed subschemes W of Zr, which are proper and flat over T’
and such that x(W;, L{},) = ®(A) for all A € Nand all ¢ € T’}

from the category of locally noetherian scheme T over [, to the category of sets. Here W;
is the fibre at ¢ € T of the morphism W — T and Loy, is the pull-back of L to W, by
the natural morphism W; — Z. The symbol x(-) refers to the Euler characteristic. By
definition

X(Wi, L) = > (=1)" dimygy H' (W, L)

r=0
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(this is called the Hilbert polynomial of W, with respect to Ly,). It is shown in [25], that
Hilbg (Z/1y) is projective over [y (as a consequence of the projectivity of Z). Notice that by

construction, we have a disjoint union

Hilb(Z/lo) = [] Hilba(Z/lo)
DeQ[A]

Finally, it is shown in [17, part II, 5.23] that the functor Mory, (B, A} ) from locally noethe-

rian [p-schemes T' to the category of sets, such that
Mor;, (B, A} ., ;, )(T') = {T-morphisms from By to A}, }

is representable by an open subscheme of Hilb(Z/l;). More precisely, the natural transfor-

mation of functors
T-morphism f from Br to Ay, 7+ graph of f
is represented by an open immersion
Mory, (B, A} ) — Hilb(B x;, A ., /lo)-

Let now D be an ample line bundle on B. We choose L to be the line bundle D X wl% on
Z =B x lo A*

g,m,lo "
Recall that the Hodge bundles of the C; all have the same degree by Lemma 4.12. Let
dy = deg(we/p) be this common degree. Our aim is to use this to show that all the C;

embed in a bounded family of abelian varieties and apply Proposition A.2.

Notice that Cj[m] =~ (Z/mZ)>3™C) and CY[m] ~ (Z/mZ)>*3™(C). Indeed, since ;1 is
purely inseparable, it induces an isomorphism C[m] — C;[m] and thus C;[m)] ~ (Z/mZ)?im(C:)
by (iv) above. For the isomorphism CY[m] ~ (Z/mZ)*>3™(¢) notice that the dual mor-
phism ¢y : C}" — CV is separable (because its kernel is the Cartier dual of a multiplicative
group scheme) and of order a power of p. Hence, since (p,m) = 1 it also induces an isomor-
phism CY[m] — CV[m] (we leave the details to the reader).

Now let E; := (C; x, CY)* . By Zarhin’s trick (see [14, IX.1.1]) E; carries a principal
polarisation. Furthermore, by the last paragraph, we also have FE;[m| ~ (Z/mZ)?dm™(E:),
Notice also that the identity component of the Néron model of C; is semiabelian, since C; is
semiabelian. Hence the identity component of the Néron model of C}’ is also semiabelian,
since C) is isogenous to C; (see [I, Prop. 5.8 (4)] for a neat presentation). Since the
formation of the Néron model is compatible with products, we conclude that the identity

component &; of the Néron model of E; is also semiabelian. We also see & B\E(C) is an
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abelian scheme over B\E(C) (where E(C) is as in (7)). Finally, we have deg(wg,/5) = 8 - do
by [16, V.3, Lemma 3.4, p. 166].

Let now g = dim(E;) = 8 - dim(C') and n = m. By definition, E; is associated with an
lo-morphism Spec L — Ag,;,. By the valuative criterion of properness, this morphism

extends to a morphism ¢; : B — A, (resp. to a morphism ¢; : B — A,,,;,). By unicity,

g)nle
we have T o ¢; = ¢;. Thus, since semiabelian extensions are unique (see [51, IX, Cor. 1.4,
p. 130]), we have ¢;(w}) =~ we, /5. The morphism ¢; is by definition associated with an
element of Mor;, (B, A}, )(lp). We can now compute the Hilbert polynomial of the graph

I'y, of ¢; with respect to the line bundle Ly:

x(To L5Y) = 2 Q) = X(B, (D ® 6} () ™) = deg((D ® 67(w1,))*) +1 - 9(B)
= X-degp(D @ ¢f(wy)) +1—g(B)
= A-degp(D ®wg,/p)+1—g(B)
= A-degg(D) + A - degp(we,/p) +1 — g(B)
— A degy(D)+A-8-do+1— g(B). )

Here g(B) is the genus of B. The second equality is justified by the Riemann-Roch theorem
on B. We thus see that the Hilbert polynomial Q(A) of the graph of ¢; with respect to Lg
is Q(\) is independent of i. Thus the element of Mor, (B, A%, , )(lg) corresponding to &;

g,m,lo
lies in the scheme

1\/[01"10 (B, A” )(lo) N Hlle(}Q(B Xl A;mlo/lo)

g’nvlo

which is of finite type over [y by the above discussion. We now let Y be the Zariski
closure in Mory, (B, A ;. )(lo) N Hilbgu (B xi, Ay, /lo) of the set all the elements of

g,m,lo
(Mory, (B, A}, 1, )(lo) N Hilbgy (B xi, Ay, /lo))(lo) which correspond to some ¢; (i > 0).

97”710
Finally we let Hyg be some irreducible component of Y, which meets infinitely many such

points. Let 1o := k(Hgg). By construction, we have an Hgg-morphism

B X1 HO(] — A’

g,n,Hoo

which sends (B\E(C))py, into Agypnne S A5 .., (because by construction, (B\E(C)), is

sent into A, , for a dense sent of points x € Hyy). Let

100

— A*

7100 g,m,7M00

Yo : B

be the induced morphism over 79. Now recall that there is a proper morphism 7 : A, ,, — Aj .

By the valuative criterion of properness, there is a unique ng-morphism ~ : B, , — Ag,nmoo

100
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such that 7,,, oy = 70. The morphism v extends over an open subset Hy of Hyg, yielding
an Hy-morphism
”? - B Xl Hy — AQJMHO‘

Replacing Hy by one of its open subsets, we may suppose that Hj is normal. Let now By
be the base change of U by 7. A theorem of Moret-Bailly (see [14, VI.3.1]) together with
a result of Raynaud ([51, XI.1.4]) then shows that By can be endowed with a relatively
ample line bundle, which is symmetric and trivial along the zero section. Let also tq := [,
C := B xy, Hy. If we now apply Proposition A.2 (a) with this choice of Hy,ty, C' and By, we
reach the conclusion that there is an infinite set Iy C N* and a constant ng, such that for
i € Iy, and any P € E;(L), the element ng - P extends to an element of &(L). Since C; is a
direct factor of &;, we may replace E; (resp. &;) by C; (resp. C;) in the last sentence. This
proves (a), with mg = ng. For (b), note that Try,(£;) = 0 (since Ej is a product of abelian

varieties isogenous to C') and apply Proposition A.2 (b) to the same situation. [

A Rational points in families

The terminology of this section is independent of the terminology of the rest of the article

and its appendices.

Let ty be an algebraically closed field. Let Hy be an integral scheme of finite type over tg.
Let m : C' — Hy be a smooth curve over Hy, with geometrically connected fibres. Let By
be a semiabelian scheme over C. Suppose that there exists a line bundle L on By, which is
ample relatively to C, symmetric and trivial along the zero section. Let 1y := x(Hy) and
let Ao := k(C). Note that Xg lies over 7y via m and that )¢ is also the generic point of C,,

viewed as a subset of C. We suppose that By ,, is an abelian variety over \.

In the next proposition, we shall need the following lemma, which is well known from the

theory of minimal models of curves.

Lemma A.1. Let ¢ : X — Y be a morphism of smooth varieties over ty. Suppose also that
there is a dense open set Yy CY, such that ¢|y, : =1 (Y1) — Y1 is smooth. Denote by X*™

the maximal open subscheme of X, such that ¢

Let 0 € X(Y) be a section of ¢. Then o € X*™(Y) C X(Y).

xsm — Y 18 smooth.

Proof. See [39, Ex. 4.3.25]. [

Proposition A.2. (a) There is a natural number ng and a dense open set V- C Hy with
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the following properties. For any x € V(ty), Boxc,) is an abelian variety and for any
P, € By(k(C,)), the point ng - P, € By(k(Cy)) extends to an element of N'(Bg .(c.))*(Cy).

(b) Suppose that C is proper over Hy. Suppose that there is a set Ty C Hy(to), which is
dense in Hy and such that for any x € Ty we have Try ), (Boxc,)) = 0. Then there is
a dense open set V. C Hy and a natural number by such that for all x € V(ty), we have
#Tor(By(k(Cy))) < by.

Here N (By x(c,))° is the connected component of the identity of the Néron model N'(By «(c,))
of By x(c,) over C,.

Proof. We start with (a). We shall write 7y for an algebraic closure of 1. Consider the

semiabelian scheme By 5, over Cy,. According to [34, Th. 4.2], there is an open immersion
BO,ﬁo — Sl (10)

of Cy,-schemes, with the following properties: S is a regular scheme, which is projective
over Cy, and the open immersion By, < S is an isomorphism when restricted to the open
subset of Cj, over which By j, is an abelian scheme. In particular \S; is smooth over 7, since

7o is perfect. There is a finite field extension 1 — 1y and a morphism
BO,n — S (11)

of C)-schemes, which is model of (10). By flat descent, the morphism By, — S is also an
open immersion and S is also smooth over n and projective over C,. Again by flat descent
By, — S is an isomorphism when restricted to the open subset of C,, over which By, is an

abelian scheme.

We now let g : H — Hj be the normalisation of Hj in 7. Slightly abusing notation, we also
denote by 7 the generic point of H. Note that ¢ is a finite morphism (see eg [13, IV.7.8]).
We let B be the semiabelian scheme on C'y obtained by base change and we let A\ be the
generic point of Cy. Again A lies over 7 via the second projection and is also the generic
point of the C;,. By an elementary constructibility argument, there is a non empty open set

U C H and an open immersion
BCU — S

of Cy-schemes, where S is smooth over U and projective over Cp. Furthermore, we may
assume that there is an open subset U’ C Cp, which surjects onto U, with the property
that By is an abelian scheme over U’ and that the induced morphism By < Sy is an

isomorphism.
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Let Ny be the supremum of the set of values of the function, which associates with any
q € Cy the number of geometric irreducible components of the fibre §q of S over q. This
function is constructible (see [13, IV.9.7.9]) and so Ny is finite.

Now let y € U(ty). By construction Bc, is then a generically abelian semiabelian scheme
over C,. We have a canonical C,-morphism f : (gcy)sm — N (Byc,)) by the definition
of the Néron model. Let P, € B(x(C,)). The section P, extends uniquely to a element
of (§Cy)sm(Cy) by the valuative criterion of properness and Lemma A.1. It also extends
uniquely to an element of N'(By(c,))(Cy) by the definition of the Néron model. By unicity,
these two extensions are compatible with the morphism f. Let s € Cy(ty). Since the
number of irreducible components of (SC )™ is < Ny, we see that the images of the multiples
P,,2-P,,... of P,in N(B,c,))(s) are contained in at most Ny components of N (Byc,))s-

Hence the order of the image of P, in the component group of N (B K(Cy) ) is < Ny. Smce s
was arbitrary, we see that Ny! - P, extends to an element of N'(Byc,))"(C,). Note also (for
use in (b) below) that since B, is semiabelian, N (B,c,))?(C,) naturally identifies with B,

by the unicity of semiabelian extensions.

Finally let V' be the open set Ho\g(H\U). By construction, we have ¢g~(V) C U. Thus
every point of V' (ty) lifts to a point of U(ty) (since g is finite) and we see that V' has the

required properties.

For the proof of (b) we first let U be as in the proof of (a). We let Sec; (B¢, /Cr) the functor

from locally noetherian U-schemes T to sets, such that
Sec?,(Be,, /Cu)(T) = {sections o of Be, — Cr such that deg((0*(L))¢,) =0 for all t € T}.

As B¢, is quasi-projective over U, this functor is representable by a scheme Sec?J(BCU /Cv)
of finite type over U. See eg [17, Ex. before 5.6.3]. See the proof of Proposition 9.6 for a
similar construction. We leave the details to the reader. Now let x € g7 (T,) N U. We have

an identification

Secty(Bey /Cu)a(to) = Secy(Be,/Ca)(to)
= {P € Bc,(C;) | the Néron-Tate height of P with respect to Lp, vanishes}

See [14, II1.3.2 and 3.3]. Since Tryc, )i, (Bos(c,)) = 0, a theorem of Lang (see [11, Th.
9.15]) implies that Sec},(Bc, /Cr)+(to) consists of torsion sections. Furthermore, by the
Lang-Néron theorem, Secl; (B, /Cy).(to) is finite. Hence Secy; (B, /Cy). is quasi-finite.
Since quasi-finiteness is a constructible property (see [13, IV.9.6.1 (vii)]) and ¢~ *(Tp) N U
is dense in U (because g is finite and Tj is dense in Hy), this implies that the scheme

Secy;(Be,, /Cy) is quasi-finite over an open subset of U. Now replace U by one of its open
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subschemes so that Secy; (B, /Cy) becomes quasi-finite over U. Let by be an upper bound
for the cardinality of the fibres of Sec}, (B¢, /Cr;) — U. Using (a), we conclude that we have

#(no - Tor(Bo(k(2)))) < boo

for all € U(ty). In particular byg! - ng - Tor(By(k(x))) is the trivial group. Thus by the

structure of finite subgroups of abelian varieties, we have
#Tor(By(r(x)))) < (boo! - ng)> ™ Pev/v),

and we choose by := (bgo! - no)Qdim(BCU/CU). Finally we let as before V' be the open set
Ho\g(H\U). By construction, we have g~'(V) C U. Thus every point of V() lifts to a
point of U(ty) (since g is finite) and we see that V' has the required properties. [

B Ampleness of the Hodge bundle and inseparable

points

The terminology of this section is independent of the terminology of the rest of the article

and its appendices. In this appendix, we shall prove a mild extension of the main result of
[54].

Let k be a perfect field and let S be a geometrically connected, smooth and proper curve
over k. Let K := k(95) be its function field. Suppose from now on that & has characteristic
p>0.

Let m : A — S be a smooth commutative group scheme and let A := Ag be the generic
fibre of A. Let €4/ : S — A be the zero-section and let w := EZ/S(Q}A/S) be the Hodge
bundle of A over S.

Theorem B.1. Suppose that A/S is semiabelian and that A is an abelian variety. Suppose
that fimin(w) > 0. Then there exists £y € N such the natural injection A(Kpféo) — A(KPet)

is surjective (and hence a bijection).

N.B. In [54, Th. 1.1], Theorem B.1 was proven under the assumption that A is principally
polarised and that k is algebraically closed. In can be shown that the condition fiyi,(w) > 0
is equivalent to the requirement that w is an ample bundle (see [54, Introduction| for detailed

references).

Proof. Notice first that in our proof of Theorem B.1, we may replace K by a finite extension
field K’ without restriction of generality. We may thus suppose that A is endowed with an

m-level structure for some m > 3 with (m,p) = 1.
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If Z — W is a W-scheme and W is a scheme of characteristic p, then for any n > 0 we shall

write ZI" — W for the W-scheme given by the composition of arrows
F’I’L
Z =W X W

Now fix n > 1 and suppose that A(K? ")\A(K? ") # 0.
Fix P € AP (K)\AP"")(K) = A(K? " )\A(K?"™"). The point P corresponds to a com-

mutative diagram of k-schemes

A
]
Spec KM s Spec K

such that the residue field extension K|x(P(Spec K™)) is of degree 1 (in other words P is
birational onto its image). In particular, the map of K-vector spaces P*(Q} /k) — Q}dn] Ik
arising from the diagram is non zero.

Now recall that there is a canonical exact sequence

0 = (i) = iy = Qe = 0.

T, *

F
Furthermore the map F@"(Q,) = © vanishes. Also, we have a canonical iden-

1
K" /k
tification QL/K = 7y (wg) (see [8, chap. 4., Prop. 2]). Thus the natural surjection

P*(Q}A/k) — Q}d"]/k gives rise to a non-zero map
P = Gn,p : F" (wr) — Q%{[n]/k‘

The next crucial lemma examines the poles of the morphism ¢,.
We let E be the reduced closed subset, which is the union of the points s € S, such that
the fibre A, is not complete.

Lemma B.2. The morphism ¢, extends to a morphism of vector bundles

Fg™(w) — Q}q[nl/k<E)'

Proof. (of B.2). First notice that there is a natural identification Q.

}s‘[n]/k(E)a

because there is a sequence of coherent sheaves
0 = Qg = Qg (log E) = O — 0
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where the morphism onto Op is the residue morphism. Here the sheaf /k(log E) is the
sheaf of differentials on S\ E' with logarithmic singularities along E. See [29, Intro.] for

this result and more details on these notions.

We may also suppose without restriction of generality that A is principally polarised. Indeed,
consider the following reasoning. By Zarhin’s trick, the abelian variety B := (A xx AY)? is
principally polarised. Also, B can be endowed with an m-level structure compatible with
the given m-level structure on A, since A" is isogenous to A. Let B := (A xx A")?*, where
(abusing language) we have written A" for the connected component of the zero-section of
the Néron model of AY. The group scheme A" is also semiabelian, since AV is isogenous to
A over K. The morphism P x 0 x 0 x --- x 0 (seven times) gives a point in B®")(K) and

there is a commutative diagram

T, ¢>n,P><O><m

Fi™ (ws.K) Qe (12)
n,* ¢n,P T

Fy (WA,K> Q}([n] Ik

where the vertical arrow on the left is the pull-back map induced by the closed immersion
A= AX0x0x---x0(seven times). Now since B is principally polarised, we know that if
Lemma B.2 holds for principally polarised abelian varieties, the upper row of the diagram
(12) extends to a morphism F§™(wg) — Qé,m/k(E) (note that the set of points, where B is
not complete coincides with the set of points, where A is not complete). Since F§™*(w4) is
a direct summand of F§*(wg), we see that Lemma B.2 holds for A if it holds for B, thus

completing the reduction of Lemma B.2 to the principally polarised case. [J

The rest of the proof of Theorem B.1 is identical word for word with the proof of Theorem
1.1 in [54] (from the beginning of the proof of Lemma 2.1). O

C Specialisation of the Mordell-Weil group

The terminology of this section is independent of the terminology of the rest of the article

and its appendices.

In this section, we shall prove a geometric analog of Néron’s result on the specialisation of
the generic Mordell-Weil group to a fibre in a family of abelian varieties over number fields
(see [35, chap. 9, Cor. 6.3]). The following results are reminiscent of some results proven
by Hrushovski in a mixed characteristic context (see [23]) and they are probably already

known to many people but we include complete proofs for lack of a reference.
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Let [y be an algebraically closed field. Let U be a smooth and connected quasi-projective

variety over ly. Let B be an abelian scheme over U. Suppose given an immersion ¢ : U < PV
for some N > 0. Let K be the function field of U and let B := By.

Proposition C.1. Suppose that B(U) is finitely generated. For almost all linear subspaces
L CPY of codimension dim(U) — 1, the intersection C := LN U is smooth, connected, non

empty, the specialisation map
B(U) = Be(C)

is injective and Tr. oy, (Becy) = 0.
Recall that the linear subspaces L C PV of codimension dim(U) — 1 are classified by the

Grassmannian Gr(dim(U) — 1, N), which is smooth and projective over ly. The words

"almost all” stand for ”for all the [y-rational points of some dense Zariski open subset of
Gr(dim(U) — 1, N)”.

Recall that by a theorem of Weil, the restriction map B(U) — B(K) is a bijection. Thus, by
the Lang-Néron theorem, the condition that B(U) = B(K) is finitely generated is equivalent
to the condition Trgy,(B) =0 .

For the proof of Proposition C.1, we shall need a few lemmata:

Lemma C.2. Let N be a finite étale group scheme over U. Let t € H: (U, N) and suppose
that t # 0. Then for almost all linear subspaces L C PN of codimension dim(U) — 1, the
intersection C := LNU is smooth, connected, non empty and the restriction tc € HL(C, N¢)

of t to C' does not vanish.

Proof. Let T"— U be a torsor under N. Note that the torsor 7" is non trivial iff for all
the irreducible components 7" of T', the (automatically flat and finite) morphism 7" — U
has degree > 1. The same remark applies to the restriction of 7" to a smooth and connected

closed subscheme of U.
Let (7;) be the set of irreducible components of 7.

By Bertini’s theorem in Jouanolou’s presentation (see [30, p. 89, Cor. 6.11]), for almost all

linear subspaces L C PV of codimension dim(U) — 1,

- the intersection C' := L N U is smooth, connected and non empty;
and

- all the T; ¢ are irreducible.

Let C be in this class. Suppose that T"— U is not trivial. By construction, the irreducible

components of T are the T; . Since T;« — C is flat and finite of the same degree as
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T; — U, we see that the irreducible components of T all have degree > 1 over C. Hence

the torsor T¢ is not trivial. [

Lemma C.3. Let N be a finite étale group scheme over U. Suppose that N(U) = 0.
Then for almost all linear subspaces L C PN of codimension dim(U) — 1, the intersection
C := LNU is smooth, connected, non empty and Nc(C') = 0.

Proof. Let (NV;) be the set of irreducible components of N, excluding the component of
the identity. The condition that N(U) = 0 is equivalent to the condition that for all 4, the
morphism N; — U has degree > 1.

As before, by Bertini’s theorem, for almost all linear subspaces L C PV of codimension

dim(U) — 1,

- the intersection C' := L N U is smooth and connected;
and

- all the N; ¢ are irreducible.

Let C be in this class. By construction, the irreducible components of N outside of the
component of the identity are the IV; ¢. Since N; ¢ — C'is flat and finite of the same degree
as N; — U, we see that the irreducible components of No outside of the component of the
identity all have degree > 1 over C'. Hence N¢(C) =0. O

Lemma C.4. Let G C B(U) be a finite group. For almost all linear subspaces L C PN
of codimension dim(U) — 1, the intersection C := L NU is smooth and connected and the

reduction map

G — Bo(C)

18 1njective.
Proof. Left to the reader. O

Finally, we need an elementary but very insightful lemma, due to in essence to Néron. The

following version is due to Hrushovski (see [23, lemma 1]):

Lemma C.5 (Néron-Hrushovski). Let r : G — H be a map of abelian groups. Let | be
a prime number. Suppose that Tor,(H) = 0 and that the induced map G/IG — H/IH is
injective. Then kerr C mjzo ey

Proof. Let g € kerr. Suppose for contradiction that g & njzo G. Let m > 0 be the
smallest natural number such that g ¢ [™G. Then there is ¢’ € G such that " ¢’ = ¢
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and thus r(¢’) € Tor;(H) so that from the assumptions we have r(¢’) = 0. Since the
map G/IG — H/IH is injective, there is ¢” € G such that lg” = ¢’. Hence g = ["¢", a

contradiction. [

Proof. (of Proposition C.1). Let [ be a prime number such that Tor;(B(U)) = 0 and such
that [ is not the characteristic of [y. Note that for any closed subscheme C' of U, we have an
injection ¢ : B(C)/IB(C) — HL(C ker[l]s ) and this injection is functorial for restrictions
to smaller closed subschemes C; < C'. According to Lemmata C.3, C.2 and C.4, for almost

all linear subspaces L C PV of codimension dim(U) — 1,

- the intersection C' := L N U is smooth and connected;

- the restriction map H' (U, ker [[|z) — H*(C,ker [l]g ) is injective on the image of ds;

- (ker [l]s0)(C) = 0;

- the restriction map Tor(B(U)) — B(C) is injective.

Let C be in this class. By construction, the map B(U)/IB(U) — B(C)/IB(C) is injective and
Tor;(B(C)) = 0. Let F' be a free subgroup of B(U), which is a direct summand of Tor(B(U)).
We have F' N (N;»o PB(U)) = 0 since B(U) is finitely generated and F is free. Applying
Lemma C.5 to G = B(U) and H = B(C), we see that the restriction map F — B(C) is
injective. Since the restriction map Tor(B(U)) — B(C) is also injective, we thus see that

the restriction map B(U) — B(C) is injective. Finally, we have Trycyi,(Byoy) = 0, for
otherwise, we would have Tor;(B(C)) #0. O

References

[1] Ahmed Abbes, Réduction semi-stable des courbes d’aprés Artin, Deligne, Grothendieck, Mumford,
Saito, Winters, ..., Courbes semi-stables et groupe fondamental en géométrie algébrique (Luminy,
1998), Progr. Math., vol. 187, Birkh&user, Basel, 2000, pp. 59-110 (French).

[2] Dan Abramovich and José Felipe Voloch, Toward a proof of the Mordell-Lang conjecture in characteristic
p, Internat. Math. Res. Notices 5 (1992), 103-115, DOI 10.1155/S1073792892000126.

[3] M. Artin and J. S. Milne, Duality in the flat cohomology of curves, Invent. Math. 35 (1976), 111-129,
DOIT 10.1007/BF01390135.

[4] Charles M. Barton, Tensor products of ample vector bundles in characteristic p, Amer. J. Math. 93
(1971), 429-438.

[5] Jean-Benoit Bost, Germs of analytic varieties in algebraic varieties: canonical metrics and arithmetic
algebraization theorems, Geometric aspects of Dwork theory. Vol. I, II, Walter de Gruyter GmbH &
Co. KG, Berlin, 2004, pp. 371-418.

60



[6]

[17]

[18]

[19]

Holger Brenner, Jiirgen Herzog, and Orlando Villamayor, Three lectures on commutative algebra, Uni-
versity Lecture Series, vol. 42, American Mathematical Society, Providence, RI, 2008. Lectures from
the Winter School on Commutative Algebra and Applications held in Barcelona, January 30-February
3, 2006; Edited by Gemma Colomé-Nin, Teresa Cortadellas Benitez, Juan Elias and Santiago Zarzuela.

Michel Brion, Some structure theorems for algebraic groups, Proceedings of Symposia in Pure Mathe-
matics. Arxiv 1509.03059.

Siegfried Bosch, Werner Liitkebohmert, and Michel Raynaud, Néron models, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 21, Springer-Verlag,
Berlin, 1990.

Jean-Benoit Bost, Germs of analytic varieties in algebraic varieties: canonical metrics and arithmetic
algebraization theorems, Geometric aspects of Dwork theory. Vol. I, IT, Walter de Gruyter, Berlin, 2004,
pp. 371-418.

Fabrizio Catanese and Michael Dettweiler, Vector bundles on curves coming from variation of Hodge
structures, Internat. J. Math. 27 (2016), no. 7, 1640001, 25, DOI 10.1142/S0129167X16400012.

Brian Conrad, Chow’s K/k-image and K /k-trace, and the Lang-Néron theorem, Enseign. Math. (2) 52
(2006), no. 1-2, 37-108.

A. J. de Jong, Homomorphisms of Barsotti-Tate groups and crystals in positive characteristic, Invent.
Math. 134 (1998), no. 2, 301-333.

J. Dieudonné and A. Grothendieck, Eléments de géométrie algébrique. Inst. Hautes Etudes Sci. Publ.
Math. 4, 8, 11, 17, 20, 24, 28, 32 (1960-1967).

Torsten Ekedahl, Canonical models of surfaces of general type in positive characteristic, Inst. Hautes
Etudes Sci. Publ. Math. 67 (1988), 97-144.

Héléne Esnault and Adrian Langer, On a positive equicharacteristic variant of the p-curvature conjec-
ture, Doc. Math. 18 (2013), 23-50.

Gerd Faltings and Ching-Li Chai, Degeneration of abelian varieties, Ergebnisse der Mathematik und
ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 22, Springer-Verlag, Berlin,
1990. With an appendix by David Mumford.

Barbara Fantechi, Lothar Gottsche, Luc Illusie, Steven L. Kleiman, Nitin Nitsure, and Angelo Vistoli,
Fundamental algebraic geometry, Mathematical Surveys and Monographs, vol. 123, American Mathe-
matical Society, Providence, RI, 2005. Grothendieck’s FGA explained.

Dragos Ghioca, Elliptic curves over the perfect closure of a function field, Canad. Math. Bull. 53 (2010),
no. 1, 87-94, DOI 10.4153/CMB-2010-019-9.

Dragos Ghioca and Rahim Moosa, Division points on subvarieties of isotrivial semi-abelian varieties,
Int. Math. Res. Not., posted on 2006, Art. ID 65437, 23, DOI 10.1155/IMRN /2006/65437.

Phillip A. Griffiths, Periods of integrals on algebraic manifolds. III. Some global differential-geometric
properties of the period mapping, Inst. Hautes Etudes Sci. Publ. Math. 38 (1970), 125-180.

Robin Hartshorne, Algebraic geometry, Springer-Verlag, New York-Heidelberg, 1977. Graduate Texts
in Mathematics, No. 52.

61



[22]

[23]

[35]
[36]

[37]
[38]

Ehud Hrushovski, The Mordell-Lang conjecture for function fields, J. Amer. Math. Soc. 9 (1996), no. 3,
667-690, DOT 10.1090/S0894-0347-96-00202-0.

, Proof of Manin’s theorem by reduction to positive characteristic, Model theory and algebraic
geometry, Lecture Notes in Math., vol. 1696, Springer, Berlin, 1998, pp. 197-205.

Daniel Huybrechts and Manfred Lehn, The geometry of moduli spaces of sheaves, Aspects of Mathe-
matics, E31, Friedr. Vieweg & Sohn, Braunschweig, 1997.

Philippe Gille and Patrick Polo (eds.), Schémas en groupes (SGA 3). Tome I. Propriétés générales
des schémas en groupes, Documents Mathématiques (Paris) [Mathematical Documents (Paris)], vol. 7,
Société Mathématique de France, Paris, 2011 (French). Séminaire de Géométrie Algébrique du Bois
Marie 1962-64. [Algebraic Geometry Seminar of Bois Marie 1962-64]; A seminar directed by M. De-
mazure and A. Grothendieck with the collaboration of M. Artin, J.-E. Bertin, P. Gabriel, M. Raynaud
and J-P. Serre; Revised and annotated edition of the 1970 French original.

Schémas en groupes. II: Groupes de type multiplicatif, et structure des schémas en groupes généraut,
Séminaire de Géométrie Algébrique du Bois Marie 1962/64 (SGA 3). Dirigé par M. Demazure et A.
Grothendieck. Lecture Notes in Mathematics, Vol. 152, Springer-Verlag, Berlin, 1962/1964.

Alexandre Grothendieck, Groupes de Barsotti-Tate et cristauz de Dieudonné, Les Presses de I’Université
de Montréal, Montreal, Que., 1974 (French). Séminaire de Mathématiques Supérieures, No. 45 (Eté,
1970).

Alexander Grothendieck, Techniques de construction et théoremes d’existence en géométrie algébrique.
1V. Les schémas de Hilbert, Séminaire Bourbaki, Vol. 6, Soc. Math. France, Paris, 1995, pp. Exp. No.
221, 249-276 (French).

Luc Illusie, Réduction semi-stable et décomposition de complexes de de Rham a coefficients, Duke Math.
J. 60 (1990), no. 1, 139-185.

Jean-Pierre Jouanolou, Théorémes de Bertini et applications, Progress in Mathematics, vol. 42,
Birkhé&user Boston, Inc., Boston, MA, 1983 (French).

N. Katz, Serre-Tate local moduli, Algebraic surfaces (Orsay, 1976), Lecture Notes in Math., vol. 868,
Springer, Berlin, 1981, pp. 138-202.

Minhyong Kim, Purely inseparable points on curves of higher genus, Math. Res. Lett. 4 (1997), no. 5,
663-666, DOI 10.4310/MRL.1997.v4.n5.a4.

Teruhisa Koshikawa, Overconvergent unit-root F-isocrystals and isotriviality. arXiv:1511.02884.

Klaus Kiinnemann, Projective reqular models for abelian varieties, semistable reduction, and the height
pairing, Duke Math. J. 95 (1998), no. 1, 161-212, DOT 10.1215/S0012-7094-98-09505-9.

Serge Lang, Fundamentals of Diophantine geometry, Springer-Verlag, New York, 1983.

Adrian Langer, Moduli spaces of sheaves and principal G-bundles, Algebraic geometry—Seattle 2005.
Part 1, Proc. Sympos. Pure Math., vol. 80, Amer. Math. Soc., Providence, RI, 2009, pp. 273-308.

, Semistable sheaves in positive characteristic, Ann. of Math. (2) 159 (2004), no. 1, 251-276.

, Generic positivity and foliations in positive characteristic, Adv. Math. 277 (2015), 1-23, DOI
10.1016/j.aim.2015.02.015.

62



[39]

[40]

[51]

[52]
[53]

[54]

[55]
[56]

Qing Liu, Algebraic geometry and arithmetic curves, Oxford Graduate Texts in Mathematics, vol. 6,
Oxford University Press, Oxford, 2002. Translated from the French by Reinie Erné; Oxford Science
Publications.

J. S. Milne, Algebraic groups, Cambridge Studies in Advanced Mathematics, vol. 170, Cambridge Uni-
versity Press, Cambridge, 2017. The theory of group schemes of finite type over a field.

, Arithmetic duality theorems, 2nd ed., BookSurge, LLC, Charleston, SC, 2006.

James S. Milne, Etale cohomology, Princeton Mathematical Series, vol. 33, Princeton University Press,
Princeton, N.J., 1980.

J. S. Milne, Abelian varieties, Arithmetic geometry (Storrs, Conn., 1984), Springer, New York, 1986,
pp. 103-150.

Laurent Moret-Bailly, Pinceauz de variétés abéliennes, Astérisque 129 (1985), 266 (French, with English

summary).

David Mumford, Abelian varieties, Tata Institute of Fundamental Research Studies in Mathematics,
No. 5, Published for the Tata Institute of Fundamental Research, Bombay; Oxford University Press,
London, 1970.

David Mumford, John Fogarty, and Frances Kirwan, Geometric invariant theory, 3rd ed., Ergebnisse
der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)], vol. 34,
Springer-Verlag, Berlin, 1994.

Nitin Nitsure, Construction of Hilbert and Quot schemes, Fundamental algebraic geometry, Math.
Surveys Monogr., vol. 123, Amer. Math. Soc., Providence, RI, 2005, pp. 105-137.

John Tate and Frans Oort, Group schemes of prime order, Ann. Sci. Ecole Norm. Sup. (4) 3 (1970),
1-21.

Y. G. Zarkhin and A. N. Parshin, Finiteness Problems in Diophantine Geometry (Ben Silver, ed.),
American Mathematical Society Translations, Series 2, vol. 143, American Mathematical Society, Prov-
idence, RI, 1989.

Bjorn Poonen and José Felipe Voloch, The Brauer-Manin obstruction for subvarieties of abelian
varieties over function fields, Ann. of Math. (2) 171 (2010), no. 1, 511-532, DOI 10.4007/an-
nals.2010.171.511.

Michel Raynaud, Faisceaux amples sur les schémas en groupes et les espaces homogénes, Lecture Notes
in Mathematics, Vol. 119, Springer-Verlag, Berlin-New York, 1970 (French).

Damian Rossler, Le groupe de Selmer des isogénies de hauteur un. arXiv:1904.03687.

, Infinitely p-divisible points on abelian varieties defined over function fields of characteristic
p > 0, Notre Dame J. Form. Log. 54 (2013), no. 3-4, 579-589.

, On the group of purely inseparable points of an abelian variety defined over a function field of
positive characteristic, Comment. Math. Helv. 90 (2015), no. 1, 23-32.

, Talk given at IHP on 24/06/2019, Video. https://www.youtube.com/watch?v=TKLEIpNsyDI.

Thomas Scanlon, A positive characteristic Manin-Mumford theorem, Compos. Math. 141 (2005), no. 6,
1351-1364.

63



[67] Jean-Pierre Serre and John Tate, Good reduction of abelian varieties, Ann. of Math. (2) 88 (1968),
492-517, DOT 10.2307/1970722.

[58] Nicholas Shepherd-Barron, Miyaoka’s theorems on the generic seminegativity of TX and on the Kodaira
dimension of minimal regular threefolds, Astérisque 211 (1992), 103-114.

[59] Tamés Szamuely, Corps de classes des schémas arithmétiques, Astérisque 332 (2010), Exp. No. 1006,
viii-ix, 257-286 (French, with French summary). Séminaire Bourbaki. Volume 2008/2009. Exposés
997-1011.

[60] John Tate, Finite flat group schemes, Modular forms and Fermat’s last theorem (Boston, MA, 1995),
Springer, New York, 1997, pp. 121-154.

[61] Yuan Xinyi, Positivity of Hodge bundles of abelian varieties over some function fields. arXiv:1808.03960.

[62] José Felipe Voloch, Diophantine approzimation on abelian varieties in characteristic p, Amer. J. Math.
117 (1995), no. 4, 1089-1095.

64



	Introduction
	Intermediate results
	Consequences of infinite generation of A(Kperf)
	Consequences of infiniteness of Torp(A(Ksep)) or Torp(A(Kunr))

	Semistable sheaves on curves
	Finite flat group schemes over curves
	Quotients by proper flat group schemes
	The HN-filtration on the Lie algebra of a finite flat group scheme of height one
	Quotients of semiabelian schemes by finite flat multiplicative group schemes

	Proofs of the claims made in subsection 2.1
	Proofs of the claims made in subsection 2.2
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of Theorem 1.4
	The trace of an abelian variety over a function field: basic facts
	The proof

	Rational points in families
	Ampleness of the Hodge bundle and inseparable points
	Specialisation of the Mordell-Weil group

