
INVARIANCE PROPERTIES OF RESIDUE MAPS IN MOTIVIC

COHOMOLOGY

In this text, we shall prove that residue maps (see below for the definition of this term) in motivic

cohomology satisfy certain elementary invariance properties. These results are most likely known

to many people but we could not find any adequate references in the literature.

We shall rely on Bloch’s presentation of motivic cohomology. We first recall its main properties.

For more details, see [Blo86] and [MVW06]. We shall keep working over the base field k but the

results in this paragraph do not depend on the fact that k is embeddable into C.

If l : X ↪→ Y is a closed k-immersion of smooth schemes over k and C is a closed subvariety Y ,

which meets X properly, then we can define a cycle l∗C on X by the formula

l∗C :=
∑

D⊆X∩C, irred. comp.

i(D,X, Y ) ·D

where the numbers i(D,X, Y ) ∈ Z are Serre’s intersection multiplicities (see [Ful75, 2.1] for a

definition in our context and further references). We extend this definition linearly to cycles on Y

whose components meet X properly.

We shall write ∆m for the m-dimensional algebraic simplex over k. By definition

∆m := Spec k[x0, . . . , xm]/((
∑
i

xi)− 1)

For any j ∈ {0, . . . ,m}, there is a natural closed immersion δj : ∆m−1 ↪→ ∆m, whose image is the

closed subscheme of ∆m given by the equation xj = 0. The morphism δj is called the j-th face

map. A closed subscheme of ∆m is called a face if it is the image by a morphism δj of either ∆m−1

or one of the faces of ∆m−1. If X is a smooth scheme over k, a closed subscheme of X × ∆m is

called a face if it has the form X × (face of ∆m).

If X is a smooth scheme over k, let zi(X,m) be free abelian group generated by all the codimension

i irreducible closed subvarieties C ofX×∆m, such that C intersects all the faces ofX×∆m properly.

Define a differential δ : zi(X,m)→ zi(X,m− 1) by the formula

δ(C) :=
m∑
j=0

(−1)jδ∗j .

With this differential, we obtain a chain complex zi(X, ∗). We define

CHi(X,m) := Hm(zi(X, ∗)).

If f : X → Y a morphism between smooth schemes, we define a map f∗ : CHi(Y,m)→ CHi(X,m)

in the following way.
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If f is flat, then the pull-back map f∗ : CHi(Y,m) → CHi(X,m) is the unique map of abelian

groups zi(Y,m) 7→ zi(X,m), which sends a closed subvariety C of X ×∆m to the cycle defined by

the closed subscheme f∗(C) of Y ×∆m (see [Ful98, I.5] for the definition of a cycle defined by a

closed subscheme). The following property (called homotopy invariance) is verified: the map f∗ is

an isomorphism if there is a covering of Y by open subsets U ⊆ Y such that f |U is isomorphic to

the natural projection of Al ×k U to U . Here Al is the affine space of dimension l over k.

We now define pull-back maps in a more general situation. Let γf : Γf ' X ↪→ X × Y be the

graph of f . Define zi(Y,m)f to be the free abelian group generated by all the irreducible closed

subvarieties C of codimension i of Y ×∆m, such that

- C meets all the faces of Y ×∆m properly;

- X × C ↪→ X × Y ×∆m meets Γf ×∆m properly;

- (γf × Id∆m)∗(X × C) meets all the faces of X ×∆m properly.

By a result of Levine (see [MVW06, Prop. 17.6]), zi(Y,m)f defines a subcomplex of zi(Y,m),

which is quasi-isomorphic to zi(Y,m), provided Y is affine. So if Y is affine, we define a map

zi(Y,m)f 7→ zi(X,m) by the formula

C 7→ (γf × Id∆m)∗(X × C).

One can show that this map is a map of complexes and thus it induces a map

f∗ : CHi(Y,m)→ CHi(X,m).

If Y is not affine, there exists a morphism φY : Y ′ → Y , where Y ′ is an affine scheme and Y ′ can be

endowed with the structure of a torsor under a vector bundle over Y . Let X ′ := X ×Y Y ′ and let

φX : X ′ → X be the first projection. Let f1 : X ′ → Y ′ be the natural morphism. The morphisms

φY and φX are then flat and by homotopy invariance, the maps φ∗Y and φ∗X are invertible. We now

define f∗ := (φ∗X)−1 ◦ f∗1 ◦ φ∗Y . One can show that this definition of the pull-back map does not

depend on the various choices that we made and that it coincides with the definition given above

when f is flat.

If f : X → Y is a finite morphism of smooth schemes, there is a natural map of abelian groups

f∗ : zi(X,m)→ zi+dim(Y )−dim(X)(Y,m),

called a push-forward map, such that f∗(C) := [κ(C) : κ(f(C))](f × Id∆m)∗C if C is closed

subvariety of codimension i in X × ∆m. This map induces a map of complexes zi(X, ∗) →
zi+dim(Y )−dim(X)(Y, ∗)

Let r : X ↪→ Y be a closed immersion of smooth schemes. Let c be the codimension of r. Let

U := Y \X and let u : U → Y be the natural map. Consider the sequence of complexes

0→ zi(X, ∗) r∗→ zi+c(Y, ∗) u∗→ zi+c(U, ∗)→ 0

This sequence is exact everywhere but at the target of u∗. It is proven in [Blo94] that the cokernel

of u∗ is an exact complex. Hence the image of u∗ is quasi-isomorphic to the complex zi+c(U, •).
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We thus obtain a long exact sequence

· · · → CHi+c(X,m+ 1)→ CHi(X,m)→ CHi+c(X,m)→ CHi+c(U,m)→ CHi(X,m− 1)→ . . . ,

called the localisation sequence for r. We call ’residue maps’ (as is customary) the connecting

homomorphisms CHi+c(U,m)→ CHi(X,m− 1).

Finally, we recall the following difficult theorem of Suslin-Voevodsky (see [MVW06]): there is a

natural isomorphism

CHi(X,m) ' H2i−m
M (X, i)

which is compatible with push-forward and pull-back maps.

Proposition 0.0.1. Let

X �
� i

// Y

X0

f

OO

� � l
// Y0

g

OO

be a cartesian diagram of smooth schemes over a field. Suppose that the horizontal morphisms are

closed immersions. Let c ∈ N and suppose that the codimension of X in Y (resp. X0 in Y0) is c.

Let U := Y \X and U0 := Y0\X0. Then we have a commutative diagram of localisation sequences

. . . // H•−2c
M (X, ∗ − c) //

��

H•M(Y, ∗) //

��

H•M(U, ∗) //

��

H•+1−2c
M (X, ∗ − c) //

��

. . .

. . . // H•−2c
M (X0, ∗ − c) // H•M(Y0, ∗) // H•M(U0, ∗) // H•+1−2c

M (X0, ∗ − c) // . . .

where the vertical maps are the pull-back maps.

Proof. If the morphism g (and hence the morphism f) is flat, then the claim follows from [Qui73,

Rem. 3.4, p. 120]. In view of this and of the construction of pull-back maps described above, we

may assume (details left to the reader) that Y , and hence X are affine schemes. We now claim

that the image of the map

i∗ : zi(X, ∗)f → zi+c(Y, ∗)

lies inside zi+c(Y, ∗)g ⊆ zi+c(Y, ∗). To see this, consider the diagram of closed immersions

X0 ×X ×∆m � � // Y0 × Y ×∆m

X0 ×∆m

γf×Id∆m

OO

� � // Y0 ×∆m

γg×Id∆m

OO

The reader may verify that this diagram is cartesian. Let C is a closed subvariety of X×∆m, such

that X0 × C meets (γf × Id∆m)∗(X0 ×∆m) properly and such that (γf × Id∆m)∗(X0 × C) meets

all the faces of X0×∆m properly. A computation of codimensions shows that Y0× (i× Id∆m)∗(C)

meets (γg × Id∆m)∗(Y0 ×∆m) properly. Another computation of codimensions (details left to the

reader) now shows that (γg × Id∆m)∗(Y0 × (i × Id∆m)∗(C)) also meets all the faces of Y0 × ∆m
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properly. This implies that the image of the map i∗ lies inside zi+c(Y, ∗)g ⊆ zi+c(Y, ∗). We thus

obtain a diagram of morphisms of complexes

(0.0.1) 0 // zi(X, ∗)f //

��

zi+c(Y, ∗)g //

��

zi+c(U, ∗)gU0

//

��

0

0 // zi(X0, ∗) // zi+c(Y0, ∗) // zi+c(U0, ∗) // 0

One can see from the definitions that the right-hand square in this diagram is commutative.

Furthermore, the left-hand diagram commutes because the equation

(γg × Id∆m)∗(Y0 × (i× Id∆m)∗(C)) = (l × Id∆m)∗(γf × Id∆m)∗(X0 × C).

(where C is as above), holds by [Ful75, 2.2(4)]. If we consider the diagram of long homology

sequence associated with 0.0.1, we obtain the commutative diagram of localisation sequences ad-

vertised in the Proposition. �

Proposition 0.0.2. Let Y be a smooth scheme over k and let i : X ↪→ Y be a smooth closed

subscheme. Let X0 be a smooth closed subscheme of X. Let cX , cY ∈ N. Suppose that the

codimension of X0 in X (resp. in Y ) is cX (resp. cY ). Then the diagram

H•M(X\X0, ∗)

i∗
��

// H•+1−2cX (X0, ∗ − cX)

=

��

H
•+2(cY −cX)
M (Y \X0, ∗+ cY − cX) // H•+1−2cX (X0, ∗ − cX)

is commutative. Here the horizontal maps are the residue maps.

Proof. Consider the commutative diagram

Y \X0
� � // Y X0

oo

X\X0

OO

� � // X

OO

X0
oo

=

OO

This diagram induces the diagram of complexes

0 // zi(X0, ∗) //

��

zi+cX (X, ∗) //

��

zi+cX (X\X0, ∗) //

��

0

0 // zi(X0, ∗) // zi+cY (Y, ∗) // zi+cY (Y \X0, ∗) // 0

where the vertical maps are push-forward maps. This diagram is commutative. The fact that the

left-hand side square is commutative follows from the functoriality of the push-forward maps. The

fact that the right-hand side commutes follows from the fact that the push-forward maps commute
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with base-change to an open subscheme. Thus we obtain a diagram of localisation sequences

. . . // H•−2cX
M (X0, ∗ − cX) //

��

H•M(X, ∗) //

��

H•M(X\X0, ∗) //

��

H•+1−2cX
M (X0, ∗ − cX) //

��

. . .

. . . // H•−2cX
M (X0, ∗ − cX) // H•+2c

M (Y, ∗+c) // H•+2c
M (Y \X0, ∗+ c) // H•+1−2cX

M (X0, ∗ − cX) // . . .

where c := cY − cX . This implies the result. �
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