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A fundamental question about mathematical objects is how local structure
and global structure interact. What are the large-scale effects of local structure?
How are global properties reflected in local structure? The relationship between
local and global structure is subtle, and is an important theme in many fields
(combinatorics, statistical physics, complexity, geometric group theory, model
theory, and across much of applied mathematics and computer science).

Our focus here will be on combinatorics, and in particular on the local/global
structure of graphs. Perhaps the first question is: does a graph need to have any
structure at all? On other words, can a graph be totally disordered or random? The
simplest (or most highly ordered) graphs are complete graphs and graphs with no
edges. A complete subgraph of a graph G is a set of vertices, every pair of which
is joined by an edge; an independent set is a set of vertices, no pair of which is
adjacent. It is then natural to ask: if G is a large graph, must it contain a large
complete subgraph or independent set?!

This question was answered by Frank Ramsey [15], who showed in 1930 that
every infinite graph contains an infinite complete subgraph or independent set. The
finite version of this result (which is equivalent by compactness) is the following:

Theorem 1 (Ramsey’s Theorem) For every k > 1 there is an integer R(k) such
that every graph with at least R(k) vertices contains a complete subgraph or
independent set of size k.

This elementary but foundational result shows that ‘large’ graphs contain ‘large’
homogeneous structures. But how large is large? A quantitative version of
Ramsey’s Theorem was proved in 1933 by ErdGs and Szekeres [10], who showed

Note that we have to include both complete subgraphs and independent sets as possibilities,
as G might itself be a complete graph, or it might have no edges.
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the ‘off-diagonal’ result that every graph with at least (r:fgz) vertices contains

a complete subgraph with r vertices or an independent set with s vertices. A
straightforward calculation gives the following corollary:

Theorem 2 Every graph on n vertices contains a complete subgraph or indepen-
dent set of size at least c1 logn.

Can this be improved? It turns out that this bound is within a constant factor
of being best possible. In fact, by considering random graphs, it can be shown
that most graphs do not have cliques or independent sets of more than logarithmic
size. This was shown by Paul Erdés [8], in one of the earliest applications of the
probabilistic method.

Theorem 3 For some c, > 0 and every n > 2, there are graphs on n vertices do
not contain a complete subgraph or independent set of size more than c; log n.

In fact, this bound is quite simple to prove: consider a random graph on n
vertices, in which each possible edge is present independently with probability
1/2. The expected number of independent sets or complete subgraphs on k
vertices is 2(2)2_(5) < (n2=,=D/2)k "which tends to 0 if k > ¢;logn (where ¢,
is an appropriately chosen constant). By Markov’s Inequality, the probability that
there is an independent set or complete subgraph of size more than ¢, logn also
tends to 0.

Thus most graphs have complete subgraphs and independent sets of only
logarithmic size. But what if we are given some information about the graph? In
particular, how does the picture change if there is some restriction on the local
structure of a graph? It turns out that the picture is then very different.

In order to discuss this, we must first fix what we mean by ‘local structure’.
There are two natural notions of substructure for graphs:

* A subgraph of G is any graph obtained from G by deleting vertices and
edges.

* An induced subgraph of G is any graph obtained by deleting vertices (and
only edges that are incident with deleted vertices).

For example, every graph is a subgraph of some complete graph; but every induced
subgraph of a complete graph is complete. Our interest here will be in induced
subgraphs.



So, what happens if we constrain the local structure, by looking at graphs that
do not contain some specific graph H as an induced subgraph? Let us say that
a graph is H-free if it does not contain an induced copy of H. Erdds and Hajnal
[9] conjectured in 1989 that H-free graphs exhibit a radically different behaviour:
the size of independent sets or complete subgraphs jumps from logarithmic to
polynomial.

Conjecture 4 (Erdds and Hajnal, 1989) For every graph H, there is a constant
¢ = ¢(H) > 0 such that the following holds: for n > 2, every H-free graph with n
vertices has a complete subgraph or independent set with at least n vertices.

The Erdds-Hajnal Conjecture has become one of the central conjectures in
graph theory, and has inspired a substantial body of research. Erdds and Hajnal

proved that the conjecture holds with the weaker bound ecViogn iy place of n¢, but
this remains the best result for general graphs H.

For what graphs H has the the Erdds-Hajnal Conjecture been proved? Embar-
rassingly few. . ..

* The conjecture holds when H is a complete graph (this follows easily from
the quantitative version of Ramsey’s theorem).

* The conjecture holds when H is three-edge path (this gives a well understood
class of graphs known as cographs). This follows from a simple structural
argument. A more complex structural argument shows the conjecture for
the five-vertex graph known as the bull (Chudnovsky and Safra [4]).

« If it’s true for H then it is also true for H (this follows easily from the
statement of the conjecture).

An influential paper of Alon, Pach and Solymosi [1] considered the effects of
substitution. The operation of substituting a graph H; into a vertex v of a graph
H, replaces v by a copy of Hj, whose vertices are adjacent to all the neighbours
of v in G,. This was a natural operation to investigate, as it had previously played
an important role in the investigation of perfect graphs: Lovasz [13, 14] showed
that the class of perfect graphs is closed under substitution en route to proving the
Weak Perfect Graph Conjecture. Using very different methods, Alon, Pach and
Solymosi showed the following.

Theorem S (Alon, Pach and Solymosi, 2001) The class of graphs H for which
Erdés-Hajnal holds is closed under substitution.
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Until recently, the only graphs H for which the Erdds-Hajnal Conjecture was
known were the graphs listed above, together with graphs that can be obtained
from them by repeated applications of complementation and substitution. A
particularly frustrating open case was the five-vertex cycle Cs. This has been the
focus of significant attention over the last thirty years. Indeed, it was specifically
highlighted by Erdds and Hajnal [9] and also by Gyéarfas [11].

Recently, there was some progress:

Theorem 6 (Chudnovsky, Scott, Seymour, Spirkl [7]) The Erdds-Hajnal Conjec-
ture holds when H is a cycle of length 5.

The next target is clear: up to complementation, the five-vertex path Ps is the
only graph on five vertices for which the Erdds-Hajnal Conjecture is not known.

Another line of development that has been very fruitful recently has been to
consider the effects of forbidding more than one induced subgraph. A hereditary
class of graphs is a class of graphs that is closed under taking induced subgraphs.
Two important properties of hereditary classes are the following:

* A hereditary class G of graphs has the Erdds-Hajnal property if there is
¢ > 0 such that every G € G has an independent set or complete subgraph
with at least |G| vertices.

* A hereditary class G of graphs has the strong Erdds-Hajnal property if there
is 0 > 0 such that every G € G with at least two vertices has disjoint sets
A, B of at least on vertices such that the pair (A, B) is either complete or
anticomplete (either all edges between A and B are present or none are).

The ErdGs-Hajnal Conjecture says that the class of H-free graphs has the Erdds-
Hajnal property. Itis not hard to show that the strong Erd&s-Hajnal property imples
the Erdds-Hajnal property.

So when does the strong Erd&s-Hajnal property hold for the class of H-free
graphs? By considering random graphs, it is easily shown that H must be a forest
(take sparse random graph, p ~ logn/n). Unfortunately, the same argument (using
very dense random graphs) shows that the complement H must also be a forest.
But then H has at most four vertices, and the conjecture is already known for these
cases.

However, the situation is more interesting if we forbid more than one induced
subgraph. The starting point here is a result of Bousquet, Lagoutte and Thomassé
[2], which states that for every positive integer ¢, the class of graphs G such
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that neither G nor its complement contains a #-vertex path as an induced subgraph
satisfies the strong ErdGs-Hajnal property. It follows that the Erd§s-Hajnal property
holds if we exclude two graphs: both a path on ¢ vertices and its complement.
This was extended by Choromanski, Falik, Liebenau, Patel and Pilipczuk [3]
and then further by Liebenau, Pilipczuk, Seymour and Spirkl [12] who conjecturerd
that the path could be replaced by any tree. This conjecture has now been proved.

Theorem 7 (Chudnovsky, Scott, Seymour and S£irkl [5]): Let T be a tree. Then
the class of graphs G such that neither G nor G contains an induced copy of T
satisfies the strong Erdds-Hajnal property.

It follows that, if we forbid both a tree and the complement of a tree as induced
subgraphs, then we get complete subgraphs or independent sets of polynomial size
(the Erd6s-Hajnal Conjecture says that it would be enough to forbid just one of
these two induced subgraphs). Furthermore, since we must exclude both a tree
and the complement of a tree to get the strong ErdGs-Hajnal property, this result
characterizes hereditary classes satisfying the strong ErdGs-Hajnal property.

For more general H, there is an analogue of Theorem 7 where we exclude
subdivisions of H. A subdivision of a graph H is any graph obtained by added
new vertices along the edges of H (or equivalently replacing some of the edges by
paths).

Theorem 8 (Chudnovsky, Scott, Seymour and Spirkl [6]) For any graph H, the
class of graphs G such that neither G nor G contains an induced subdivision of H
satisfies the strong Erdds-Hajnal property

There isn’t space here for any detailed discussion of the proofs, but it seems
likely that any successful strategy for attacking the conjecture will combine struc-
tural understanding with (pseudo)random techniques (indeed, many proofs already
begin by applying Szemerédi’s Regularity Lemma [17], often by means of a valu-
able result of Rodl [16]).

In any case, it is clear that the relationship between local and global structure
is still somewhat mysterious. The Erd&s-Hajnal Conjecture remains a central
problem in graph theory, and an intriguing challenge.
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