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Abstract

Given an integer n, let G(n) be the number of integer sequences n — 1 > d; >
dy > -+ > d, > 0 that are the degree sequence of some graph. We show that
G(n) = (¢ + o(1))4"/n3/* for some constant ¢ > 0, improving both the previously
best upper and lower bounds by a factor of n'/4 (up to polylog-factors).

Additionally, we answer a question of Royle, extend the values of n for which
G(n) is known exactly from n < 290 to n < 1651 and determine the asymptotic
probability that the integral of a (lazy) simple symmetric random walk bridge
remains non-negative.

1 Introduction

Given a graph G and a vertex v € V(G), the degree of v is the number of edges incident
to v, and the degree sequence of GG is the non-increasing sequence of its vertex degrees.
We consider the following very natural question: over all graphs on n vertices, how many
different degree sequences are there?

Since the degree of a vertex is at most n — 1 and at least 0, a simple upper bound
follows by bounding the number of integer sequences n —1>dy >dy > --->d, > 0. A
‘stars-and-bars’ argument shows that there are (2::11) = ©(4™/y/n) such sequences, but
not all of them are degree sequences of graphs. Sequences which are the degree sequence

of some graph are called graphic sequences. A famous result of Erdés and Gallai [9]

*Mathematical Institute, University of Oxford, Oxford OX26GG, UK. Email: paul.balister@
maths.ox.ac.uk. Partially supported by EPSRC grant EP/W015404/1.

fMcGill University, Montréal, Canada. Email: serte.donderwinkel@mcgill.ca. Supported by a
CRM-ISM postdoctoral fellowship.

#Utrecht University, Utrecht, The Netherlands. Email: c.e.groenland@uu.nl. Supported by the
Marie Sklodowska-Curie grant GRAPHCOSY (number 101063180). Views and opinions expressed are
however those of the author(s) only.

$School of Mathematics, University of Bristol, Bristol, BS8 1UG, UK and Heilbronn Institute for
Mathematical Research, Bristol, UK. Email: tom.johnston@bristol.ac.uk.

IMathematical Institute, University of Oxford, Oxford OX26GG, UK. Email: scott@maths.ox.ac.
uk. Research supported by EPSRC grant EP/X013642/1.


mailto:paul.balister@maths.ox.ac.uk
mailto:paul.balister@maths.ox.ac.uk
mailto:serte.donderwinkel@mcgill.ca
mailto:c.e.groenland@uu.nl
mailto:tom.johnston@bristol.ac.uk
mailto:scott@maths.ox.ac.uk
mailto:scott@maths.ox.ac.uk

provides necessary and sufficient conditions for a sequence to be graphical and various
other characterisations are known [15, 17].

Let G/(n) be the number of graphic sequences of length n (or equivalently the number
of degree sequences across graphs on n vertices). The best known bounds on G(n) were
given by Burns [6] who showed that

c14 < G(n) < 4—6
n Vnlog®n
for some constants ¢q, co > 0 and for all n € N. To the best of our knowledge, these were
the best known asymptotics before our work, and this has been explicitly mentioned as
an open problem in several computational papers (e.g. [24, 39]).
Our main result pinpoints the asymptotics for G(n).

Theorem 1.1. The number graphic sequences of length n is G(n) = (Caeg +0(1))4" /034,
where Cdeg > 0 2s a constant.

This also answers in the affirmative a question of Royle [32] who asked' whether the
ratio G(n)/G(n — 1) tends to 4.

The value of cqeq and a connection to random walks. We can express the value of
the constant cqee in terms of the hitting probabilities of a particular random walk, which
arises from our proof strategy. In particular, computational estimates give cgee ~ 0.099094
(see Section 5.3).

We will prove Theorem 1.1 by viewing a sequence n — 1 > d; > --- > d, > 0 as a
path on a grid from (0,7n) to (n — 1,0), as depicted in Figure 1(a). We then count the
number of graphic sequences of length n by sampling such a path uniformly at random,
and computing the probability that the path satisfies the conditions given by Erdds and
Gallai for a sequence to be graphical.

To be more precise, a sequence is graphical if and only if the sum of the degrees is
even and it satisfies the dominating condition given in (2.1). Our aim is to show that the
probability that a random sequence satisfies the dominating condition is asymptotically
4ﬁcdegn_1/ 4. Then, we show that, asymptotically, half of the sequences that satisfy the
dominating condition have even sum, and the result then follows from the fact that we
considered (') & (2y/m)~*4"n"1/? sequences in total.

Via a number of reformulations (see Section 2.1), the probability that a uniformly
random sequence satisfies the dominating condition turns out to be the probability that
a particular integrated random walk bridge stays non-negative. Let Y = (Y;)r>0 be a
random walk that has increments that take the value 1 with probability i, the value —1
with probability % and the value 0 otherwise, so that Y is a lazy simple symmetric random
walk. Let Ay = Z?Zl Y; be its area process. Our probability of interest is the probability
that Ay, ..., A,_1 > 0, conditional on the event that Y,_; € {0,—1}. To introduce its
asymptotic value, we need some additional notation. Let (; = inf{k >1 : Y, =0, A4, <
0} be the first visit of Y to 0 at which (Ay)32, hits (—oo,0] and let p = P(A;, = 0). We

1Royle actually asked whether G’(n)/G’(n — 1) — 4 where G’(n) is the number of degree sequences
of graphs without isolated vertices. However G’(n) = G(n) — G(n — 1), so this question is equivalent to
the question of whether G(n)/G(n — 1) tends to 4.



prove the following result about lazy simple symmetric random walk bridges which may
be of independent interest.

Proposition 1.2. We have that

[(3/4)

nYAP(Ay, . A, >0 Y, =0) 5 —
27(1 — p)

as n — Q.

The probability that a random process does not go negative is also called the per-
sistence probability. The persistence probability of integrated random processes was first
studied by Sinai [35] in 1992, who showed that the persistence probability of an n-step
simple symmetric random walk (SSRW) is ©(n~'/4). The sharp asymptotics (including
the constant) follow from a result by Vysotsky [38, Theorem 1]. His work on random walk
bridges implies that the persistence probability of an n-step SSRW bridge is ©(n~1/4) [38,
Proposition 1]. The sharp asymptotics for SSRW bridges are a natural next question,
which we answer in Proposition 6.3 for the SSRW bridge and in Proposition 1.2 for the
lazy variant.

We use Proposition 1.2 to show that G(n) = (cgeq + 0(1))4" /1?4 for

e
T 4r 20— p)

The probability generating function of the area of the first excursion of Y away from 0
satisfies a recursive equation which allows us to find that p is approximately 0.5158026,
and plugging this into the equation gives cqeq = 0.099094.

Related counting problems. Much more is known about related counting problems,
such as the number of graphs with a given degree sequence [4, 42] and a variant of our
problem where the sequence does not need to be non-increasing (e.g. [36]).

The number T'(n) of out-degree sequences for n-vertex tournaments, also called score
sequences, has received particular interest, and the problem of determining 7'(n) can be
traced back to MacMahon in 1920 [25]. Following work of Moser [28], Erdds and Moser
(see [27]), and Kleitman [22], it was shown that T'(n) = ©(4"/n°/?) by Winston and
Kleitman [41] (lower bound) and Kim and Pittel [21] (upper bound). Recently, Kolesnik
[23] determined the exact asymptotics, showing that there is a constant ¢ ~ 0.392 such
that T'(n) = (c + o(1))4" /n°/2.

Another well-studied variant is the fraction p(N) of partitions of an integer N that
are graphical. This corresponds to the variant of our problem where we fix the number
of edges of the graph, rather than the number of vertices. In 1982, Wilf conjectured
that p(N) — 0 as N — oo. Pittel [30] resolved this problem in the affirmative using a
Kolmogorov zero-one law, and Erdés and Richmond [10] showed a lower bound of p(V) >
7/v/6N for sufficiently large even N. The best-known upper bound is p(N) = O(N~%)
for av & 0.003 from Melczer, Michelen and Mukherjee [26].



Exact enumeration. We also give an improved algorithm for the exact enumeration
of graphic sequences and calculate the number of graphic sequences of length n for all n
up to 1651.

There is previous work on enumerating graphic sequences [18, 19, 20, 33, 40], and
the numbers were known up to n = 118 [39] as OEIS sequence A004251, although the
numbers G’'(n) of zero-free graphic sequences were known up to n = 290 [40], and these
imply the values of G(n) up to the same number by the observation in footnote 1.

Paper overview. In Section 2, we provide the reformulation of our problem in terms
of integrated random walks. In Section 3, we first show that G(n) = ©(4"/n?*), and
then prove Theorem 1.1 and Proposition 1.2, up to technical lemmas that we postpone
to Section 4. In Section 5 we introduce an improved algorithm for computing G(n)
exactly for small n and discuss computational results such as the approximation of p.
We conclude with some open problems in Section 6. An overview of the notation used
throughout the paper is given in Appendix A.

2 Reformulation and notation

In order to prove our results, we need a suitable criterion for when a sequence of non-
negative integers is the degree sequence of a simple graph. For a given sequence of
non-negative integers d; > dy > --- > d,, > 0, let d; be the number of j with d; > ¢ and
set

Sl:(n—l)—dl,

! !

Let ¢ be the largest j such that d; > j. Using these definitions we can now give the
version of the Erdos—Gallai Theorem that we will use.

Theorem 2.1 (Variant of Erdés—Gallai). A sequence of integers dy > dy > -+ > d, >0
is the degree sequence of a simple graph if and only if the sum > | d; is even and for all

k<t
Zsi > ng (2.1)

We remark that this is just one of many similar characterizations of graphic sequences
and that this form follows from the classical statement of the Erdés—Gallai Theorem by
rearranging terms and observing that only the first ¢ conditions need be checked (see e.g.
[16, 29, 31, 34]).

We will call (2.1) the dominating condition, so that a sequence of non-negative integers
is a graphic sequence if it satisfies the dominating condition and its sum is even. As might
be expected, it turns out that about half of the sequences that satisfy the dominating
condition have an even sum although, surprisingly, the exact proportion seems to converge
to 1/2 quite slowly as n — oo (see Section 5.2). We will first focus on counting the
number of sequences that satisfy the dominating condition, and we will handle the parity
condition in Section 4.3 (and briefly in the proof of Proposition 3.5).
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2.1 It’s a walk!

We now describe a way of associating a random walk to a uniformly random graphic
sequence in such a way that we can easily check whether the sequence is graphic using
only the walk.

Lemma 2.2. Let (Y;);>1 be a lazy simple symmetric random walk and let Ay = Zle Y;.
Then the probability that a uniformly random sequence n—1>dy > --- > d, > 0 satisfies
the dominating condition (2.1) is equal to

P(Aq,..., A1 >0 Y, € {0,—1}). (2.2)
The probability that it is graphic is
P(Ai, ..., A1 20,4, € 2N | Y, € {0,—1}). (2.3)

This lemma already provides a heuristic for G(n) = ©(4"/n*/*). Note that there are
(**1) = ©(4"//n) sequences n—1 > dy > -+ > d,, > 0, so we want (2.2) to be ©(n~/4).
Firstly, note that we only need to check that Ay > 0 for k such that Yy = 0 (and for
k =n — 1), because Ay is monotone on excursions of Y away from 0. Up to time n, the
walk Y visits zero ©(n'/?) times (in probability) so the area process restricted to times k
when Y, = 0 is a random process with ©(n'/?) steps. If this process were a random walk,
then a result from Feller’s book [11, Theorem XII.7.1a] would tell us that the probability
that it stays non-negative is O((n'/?)~1/2) = ©(n~1/*). We also require that the total area
A,,_1 is even, but intuitively this should happen with probability roughly 1/2. Of course,
the lengths (and hence the areas) of the excursions are not independent and we cannot
apply Feller’s result, but this heuristic does at least suggest the right order for (2.2).

We will now prove Lemma 2.2. In order to get from a uniformly random non-increasing
sequence to a lazy random walk conditioned to end in {0, —1}, we need to make a few
reformulations.

Step 1: View a sequence as a lattice path. We start by viewing the non-increasing
sequence as a lattice path P from (0,n — 1) to (n,0) which only takes steps to the right
and downwards (see Figure la). Informally, we put n stacks of heights di,ds, ..., d,
respectively next to each other and let the P be the path from (0,n — 1) to (n,0) that
traces the outline of the stacks. To be precise, the path begins with n — 1 — d; steps
downwards before taking a step right. For each 2 < ¢ < n, the walk takes d;,_; — d; steps
downwards on the line x = ¢ — 1 before taking a step right, and it ends with d,, steps
downwards to end at the point (n,0). There must be a unique ¢ such that the walk goes
through the point (¢, ¢), and it is not hard to see that ¢ is the largest j such that d; > j.

Step 2: Cut the path in half and reflect the latter half. Starting from (0,n— 1),
the path takes n — 1 steps to reach the point (¢,¢) as each step decreases y — = by 1,
and we define a path W which starts with these n — 1 steps before ending with one final
step down. We now define another path W’ starting at (0, — 1) using the other end of
the path P. Starting at (n,0), walk backwards along the path P to (¢,¢) and, at each
step, add the “reflected” step to W': if the step on P is vertical, add a right step to W',
otherwise add a down step to W’. This gives two paths W and W’ which take n steps

bt
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Figure 1: By using a number of reformulations, we show that the probability that a
uniformly random sequence n — 1 > dy > dy > -+ > d, > 0 satisfies the dominating
condition is equal to the probability that the integral of a lazy simple symmetric random
walk with n — 1 steps, conditioned to end in 0 or —1, does not go negative.



and both end at (¢,¢ — 1) (see Figure 1b, in which the steps on the two paths have been
numbered).

Step 3: The dominating condition corresponds to the signed area between
the pair of paths never going negative. If the walk W (resp. W’) has a horizontal
line from (i — 1,a) to (i,a), then s; =n —1—a (resp. s, =n — 1 — a). In particular, if
W is at (i,a) after k steps, the sum 23:1 s; is exactly the area enclosed by the walk W,
the line y = n — 1 and the line # = 4. Similarly, if W’ is at (i, a) after k steps, the sum
2321 s’ is exactly the area enclosed by the walk W’, the line y = n—1 and the line z = i.
Therefore, if W and W' are both at (i,a) after k steps, then the signed area between
W’ and W is exactly the sum ., (s; — s}) (see Figure 1c). The dominating condition

J
checks if this sum is non-negative for all i.

Step 4: The cumulative distance process between the two paths gives the
area. Define Z;,...,Z, by setting Z; equal to +1 if the walk W goes down at the ith
step, and —1 if it goes right. Similarly, define Z7, ..., Z] by setting Z; equal to —1 if the
walk W’ goes down at the ith step, and +1 otherwise. Then, Y; = % 23:1(2]' + Z5) keeps
track of the (signed) number of diagonal right/up steps from the walk W to the walk ",
When the two walks coincide at time k, there will be a diagonal line through every box
between the two walks, and hence the number of diagonal lines is equal to the signed area
between W’ and W up to time k (see Figure 1d). We claim that we only need to check the
dominating condition when the two walks coincide. Indeed, between times at which the
walks coincide, the area process is monotone so if the area process first becomes negative
at some time ¢ where the walks do not coincide, the process will still be negative when
the walks next coincide. However, the number of diagonal lines used up to time k is the
integral of Y up to time k, and it suffices to check that condition Zle Y; > 0 at all times
k where the walks coincide. Since the integral of Y is also monotone on excursions away
from zero (i.e. between times when W and W’ coincide), the condition (2.1) is equivalent
to Zle Y; >0 forall k <n. But Y, =0, so it is in fact sufficient that

k
> V>0 forallk<n-—1. (2.4)

=1

Step 5: The parity condition corresponds to the integral of Y being even We

now claim that )
Zdi = ZY; mod 2. (2.5)
i=1 i=1

Split the sum > | d; into Aeq = Zle d; and Agreen = > iy +1di. In Figure la, Ayeq is
the area below the red curve (left of (¢,/)) and Ageen is the area below the green curve
(right of (¢,¢)). Clearly, A,cq is also the area under the walk W. The area under the walk
W' is given by Agreen + (¢ — 1). Hence, the signed area enclosed by W’ and W is given
by

(Agreen + 6(6 - ]-)) - Ared = Agreen + Ared mOd 2.

It was shown in the previous step that the signed area enclosed by W’ and W is given
by S0, Y =377V, and the claim follows.
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Step 6: The distance process between a random pair of paths is a conditioned
lazy random walk. Finally, we need to understand the distribution of Y when we
sample a sequence n — 1 > d; > --- > d,, > 0 uniformly at random. First, observe
that Step 2 gives a bijection between such non-increasing sequences and pairs of lattice
paths (W, W’) of n steps that start at (0,n — 1) and end at the same point, and such
that W ends by taking a downwards step. These are in turn in bijection with pairs
of lattice paths (W, W’) with n — 1 steps that start at (0,n — 1) and for which the
corresponding walk (Y;)7Z} has Y,,_; € {0, —1}. Therefore, sampling a uniformly random
sequence corresponds to sampling a uniformly random pair of such paths. If we ignore
the requirement that Y;,_; € {0, —1}, then for any j, Z; and Z} have opposite signs with
probability 1/2; and both have value +1 (or —1) with probability 1/4, making Y a lazy
simple symmetric random walk. To recover the actual distribution of (the first n—1 steps
of) Y, we need to restrict to the paths for which Y,,_; € {0,1}, and we simply condition
on this being the case.

We remark that steps 1 through 5 give a deterministic mapping which maps a sequence
n—1>d; >---d, >0 to a walk (¥;)", and we have shown that we can check if the
sequence is graphic by checking certain properties of the walk. In Section 5, we use this
reformulation (without introducing randomness) to enumerate the number of graphic
sequences for small n.

3 Proof of main result

In this section, we prove Theorem 1.1, which is a direct consequence of the following two
results.

Proposition 3.1. A uniformly random sequence n—1 > dy > --- > d,, > 0 has probability

LG/ i
2m(1 = p)

of satisfying the dominating condition (2.1).

(1+0(1))

Lemma 3.2. A uniformly random sequence n —1 > dy > --- > d,, > 0 which satisfies
the dominating condition (2.1), has probability 1/2 4+ o(1) of being a graphic sequence
(equivalently, of having Y ., d; even).

The remainder of this section is structured as follows. In Section 3.1 we introduce a
lemma (due to Burns [6]) on exchangeable random sequences that turns out to be very
useful in our proofs. We use the lemma in Section 3.2 to show that G(n) = ©(4"n=3/%).
Finally, in Section 3.3, we use the lemma again to prove Proposition 1.2, which states
that, for A the area process of a lazy simple symmetric random walk Y, as n — oo,

I'(3/4)
V2r(1=p)
In Section 4.2, we use (3.1) to prove Proposition 3.1. We also postpone the proofs

of Lemma 3.2 and the lemmas used in the proof of Proposition 1.2 to Section 4. An
overview of the notation is given in Appendix A.

n'4P(Ay, ..., A, >0]Y, =0) = (3.1)
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3.1 A useful lemma

We will make use of the following useful lemma that appears in Sections 2.3-2.4 of [6].
We include a proof in the appendix for completeness.

Lemma 3.3. Let x = (xy,...,x,) € R", let 0 be a uniformly random permutation of [n]
and let s = (s1,...,8,) be an independent uniformly random element of {—1,1}". Then
. . 0 for all 1 (2n — 1)

o > > =)
;Szxm) >0 forallk € [n] ]| > S
and

21|
i=1

k
2n — 1!
IP’(Z 5%q() > 0 for all k € [n]) < (n—)

Moreover, equality holds in both if for all distinct A, A’ C [n], the corresponding sums are
also distinct: Y o, i # D e u Ti

We will apply this lemma to sequences of exchangeable random variables of which the
law is invariant under sign changes of the elements, so we use the following equivalent
form of the lemma.

Lemma 3.4. Let (Xy,...,X,) be a random variable in R™ such that for any o € S, and
any s € {—1,1}",
(X1 oy Xn) 2 (51X0(1)s -+ 50 Xo(n):

Then,
k

2n — !

IP’(ZXi >0 forall k [n}) > w
=1

21!

and

k
IP’(ZXi >0 forall k € [n]) < M

21|
i=1

In both of these equations equality holds if, almost surely, for all distinct A, A" C [n], the
corresponding sums are also distinct: Y .o, Xi # > o0 Xi.

In the next sections, we will apply this lemma to the sequence of excursion areas of
a lazy simple symmetric random walk bridge. To be precise, let Y = (Y")7_, be the
first n steps of the lazy SSRW Y = (Y})r>1 conditioned on the event Y,, = 0, and let N,
be the number of times that the walk Y hits 0 (after time 0). Condition on the event
that N,, = N. Then the walk Y” has N excursions with areas X% XJ", ..., X% say.
Since the walk A" = Zle Y is monotone during the individual excursions, the walk
SP = (SUr)N_ |, defined by S¥ = 2% | X' is never negative if and only if the walk A"
is never negative. The vector (X?" X5, ..., X¥) satisfies the assumptions of Lemma 3.4,
so we can use it to estimate

P(Sir >0 for all k € [N]),

which is equal to the probability we want to calculate: P(AY, ..., A > 0).

9



To see that Lemma 3.4 indeed implies Lemma 3.3, observe that for z, s and ¢ as in
the statement of Lemma 3.3, the random variable (Xi,...,X,,) := (51%5(1),- - -, SnTo(n))
satisfies the conditions of Lemma 3.4. We now show that Lemma 3.3 implies Lemma 3.4.

Proof of Lemma 3.4. We observe that, for o a uniformly random permutation of [n] and
s = (s1,...,8,) an independent uniformly random element of {—1,1}",

k k
]P’(Z X; >0forall ke [n]) = ]P’(Z 5, Xq) > 0 for all k € [n])
i=1

=1
k
IP’(ZSZ-XJ@) >0 for all k € [n] | Xl,...,Xn)],

i=1

=E

so that the result follows by applying Lemma 3.3 to

k
]P’(Z 8 X, > 0 for all k € [n] | Xi,... ,Xn>.
i=1

The second bound is similar. OJ

We make the following observation about the value of the bounds in Lemmas 3.3
and 3.4. Note that by taking either an even or odd number of terms in Wallis’s product
formula

us

one obtains alternately lower and upper bounds for 7. Rearranging these inequalities
gives that for all n > 1

1 (2n—-D1N /M1 _ 1
m(n+1/2) = onpl (n) n S N (3.2)

3.2 First asymptotics

In this section, we determine the asymptotics of the number of sequences that satisfy the
dominating condition, as well as G(n), up to a constant factor.

Proposition 3.5. The number of graphic sequences of length n is G(n) = ©(4™ /n3/4).

The main ingredient in the proof of the above proposition is the following, simpler
statement.

Proposition 3.6. For (Y;)%, the lazy SSRW and A, = ¢, Y; its area process,
P(A,...,A, >0]Y, =0)=06(n""").

We will prove this proposition using Lemma 3.4. (It can also be deduced from the
more general result [38, Proposition 1].) Before we get to that, we first use it to prove
Proposition 3.5. We cannot immediately apply it to calculate the order of growth of
the number of graphic sequences as we need to condition on the walk ending at either
0 or —1, not only 0. The following lemma shows that this change in conditioning only
changes the probability by a constant factor.

10



Lemma 3.7. For alln > 1,

> P(Ay,...,A, >0]Y, € {0,—-1}) <1
27 P(A,...,A,>0]Y,=0) -

The proof of Lemma 3.7 is elementary, but for the sake of brevity we postpone it to
Section 4 and skip straight to the proof of Proposition 3.5.

Proof of Proposition 3.5. By Lemma 2.2, the probability that a uniformly random se-
quence n — 1 > d; > --- > d, > 0 satisfies the dominating condition (2.1) is equal
to P(Ay,..., A1 > 0| Y,_1 € {0,—1}), which is ©(n~*/*) by Proposition 3.6 and
Lemma 3.7. Hence, the number of sequences which satisfy the dominating condition is
(4" /n3/h).

Clearly, G(n) = O(4™/n/*) is immediate, and we only need to show a corresponding
lower bound. Let H(n) denote the number of sequences (d;)?_; that satisfy the dominating
condition for which >~ | d; is odd. The number of sequences of length n that satisfy the
dominating condition is therefore G(n) + H(n) = ©(4"/n**). Each sequence (d;), in
G(n) gives rise to a unique sequence in G(n + 1) by appending d,,1 = 0. Separately,
each sequence (d;); in H(n) gives rise to a unique sequence in G(n + 1) by adding an
extra 1 to the graphic sequence (in the appropriate place). Hence,

G(n+1) > max{G(n), H(n)} > 3(G(n) + H(n)).
Hence, G(n) > 1(G(n—1) + H(n — 1)) = ©(4"/n®*) as required. O

Proof of Proposition 3.6. Recall from Section 3.1 that S, ..., S%"n is the process with
the excursion areas of a lazy simple symmetric walk bridge of length n as its increments
and that

P(Ay,..., A4, >0]Y, =0)=P(S)",...,S% >0).

The increments of S* are exchangeable and their law is invariant under sign changes
so, conditional on the event that NN,, = N, the probability that S never goes negative is
at least

(2N — 1!
2N N1
by the first part of Lemma 3.4. This implies that
(2N, — D!

A little care is needed in computing the expectation and we postpone the proof that

E[(szl\v[:;)u”} ~ n—1/4&\/2/74) to Lemma 4.3.

For the upper bound we use the second part of Lemma 3.4, but we need to use a
trick to circumvent the strict inequality. Consider the walks of length n + 2 that begin
with an upwards step and then a downwards step. After these first two steps the walk
behaves like a lazy SSRW of length n conditioned to end at 0, but the area process is
one higher. This means the event {Zle Y, >0,k=1,...,n+ 2} is exactly the event
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].6: Y, >0,k=3,...,n+2}. A simple calculation shows that the probability the
=3
walk goes up and then down given that Y, ;o = 0 is at least 1/16 for all n. It follows that

P(A1,7An20|yn:0) < 16P(A1,...,An+2>0 | Yn+2:0>-

Therefore, if N, is the number of times a lazy SSRW of length n + 2 hits zero when
conditioned to end at zero, similar reasoning to before shows that the second part of
Lemma 3.4 and Lemma 4.3 imply that

ON,. 5 — D! 16T°(3/4
P(Ay,...,A,>0]Y,=0)< 161@[%} Nn—1/4M,

2Vt N, ] Var

The claimed statement follows. O

3.3 Proof of Proposition 1.2

Ideally, we would like to use Lemma 3.4 to estimate the probability that S never goes
negative. Indeed, the summands of S” are exchangeable and their law is invariant under
sign changes. However, the probability given by Lemma 3.4 is only exact when distinct
sums of elements in (X : 1 < i < N,,) are distinct almost surely, which is not the
case. We therefore perturb each X by a small random amount, so that the sums are
distinct almost surely and the probability from Lemma 3.4 is exact. To be precise, let
&; ~ Uniform[—z-, -L] and define X = X +¢; and S¥" = S°F | X Now, S satisfies

2n’? 2n
the conditions of the equality in Lemma 3.4 so the probability that it never goes negative

(conditional on the event N,, = N) is exactly

(2N — 1)1
9N N1

The random variable n='/2N,, converges in distribution to a Rayleigh(\/ﬁ) distribution,
which we write as 2V E where E ~ Exp(1) has a standard exponential distribution, so
one hopes that we can replace N with 2¢/nE in the probability above. It requires some
extra work to ensure that n~/2N,, does not put too much mass near 0, but Lemma 4.3
says that we do indeed get what one would expect. That is,

abr abr _ (2N7’L B 1)” 71/4]'1(3/4)

Now, note that our perturbations are so small that S > 0 whenever S > 0, so to
compute the probability that S* never goes negative we can use the following equality

P(Syr,....S% >0)=P(SY,...,S% > 0)P(S,...,S% >0 Sr,....S% >0).

We already know IP’(S”{T, e 55’\?” > 0), so our result will follow if we can get a good grasp
on the term P(S¥,...,S% >0 S¥,...,S% > 0). The key to this is the observation
that, provided S” does not go negative, the only times where S can go negative are at
the points that S” is equal to zero.

Suppose that S is equal to zero M, times, namely at at &, ..., &y, and let us also
set &y = 0. By definition, S‘b;“ = Zfi 1 €i, and the increment between times §,—; and ¢, is

12



exactly n, = Zfi ¢,_,+1Ei- The sequence (M )1<k<nr, is an exchangeable sequence and its
law is invariant under sign changes of the elements. Distinct sums of elements in the set
are distinct almost surely and we can therefore use Lemma 3.4 to deduce that

Qbr br (2M — 1)”

This reduces our task to understanding the distribution of M, conditional on the
event that {S¥,...,S% > 0}, and we will show that it converges in distribution to
G ~ Geom(p). For this it is enough to show that for £ > 1,

P(M, > (41| 87,...,8% >0, M, > () — p. (3.3)

Firstly, note that
pni=P(M, >1|S7,....5% >0)

converges to p as n — oo by Lemma 4.8. If M,, > /, then let {; be the time at which Y
and A" hit 0 simultaneously for the th time. Then, Y and A" restricted to [(;, n] are
distributed as a lazy simple symmetric random walk bridge with n — (, steps and its area
process respectively, so

]P(anuusfr,...,sﬁn >0, My, >0, &) = po—c,

Lemma 4.6 implies that (conditional on the event {S¥,...,S% > 0}) (u, = O(n™1/?)
with high probability, so n — {; ~ n and (3.3) follows from p,, — p. This implies that

Qbr Qbr T T (2G_1”

and a simple calculation shows that this equals /1 — p. Putting this all together gives

P(Str,....S% >0) A CTE)

P(Sr,...,S% >0) = — =
(% %, 20) P(Sr,...,S% =08, Sk >0) 2n(1 = p)

4 The postponed proofs

We will first introduce a coupling between simple symmetric random walks (resp. bridges)
and lazy simple symmetric random walks (resp. bridges) that turns out to be useful in
our proofs. Let (}/z)z>0 be a simple symmetric random walk. Then, if we set Y; = }/21 for
each i we see that (Y;);>o has the law of a lazy simple symmetric random walk. Moreover
since Y is zero only at even times, the zeroes of Y are in one-to-one correspondence with
the zeroes of Y, and in particular, if (YibT)ogigzn is a simple symmetric random walk
bridge and Y = 1V, we have that (Y )o<;<, is a lazy simple symmetric random walk
bridge.

To prove Lemma 3.7 we first show that the probability of event {A,..., A, > 0} is
monotone with respect to the value of Y,,.

Lemma 4.1. For all —n <k <K <n,

P(Ay,..., Ay >0|Y, = k) <P(A,,..., A, > 0| Y, = ¥).

13



Proof. 1t suffices to prove the claim when &’ = k + 1. We will use the coupling between
the SSRW and the lazy SSRW introduced at the beginning of this section. Consider the
SSRW Y = (Yk)le conditioned on the event Yy, = 2k, and define Y by Y; := %ffgl Then
Y is distributed as a lazy SSRW with n steps conditioned on the event Y,, = k.

Now, observe that the increments of Y conditioned on an = 2k are distributed as
a uniform ordering of n + k instances of 1 and n — k instances of —1. We consider a
modified sequence obtained from the original sequence by picking a uniformly random
—1 and changing it to a +1, so that the modified sequence has the law of the increments
of a SSRW of 2n steps conditioned to end in 2k + 2, which, again via the coupling,
corresponds to a lazy SSRW of n steps conditioned to end in k& + 1. We see that our
modification increased one increment of Y by 1, and since the event {Ay,..., A, > 0} is
increasing in the increments of Y, the result follows. O

We are now ready to prove Lemma 3.7.

Proof of Lemma 3.7. We abbreviate £ = {A;,..., A, > 0}, and start with the lower
bound.

E|Y,=0)P(Y, =0)+PE|Y, =-1)PY, = —1)
P(Y, € {0,—1})

P(E|Y, €{0,—-1}) = P(

P(E | Y, = 0)(*)
- (2n+1)
= 4 LP(E | Y, =0)
> 1P(E | Y, = 0).

We now turn to the upper bound, for which we use Lemma 4.1.

P(E|Y, =0)P(Y, =0)+P(E|Y, = —1)P(Y, = —1)
P(Y, € {0,-1})
P(E | Y, = 0)(P(Yn — 0) ‘f‘P(Yn — _1))
<
- P(Y, € {0,—1})
—P(E|Y, =0). O

P(E|Y, € {0,—1}) =

4.1 Lemmas for Proposition 1.2

As before, let N,, = [{1 <i < n: Y} = 0} be the number of returns to 0 of Y’ up to
time n. We have the following lemma.

Lemma 4.2. Asn — 0o, n~Y2N, % 2v/E where E ~ Exp(1) has a standard exponential
distribution. Moreover, for any v > 0,

IP’(N,L < 7n1/2) < g

Proof. We fix an n and a k£ < n. We will count the number of Bernoulli bridges with 2n
steps and at least k returns to 0 (i.e. at least k excursions away from 0). For a Bernoulli
bridge with 2n steps and at least k£ excursions, flip the last k excursions so that they are
positive. Then remove the last step of each of the last k excursions. Each of the removed

14



steps was downward, so we now obtain a path of length 2n — k that ends at level k. We
can recover the original position of the removed steps: the ith removed step should be
included after the last time the path is at level <. Therefore, each path of length 2n — k
that ends at level & corresponds to 2* bridges with more than k zeroes, so the number
of bridges with 2n steps and more than k zeroes equals 2* (Q"n_k) Thus the probability

that a simple symmetric random walk bridge with 2n steps returns to 0 at least k times
equals

(™) pn— 1) (n—k+1) :ﬁ(l i )

Yy 2n)2n—1)--(2n—k+1) 22—

n

By the coupling between a lazy random walk bridge on [n] and a simple symmetric
random walk bridge on [2n] that preserves the number of zeroes, we then see that for

k= 0(/n),

k-1 . k=1 .
7 7 k2
log P(N, > k) = log [ (1 - _ N (o) — y
og P(N,, > k) ogiZI( 2n—z’> 2 <2n+0(z /n )) 4n—|—0(n ),

so P(N, > tn'/?) — e /4 = P(E > t*/4) = P(2VE > t) where E ~ Exp(1) has an
exponential distribution. We also see that, for 0 < k < n,

k—1 . k—1
i k(k—1)/2 k?
P(Nn > k) Il(l 2n—z’>_1 ZQn—z’_l 2n — k = 2n

i=1 i=1

~.

Hence, as the above inequality is trivially true for & > n,

2y - 2y < LV
P(N, <yn'?) =1-P(N, > [yn'/?]) < <5 O

We use Lemma 4.2 to prove the following lemma which considers the asymptotic value

of IP’(S'%T’ e S%‘n > 0) — E[@N"_l)”]

2Nn N, !

Lemma 4.3. Asn — oo,

I (2N, — D! Nn_1/4F(3/4)'
2Nn N, 1 V2r
Proof. Fix some § € (0,1). We split the expectation according to the contribution with

N, < én'/? and N,, > én'/?. By Lemma 4.2, P(N,, < yn'/?) < 4%/2 for all n and we also
recall that

1 _em-nt_ 1
Tmt12) ~ 2'ml o Em
Hence,
1/4 (QN" _ 1)” 1/4 - —i—=151/2 —15,1/2 1

<Y L@ (r2 )2 = 0(582).

1=0
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Since n1/4/\/7an is bounded for N,, > dn'/? and n='/2N,, converges in distribution
to 2v/E where E ~ Exp(1),

(2N, — D! nt/4
n1/4E [—H{NnZJnl/Q} =K N n 0(1) :H'{n_l/QNnZ‘;}
n n

]1{2\/525}

27r\/E

— E

as n — oo. Now

1 1 1 o I'3/4
E {2V E>6} _ E|: {E252/4}:| _ / x—1/4e—a:dl, _ ( / ) + 0(53/2)
orVE V2r B4 21 Js2/4 V2T
Hence,
2N, — ! '(3/4)
1/4]E ( n O 53/2
" |: 2NnNn! :| - V2 * ( )
as n — 00. As 0 was arbitrary, the result now follows. m

We now want to show that
P(3k € (n'/2 n): Ar =Yy =0 A, A" > 0) = o(1),

which is the content of Lemma 4.6. For the proof of this, we will need Lemma 4.4, which
is a local limit theorem for the position and area of a lazy SSRW, and Lemma 4.5, which
we will use to control the probability that the integral and position of an unconditioned
lazy SSRW hit 0 simultaneously at a late time.

Lemma 4.4. We have

lim sup |[n*P(Y, = a, A, =b) — P(n~1%a, n’?’/Qb)‘ =0

n—o0 a,b
where the supremum runs over all (a,b) € Z* and

2v/3
o(z,y) = —\/_ exp (— 42?4+ 122y — 12%).
T

The proof of this lemma is postponed to Appendix C.
Lemma 4.5. There exists a constant C' such that for all n > 1,
P(A, =Y, =0, Ay,..., A, > 0) < Cn~%2.

With Lemma 4.4 in hand, the proof of Lemma 4.5 is a direct adaptation of the proof
of the upper bound of Theorem 1 of [3] on simple symmetric random walks. For the sake
of completeness, we have included a proof in Appendix D.

Lemma 4.6. We have that

P(3k € (n'/?,n]: A =Y" = 0] AT, A7 > 0) = O(n™*%).
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Proof. Define p,, = P(Ay,..., A, >0, Y, =0). Note that for any k,

1
P(AY =Y =0]AY,. .. AV >0) = —P(4 =Y, =0, 4;,...,4,>0,Y,=0)

n

1
= P4 =Y, =0, Ay,..., Ay > 0)
P

XP(Ak_H,,AnZO,Yn:0|Ak:Yk:0)
= Pk A, =V =0, Ay, ..., Ay > 0).

n

By our earlier results (Proposition 3.6), p, = ©(n~%*) and by Lemma 4.5, the final factor
is O(k~%/2). Therefore, there exists a C' such that for each k < n,

PAY =Y =0] A, ... A" >0) < CEk™2(n — k + 1)/ *n%/4,
Then, the result follows from the union bound by observing that
Z C’k_5/2(n — k4 1)—3/4n3/4 < 23/40 Z k:_5/2 _ O((n1/2)—3/2) _ O(n_3/4)
nl/2<k<n/2 k>nl/2

and

n [n/2]4+1
S Ok n—k+ 1)V = O Y Y = O(n T ) = O(n?). O
k=[n/2] j=1

We now turn to Lemma 4.8 which shows that p, — p. For the proof of this we need
the following result.

Lemma 4.7. Let g, = P(Ay,..., A, >0|Y, =0). Then, uniformly over all m < n'/?,
we have ¢,—pm/qn — 1 as n — 00.

Proof. We define ¢,(k) = P(Y, = —k), which is also the probability that a lazy SSRW
starting at k is at 0 at time /. Let 0 < m < b < n and let Z be a random variable that
depends only on F,,_, = o(Y1,...,Y,p). We first show that

ol — ~ e(Yaos) on-m(0
B2y =0 =E|Z O 5 o)

For b/ < n’ and any Z’ that depends only on Fy,

) ‘ Yy = 0}. (4.1)

E[Z'1{Y,, = 0}]
P(Y,, = 0)
_ EE[Z'1{Y,y =0} | F]]
B P(Y,, = 0)
— E[Z/]P(Yn' =0 | fb’)] _ 1 QOn/,b/(YE,/)
) ‘EF <W@)}

E[Z'| Y, =0] =

17



Applying this to Z/ = Z(p;pb( v b)b) @':0 ’('6()0), n' =n—mand ' =n — b, we find that

(Yoo
E[Z' | Yoop = 0] =E| 2. 2ot b)]
Pn-m(0)

7. ©6(Ynb) Pnm(0) ) Ob—m(Yn—b)
©Ob-m(Ynb) ¢n(0) ©n—m(0)
Yoy
=
=E[Z|Y, =0

=E

=E

as desired.
We assume m < n'/? and let b = b(n) € N be such that b(n) ~ n™/?. Next, we provide

bounds on —2eln=b)l_en=m(0) "y firgt note that for |k| < ¢ we have
Ob—m(Yn—b) ‘p’ﬂ(o)

oo(k) = (kag) 4=t — (2;)4‘5 : ﬁ (1 _ 2;_:;)

7j=1
e
| 2j—1
= e log (1 —
0+ O(1) Xp(; s(1- 755 ))
k
L oaye 2j—1 22
= e exp| — —— +0(5°/¢
vl P ;( 12 G/ )>

Hence, ,(k)/@w(k) — 1 provided £ — oo, £/0' — 1, k*(£ — ') /00" — 0 and k3/(* — 0.
Now define

5 — min oo(k) on-m(0)

h |k|<n1/2 ‘Pb—m<k) ‘Pn(o)

5 — max @b(k) Pn-m(0)
" knt2 @y (k) 9n(0)

and note Ehat 4, — 1 and 0, — 1 as n — oo for our choice of m and b. Indeed,
logd,,,log 8, = O(m/b+mn/b* +n3?/b?) — 0.
Applying (4.1) with Z = Ly, A, _,>0, (v, _s|<ni/zy GIVES
P(Ar,..., Ay >0]Y,=0) <P(A,..., Ay >0, [Yap| < 0?1 Y, =0)
+ P(|Ys| > n*? | Y, =0)

<519>( Ay >0, Yooy <02 Yo, = 0)
+P(Ya b|>n1/2|Y 0)
<5IP’(A1,.. Ay >20|Y, 0 =0)

+P([Yaos| > n'? | Y, = 0).
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Similarly,

P(Ai,..., Ay >0]Y,=0) >P(Ay,..., Ay >0, [Yap| <n'? Y, =0)
> 5,P(A1,. .o, Auy >0, [Yoy| <02 | Y, = 0)

— Zn

>6,P(A1,..., Ay >0 Y, =0)

- Zn

— 0, P(|Yyp| > n? | Yo = 0).
We note that

P(|Y—p| > nl/2 | Y, =0) =P(|Y;] > nt2 | Y, =0) = O(n—w(1)>’
P(|Yas| > 0% | Yooy = 0) = P(|Yy_p| > n'/? | Yooy = 0) = O(n =)

uniformly in all m < n'/2, where we use that on the event {Y,, = 0}, it holds that (¥;)},
and (Y,_;)", have the same law and the fact that n'/? ~ nb'/2 for some ¢ > 0 (and
large enough n). Therefore, using that ¢, = ©(n~/*) by Proposition 3.6,

P(Ai,..., A >0]Y,=0)=(1+01)P(A1,..., 4,5 >0 Y, =0).  (4.2)
To finish the proof, it suffices to show that

P(Ay, ..., Avy >0]Y, =0)
P(Ay,...,A, > 0| Y, =0)

—1 (4.3)

as n — oo. Indeed, if we set b = |n"/?|, we see that

n—-m P(Ah o Ay 20 | Yom
o P(AL. A, >0(Y,=0
P(Ar, ... Ay > 0| Yo = 0)P(Ars-. Ay > 0| Y = 0)
P(Ar Ay >0 Yam=0) P(Ar,... A, ,>0]Y,=0)
P(A1,.... Ay y >0 Y, =0)
P(Ay,.... A, >0]Y, =0)

0)

~—

so (4.3) would imply that the first and the third factor in the product tend to 1. The
second factor tends to 1 by (4.2).
To obtain (4.3) we need to show that

P(3k € (n—b,n]: Ay <0|AY,... AV, >0) =0

as n — 00. We know by our earlier bounds (Proposition 3.6) that there is a ¢ > 0 such
that for all n large enough

IP’(AE{T, e ,Al,’f > O) > en~ M4,
so it is sufficient to show that

P(3k € (n—b,n]: sgn(Ay ) # sgn(A4))) = o(n~Y4).

19



Note that

P(3k € (n—b,n]: sgn(A}",) # sgn(A}))
< P(|AY| < n®) +IP’< max VY] > n6/5/b>

n—b+1<i<n

< P(|A¥| < nf/%) +IP>< max |Y"| > n6/5/b)
1<i<b

by the union bound and the fact that (Y;")1<i<, and (Y,’,_;)1<i<n have the same law.
By Lemma 4.4,
P(|A,| <085 Y, =0) O(n5°/n?

bri « ,6/5) — _ _ —-1/4
P(|AY] < n®®) Py, = 0) o (172) o(n™"%).

Furthermore, by the reflection principle for the simple symmetric random walk 17, we

have that, for any k
IP( max Y; > k;) < 2]1)(?21, > k;)

1<i<2b

and under the usual coupling between (Y%)1<x<p and (Yk)lgkggb we have that

IP’( max |Y| > k) - 21?( max Y; > k) < 2]?( max Y; > 2k> < 41?(?% > 2k>,

1<i<b 1<i<b 1<4<2b

so observing that n%/° /b = nb'/2 for some ¢ > 0 implies that

IP( max |Y;| > n6/5/b) =n W),

1<i<b

Then, P(Y,, = 0) = ©(n~/2) implies that also

IP’( max |Y;”"| > n6/5/b> = n W),

1<i<b
So it follows that
P(3k € (n—b,n]: sgn(AY ) #sgn(Al)) = o(n/*)
as claimed. O

Recall that p, = P(M, > 1| S¥,...,S% > 0) where M, = #{i > 0: SI" = 0}. We
will use the preceding lemma to prove Lemma 4.8.

Lemma 4.8. We have p, — p as n — o0.
Proof. By definition,
pn=P(3k € [n]: AT =Y —0| A, A" >0).

Let ¢(; = ((Y") = min{k > 0: V" = 0, A" < 0}, with the convention that min () = co.
On {AY ... A" > 0} it holds that {3k € [n]: AV = Y = 0} = {¢; < n} and we
first show that, under this conditioning, with high probability ¢; is either at most n'/? or
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larger than n. We will then show that we may stop conditioning on {A4%",... A" > 0}
if we instead consider the event {¢; < n'/2, A¥ =0} (and accept a o(1) term). We then
further show that the fact that we are considering Y instead of ¥ makes a negligible
difference. After making these changes, the random variable {; does not depend on n
and the result follows.

Observe that

pn=P(C <n| AV ... AT > 0)
=P(G < nM2 A AT > 0) +P(G € (R n] | AL A > 0)

and by Lemma 4.6,

P(C, € (n*2,n] | A ... A >0)
<P(3ke ' n]: A =Y =0]A7,... A >0) =0(n*").
It remains to show that P(¢; < n'/? | AY,..., A7 > 0) — p. Recall that g, =
P(A%r, ..., A" > 0). Then, for any k € [n],
PAY, AT >0 |G =k)=PA", .. A" >0]¢ =k)
X P(A211»--~;AZT >0 G =k, AZT =0)
= g kP(AY, .. AT > 0] G = k)

where we used that, on the event {¢; = k, A = 0}, the restrictions of Y*" and A" to

[k, n] have the joint law of a lazy simple symmetric random walk bridge on [n — k] and
its area process respectively. Therefore,

/2]
PG <n' 2| AV, AT 200 = Y P(G= k) EERAT =0 ¢ = k).
k=1

an
Lemma 4.7 shows that qz—"“ — 1 as n — oo uniformly over all k£ < n'/?, so

[nt/2]
pa= D PG =KP(AZ =0 =k) +o(1)

k=1
=P(¢ < nt/?, Alg =0) +o(1).

We now show that removing the condition that {Y,, = 0} has only a negligible effect on
the probability. Fix 0 < e < 1/4 and note that

P(G < ', A =0)
= P(G 02, AT = 0,[¥ e | < 0 + o)

Pn—|n/2] (YLn1/2J )
. |:1{C1Sn1/2"4€1:07YLn1/2J|<n1/4+s} SDn(o) + 0(1),
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where we have used the function ¢ from the proof of Lemma 4.7 and that the event
{Gsn2ar =0,V < ntie]

is measurable with respect to o(Y",. .. ,Y‘Z’l /2 j)' From the proof of Lemma 4.7 we have

L
that
Pn—|nl/2 ((I)

Sﬁn(o) -

uniformly over all |a| < n'/4*¢, so
P(¢ < n'? AY =0) =P(¢ < n'? Ay =0,V < n'/*¢) +0(1)
=P(¢ < n'/? A, = 0) +o(1).

Now observe that, under the law of Y, we have that (; is a random variable on N that does
not depend on n, so P(¢; < n'/?, A;, = 0) — p as n — oo and the statement follows. [

4.2 Conditioning on ending in 0 or —1

In this section, we show how Proposition 3.1 follows from Proposition 1.2. By Lemma 2.2,
we need to show that for (Y)r>1 a lazy SSRW, and Ay = Zle Y;, we have that

T(3/4)
V2r(1—=p)

Proof of Proposition 3.1. First, observe that by Proposition 1.2 and the fact that P(Y,, =
0) ~ L
Vn?

P(Ay,..., A1 >0|Y,_1 €{0,-1}) ~n" 1/

['(3/4)

m/2(1—p)

P(Ay, ..., Ap1>0,Y, 1 =0)~n34

We also need to calculate

Note that
IP>(A417 . 7An > OaYn = ) = %]P(Al; 7An—l Z 0>Yn—1 == _1)
+ %]P)(Ah aAn—l Z 07 Yn—l - 1)
-+ %P(Al, e 7An71 Z 0, Yn,1 - 0) (44)

Both P(A4;,..., A, > 0,Y, = 0) and P(Ay,...,A,—1 > 0,Y,,_; = 0) are asymptotically

equal to p3/4 LG4
m4/2(1-p)

P(Ay,..., A1 20,1 =—1)~P(Ay,..., 4,1 >0,Y,_1 = 1), (4.5)

, so if we show that

we can deduce that
['(3/4)

m/2(1—p)

P(Al, Ce 7An—1 Z 0, Yn—l = —1) ~ n_3/4
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Then, the fact that P(Y,_; € {0,—1}) ~ -2 implies that

Nz
r(3/4
(A1 Ay 1 > 0] Yo € {0,—1}) ~n- A LCA
2m(1 = p)

as required.
We now prove (4.5). Let Y be the set of paths (yo,y1,.-.,Yyn_1) starting at 0 with
steps in {—1,0, 1} which satisfy

k
{Zyi >0forall ken—1], y,o1 = _1}’

i=1

and let V. be the set of paths (vo,y1,...,yn—1) starting at 0 with steps in {—1,0,1}

which satisfy
k
{Zyl >0foral ken—1], y,_1 = 1}-

=1
We have
P(Al, o 7An71 2 O,Yn,1 - —1) == P(Y € y,)
and
P(Al, e 7An—1 > OaYn—l = 1) = ]P)(Y S )}+)

We will define an injective map f from Y_ to Y, such that P(Y =y) =P(Y = f(y)) for
all y € YV_. Then,

P(Y eV.)= ) PY =y)

yeY_

=) P(Y = f(y))
yeEY—

= > P¥Y=y
yef(Y-)

=PY €Y) -PY € Y.\ f(I-)).

so we will be done if we can show that P(Y € Y, \ f()_)) = o(n™%4). We let f be the
map that changes the sign of the last excursion away from 0. To be precise, for y € V_,
let Tomaz = Tmae(y) = max{k <n —1:y, =0} and let

Yi,s 1fZ S Trmax;
fly)i = {

-y, it 1> Thee.

It is immediate that f has the claimed properties. In particular, f()_) C ), because for
y € Y_, it holds that f(y)r > yi for all k. Moreover, ), \ f())_) consists of the paths y
that end at 1 for which the area at time n — 1 is smaller than twice the area of the last
excursion away from 0, that is,

k n—1 n—1
IP’(YE)J+,Y¢f(y))zP(ZYiZOforke[n—l},Yn1:1,Z}Q<2 > Y)
; =1

=1

1=Tmax
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We see that

(ZY>Oforke[ 1ZY<2ZY)

=1 1=Tmazx

k
<4IP’<ZY>Ofork€ —OZY<22Y>

=1 1 =Tmaz

by conditioning on the value of the nth increment (similar to the calculation (4.4)) and

<ZY>Ofork€ —OZY<22Y>

i=1 1=Tmazx

<IP><O<ZY<2 > v

1=Tmaz

Since P(Y,, = 0) = O(n~%/2), we are done if we can show that

<O<ZY”’"<2 > Yb”> = o(n~ V4.

1=Tmaz

Pick any 0 < ¢ < 1/4. We compute

<O<ZYI”"<2 Z Y”T> <IP>< D = ) +P<0§§:Y;br<2nl+f)

i=1

1=Tmax

_ P(Z Y*ibr > n1+€> + ]P(O < ZY;IW < 2n1+€> :

i=1

1=Tmaz

where 71 = 71 (V") is the first return time of Y*" to 0. We trivially have that > ., V'™ <
(71)?, and it is easy to see that

]P)(T _ ]{?) _ Tlfl(Qk 1) (227216) Lk_3/2 1/2 —k -1/2
1 = ~ i/ n (n ) )

- @

as k,n — oo. Hence,
P(Tl > n1/2+5/2) — O<n71/475/4) _ O(n71/4).
Moreover, by Lemma 4.4, we see that
]P)(O < ZY;‘bT < 2n1+a> _ O<n1+£ —3/2) O(n_1/4),
i=1
so we conclude that

P(Y € Y., Y & f(V-)) = o(n™®/").
This proves (4.4) and

k
I'(3/4
P(> Yi>0forallk€[n], ¥, =0 U T T O
m

=1
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4.3 About half of the sums are even

So far we have looked at the probability that a sequence n — 1 > d; > --- > d, > 0
satisfies the dominating condition (2.1). In this section, we consider the parity condition
that d; + --- 4+ d, is even and prove Lemma 3.2.

Among the sequences n — 1 > dy > --- > d, > 0 that satisfy the dominating
condition (2.1), let € denote the set of such sequences for which the sum dy + - - - + d,, is
even, and O the sequences for which the sum is odd. We will define a partial matching
between £ and O such that the number of unmatched elements of €U O is o |E| + |O)).
This will immediately imply Lemma 3.2.

Each sequence n — 1 > dy > --- > d, > 0 corresponds to a right/down path from
(0,n — 1) to (n,0) taking 2n — 1 steps. This corresponds to a sequence (Bj, ..., By,_1)
where B; € {—, |} takes the value — if the path goes right (which it does n times) and |
if the path goes down (which it does n — 1 times). We say j € [2n — 2] with j =0 mod 2
is a switch position for the sequence (B, ..., Ba,_1) if (B}, Bj11) € {(—,4),{, =)}
Switching the sequence (B, ..., Ba,_1) at position j refers to replacing (B;, Bj41) with
the unique element in {(—,1),({, =)} \ {(Bj, Bj+1)}, resulting in some new sequence
(By,..., B, ;). We make two observations:

e First, for any j € [2n — 2] with j = 0 mod 2, the position j is a switch position for
the sequence B if and only if j is a switch position for the sequence B’. Moreover,
switching at position j is self-inverse: switching B’ at position j gives B.

e If B corresponds to a sequence n — 1 > dy; > --- > d, > 0, then the sequence B’
also corresponds to a sequence n — 1> d} > --- > d/, > 0, where for some k € [n]

YT {di —1,d+ 1}, ifi=k
In particular, the parities of >, d; and ). d; are different.

It is not necessarily the case that performing a switch on a sequence in & results in
a sequence in O (or vice versa) as the switched sequence may violate the dominating
condition (2.1). Therefore, we will only define the matching between subsets £ C £ and
O C O, where we choose £ and O’ so that for all sequences in £ U O’ have some slack
in the dominating condition (2.1). We will show that |£' U O'| = (1 4 o(1))|€ U O|, for
which we need the following two lemmas.

Lemma 4.9. Asn — oo,
]P)(ALR/QJ7 . 7An—1 >1 | Al, . 7An—1 > 0, Y, 1€ {—1, 0}) =1- 0(1)
Proof. By Proposition 3.1, P(Ay,..., A,_1 > 0,Y,_1 € {—1,0}) = O(n™3/%), so we are

done if we show that
P(A; = 0 for some i > |n/2],A1,..., Ay >0,Y,_1 € {—1,0}) = o(n~%/*4).
But by conditioning on the value of the nth increment, we see that

P(A; = 0 for some i > |[n/2], A1,..., A1 >0,Y,_; € {-1,0})
< A4P(A; = 0 for some i > [n/2],Ay,..., A1 > 0,Y, =0),
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and Lemma 4.6 and Proposition 1.2 imply that the right-hand side is o(n™%/*) as claimed.
[

Informally, this lemma states that switching the sequence ‘near the last checks’ is
unlikely to affect whether the dominating condition (2.1) holds. We next show that all
but a negligible fraction of the sequences have switch positions ‘near the last checks’
(which is the near the middle of B).

We say a sequence (By, ..., By, 1) is k-switchable if it has a switch position at some
even i € [n —2k,n — 2J.

Lemma 4.10. For any k € [n—1], the number of sequences (By, ..., Ba,_1) € {—,{}*"!
that are not k-switchable is at most 27%4".

Proof. We choose a sequence (By, ..., Bay,_1) € {—,]}}*""! by independently choosing
each B; uniformly at random. The probability that B has a switch at an even position
Jj € [2n—1]is %, and the events are independent for different even values of j. The
probability that there are k independent failures is hence 27*. O

We now have all the necessary set-up to conclude the proof.

Proof of Lemma 3.2. Set k = |n/4|. Let F denote the set of sequences d € £ U O for
which the right/down-sequence (Bj, ..., By,_1) that corresponds it (as defined earlier
this section) is not k-switchable, or for which the area process takes the value 0 at some
point in the last 2k steps. Then, applying Lemma 4.9 and Lemma 4.10, we find that
[F| =o(lEU Of).

We set @' = O\ F and & = £\ F and define a matching between O’ and &' as
follows. Let d € & U O’ and let B € {—,]}*""! be the corresponding right /down-path.
With (¢, ¢) as the unique grid point at which the path crosses the diagonal, as defined in
Section 2, we note that (B, ..., B,_1) is a path from (0,n — 1) to (¢, ¢). We will attempt
to change the parity by making a switch as close to the end (¢, ¢) of this path as possible.
By choice of F, there is a switch position at some even j € [n—2k, n—2]. We perform the
switch at the last such position. This only affects the last at most 2k positions of the area
process, which can only be increased by 1, reduced by 1 or stay the same. Therefore, the
dominating condition (2.1) is not affected (by our choice of F). This defines a matching
with the desired properties. O]

5 Computational results

In this section we give a new recursion which we have used to calculate G(n) for many
new values, and a description of how we numerically estimated the value of p (and cgeg)-
We also make the surprising observation that, while roughly half the sequences which
satisfy the dominating condition have even sum, the convergence to a half is rather slow.

5.1 Determining the exact values of G(n) for small n

We give a simple recursion to count the number of graphic sequences. In Section 2.1, steps
1 through 5 define a deterministic mapping from a sequence n —1>dy > --- > d, >0
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Figure 2: The graph depicts our numerical estimation of cge (dotted line) via the approx-
imation of p, and a numerical estimation based on the exact values of G(n) for small n.

to a (non-random) walk Y (with steps in {—1,0,1} and ending in 0 or —1), such that
the sequence d satisfies the dominating condition (2.1) if and only if Z?Zl Y; > 0 for all
1 < k <n—1. Moreover, as explained in Step 5, we have > "  d; = Z?:_ll Y; mod 2. We
will use this to count the number of graphic sequences.

Note that a single walk Y corresponds to 2% sequences, where z is the number of zero
steps that the sample takes (see Figure 1). We will weight each walk Y accordingly when
counting.

Let F(N,y,a) be the weighted number of walks (V;)YY, which start at y, take N steps,
end in {—1,0} and satisfy a+>.F_ | V; > 0forall0 <k < N and a+ Y~ ¥; = 0 mod 2.
We think of a as the starting value of the area process, or the area from any earlier steps
of the walk. We see that by taking N =n — 1, y = 0 and a = 0, we count exactly the
walks which correspond to sequences which are graphic. Hence, the number of graphic
sequences of length n is F(n — 1,0,0), and we can calculate this using a recursion for F'
as follows.

First, we have a boundary condition that F'(N,y,a) = 0 whenever a < 0. If this is not
the case, we consider the three options for the first step in the walk and how to complete
the walk after this step. A completion would need to take N — 1 steps in every case, but
the starting position and the area will change. The walk could step up, after which a
completion starts at y + 1 with area a + y + 1; the walk could step down, in which case
a completion starts at y — 1 with area a + y — 1; or the walk could take a step of size 0,
in which case a completion starts at y with area a + y. Since in the last case the walk
takes a step of size 0 and we are counting the weighted number of completions, this last
case must be counted twice. This leads to the following recursion:

F(N,y,a)=F(N—-1,y+1l,a+y+ 1)+ F(N—-1,y—1l,a+y—1)+2F(N —1,y,a+y),

with boundary condition F'(N,y,a) = 0 whenever a < 0, and initial condition F(0,y,a) =
lify € {0,—1}, a > 0 and a even, and F(0,y,a) = 0 otherwise.
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To calculate the number of graphic sequences, we calculated every value of F' for a
given value of N using the pre-computed values for N — 1, then calculated the values for
N + 1 using the values for N and continued this until the calculation ran out of memory.
At each step, we get one more value of G(n) by reading off the value of F'(n — 1,0,0).
For this approach to work, we need F' to take only finitely many values for each value of
N, and we only need to calculate F(N,y,a) for small (depending on N) values of |y| and
a. First, observe that F'(N,y,a) = 0 whenever y > N or y < —N — 1 as the walk needs
to end in {0, —1}. We now consider for which values of @ we need to calculate F(N,y, a).
Clearly, the boundary condition means we do not need to consider a < 0. Moreover, if
y < 0, we can ignore all a < y(y+1)/2 as the area process will go negative at some point.
This just leaves large a.

We claim that, given that the walk starts at y, in N steps the area can decrease by
at most ) )

NP ONY 4N P+ Leaa(N —y)

4
In particular, this means that if a > a/, the area will always stay non-negative (provided
it is already) and F' only depends on the parity of a. Hence, if ¢ = max{0,a’} and a > ¢,
the value FI(N,y,a) is either F(N,y,c) or F(N,y,c+1).

Let us briefly justify the claim. First, consider the amount the area process can
decrease when the walk starts at 0 and returns to 0. The best thing for the walk to do
is for it to take | N/2] steps downwards, then |/N/2| steps upwards. If N is odd, one
extra step of size 0 should be inserted between the downwards and upwards steps. This
reduces the area process by

[N/2] [N/2]-1 9
. . N? —1,44(N)
;z+]10dd(N)LN/2J+ > =

i=1

If 0 <y < N —1, the biggest reduction comes from taking y 4 1 steps downwards to —1,
then doing the above steps with the remaining steps (but starting and ending at —1).
This reduces the area by

When y = N, the same equation holds. When y < 0, then the best thing to do is to
reserve —y — 1 steps which will be used as upwards steps at the end. For the first N +y+1
steps, one should aim to minimise the area while returning to y. This gives a total of

(N+y+1)2—T1oqa(N +y+1)
4

-1
—y(N+y+1)+- > i=d.
i=y+1

The final optimisation we implement is to consider the function f defined by

F(N,y,a)—F(N,y,a—l), a’7é07

J(N.ya) = {F(N,y,O), a=0.
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This satisfies a similar recursion to the function F', but the numbers are generally smaller
and this helps with the memory usage.

We wrote a program in Go which uses this recursion to calculate the number of graphic
sequences and ran this on a node with 512 GiB of RAM until the program ran out of
memory. This produced the first 1392 numbers (starting from n = 0). Of course, we
are only interested in calculating F(N,0,0) and we do not need to calculate all values of
F(N,-,-). Even calculating F'(N +1,0,0) only needs three values of F'(N,-,-) (and one is
trivially 0). We therefore ran the program a second time now we had established at what
point the program ran out of memory and stopped the recursion just before this point.
We then attempted to calculate F(N + 1,0,0), F(N + 2,0,0),... by only calculating
the values F' on demand (and keeping the calculated values in a map). We note that if
F(N,-,-) is known entirely, calculating F'(M,0,0) this way is clearly more efficient when
M is not much bigger than N, but it is less efficient when M is much larger than /N, and
in particular, doing this from the start is less efficient than calculating the full layers.
This second step added another 260 values, so that we known now G(n) for all n < 1651.
The code (along with the computed values) is attached to the arXiv submission, and the
new values have been added to the OEIS entry A004251. The sequence A095268 counts
the number G'(n) of zero-free graphic sequences, which is given by G(n) — G(n — 1), and
we have also updated this sequence.

5.2 A surprising observation on the parity condition

By changing the initial condition, the above recursion can be changed to count H(n), the
sequences which satisfy the dominating condition and have odd parity. Lemma 3.2 shows
that H(n) ~ G(n), and one might naturally assume that |G(n) — H(n)| is exponentially
smaller than G(n) (and H(n)), but this does not appear to be the case. Surprisingly,
numerical estimates suggest that G(n) — H(n) = ©(4"/n"?) which is only a factor of
O(n™/*) smaller than G(n).

We remark that if we ignore the dominating condition and just count the number of
sequences n — 1 > dy > -+ > d,, > 0 for which ) d; is even and for which ) d; is odd

we get

1 2n —1 n—1 d 1 2n —1 n—1

(G0 Gom)) o 5(G) - (o)
respectively. The difference between these two quantities is only O(2"), which is expo-
nentially smaller than either.

The partial matching we used to prove Lemma 3.2 suggests a possible explanation for
this. In the proof, we switched at the last switchable position before n — 1. Adapting
the proof of the main result in [3] to lazy SSRW bridges yields that P(A,_1 =0]Y,_; =
0,A1,...,A,1 > 0) = O(n~/*), and a sequence with 4, ; = 0 cannot be ‘switched
down’. Assuming that roughly half of them would be switched down (with the other half
switched up), this yields a proportion Q(n~"/4) of the even sequences which do not have
an odd counterpart. Of course, there are also odd sequences without an even counterpart
(e.g. those with A,_; =1 and A,,_» = 0 cannot be switched down), but this observation
makes it at least reasonable that the order of the difference is ©(4" /n®/?).
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5.3 Estimating the constant p

We now give a method for estimating p. Recall that (Y}) is the lazy simple symmetric
walk and (S) is the random walk formed by summing the (signed) excursion areas Xy
of (Yx). We first need to find the distribution of the excursion areas X;. We define the
following (partial) generating function

g(z,y) = Z P(excursion is of area i and length j)xiyﬂ'.
i,j>0

Note that this is really only part of the full generating function, which is § + g(z,y) +
g(z~1 y), to take into account excursions below the axis, and also the probability % event
that the lazy random walk does not move on the first step (and hence the excursion area
is zero).

Lemma 5.1. The generating function g(x,y) satisfies the recursive equation

xy?

16(1 — % — gz, zy))
We note that as all terms of g(z,y) have a positive power of y, terms in g(z, xy) have

higher z-degree than their counterparts in g(z,y), and hence this equation allows one to
recursively evaluate g(x,y) to any order. For example,

g(w,y) =

o(o.y) = S+ 5+ S+ S+ S SRR+ 0),
Proof. To have a positive excursion, the first step of the lazy random walk must be up
(probability 1). Then it either goes down (probability 1) giving a term 2y? in g(z,y),
or it follows some non-negative excursion before returning to height 1. Let the excursion
have area X; and length 77 (so that the walk is now at 1 with total area X; + 7} + 1 and
length 77 + 1). The rest of the excursion is then equivalent to one starting at 0 at time
T7 with an initial step up, and say this excursion has area X, and length 7. The sum
S P(Xy, Th)aX 2™ s just 2 + g(w, z) (as we allow the trivial area zero excursion here),
and the sum > P(X,, Ty)z*2y™2is just 4g(z,y) (as we automatically can assume the first
step is up). Overall we get an excursion of length T} + 75 and area (X;+77)+ X,. Setting
z = zy and multiplying these (together with a factor of }l for the initial step up) gives
the remaining terms of g(x,y). Hence,

X 2 T
g9(z,y) = 55 + 1 (% +gla,2y)) - dg(2,y),
and the lemma follows from rearranging this equation. ]

Now by setting y = 1 we get a generating function for the (positive) excursion areas,
namely

_ oz z2 z3 34 z 726 2127 3728 3129 10
g(x, 1) = {5+ 5+ 6 T 2% T 135 T 1001 + 1006 T 510z T 5102 T O@)-

Note that g(1,1) = % is the probability of a positive excursion.
The next task is to estimate or bound p, which is the probability that the random
walk S) with step sizes X} hits 0 before becoming negative. To do this we construct a
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finite state Markov chain with states {—,0,1,2,...,n — 1,%} where the states — and «
represent the walk going negative and reaching a state at least n respectively. The states
— and * are absorbing, and otherwise we add a random variable distributed like a signed
excursion area. If adding this, takes the walk negative or at least n, the walk moves to
— or x as necessary. We start the Markov chain at 0 and run until we either hit 0 again,
or one of the states — or x. By a simple coupling argument it is clear that

P(hit 0) < p < P(hit 0) + P(hit *).

Taking n sufficiently large gives us reasonable bounds on p.
As an example, taking n = 2 we have states {—, 0, 1,x} and transition matrix

O ool =
OGl-im O
oG- ©
—al-Rle ©

Writing h;; for the probability of hitting j starting at ¢, we have
hip = % + %h107 hi = % + %hl*u
giVng th = %, hl* = % Then
_ 1,1 _ 65 _ 3,1 _ 7
hoo = 5 + 15110 = 155 hos = 15 + 1M« = 35

Hence,

65 65 7 _ 93
T8 <P = 155 T 33 = 1as

Using this method with n = 28 gives a lower bound of 0.51580258, which appears to be
very close to the true value of p. However the upper bound of 0.54543568 obtained by
this method seems to still be very far from the truth.

If we make the assumption that hitting 0 before going negative is a decreasing function
of the starting point, we can amalgamate the states n—1 and  in the above model, giving
transitions out of that state as if they were from n — 1. Unfortunately we do not have a
proof that h;g is decreasing in i, so this does not give a rigorous bound on p. Nevertheless,
for n = 2!8 we obtain a (non-rigorous) upper bound of 0.51580289 by this method, which
does seem much closer to the true value. An even less rigorous estimate can be obtained
by applying Richardson extrapolation to hgo in terms of 1/n, which gives the estimate

p ~ 0.515802638089141858504490255841,
and corresponds to a value of
Cdeg ~ 0.099094083237488745361449340935.

These approximations do not appear to correspond to any number with a simple closed
form expression.
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6 Concluding remarks

We have given a precise asymptotic for the number of graphical sequences. Similar
asymptotics are known for tournaments, but not for other natural classes such as uni-
form hypergraphs and digraphs. Another interesting direction with open problems is the
asymptotics of the number of graphical partitions of an integer V.

We outline some more directions for future research below.

An upper bound in Lemmas 3.3 and 3.4 For z € RY, let
A(z) ={(0,s) : 0 € S,, s € {—1,1}", S SiTo() > 0 for all k € [n]}.

Lemma 3.3 states that |A(z)| > (2n — 1)!l, with equality for all « for which all sums
Y icg Ti are distinct (for distinct S C [n]).

Conjecture 6.1. For z € RY, |A(x)| is mazimized when x1 = -+ = x,,.

Rephrased in probabilistic terms, we conjecture that the simple symmetric random
walk has the highest probability of staying non-negative, amongst all random processes
with exchangeable increments (Xi,...,X,) € (R\{0})" of which the law is invariant
under sign changes of the elements.

This conjecture would imply (see (3.2)) that for all exchangeable (Xi,...,X,) €
(R\{0})™ of which the law is invariant under sign changes of the elements,

Vrln+1/2) ~ v

This conjecture would imply that for this very general class of random processes (that
includes all symmetric random walks), the order of the probability of staying positive
does not depend on the law, or even the tail behaviour of the increments.

k
1 2
<IF’<E XiEOforallsz[n]> SL

i—1

Uniformly random graphic sequences A natural next question, that we intend to
answer in future work, is the (asymptotic) law of a uniformly random graphic sequence
of length n. We now make some observations using our reformulation and discuss a
potential strategy to answer this question. Firstly, note that a uniform lattice path has
the law of a simple symmetric random walk bridge with 2n steps that straddles the line
y = n—x, and in particular, for large n, its fluctuations away from the line y = n —x are
of order n'/2. In fact, for any 6 > 0, it is exponentially unlikely that at some point the
lattice path is at distance more than dn from the line y = n — x. This means that even
after conditioning on the lattice path encoding a graphic sequence (i.e. conditioning on
an event with probability ©(n~1/%)), it is exponentially unlikely that at some point the
lattice path is at distance more than én from the line y = n — x, and in general, the large
deviations of a uniformly random graphic sequence are completely described by the large
deviations of a uniformly random lattice path. (Observe that this implies that a uniform
graphic sequence is very different from the degree sequence of a uniform graph, of which
the corresponding lattice path stays close to the horizontal line y = n/2.)

Therefore, to observe the difference between a uniform graphic sequence and a uniform
lattice path, we will need to consider their more fine-grained behaviour, for example by
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studying the scaling limit of their fluctuations around the line y = n — x. We conjecture
the following.

Conjecture 6.2. Let Dy > --- > D,, be a uniformly random graphic sequence of length
n. Then, there exists a random continuous function D from [0,1] to R such that

(R Y2(Dyy — (1 —1)n),0 <t < 1) 5 (D, 0 <t < 1)

in the uniform topology.

We expect D to have two characterizations. Firstly, it can be defined as a Brownian
bridge conditioned to satisfy a continuous version of the dominating condition (2.1).
Secondly, via a continuous version of the reformulation described in Section 2.1, D can
be constructed via two paths, for which the distance between them is distributed as a
conditioned Brownian bridge and their midpoint is determined by a Brownian motion
(the Brownian motion plays the role of the ‘lazy steps’ that can go either right or down).
This result would add graphic sequences to the long and varied list of uniformly random
combinatorial structures with a ‘Brownian’ scaling limit; examples are numerous models
of trees of which the scaling limit can be described by a Brownian excursion (see the
survey paper [12]), mappings with a limit described by the Brownian bridge [1], various
classes of maps with limits encoded by the Brownian snake (see the survey paper [14])
and pattern-avoiding permutations with limits described by a Brownian excursion (see
[5] and references therein).

Such scaling limits are interesting in their own right, but can also be exploited to
answer questions about the corresponding combinatorial class, such as ‘what proportion
of Cayley trees of size n have height exceeding tn'/??’ or ‘in what proportion of maps
from [n] to [n] is the average distance to a cycle larger than tn'/2?".

Persistence probabilities of integrated random processes The study of the prob-
ability that integrated random walks and random walk bridges stay non-negative started
with the work of Sinal on the SSRW [35] and has attracted a lot of attention in the
past decade ([3, 7, 8, 13, 37, 38]; see also the survey paper [2]). However, all work on
integrated random walk bridges only finds the right order of the persistence probability
[3, 38] and for random walks the sharp asymptotics (including the value of the constant)
are only known under a (2+ d)-moment condition on the step distribution. Our methods
completely carry over to the setting of SSRW bridges, yielding the following result of
independent interest. Let Y be a SSRW and let A be its area process.

Proposition 6.3. We have that

. A ~ I'3/4
n1/4]P’(A1,,A2n20|Y2n:0) %&
1)

as n — 0o, for p the probability that the random walk with steps distributed as the signed
area of the excursions of a SSRW hits 0 before going negative.

Adapting the method to numerically estimate the value of p described in Section 5.3
shows that p ~ 0.0773408571485249705089600725.
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It is possible that our techniques can be generalized to other models of random bridges.
However, there are some difficulties to overcome, both conceptual and technical. Our
proof relies heavily on Lemma 3.4, which requires the areas of different excursions of the
bridge to be exchangeable and for their law to be invariant under sign changes. When
only considering random walk bridges, these conditions combined restrict the method to
(scalings of) symmetric processes with steps in {—1,0,1}, so new ideas are needed to
adapt the method to other random walk bridges.

Acknowledgements The exact values of G(n) were computed using the computational
facilities of the Advanced Computing Research Centre, University of Bristol. We would
like to thank Peter Winkler for pointing out the upper bound in Lemma 3.3.
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A Overview of notation

The following notation is used in the paper.
e (G(n) = the number of graphic sequences of length n.

o Y = (Yi)r>o=lazy random walk, that is, a random process with independent and
identically distributed increments that take the value 0 with probability 1/2, —1
with probability 1/4 and +1 with probability 1/4.

o A = Zf:o Y, so (Ag)k>0 is an integrated random walk.
e X, = area of the ith excursion of Y.

o Sy = Zle X;. We can see S as a ‘subsequence’ of A, where A > 0 if and only if
S >0.

® Q:mf{k21Yk:0,Ak§O}

o p = P(A; = 0) = probability that (Aj)x>o hits zero before the first time it goes
negative.

o VU = (Y))r_,= lazy random walk bridge, that is, (Y;)7_, conditioned on Y,’" = 0.

o A" X' Sb the counterparts of A, X, S respectively, with Y replaced by Y  in the
definition.

e N, = number of times Y’ hits 0 after time 0 (so N,, € {1,...,n}).
e M, = the number of times S*" hits zero.

o S X' — perturbed variants of S and X" respectively.

e & = the ith time S hits zero.

o po=P(M,>1]5,....5% >0).

B Proof of Lemma 3.3

Lemma 3.3. Let x = (xy,...,x,) € R", let 0 be a uniformly random permutation of [n]
and let s = (s1,...,5,) be an independent uniformly random element of {—1,1}". Then
P k 0 for all k (2n — DM

> > )
;szxa(z) >0 forallk €[n] ]| > S
and

k
2n — D!l
P(Z 8iTe@) > 0 for all k € [n]) < w

nnl
— 2nn!

Moreover, equality holds in both if for all distinct A, A" C [n], the corresponding sums are
also distinct: Y o, T # D e u Ti
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We include the proof of Lemma 3.3 from Burns [6] below for the convenience of the
reader.
For x € R", let

A(z) ={(0,8) 10 € S,, s € {~1,1}", S Site(s > 0 for all k € [n]}.

We will show that
|A(z)| = (2n — D!

for any € R™ for which the sums vg = Y, ¢ #; and g = Y, ¢ x; are distinct whenever
S, 58" C [n] are distinct. The two bounds in the lemma follow easily from this by perturbing
T1yeey Ty

We call a vector y € RY rapidly decreasing if

Yi > Yir1+ -+ Un

for all i € [n]. We will first use induction on n to show that |A(y)| = (2n — 1)!! for all
rapidly decreasing y € R%,. It is clear that A(y) = {(Id, 1)} when n = 1, and the claim
holds.

Suppose that we have shown the claim for some n > 1, and let y € R’;#. Since
the sequence is rapidly decreasing, the pair (o,s) is in A(y) if and only if s(i) = 1 for
all ¢ € [n + 1] such that o(i) is the lowest number seen so far, i.e. o(i) < o(j) for all
j<i Leta=o0"Yn+1). If a # 1, then the term s,y,,; has no impact on whether
the sequence is valid, while if & = 1, we require s; = 1 and then we need the remainder
of the sequence to satisfy the condition. More formally, let y', ¢’ and s’ be what is left
after removing y,41, n + 1 and s, respectively. That is

v =1, Yn), 0(i)= U(i + ILZa(i)), S = (81,1801, Satls -+, Sntl)

If « =1, then (o,s) € A(y) if and only if s; = 1 and (¢/,¢") € A(y'). If @ # 1, then
(0,8) € A(y) if and only if (¢/,s") € A(y'). Hence, there are 2n + 1 pairs (o, s) in A(y)
for each pair (¢o’,s") in A(y’). Clearly, ¢ is also rapidly decreasing and the result follows
by induction.

For z € R" and S C [n], we write g = ), ;. We call z € R" sum-distinct if
xrg # xg for all distinct subsets S, 5" C [n]. Let z € R" be sum-distinct, and note that
without loss of generality we may assume x € R%;,. We will construct y € RZ, that is
rapidly decreasing and for which |A(z)| = |A(y)|.

Since x is sum-distinct, we can define a total order <, on the power set P([n]) by S <,
S’ if and only if ¢ < xg. We note that for a given o and s, the condition Zle 5iZg(i) = 0
is equivalent to the condition zg <, xg, where Sy = {o(i) : ¢ <k, s; = £1}, and hence
A(x) only depends on z through <,.

To get to the vector y, we will increase x; until it is larger than xo + --- 4+ z,,, and
then increase x; and x5 until we also have 9 > x3 + -+ + z,, etc. We will do this in a
series of steps so that each increase only changes the total ordering by a “small” amount,
and the following claim shows this preserves |A(x)|. We defer the proof of this claim to
the end of this section and first finish the current proof.

Claim B.1. Let x and x’ be sum-distinct and assume there is a unique pair {L, R} of
disjoint subsets for which L <, R yet R <, L. Then |A(x)| = |A(z")].
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Suppose that we already have z; > x4 + -+ + @, for all j < 7, and we wish to
extend this to include 7 = 7 as well. We will slowly increase x1, o, ..., x; so that we
only change one disjoint inequality on the power set at a time and we can use the claim
above to show that |A(x)| does not change. We first ensure that no signed sums are the
same by slightly perturbing x by a small amount, which we choose to be small enough
to not change the order <,. Indeed, if

€= ngég lrs — 29| = ggélg \SUS\Sf - xS’\S’a

then perturbing each entry of x by less than £/n cannot possibly change the order <,.
Let z be a random vector formed by adding a small independent Uniform[0, /n] random
variable to each entry of x, and note that <, = <, so |A(x)| = |A(z)]. Almost surely
there are no two pairs of disjoint sets (A, B) and (C, D) such that z4 — zp = 2¢ — 2p,
and we can order the pairs (A;, B;) of disjoint subsets of [n] \ [¢] such that z4, — zp, is
increasing in t. Suppose (A,, B;) is the first pair for which z4. — zp. > z. If there is
no such pair, then we already have z; > 2,41 + -+ + 2z, (by choosing A = [n] \ [i] and
B = 0). Let ¢ be any value in the interval (za, — zp, — 2i,24,,, — 2B,,, — %) (or in
(za. — zp, — 2;,00) if there is no pair (A,;1, Br4+1)), and consider the vector

2(2) = (2;1 —+ 2i71(5, 29 + 21'726, RN 5, Zit1y Zit2s - - - Zn)~

This is again sum-distinct and there is a unique pair (L, R) = (B, U {i}, A;) such that
L <. Rbut R <, L, so |A(z?)| = |A(2)| = |A(x)|. It also still has the property
(2)

>

that z](?) > ZJ(2+)1 + -+ ZT(LQ) for 7 < 4. It may not yet have the property that z;

zﬁ)l + -+ 2, but we do have zi(Q) > 24, — zp,, and we can choose §® in the interval

(24,0s = 2By — 22 2000 — 2B,y — 27)) and repeat to get 2®), 2@, .. The process
terminates at some k& when sz) > ZZ-(J]i)l + -+ 2 and we take this to be our new .
Repeating this process for : = 1,2,...,n — 1 in turn, gives a rapidly decreasing vector y

with |A(y)| = |A(z)|, as required.
We now deduce the claimed bounds for z which are not sum-distinct. As before let

°=.min les ol = min less —ans

If each entry is perturbed by less than €/n to get a vector z, then

k k k
Z SiZo(i) >0 «— Z SiZo (i) > —€ <— Z SiZo (i) > 0.
=1

i=1 i=1

Therefore, A(xz) O A(z). If we get z by adding a small Uniform[0,/n] random variable
to each entry of z, then z is almost surely sum-distinct and the result follows since
|A(z)| > |A(2)| = (2n — 1)!! almost surely.

The second bound is similar. For z € R", let

Al(z) ={(0,s) 10 €8,, s {-1,1}", S siem > 0 for all k € [n]}.

By definition, A'(z) C A(x) with equality if z is sum-distinct, and we therefore conclude
that |A'(z)| = (2n — 1)!! when z is sum-distinct.
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Let € be as before and note that if each entry of x is perturbed by less than €/2n to
get a vector z, then

k k k
Zsixa(i) >0 <— ZSiZU(i) > 5/2 — Zsizg(i) > 0.

i=1 i=1 =1

Hence, A'(x) C A’(z). If obtain z by adding a small Uniform[0,e/2n| random variable
to each entry of z, then z is almost surely sum-distinct and the result follows since
|A'(z)] < |A'(2)| = (2n — 1)!! almost surely.

We now return to the proof of Claim B.1.

Proof of Claim B.1. Let k = |L U R|, and consider the function f: S, x {—1,1}" —
Sp x {—1,1}" which acts as follows. For any (¢, s) € S, x {—1,1}", the function f maps
(0,8) to (0',s") where ¢’ is the permutation which is reversed on the first k inputs, and
s’ is formed by reversing the order of the first & entries in s and negating them. That is,
o'(i) =o(k+1—1) for i € [k] and o'(i) = o(i) for i € [k + 1,n], and s, = —sg1_; for
i €[k] and s, =s; for i € [k + 1,n].

The function f is clearly self-inverse and hence bijective, and we will show that
f(A(x) \ A(z")) € A(2") \ A(z). By switching the roles of x and 2’ and of L and R,
it follows that f(A(z") \ A(z)) C A(z) \ A(z’), and so |A(x)| = |A(z')].

Suppose that (o,s) € A(z) \ A(z’) and let f(o,s) = (0/,¢'). It is obvious that
(0',s") ¢ A(x) as

k k

Z S;IU/(Z-) = — Z S$iTa(i) < 0.

=1 =1

Since (o, s) ¢ A(2'), there must be at least one ¢ for which Zle $iy ;) < 0. We first

show that there is exactly one choice for ¢, and that it is k. Let Sy = {o(i) : i € [{], s; =
+1}. Then

¢
Z Si%Ze(i) = Ts, —xs_ >0,

i=1
¢
Z 8Ty = T, — Ty < 0.
i=1
In other words, S_ <, S; and S, <, S_. Since S, N S_ =, we find that (S_,S5,) =

(L, R) and the only option for ¢ is k.
Using this we can check that (¢’,s") € A(z'). For j € [k], we have

J
D oS = Y Sith
=1

i=k—j+1

k k—j
= =D syt ) i)
=1 =1
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Both of these terms are non-negative since Zle s,-a:’a(i) < 0if and only if £ = k. Similarly,
for 5 > k, we have

J k k J
D Sy = D i — D Silty + Y sith)
i=1 i=1 i=1 i=1
k j
/ /
==2) sitgp ) st 2 0
i=1 i=1
Hence, (0',s") € A(2") \ A(z). O

C Proof of Lemma 4.4

Lemma 4.4. We have

lim sup |[n*P(Y, = a, A, =b) — P(n~'%a, n’g/Qb)‘ =0

n—o0 a,b
where the supremum runs over all (a,b) € Z* and

2v/3
o(z,y) = —\/_ exp (— 42® + 122y — 12¢%).
T

The proof is an adaptation of the proof of Proposition 1 in [3].
Let a,b € Z. We will use Fourier inversion to estimate P(Y,, = a, A, = b). We let
fn: RZ — C given by
(1, 1s) s E[ei(nYanAn)}

be the characteristic function of (Y,,, A, ), so that by 2-dimensional Fourier inversion, we
have

1 ™ s .
P(Y, =a, A, =0) = W/ Fulty, ta)e™ 120t . (C.1)

We observe that, for L, Lo, ... i.i.d. random variables distributed as the steps of Y (i.e.
P(L;=0)=3,P(L;=—1) =P(L; = 1) = 1) we have

—TJ —T

Ly = %(31 + Bs)

for By and B, two i.i.d. Bernoulli random variables with P(B; = 1) = P(B, = —1) = 1.
Therefore, the characteristic function of L satisfies

E[eith} _ E[eitBl/Z}Q _ COS2(%).
Moreover, note that

(Yoo An) £ (0 Lis p_y(n— ke + 1) Ly) = (X, Ly, Sy kL),

SO
n

fa(ti, t2) = HE[ei(“*kt?)Lk} — HCOSZ(tl-i‘thQ)'
k=1

k=1
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In particular, we observe that for n > 2, the absolute value of the integrand in (C.1)
is equal to 1 if and only if ¢ = (¢1,t3) = (0,0) and is strictly smaller otherwise. We will
examine the contribution to the integral of ¢ in a small region around (0,0), and we will
show that the contribution is negligible outside of that region.

Define Ty = {(t1,t5) € [—m,7]? : |[t1] + nl|t2| > 7}. Then, for n > 2, it is not too hard
to see that there exists a ¢ < 1 such that |cos(2£2)| < ¢ for at least half of the values
of k=1,...,n. Hence, on 17,

[ty t2)] < " = exp(=Q(n)).

Now define Ty = {(t1,t2) : n7Y/3 < |t;]| + nlta| < 7}. We observe that we have the bound
cosx < e for lz] < % and
D (ti+ ktz)? = nt} +n(n+ Dty + In(n + 1)(2n + 1)t (C.2)
k=1
Hence, on Ty, we have Y, (t; + kto)? = n(ty + (n+ 1)ta/2)? + n(n? — 1)t2/12 = Q(n'/3)
as max{|nty|, [t; + (n + 1)t2/2|} = Q(n~'/3). Thus

| fu(t1,t2)] < exp ( Z(tl + kts) > = exp(—Q(nl/?’)).

k=1

2
(27;)2 //T T (b, to)e =0t dty = o(1)
U2

as n — oo, uniformly in a and b.
Finally consider T5 = {t : |t1| 4+ n|ts] < n~'/3}. Now for small z, cos® z = exp(—z? +
O(x%)), and so (C.2) implies that on T3 we have

We deduce that

faltr, t2) = exp(=4 (nt + 02ty + B+ O 7))).

1/2

Writing ¢, = n12sy, ty = n"32%sy, v; = n2a and vy = n=%/%b, we have

2
g 2/ f(ty,ty)e ottt gy qt,
(2 ) T3
2 k ;
- —n P // exp —i (ntf + ity + 5+ O(n71/3)>>eﬂ(t1“+t2b)dt1dt2

L // exp(—1(s] + s182 + 185 + O(n /%)) )e it g, ds,
|

s1]+]s2|<nl/6
exp _l 81 _|_ 8182 _|_ lsg))6_1(51U1+82U2)d81d82
27T 4 3

as n — 0o umformly over all v; and v,. Now

1 )
—(2 E // exp(—%(si + s152 + %s%))e*’(slvlJrSQ”?)dsldsg

vdet R
27

= TR_IS) e_iSTUd81d82 = exp(—%vTRv),
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= (™ _(n a1 (8 12 B
S_<52)’ U_(Uz)’ g _2(§ 1)y B=ll1g o4 ) detB=48

Therefore, we deduce that

vdet R

n*P(Y, = a, A, =b) —
2m

exp(—%vTRU)) = QT\/g exp(—4v% + 12v1v9 — 121};)

as n — oo, uniformly over all (v1,vs), as required.

D Proof of Lemma 4.5

Lemma 4.5. There exists a constant C' such that for all n > 1,
P(A, =Y, =0, Ay,..., A, >0) < Cn~%2

With Lemma 4.4 in hand, the proof of Lemma 4.5 is a direct adaptation of the proof
of the upper bound of Theorem 1 of [3] for simple symmetric random walks. We include
the proof for our case for completeness. Let Y = Y (Y,n) be the adjoint process of Y on
[n], i.e. for i € [n], we set Y; :=Y,, —Y,_; and let A be the area process of Y.

Denote Y, = Zle L; for all k, set b= |n/4], and define the events

Q:{ = {Al,...,Ab 2 0} € O'(Ll,...,Lb),
QZ = {/_11, . ,Ab Z 0} - O'(Ln_b+1,. .. ,Ln).
Observe that Y has the same law as Y, so Q. and QF are independent and have equal
probability. Moreover, by Theorem 1 and 2 in [37], P(Q}) = ©(n~"/*).
Furthermore, on the event {Y,, = A,, = 0}, we see that A, = A, for any k € [n], so
P(Y,=A4,=0,4,...., A4, >0) <P(Q nQf n{Y, =4, =0})
= P P(Y, = A, = 0| QF Q)
=0 HP(Y, =A, =0 QI nQ).

Now, we observe that 2 N QF only depends on Ly, ..., Ly and L,_p;1,..., Ly, S0

P(Y,=4,=0]|9inQ)

SsupP(Yn:An:mLi:&- forie{1,...,b}U{n—b—l—l,...,n}),
(€:)

where the supremum is over all choices of ¢,... 0y, ly_pi1,..., 0, € {=1,0,1}. We see
that given the values of Lq,..., Ly and L, _pi1,..., L,, the processes (Y, A) restricted
to b+ 1,...,n — b have the same distribution as a lazy random walk and its integrated

counterpart with both processes started at some different point, which implies that

IP’(Y” =A,=0|Q"n QI) < sup P(Yn,% =y, Ap_op = a),
Y,a
which is ©(n~?) by Lemma 4.4. The result now follows.
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