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Ramsey numbers 2

Write felt if in every red
- blue edge - colouring of G

there is a monochromatic (= red or blue) copy of H .

E.g. : Ks -13 Kz .
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Ramsey numbers 2

Write felt if in every red
- blue edge - colouring of G

there is a monochromatic (= red or blue) copy of H .

The tdamseynumber of H is
r CH) ie min{ N : Rn→ H} .

E.g. : Rs -13 Kz .

•

.

.

. .
but Ka→ Kz .

So rckz)-G .

A central question in Ramsey theory :
what is r CKu) ?
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An early Ramsey- type result 2

GerenGy¥It : The Ramsey number of Pn, is :
rcpn. +, ) =L32+1-1 .
s

path of length u
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An early Ramsey- type result 2

Gere-Gyarft : The Ramsey number of Pu, is :
rcpn. +, ) = 13711 .
s

path of length n F FEY

GII : in every s-colouring of G F monochromatic H .

ThesR#beer of H is
rs CH) :- min { N : Kiss H} .

What is rsc Pna )?
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ereE.se#yarfaLsi67:rzCPn+i)--L3nz-t1J.rslPn+.7=?
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Ending '59 : G has average degree 2h ⇒ Pm, ,EG .

Apply to majority colour .
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Easy bounds on Ramsey numbers of paths 3

erehucseir-Gyarfasiotirzcpn.it/--L3nz-t1J.rslPn+.7=? a 35
m a } #

rs ( Pna ) > (s-1) n for s23 : " •

a

Yongqi -Yuansheng affine plane
rs ( Pna) E sntl : Feng -Bingu

'

'

OG

-

Ending '59 : G has average degree 2h ⇒ Be ,EG .

Apply to majority colour .
It is believed that rs CR) - is- in .
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Three colours 4

Figaj - Luczak '07 : r, ( Pna) =@told)n .

Gyarfds - Ruszinko - Soirkiizy - Szemerecti '
07 :

rsl Rn) - {ziti nneovdef for large n .

Both papers used an idea of Luczak
'99

,

relating Ramsey numbers of paths / cycles to
Ramsey- type problems about .
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Connected matchings 5

ooo
00

egg
8

A connectedmatchiug-isamatching.org •
o

o.

Contained in a connected component . • •
a

⑦
p

not a connected matching
000A monoconnecnatchg is a matching ••• ••

•

•

contained in a ompt . •••
00 •

mono connected C oooo oooo
oooo

00
•

a red connected
* The edges / vertices of a connected matching on a vertices

matching refer to the matching itself , not the component .

(Mcu) = family of connected matchings on In us .
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Put , contains a CM (u ) , so : • • • • . • .

if kN ⇒ Put, then kN CM (n) .
( ice .

in
every s - colouring of Ku.

F mono connected matching outn us)
Luczak ' 99 : the converse almost holds.
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Luczak 's idea 6

Put , contains a CM (u ) , so : • • • • . • .

if Ku ⇒ Put, then kN CM (n) .
( ice .

in
every s - colouring of Ku.

3- mono connected matching on an us)
Luczak ' 99 : the converse almost holds.

Lemma (Figg
'

- Luczak 'OH .

If HE>o , large ni f
"almost - complete " G on lateen vs : GtcMln)

,

then rscpn) E (atom)n .
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Regularity lemma 7

Regularity lemma ( Steinere'di ' 76) : vz Vs
-

a

'
.

For every large graph G ,
VCG) has v,

i

a partition into hot- too-few -or-too -many
"

parts of equal size Vi
,- , Vk set . for

almost every icy
' G[vi. Vj) is "random- like

"

.
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* Suppose : H -504cm for every
almost - complete Hon (atE)n vs .
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Proof sketch of Figaj - Luczak 8

* Suppose : H -504cm for every v,
V2 -

-
.
.

almost - complete H on (atE)n vs .

*Apply regularity to G.an S-coloured Rn ,
obtain { Vr ,- , Vk} .
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colour ij by majority colour . So H is almost complete .
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Proof sketch of Figaj - Luczak 8

* Suppose : H -504cm for every
V2 -

.
.
.

Vy -
almost - complete H on (atE)n us . I

✓
- I

* Apply regularity to G.an S-coloured Rn , I r f
obtain { ve ,- , Vk} . -

I

* Form auxiliary graph H : vs [k7 , edges ij
sat . Gfvicvj) is random- like in all colours ,
colour ij by majority colour . So H is almost complete .

* Can lift a mono CMCh' ) in H to a mono Ph, in G
with It⇐ ha .
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Applications of Luczak 's idea 9

Figg
'

- Luczak '07 : V-E>o , large n :
- t almost - complete Gon ⇒ rs (Ph) E (Holman .

Caton vs : G ICM(n)

Applications
*Kyierim- Su

' 19 : Rs (Cn ) E §- Yz)n tofu) for even n .
we saw : Cs-Hn Ers Cpu ) Ssn . )

*Jenssen- Skokan ' 20 : rsknl - 25
-'
in-17+1 for large odd n .

* Most Ramsey - type results for pathslcycles from 2000-1
. . .
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Applications of Luczak 's idea 9

Figg
'

- Luczak '07 : V-E>o , large n :
- t almost - complete Gon =) rs (Ph) E (Holi))an .

Caton vs : G→ CM(n)

Applications
*Kyierim- Su

' 19 : Rs (Cn ) E §- Yz)n tofu) for even n .
we saw : Cs-Hn Ers Cpu ) Ssn . )

*Jenssen- Skokan ' 20 : Blank 25
-'
in-17+1 for large odd n .

* Most Ramsey - type results for paths lcycles from 2000T . . .

Drawbactr : need to consider almost - complete graphs .
Annoying! And cannot use induction . .
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New result to

Them ( L .
'20+1

Kate,n→s CM Cn) V-E>o , large n ⇒ rslpn) E@toll))h .
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New result to

Them ( L .
'
20t)

Kate,n →s CM Cn) V-E>o , large n ⇒ rsl Pn) E@toll))h .

We also prove a similar result for
where different path lengths

* asymmetric Ramsey numbers ( qorgourrgeguired for different)
* cycles

odd cycles require(
an additional condition)

* complete bipartite / complete multipartite / blow-up of small graph .

With Bucio & Sadakov
'

19 we proved a version ofabove for Kum .
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D
Given graph G , let B •

•

B={vs in every maximum matching} , oooo
⑧

By
8D

D= VCG) - B •
•

examples of
maximum matchings
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Gallai - Edmonds decomposition 21

D
Given graph G , let B •

•

B = {vs in every maximum matching} , oooo A ⑧

og
000

D= VCG) - B •
•
c

A = { ne B : n has an edge to D} examples of
C = BeA . maximum matchings

Thun ( Edmonds - GaHai) . For every maximum matching M in G :
* MC is a perfect matching in GET .

* MCD] covers all but exactly one vx of each compt in GED] .
* M matches A- to distinct compts of D .
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A useful lemma 12

Edmonds - Gallai : D= { mvsaxniomtuinm Farthing} . A - fue D : endhgeastoa'd}, GCAUDT.
Fmaximum matching M: * Mfs is a perfect matching .

* MED) covers all but one Vx from each compt in
D

.

* M matches A to distinct compts of D .
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Edmonds - Gallai : D= { mvsaiiomtuinmevmearfthiug} . A - fue D : endhgeastoa'S}, GCAUDI.
Fmaximum matching M: * MEG is a perfect matching .

* MED) covers all but one Vx from each compt in
D

.

* M matches A to distinct compts of D .

Lemuria . Suppose G is maximal on n vs with no matching of size m.
Then G is a complete blow -up of a star . Ah

•Gramps
% a
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Edmonds - Gallai : D= { mvsafiomtuinmevmearffh.mg} . A - fue D : endhgeastoa'S}, GCAUDI.
Fmaximum matching M: * Mfd is a perfect matching .

* MED) covers all but one Vx from each compt in
D

.

* M matches A to distinct compts of D .

Lemmy . Suppose G is maximal on n vs with no matching of size m.
Then G is a complete blow -up of a star . Ah

•Brando
ga a

Proofsketch : Let A ,C , D be as above .
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A useful lemma 12

Edmonds - Gallai : D= { mvsafiomtuinmevmearffh.mg} . A - fue D : endfeast 7, GCAUDI.
Fmaximum matching M: * Mfd is a perfect matching .

* MED) covers all but one Vx from each compt in
D

.

* M matches A to distinct compts of D .

Lemuria . Suppose G is maximal on n vs with no matching of size m.
Then G is a complete blow -up of a star . Ah

•Bato
ga a

Proofsketch : Let A ,C , D be as above .
A

MapBy maximality , G = canBEAR. B D
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HE>o , large n :
- t almost - complete Gon =) rs (Ph) E (Holi))dn .
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Proving the theorem 13

Thin ( L . ) Kate,n→s C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

Figg
'

- Luczak '07 : HE>o , large n :
- t almost - complete Gon =) rs (Ph) E (Holi))dn .

Caton vs : G ICMCn)

To prove the theorem , enough to show :

Rn -5 CM fu) ⇒ V-E >o Fd>o : if IGI - Nt En and

every vx in G is iufdnuou -edges
then G -5, c.Mcn) .
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Setup 14

Suppose : Kiss CMCn) .
Fix Eso

,
let IKE .

IGI = N + En , every vx in G is in E In non -edges .
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Fix Eso

,
let IKE .

IGI = Nt En , every vx in G is in E In non -edges .

Aim : G Is CMC n) .

Assume the contrary , fix an s- colouring without mono CMH .
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Setup 14

Suppose : Kiss CMCn) .
Fix Eso

,
let IKE .

IGI = N + En , every vx in G is in E In non -edges .

Aim : G Is CMC n) .

Assume the contrary , fix an s- colouring without mono CMH .

Let Gaz G be a maximal s-multicoloured graph on VIG)
so edges can havewith no mono CMH) - ( several colours )
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Properties of Gz 15

GzZG maximal s-multicoloured on VIG) with no mono CMCn) .
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* Every Vx in Ga. is in E on non - edges . (as GE Gd
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Properties of Gz 15

GzZG maximal s-multicoloured on VIG) with no mono CMCn) .

* Every Vx in Ga. is in E on non - edges . (as GE Gd

* In each colour c there is at most one Compton c E us .
can add C - coloured edges(between two small cowpts )
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Properties of Gz 15

GzZG maximal s-multicoloured on VIG) with no mono CMCn) .

* Every Vx in Ga. is in E on non - edges . (as GE Gd

* In each colour c there is at most one Compton c E us .
can add C - coloured edgesso #f - coloured compts) I ¥+1 . (between two small cowpts )
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Properties of Gz 15

GzZG maximal s-multicoloured on VIG) with no mono CMCn) .

* Every Vx in Ga. is in E on non - edges . (as GE Gd

* In each colour c there is at most one Compton c E us .
So #f - coloured compts) I 2nd -11 .

can add C - coloured edges(between two small cowpts )
* Each mono compt U is a complete blow-up of a star .

Am ( by lemma from slide 12)
a.BABE
•

M
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Properties of Gz 15

GzZG maximal s-multicoloured on VIG) with no mono CMCn) .

* Every Vx in Ga. is in E on non - edges . (as GE Gd

* In each colour c there is at most one Compton c E us .
can add C - coloured edgesso #f - coloured compts) I ¥+1 . (between two small cowpts )

* Each mono compt U is a complete blow-up of a star .

Write : HIM { Am ( by lemma from slide 12)
-head" aggDIMachu, '' tail "
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End of proof ( modulo claim) 16

Let M be a max matching in GI .← the complement
of Gz .
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End of proof ( modulo claim) 16

Let M be a max matching in GI .← the complement
of Gz .

Claim . IMI f I. n .
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End of proof ( modulo claim) 16

Let M be a max matching in GI .← the complement
of Gs .

Claim . IMI E I. n .

Consider GE Ge - HM) .
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End of proof ( modulo claim) 16

Let M be a max matching in GI .← the complement
of Gs .

Claim . IMI E I. n .

Consider GE Ge - HM) .
NtEn f En
- -

* 162/2 IGI - 21Mt Z N
. ( by claim)
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End of proof ( modulo claim) 16

Let M be a max matching in GI .← the complement
of Gs .

Claim . IMI f I. n .

Consider GE Ge - HM) .
NtEn f En
- -

* 162/2 I Gil - 21Mt Z N
. ( by claim)

* Gz is complete s- multicoloured . ( by choice of M )
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End of proof ( modulo claim) 16

Let M be a max matching in GI .← the complement
of Gs .

Claim . IMI E I. n .

Consider GE Ge - HM) .
NtEn f En
- -

* 16212 IGI - 21Mt z N . ( by claim)
* Gz is complete s- multicoloured . ( by choice of M )

* Ge has no mono CM Cn)
.
(as Gz EG )
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End of proof ( modulo claim) 16

Let M be a max matching in GI .← the complement
of Gz .

Claim . IMI E I. n .

Consider GE Ge - HM) .
NtEn f En
- -

* 162/2 IGI - 21Mt Z N
. ( by claim)

* Gz is complete s- multicoloured . ( by choice of M )

* Ge has no mono CM Cn)
.
(as Gz EG , )

contradiction to kn s→ CM (n) t
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Types '17

Given Vx u
, assign a type Echl to it :

TCU) = ( Un ,-, Us , Xi,- , As )
where :

Ui is the colour - i compt containing u
Ai = { It if UE Hl Ui) HIM { Am

a.BADE+ UET (Ui ) . MAMIE,
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Types it

Given Vx u
, assign a type Echl to it :

TCU) = ( Un ,-, Us , Xi,- , As )
where :

Ui is the colour - i compt containing a
Ai = { It if UE Hl Ui) HIM { Am

•BABE+ UET (Ui ) o NAMIE,
The number of types is E ( Intl)s . 29 .

-

upper bonnet
on # i- coloured Compts
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Proof of claim 1/3 18

M matching in GI . Suppose: Mls E.n .
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Proof of claim 1/3 18

X (typeE)M matching in GI . Suppose: Mls E 'n . . . . . . . . .

O o o o o o •

M O

F types Tcr and Mo EM :
Y Hyper)

* Edges in Mo have ends of types T & T .

* µof > 4S In .

as e# types is
small and IKE .
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Proof of claim 1/3 18

X (typeE)M matching in GI . Suppose: Mls E 'n . . . . . . . . .

F types T ,T and Mo EM :
oooo . o . . .

MO

Y Hyper)
* Edges in Mo have ends of types T & T .

* µof > 4S In .

as e# types is
small and IKE .

Play : find Mo 2M, 2 .. . Z Ms :

* (Mil Z Mol . 4-i .
* no i- coloured edges between Xi-XNVCMI) & Yi - Ynvcmi) .



122

Shaham Letzter An improvement on Luczak's connected matching method 3 November 2020

Proof of claim 1/3 18

X (typeE)M matching in GI . Suppose: Mls E 'n . . . . . . . . .

F types T ,T and Mo EM :
ooo . . o . . .

MO

Y Hyper)
* Edges in Mo have ends of types T & T .

* Mol > 4S In .

as e# types is
small and IKE .

Play : find Mo 2M, 2 .. . Z Ms :

* (Mil Z Mol . 4-i .
* no i- coloured edges between Xi-XNVCMI) & Yi - Ynvcmi) .

⇒ I Xsl, I Ysl > on ,
Gzfxs , Ys) is empty .
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Proof of claim 1/3 18

X (typeE)M matching in GI . Suppose: Mls E 'n . . . . . . . . .

F types T ,T and Mo EM :
ooo . . o . . .

Mo

Y Hyper)
* Edges in Mo have ends of types T & T .

* Mol > 4S In .

as e# types is
small and IKE .

Play : find Mo 2M, 2 .. . Z Ms :

* (Mil Z Mol . 4-i .
* no i- coloured edges between Xi-XNVCMI) & Yi - YakMi) .

⇒ I Xsl, I Ysl > on ,
Gzfxs , Ys) is empty .

Contradiction to : every Vx in G , is in f du non -edges!
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Proof of claim 2/3 19

T = (Ui ,-, Us , a. .- . As) , G = ( Wr ,- , Ws , pi .- Bs) .

Given Mi- i , want Mi E Mi-i :* I Milz tMi
* no i- colour edges in Gillick)
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Proof of claim 2/3 19

T = (Ui ,-, Us , a. .- . As) , O = ( Wr ,- , Ws , pi .- Bs) .

Given Mi- i , want Mi E Mi-i :* I Milz tMi
* no i- colour edges in Gillick)

① If Uifwi , Xi- i e Yi- i in distinct i - colour cowpts
⇒ take Mi -Mi-i .
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Proof of claim 2/3 19

T = (Ui ,-, Us , a. .- . As) , O = ( Wr ,- , Ws , pi .- Bs) .

Given Mi- i , want Mi E Mi-i :* I Milz M
* no i- colour edges in Gillick)

① If UifWi , Xi- i e Yi- i in distinct i - colour cowpts
⇒ take Mi -Mi-i .

otherwise , if say ai- H ,
then

② If Ui -Wi , then xi -pi-T. Xi - i is joined to all of Ui 2 Yi- i
⇒ no non - edges between Xiao Ye ,Xi- i AM@

•Mpp Dh m
⇒ contradiction to Mine GT .

•
M
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Proof of claim 3/3 20

② Xia , Yi. . in same i - colour compt U :- Ui -Wi , Xi-i , Yi-i ETI U) .

Mr HIU)Ki
,-,ke i - colour cliques in TCU) . Amundsen

Kz -
. .

Raw Bh TCU)
ki AM a

Btk

M
Mi-i AM
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Proof of claim 3/3 20

③ Xia , Yi. . in same i - colour compt U :- Ui -Wi , Xi-i , Yi-i ETCH) .

A NA HUIKi
,-,ke i - colour cliques in TCU) , d Amundson

Kz -
. .

Let #B) be a random partition of IT. KW % TCU)
ki AM a

BB

Mi :={ +yellin :
"- Xi- ' nakfa } m

µ. ay

ye Yi - i n URB
a

BoB B
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Proof of claim 3/3 20

③ Xia , Yi. . in same i - colour compt U :- Ui -Wi , Xi-i , Ye, ETCU) .

A Mr HUIKi
,-,ke i - colour cliques in TCU) . & Amundson

Kz -
. .

Let #B) be a random partition of IT. KW % TCU)
ki AM a

BB

Mi { +gettin :
"- Xi- ' nakfa } m

µ. ay

ye Yi - i n URB
a

BoB B

HeeMi- i : Pfe C-Mi)- I, ⇒ Equip, M⇒ appropriate
Mi exists .

as e has ends

in distinct ka 's
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Summary 1/2 21

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

* As mentioned : we prove a more general result .
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Summary 1/2 21

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

* As mentioned : we prove a more general result .

* Our approach can be used for stability results .
run

e. g . for an s - colouring of kn ,
either there is

a mono Pu or the colouring is " special !
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Summary 1/2 21

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

* As mentioned : we prove a more general result .

* Our approach can be used for stability results .
run

e. g . for an s - colouring of km ,
either there is

a mono Pu or the colouring is " special !

* A similar statement holds for fractional matchings2-
equivalent to a
collection of Vt- disjoint
edges and odd cycles .
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Summary 2/2 22

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.
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Summary 2/2 22

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

Applications-.

* Bucio - L . - Sadakov ' 19 : by version of above } E
& induction : Kay -3, Put , for Ne 3£ . 37
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Summary 2/2 22

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

Applications-.

* Bucio - L . - Sadakov ' 19 : by version of above } 312
& induction : Kay -3, Put , for Ne 3€ . 37

* By above & induction can simplify proof of rzcpn)=2u .
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Summary 2/2 22

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

Applications .
* Bucio - L . - Sadakov ' 19 : by version of above } E
& induction : Kay -3, Put , for Ne 3£ . } I

* By above & induction can simplify proof of B. Cpu)=2u .
Openness .
* Determine rscpn) . best bounds : G -Dn #Cpu) Gfs- 'k)n .
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Summary 2/2 22

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

Applications .
* Bucio - L . - Sudakov ' 19 : by version of above } 312
& induction : kn

, y
-3, Put , for Ne 3£ . } I

* By above & induction can simplify proof of rz Cpu)=2u .
Open problems .
-

* Determine rs (Pn) . best bounds : G -Dn #Cpu) Gfs- 'k) n .

* Does a similar statement hold for mono cycle partitions?
where we want to cover vs by Vx-disjoint mono cycles .
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Summary 2/2 22

Thin ( L . ) Kate,n I C.Men) V-E>o , large n ⇒ rslpn) E@toll))h.

Applications .
* Bucio - L . - Sadakov ' 19 : by version of above } 312
& induction : kn

, y
-33 Put , for Ne 3£ . 37

* By above & induction can simplify proof of rz Cpu)=2u .
Openproblems .
* Determine rs (Pn) . best bounds : G -Dn #Cpu) Gfs- 'k) n .

* Does a similar statement hold for mono cycle partitions?
where we want to cover vs by Vx-disjoint mono cycles .
Thank you for listening!


