3.

(a) [4 marks| For 6 € [0, 1], the #-scheme has the form

m+1 m m+1 m+1 m+1
Uj -U; :anjH —2U +Uj71 (-8 jﬁl—QU]m—i—Uj”jl
At (A.’E)2 (Az)?

m+6
Fj

where

Ft0 = 0f (x), (m + 1)At) + (1 — 0) f(x;, mAt),

for1<j<N-1,0<m<M-—1,where At =1/N, N>2 and At =T/M, M > 1

and
U = ug(jAt), 0<j<N,
Uttt =uptt =o.
[Note: Unseen extension of bookwork, with f # 0.] [4 marks]
(b) [7 marks]

(14 20p) U = ouUI + U + (1= 0)u(Uf + Uy)

m m—+6
+(1 = 2(1 = 0)p)U;" + ALE.
Hence, as 1 —2(1 — @) > 0, and 6 € [0, 1], we have that

m+1 m+1
(L+20p)| U] < 29u0gz>§V|Uj |+2(1-0)u JRax, U]

1-2(1-6 U™ + At Fmto
(1= 2(1 = O)) max |U;"|+ At max | [FF

for 1 < j < N —1 (and, trivially, also for 7 = 0 and j = N, since Uerl = U]’\?H =
Taking the maximum over j € {0,..., N}, we deduce that

m—+1 < m+1 _ m
(1+20p) max [U] < 204 max UG +2(1 = O)u max [Uf"|

+(1 =2(1 = 0)p) max |U"|+ At max |F]Tn+9|.

0<j<N 1<<N—1
Equivalently,
max |Um+1| < max |Um|—|—At _max |Fm+9]
0<j<N 0<j<N <GSN-1
as required.
[Note: Unseen extension of bookwork, with f # 0.] [7 marks]
C marks| Let us write u/" = u(jAx,m . e consistency error of the method 1s define
7 ks] L ite uj" iA At). Th i f th hod is defined
by
+1 +1 +1 +1
—— u " — uj' aeu;'fH —2ul" Ul fa- H)GUﬁl —2ul" +ujt, e
J ’ At (Az)? (Az)?

for 1<j<N—-1,0<m< M —1. Hence, by rearranging the above expression,

m—+1 m~+1 m—+1 m—+1
A AL £ ?uj 2 e SR P _(2“ E FUTL L prt e
At Az Az

for 1 <7< N—-1,0<m < M—1. By subtracting from this the definition of the

f-scheme from part (a), we have that

m+1 m m+1 m+1 m+1
At (Az)? (Ba)? j
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egtt = et = 0.
Clearly, e}nﬂ and U;”H satisfy the same recursions with respective right-hand sides

T]m+9 and F]m+9. Hence, from part (b) of the question, after replacing U by e and F' by
T, respectively, we have that

max e < max [ + At max [T, o<m<M-1,
0<j<N ' 7 0<j<N 7 I<<N-1 J

where T;’H'G, 1 < j < N—1, is the consistency error of the f-scheme, and maxo;j<n |69| =

0. Summing this over m = 0,...,p — 1 we deduce that
p—1
max |ef]| < At max |TFHY), 1<p< M.
0<j<N g IsisN-1 J

It remains to rename p into m to obtain the required result.
[Note: Unseen extension of bookwork, with f # 0.] [7 marks]

[7 marks] For 6 = 0, after Taylor series expansion,

g W@ tmar) — U@ tm) (@1 tm) = 20(25, tn) + u(@j-1,tm)
J At (Az)?

T 2
= (AQtutt(:Ej,tm) — (I<A12)uxmmx(x]7t?”n)> + O((A$)4 + (At)2)

where z; = jAz and t,,, = mAt.
AS Uy = gy, it follows that uy = (atge); = a(Ut)ze = a*Ugppee. Therefore,

At (Ax)? a’At B (Az)?

?Utt(‘rﬁtm) - a?“zzxr(xjvtm) = ( 9 a 12 ) uzle‘(xjvtm) =0

: At 1
since p = (ZI)Q =5

We thus find that T]" = O((Az)* + (At)?). Then, from the previous part of the question
we deduce that maxogj<n [€]'| < maxichem MaxXi<j<N-1 |TJ’°| = O((Ax)* + (At)?) for all
m,1<m< M.

[Note: Unseen.] [7 marks]
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