3. Note: The finite difference approximation of nonlinear parabolic PDEs such as the one in this
question is not covered in the lecture notes, but the final problem sheet for the course does contain
such an exercise. Therefore the words “Extension of bookwork to unseen nonlinear problem.” below
should be understood in this sense.

(a) The explicit Euler finite difference approximation of the initial-boundary-value problem (4)
is

urtt —um my-20 Uy 2 for j=1,...,N—1
Vi T¥i N Vit j -1 _ 2 m orj=1,...,
At (COS x]) (AJJ)Z ™ arctan UJ ’ and m = 07 s 7M - 17
Ug’”fl:O, U]’;’,LH:O foralm=0,...,M —1,
U]Q:uo(;rj) forall j=0,1,...,N.
(7)
[S/N: Extension of bookwork to unseen nonlinear problem.] [6 marks]

(b) We let p:= At/(Ax)? and rewrite the scheme (7) as

2
U]’,”H = p(cos ) (Ufhy + U™ y) + (1 = 2u(cos z;)) U™ + ;Atarctan U

forj=1,...,N—1,m=0,...,M — 1, and the same boundary and initial conditions as in
(7) above. Suppose that 1 < A := 3. Then, 2u(cos z;) € [0,1] and 1 — 2u(cos z;) € [0,1] for
all j =0,...,N. Hence, by taking the maximum over all j € {1,..., N — 1}, we have

|U]m+1| < 2p(cos ) omax |U;"[+ (1 —2p(cos z;)) omax U +At  form=0,...,M —1,

because |arctan UJ"| < 7. Thus, and because Ué"‘“ =0 and UJ’\,”Jrl = 0, we have that

max |UT < max UM+ At form=0,...,M — 1.
osj<N Y o<j<N Y
Consequently,
max [UM| < max [U? +mAt  form=1,..., M.
0j<N 7 0N
[S/N: Extension of bookwork to unseen nonlinear problem.] [6 marks]

(¢) The consistency error of the scheme is defined by

m+1 _ . m m m m
T = ot B (cosz;) U T 2u U2 arctan u"
7 At / (Az)2 T 7

forj=1,...,N—landm =0,..., M —1, where u]* := u(zj, t,). Letting e" := u(z;,tm) -
Uj" = uj" = Uj", subtracting from the definition of the consistency error the definition of the

implicit Euler method we arrive at

2
e}”“ = p(coszj)(ejiq +€jiq) + (1 — 2u(cos z;))e]" + —At [arctanu;” — arctan U]m] + T
T

forj=1,...,.N—=1,m=0,....M -1, ef"' =0 and eyt =0 forall m=0,...,M -1
ande?:Oforj:O,...,N.
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Noting that the mapping u — arctanu is Lipschitz continuous on the real line with Lipschitz
constant 1, we deduce for u = At/(Ax)? < %, as in the previous part of the question, that

2
max |em+1| < Jmax e + = At Jmax lef"| + At max |7 ']
0<j<N << us << ISySN—

\J

< 1+—At max |ef'| + At max max |7"|
T 0<j<N 0<m<M—1 1<j<N-1

forallm =0,...,M — 1. As maxogj<n ]e?| = 0, it follows that

2 m-1 2
<1~|—At> +--~+<1+At>+1
Y Y

for allm =1,..., M. Therefore,

max |ef"| <
0<j<N

At  max max |7"|

o<m<M—1 1<j<N—-1

t ;
(1 + %At) -1 0<721<M 1 1<§n<2}\)7( 1 175"

[ 2 mn
=— <1 + At) — 1} max max |T;"|
2| T 0<m<M—1 1<j<N—1
[ 2
< — |exp | —Atm ) —1| max max |7"|
2| ™ o<m<M—1 1<j<N -1
[ 2
<—lexp|—=T)—1| max max |7/ forallme{l,...,M}.
21 T 0<m<M—1 1<j<N—-1" 7
Hence,
max  max |u(zj,ty,) — U"| < max max |7;"|,
1<Sm<M 0<j<N 0<m<M—1 1<G<N-1
where Cp := T (e?T/™ — 1).

[S/N: Extension of bookwork to unseen nonlinear problem.]

Note: Full marks will be given to complete answers that end up with a larger, but otherwise
correct, constant Cg.

[6 marks]

By Taylor series expansions of u about the point (x;, ¢,) with remainder terms we have that

uM — gy At 9%

At ot @otm) + 5 5z (T3 Tm),
where 7., € (tm, tm+1), and

ully —2ul+ulty 9%u (Az)? 0*u
ey S et gy g im)

where &; € (zj—1,2j4+1). Hence, and by recalling the partial differential equation satisfied by
u, we have that

ou At 0?u 0%u (Az)? 0*u 2 m
T = E(xj,tm) t5 ¥l (2, Tm) — (cosxj) [[9 5 (5, tm) + 12 9.8 (&rtm)| — ;arctanuj
_ Atd%u (Az)? 0*u

o o W Tm) (COS%){ 5 et m)]
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forj=1,...,.N—1land m=0,...,M — 1. Thus,

At Ax)?
max max |T"| < — Moy + (Az) My,
o<m<M—1 1<j<N—1" 7 2 12
where
9%u 9*u
Moy = —(x,t d My, = —(x,t)|.
7 enebomxor | oF (= )‘ " 7 wnebixlor) |0t (@ )’

Inserting this bound on the consistency error into the bound from part (c) we deduce that

) _Um < 2
| ax Orgj%\U(%,tm) Uj"l < C1 (At + (Az)7),

where C7 = Cpmax (%Mgt, %M@c); that is, C; = g(eﬂ/” — 1) max (%Mgt, %M@j)

S: [Refinement of bookwork, requiring truncation of Taylor expansions with ex-
plicit remainder terms.]

Note: Full marks will be given to complete answers that end up with a larger, but otherwise
correct, constant C7.

[7 marks]
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