EXISTENCE OF LARGE-DATA GLOBAL-IN-TIME FINITE-ENERGY
WEAK SOLUTIONS TO A COMPRESSIBLE FENE-P MODEL

JOHN W. BARRETT AND ENDRE SULI

ABSTRACT. A compressible FENE-P type model with stress diffusion is derived from an approximate macroscopic closure
of a compressible Navier—Stokes—Fokker—Planck system arising in the kinetic theory of dilute polymeric fluids, where
polymer chains immersed in a barotropic, compressible, isothermal, viscous Newtonian solvent, are idealised as pairs
of massless beads connected with finitely extensible nonlinear elastic (FENE) springs. We develop a priori bounds for
the model, including logarithmic bounds, which guarantee the nonnegativity of the conformation tensor and a bound
on its trace, and we prove the existence of large-data global-in-time finite-energy weak solutions in two and three space
dimensions.

1. INTRODUCTION

In this paper we prove the existence of global-in-time weak solutions to the following compressible FENE-P model,

posed in the time-space cylinder (0, 7] x 2, where 2 is a bounded open domain in R? for d = 2 or 3:

(1.1) Oro + div,(ou) = 0,

(1.2) d¢(ou) + divy(ou ® u) + Vup(o) — div, S(Veu) = div,, (A(T) — II(T) I) + of,

(1.3) HT+ (u- V)T — (V,uT+ TV, u) =eA, T — % A(T),

where the pressure p and the density ¢ of the solvent are supposed to be related by the typical power law relation:
(1) po)=ag, a>0 7>,

and the Newtonian stress tensor S(Vu) is defined by

(1.5) S(V,u) = (WQVIU - Cli(divmu)ﬂ> + 1B (div, ),

with constant shear and bulk viscosity coefficients, respectively, #° > 0 and u? > 0. The velocity gradient matrix is
defined as

(1.6) (Veu)i<ij<a = (Or,Wi)1<ij<d

and I € R4 is the identity matrix. The symmetric matrix function T = (T;;), 1 < 4,5 < d, defined on [0, 7] x €, is

the conformation tensor and tr(T) denotes its trace. The tensor A(T) is the extra stress tensor and is given by

(1.7) A(T) = (1— “(;T)>_1T—a1[.

The scalar function II(T) is the polymeric pressure and is given by

(1.8) TI(T) = % {atr (log(T)) + blog (1 _ “(bT)> n b] ,

up to a constant, in order for the above system to satisfy an energy equality; see Section 3 for details. The constant here
has been chosen for the convenience of later developments. The meaning of the parameters appearing in (1.1)—(1.3) will
be introduced in the derivation of the model in Section 2. In particular, the parameters €, a, b, and A\ are all positive
constants. Of course, it is implicitly assumed, and has to be established, that, subject to a positive definite initial
datum T whose trace is less than b, the tensor T remains positive definite with trace less than b for all ¢ € (0,71, so
as to ensure that (1.7) and (1.8) are well-defined. In addition, the external force f is assumed to be an element of the
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function space L>((0,T] x ; R?). Finally, the equations (1.1)-(1.3) are supplemented by initial conditions for g, u and
T, and the following boundary conditions for u and T:

(1.9) u=0 on (0,7] x 09,
(1.10) (v-V,)T=0 on (0,T] x 09.

Here v is the outer unit normal vector on the boundary 0Q and O € R4*? is the zero matrix.

In contrast with the compressible FENE-P model considered here, in the case of the incompressible FENE-P model
the pressure p no longer satisfies (1.4) and acts as a Lagrange multiplier for the pointwise constraint div,u = 0.
Moreover, the term V,II appearing on the right-hand side of (1.2) is absorbed into the pressure term V.p on the
left-hand side of the equation. For data f = 0 and initial data uy and Ty for u and T such that uy € L?(Q;R9) is
divergence free, and Ty, which is symmetric positive definite for a.e. x € Q, satisfying log(1 — %) € LY(Q;R¥*9), the
existence of a global-in-time weak solution u € L°°(0,T; L2(Q; R%)) N L2(0, T, H (;R%)), T € L*°(0, T; L°°(£2; R4* 1))
and A(T) € L%(0,T; L?(2;R4*?)) was proved in Masmoudi [21] for the incompressible FENE-P model with constant
density and in the absence of stress diffusion, i.e., ¢ = 0, for d = 2 and 3. Convergence of a finite element approximation
of such an incompressible FENE-P model with stress diffusion, ¢ > 0, and f € L2(0,T; [H} (;R?)]') was proved for
d = 2 in Barrett and Boyaval [2] under the slightly stronger assumptions on To: To = T§ > 7nin [ and tr(Tg) < b* < b
a.e. in Q) with 7, > 0. Here Tg > Tin [ means that Tg — 7pin I is nonnegative definite.

2. DERIVATION OF THE COMPRESSIBLE FENE-P MODEL

In this section we introduce a compressible Navier—Stokes—Fokker—Planck system, which is slightly different from the
model considered in Barrett and Siili [4, 5]. We shall then (formally) derive from it the compressible FENE-P model
(1.1)—(1.10) by considering the special case of the compressible FENE dumbbell model and formulating its approximate
macroscopic closure.

2.1. Compressible Navier—Stokes—Fokker—Planck system. The solvent density ¢ and the solvent velocity field u
are defined on [0, 7] x Q and [0, T] x Q, respectively, with T' > 0, and satisfy the compressible Navier—Stokes equations
with an elastic extra stress-tensor K:

(2.1) Oro + div,(ou) =0 in (0,7] x Q,

(2.2) O(ou) + div,(ou ® u) + Vyp(e) — div, S(Vyu) = div, K+ of in (0,7] x Q.

The pressure p(p) and the Newtonian shear stress tensor S are defined by (1.4) and (1.5). We shall impose a no-slip
boundary condition on the velocity field; i.e.,

(2.3) u=0 on (0,7] x 9.

In the dumbbell model consisting of two beads coupled with an elastic spring representing a polymer chain, the non-
Newtonian elastic extra stress tensor K is based on a version of the Kramers expression (cf. (2.7) below), depending
on the probability density function v, which, in addition to ¢ and z, also depends on the conformation vector ¢ € R?
of the spring. Let D C R be the domain of admissible conformation vectors. Typically D is the whole space R? or
a bounded open ball centered at the origin 0 in R?. Here we consider the FENE (finitely extensible nonlinear elastic)
bead-spring model, where D is the ball of radius bz centred at the origin, B(0, b%)7 with b > 2. The corresponding
elastic spring-force is F : q € D U’(%|q|2) q € R with the spring potential U : [0, g) — R defined by

2 1 2\
(2.4) U(s) = —g log (1 — bs> , and so yielding F(q)=U' <2|q|2> q= <1 — |qb) q.

The FENE model, as it only allows the springs to have finite extensions, is physically more realistic than the Hookean
model, where D = R? with U : [0,00) — Rxq defined by

1
(2.5) U(s) = s, and so yielding F(q)=U' <2|q|2> q=q.
The extra stress tensor K in (2.2) is defined by the formula:
(2.6) K(t, ) == kC()(t,2) — 7(t, 2) I,

where k£ > 0 is the product of the Boltzmann constant and the absolute temperature, C is given by a form of Kramer’s
expression

(2.7) C()(t,z) == =2
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and 7 is a polymeric pressure term. In addition, we introduce the polymer number density

(2.8) n(t, x) ::/Dw(t,x,q)dq.

Since 1 is a probability density function, it is nonnegative a.e. on [0,7] x ©Q x D and satisfies the following Fokker—
Planck equation:

(2.9) O + divy () —en A, <1£) = div, (41)\ (

supplemented with the initial condition (0, z,q) = ¥o(z, q) > 0 for all (z,q) €  x D, and the boundary conditions

Vot + 4 F(q) - <vxu>qw) in (0,7] x Q x D

(2.10) 3 (Va4 (@) - (Tawgv] g =0 on (0.7 x2x 0D,

(2.11) enVy (d}) v=0 on (0,7] x 00 x D,
n

where ¢ is normal to dD. The constant parameters € > 0 and A > 0 are the centre-of-mass diffusion coefficient and the
Deborah number, respectively; the latter characterises the elastic relaxation property of the solvent. The centre-of-mass

diffusion term e n A, (%) in (2.9) and the corresponding boundary term eV, (%) in (2.11) collapse to their standard

forms € A 1) and € V1, respectively, if  is independent of x.
Integrating the partial differential equation (2.9) and its initial condition over D, using the boundary condition in
(2.10) and noting (2.8), we deduce the following partial differential equation for the function 7:

(2.12) O+ divy(un) =0  on (0,T] x Q
subject to the initial condition no(z) = [}, 1o(, q) dg for all € Q. Integrating (2.12) over  and noting (2.3) and (2.8)
yields for a.e. t € [0, 7] that
(2.13) U(t, x,q)drdg = / n(t, z) dz = / no(z) dz = Yo(x,q)drdg = 1.
QxD Q Q QxD

We note that in the incompressible case, with ng = 1/|€|, it follows from (2.12) that n(t, x) = no for all (¢,z) € [0,T] x Q.
Hence, as noted above, the centre-of-mass diffusion term in (2.9) and the corresponding boundary term in (2.11) collapse
to their standard forms. In addition, on inserting (2.7) into (2.6) and noting (2.8) the extra stress tensor K collapses
to a standard form of Kramer’s rule

(2.14) (t.0) = k19 [ vt )0 ( ) aa” g = ).

However, in the compressible case 7(t, x) is not constant; hence the need for the denominator in the definition of C as
stated in (2.7).

Introducing
« Uit z,q)
2.15 v (t,x,q) = ——7+ for all (¢,z,q) € [0,T] x Q x D,
(215) (2.0 = (t,2.9) € 0.7]
it follows from (2.8), (2.9) and (2.12) that ¢*(t,z,q) > 0, [, ¥*(t,x,q) dg = 1/|Q| and satisfies
1
(2.16) O™ +u- V™ —e Apyp* =divy <4/\(qu/)* +¢* F(q)) — (Vzu) qlp*) in (0,7] x Q x D,
supplemented with the initial condition ¥*(0,x,q) = ‘é‘f%’g) for all (z,q) € Q x D, and the boundary conditions
1
(2.17) 5\ (Vo™ +9¢* F(q)) — (Vyu) qz/J*] q=0 on (0,7] x Q x dD,
(2.18) va’t/J* v=0 on (0,7] x 00 x D.
Moreover, we obtain from (2.6), (2.7), (2.15) and (2.8) that
(2.19) K(t, z) —k|Q|/1/) (|q2| >qq dg — w(t,z) L.

Finally, we note that in the incompressible case, with 19 = 1/|Q2], one has that ¥* = 1.
Let F(s) =s (logs - 1) + 1 for s > 0, and suppose that M is the Maxwellian associated with the potential U, (2.4);

that is, M (q) = C'e~U(z19") where C' € R+ is chosen so that Jp M dgq = 1. Then the system (2.1)-(2.3), (2.16)-(2.19)

¢) F(U555%) dg in

(2.6), in order for the above system to satisfy an energy equality, leads to a compressible Navier—Stokes—Fokker—Planck

supplemented with suitable initial conditions for g, u, ¥* and the choice n(t,z) = —k|Q| [, M
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model in the case of FENE bead-spring chains, (2.4). Moreover, —7 is the part of the energy that is dependent on
¥*. Similarly, it turns out that —II(T) is the part of the energy that is dependent on T in the energy equality for
(1.1)—(1.10); see (3.23) below. The above FENE model is slightly different from the one considered in [4, 5]. There we
did not include the denominator in the definition of C, (2.7), leading to (2.14) for K. In addition, we did not include
the n factors in (2.9) and (2.11). We proved existence of a global-in-time weak solution to the system (2.1)—(2.4),
(2.14) with (2.9)—(2.11) independent of 7, supplemented with suitable initial conditions for g, u, ¢ and the choice
7(t,x) = Ln(t,o)+3n%(t,z) in (2.14), in order for the above system to satisfy an energy equality, with L > 0 and 3 > 0
for d=2in [5] and L > 0 and 3 > 0 for d = 3 in [4]. Note that, with (2.9)—(2.11) independent of 7, one has that the
function 7, defined by (2.8), appearing in 7, satisfies the following modification of (2.12):

(2.20) o+ divy(un) —eAn=0 on (0,7] x Q and eVyn-v=20 on (0,7] x 09

subject to the initial condition no(x) = [, 1o(x,q) dg for all z € Q. It is a simple matter to adapt the proofs in those

papers to prove existence of a global-in-time weak solution to the system (2.1)—(2.4), (2.16)—(2.19) supplemented with
suitable initial conditions for o, u, /* and the choice 7(t,z) = —k|Q| [, M(q) f(%g)’q)) dg in (2.19) for d = 2 or 3.
In fact, the proofs in the above papers are for FENE chains consisting of K 4+ 1 beads and K springs. The dumbell
case considered here corresponds to the special case of K = 1.

In the next section we use formal computations to derive an approximate closure of the above compressible Navier—
Stokes—Fokker—Planck FENE model, which leads to the compressible FENE-P model (1.1)—(1.10), whose analysis is

thereafter pursued in the rest of the paper.

2.2. Compressible FENE-P model. This section is devoted to the derivation of the model (1.1)—(1.10) from the
Navier-Stokes—Fokker-Planck FENE system stated in Section 2.1, consisting of the equations (2.1), (2.2), (2.16), the
definitions (2.19), (2.4), the boundary conditions (2.3), (2.17), (2.18), suitable initial conditions for ¢, u, ¢* and a
suitable choice for 7 in (2.19).

We introduce the symmetric tensor

(2.21) T(t,z) = k|9 /D W (te.q)qq"dg,  andso  te(T)(t,x) = k| /D W (t, 2, 9) lgl? dg.

By noting (2.19), (2.4) and that / ¥*dg = 1/|Q|, we then apply a Peterlin type approximation, see [23, 6, 18], to K
D

and obtain
_ \ AP\ x
K(t,z) =k|Q| | ¢*(t,z,q) 1==-) aq dg —m(t, )1,
D
-1
9 [ w(ta.0)lal dg
(2.22) zk\m/ v (twq) | 1- —2— qq"dg—n(t,z)l
D
-1
= (1 - tr([]'I[')) T —w(t,z) 1,
where b = kb.

The continuity equation (1.1) for the solvent density o follows directly from (2.1). From (2.2), (2.22) and (1.7) with
7(t,z) = II(T(¢,x)), we deduce the balance of momentum equation (1.2); the boundary condition for the velocity field
u, (1.9), follows from (2.3).

The boundary condition (1.10) for T can be deduced from (2.18) and (2.21). It remains to derive the evolution
equation (1.3) for the conformation tensor T. To this end, we note the definition of T in (2.21), multiply equation (2.16)
by the matrix k|| ¢¢7, and integrate it with respect to ¢ over D. The left-hand side of (2.16) yields that

(2.23) k19| / (O™ +u - Voip* — e Ayp) qqtdg=0,T+u-V,T—eA,T.
D
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The right-hand side of (2.16) yields, on integrating by parts and noting the boundary condition (2.10) and (2.4), that
. 1 * * *
klﬁl/ div, <4)\(qu + 9" F(q) = (Vau) g9 )qu dq
D

o en(aseena wan) ses

. . kIO N
— R @t @ ag- B2 (115 g

k10 [ 0 ((Fo0)0) " +a(Vowa)") da =By + B + B,

By recalling (2.21), we have that

(2.25) Bz = (V,u) T+ T (Viu).
By performing the same approximation as used in (2.22) we deduce that
1 tr(T)\ '
2.2 By~ ——(1-— T.
(2.26) sx o ( g )
Performing integration by parts and ignoring the boundary term on 9D yields that
k
2.27 By ~ —I
(227) i~

on recalling that [, ¢*dg = 1/[Q|. By combining (2.16), (2.23)-(2.27) and recalling (1.7) we deduce the equation (1.3)
for T with a = k and b = kb. We note that if T solves (1.3) for a given u, then taking the transpose of (1.3) we
see that TT solves (1.3). Hence the symmetry of T from the definition (2.21) is encoded in the macroscopic equation
(1.3). Finally, the choice of 7(t,z) = II(T(¢,x)) in (1.8) leads to (1.1)—(1.10) satisfying an energy equality; see Section
3 below, and in particular (3.20), for details. It should be noted that —II(T) is the part of the energy that is dependent
on T; see (3.23) below.

Formally, letting b — oo in (1.2), (1.3) and (1.8) one obtains that

(2.28) <1 - tr(bT))l —+1 and  blog (1 - tr(;”) — —tx(T).

This gives rise to a compressible Oldroyd-B model, which is slightly different from the one analysed in Barrett, Lu and
Siili [3]. In that paper we considered the formal macroscopic closure of the compressible Hookean system (2.1)—(2.3),
(2.14) and (2.9)—(2.11) independent of 1, with (2.5) in place of (2.4). This leads to the b — oo limit of (1.1)—(1.10)
as above, but with the following modifications: (i) a in (1.3) is replaced with an, and (ii) (1.8) is replaced with
I(n) = Ln+3n? for L, 3 > 0, where 7 satisfies (2.20). In [3] we proved existence of a global-in-time weak solution in
two space dimensions (d = 2), with at least one of L and 3 assumed to be nonzero. The proof there is easily adapted
to the compressible Oldroyd-B model, which is the direct b — oo limit of (1.1)—(1.10).

Having derived our compressible FENE-P model, (1.1)-(1.10), we now focus our attention on its mathematical
analysis. We begin by establishing a priori bounds that will form the basis of the weak compactness argument leading
to the proof of existence of a global-in-time weak solution to the system under consideration.

3. A PRIORI BOUNDS

This section is devoted to the derivation of formal a priori bounds for the compressible FENE-P model (1.1)—(1.8)
subject to the boundary conditions (1.9), (1.10), and given initial conditions.

3.1. Initial data and a priori bound. We adopt the following hypotheses on the initial data:
0(0,-) = 0o(-) with gg > 0 a.e. in 2, g9 € L7(9),

(3.1) u(0,-) = ug(-) € L"(Q;R?) for some r > 27/ such that go|uo|? € L' (Q),

*
T(0,-) = To(-) with Ty = TOT > Tmin I and tr(Ty) < b* < b a.e. in 2, where T, € (0, bd} .
Here ' denotes the conjugate exponent to v > g for d € {2,3}, ie,1/y+1/y =1.

Because the density o is required to be a nonnegative function, we have assumed that the initial datum gy is
nonnegative. Since the scaled probability density function ¥*, (2.15), is nonnegative, then the definition of T stated in
(2.21) from the Navier-Stokes-Fokker—Planck system, (2.1)-(2.4), (2.16)-(2.19), automatically implies that T must be
a symmetric nonnegative definite matrix a.e. on (0, 7] x Q. However, this information on T is not a priori encoded in
the macroscopic counterpart of this kinetic model, the compressible FENE-P model (1.1)—(1.10). Furthermore, because
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of the right-hand sides of (1.2), (1.3) and II(T), see (1.8), we require T > 0, i.e., T is positive definite, and tr(T) < b a.e.
in (0,7] x . We have assumed slightly stronger constraints on the initial datum for T in (3.1); see Remark 6.1 below.
For the purposes of the formal energy estimates developed in this section, we will temporarily assume that (o,u,T)
is a smooth solution to (1.1)-(1.10), (3.1) with ¢ > 0, T > 0 and tr(T) < b in [0,T] x Q. We stress that the energy
estimates below, and these constraints on ¢ and T, will be made rigorous later in the paper.

We deduce from (3.1); and (3.1), by using Holder’s inequality that

2y
(ou)(0,-) = gouo = /0oy/0oug € L7+1 (QRY).

For the solvent density g, integration of (1.1) over  with respect to the spatial variable z, performing partial integration

and noting the no-slip boundary condition (1.9) for the velocity field gives

C(llt o(t,z)de =0 = / (t,x) dx—/go( ) dz, t e (0,77

In order to derive a formal energy identity we then take the inner product of the momentum equation (1.2) with the
velocity field u, integrate over € with respect to the spatial variable z, and perform partial integration noting the no-slip
boundary condition (1.9) for u. In order to explain the details of the calculation, we shall perform the computations
term by term. We begin by noting that for the first term in (1.2) we have

2
(3.2) /8,5 ou) udxf/(é)tg)|u|2dx+/ 98t|u| ;jt g|u|2dx+;/(8tg)|u|2dx, te (0,T).
Q

For the second term in (1.2),

/divx(gu®u)~udx:—/(gu® u): Vyudr = — Z/Qu,uja u; dz
Q i,5=1

(3.3)
=— Z / ou; 5 T]|ul|2d:1: = / div,(ou) [ul? d, te(0,7].

3,j=1
By recalling (1.4), we have for the third term in (1.2) that

/ V.p(o) -udz = —/(agw) divyude, te (0,7
Q Q

Multiplication of (1.1) by 07~ gives
Oro” + divy(0"u) + (v — 1)9"div,u = 0.
Thus, thanks to the boundary condition (1.9) and our assumption that v > g with d € {2,3}, we have that

. N SEERET v __a d
(3.4) /vap(g) udz /97_1(@9 + div,(0"u)) dz po g

o dx, t € (0,7].

For the fourth term in (1.2) we have

Tu 1
_/ div, S(Vzu) - ude = / (NS (V””u—ngu — d(diwu)]l) + ,uB(divIu)]I) :Vyude
Q Q

-/ 2

Recalling our present assumptions on T, we note that (1.7) and (1.8) are well-defined. We then have for the fifth term
n (1.2) that

3.5
(3:5) Vsu+ Vgu 1, ..
— 5 a(dlvxu)]l

S

+ ,quivqu] dz, t e (0,7].

(3.6) /Qdivm (A(T) = T(T)T) - udz = — /Q (A(T) = T(T)T) : Voudz,  te (0,7T).

Therefore, combining (1.2) and (3.2)—(3.6), we deduce, by noting (1.1), that

d 1 9 a / s||Veu+Via 1
= Z = od Yoo T Ve
dt/Q{QQM +7_1@} v o

2 - d
:—/ (A(T)—H(’]I‘)]I):Vzudx—l—/ of -udz, t e (0,7].
Q Q

2
(div,u)l

+ uB|divxu|2] dz
(3.7)

In order to complete the derivation of a (formal) energy identity for the system, we need to deal with the first term
on the right-hand side of equation (3.7). Here, we recall the energy structure for the incompressible FENE-P system in
the absence of stress diffusion, see Wapperom and Hulsen [26] and Hu and Lelievre [17], and in the presence of stress
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diffusion, see Barrett and Boyaval [2]. Recalling our present assumptions on T, we will take the inner product of the
stress equation (1.3) with

tr(T)

(3.8) (1 — )1 I—aT ! =A(T)T %

First, we recall the following formula, usually referred to as Jacobi’s formula:
(3.9) d(det T) = (det T) tr (T~ 10T); hence 0 (logdetT) = tr (T~10T) = 0T : T~ ¢,

where, in the present context, 0 is a derivative in space or time. Since T is symmetric positive definite, we can define
its real logarithm, log T, which is a symmetric matrix via diagonalisation of T. Using the orthogonal d x d matrix Q,
we have that

(3.10) T = Qdiag {l1,5,...,l;} QT and therefore log T = Qdiag {logl;,logly, ..., log 4} QT,

where [, > 0, k = 1,...,d, are the eigenvalues of T. Since tr(B;By) = tr(ByB;) for all By, B, € R¥*? we have the
following identity:

(3.11) tr (log T) = logdet T.

By (3.9) and (3.11), we have that

(3.12) AT : T! = 9 (logdet T) = 9 [tr (log T)] .
In addition, we note the following lemma.

Lemma 3.1. Let P € W22(Q;R™*™) N CYQ;R™ ™), m € N, be a symmetric matriz function, which is positive
definite, uniformly on Q, and satisfies (v - V)P = Q on 9Q; then,

(3.13) /QAmIP’ Pldr = zd:/ﬂtr (((amjp) ]PH)Q) da > %/Q|Vrtr (log P)[? dz.

Proof. This lemma is stated as Lemma 3.1, and proved in Appendix A, of [3] in the case m = d. The proof given there
immediately generalises to m € N. ([l

Below we assume for this formal energy identity that T is sufficiently smooth to satisfy the assumptions of the above
Lemma, as well as tr(T) < b a.e. in (0, 7] x 2. We now take the inner product of (1.3) with (3.8) integrate over Q with
respect to x, perform partial integration and note the boundary conditions (1.9), (1.10). We have for the first term, by
noting (3.12) and (1.8), that

/Qaﬂr : <1 - tr(bT))_lﬂ— aT!

d (T
dr =L [ Jatr (ogT) + 610 (1 - 20| da
at Jo b

_ o4 I(T)dz, te(0,T)
dt Jo

(3.14)

Here, and throughout, we recall that B; : By = tr(Bf By) = tr(BI By) for all By, B, € R4*4. Similarly, for the second
term in (1.3) we have that

/Q(U-Vw)ﬂl’ : [(1 - tr(;r))_lﬂ— aT!

de=-2 [ u-V,I(T)dx = 2/ I(T) divyude

:Q/H(T)]I:undx, t e (0,7].
Q

For the third term in (1.3), we have, by recalling (1.7), that

_/Q(qulW—TVEu) : [(1-”{?)_111—@1

-1
(1 - tr?) tr(T V,u) — adiveu| de

dx:—2/
Q

= —2/ A(T) : V,ude, t e (0,7].
Q

(3.16)
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For the fourth term in (1.3), we have, by noting (3.13), that

-1
E/Aﬂ‘: <1tr(T)) [—aT !
0 b

(3.17) — ¢ /Q bA, (1 = tr(;”) (1 - tr(bT)>_1 +aA,T: ’H‘ll da

z [ f,((% (-0 (o wp)l)lmmmw) G e

For the fifth term in (1.3), we have, by recalling (1.7) and (3.8), that

dx

1

~ 5 A(T): (A(T) T ") da = — ! tr((A(T))ZT—l)dx, t € (0,7).

(3.18) N

Therefore, combining (1.3) and (3.14)—(3.18), we deduce

72% QH(']I‘)d:L'Jr%/Qtr ((A(T))QT*)dx

(3.19) +e Zi:/g b ((azj (1 - “(bT))) (1 = “ST)) _1>2 +atr (((0,T)T)*) | do

= 2/ (A(T) —IK(T)I) : Vyudz, te (0,T].
Q
By adding 1(3.19) to the a priori bound (3.7), we finally obtain the following (formal) energy equality:
d 1 9 a
— — —II(T)| d
3 [ [peur s -] as+ |

4& tr ((A(T))2 T*l) da

+g ;/ﬂ . ((8% (1 B tr(bT)» (1 _ tr(bT)>1>2 tatr (((aij)T—l)Q) da

:/gf-udx, t e (0,7T].
Q

Ve,u+Via 1 2

S _ =
2 d(

divyu)l

+ uB|divxu|2] dx

(3.20)

This (formal) energy identity will be the starting point for the development of the weak compactness argument leading
to the proof of existence of a large-data global-in-time finite-energy weak solution to the compressible FENE-P system
under consideration.

To this end, we make some preliminary observations. As log is a concave function on R+ (whereby —log(1—y) >y
for all y < 1), we deduce from (1.8) that

1
(3.21) —I(T) > 3 tr (T —alogT) — g
Let us denote by [, kK = 1,...,d, the eigenvalues of the symmetric positive definite matrix T. Then, as a > 0, it follows
that

d
tr (T — alogT) :; (I, —alogly) >d?gg(y—alogy):d(a—aloga).
Hence, for any a > 0, we have that
d b _ 1 d
(3.22) —II(T) + galogaJr 223 [tr (T — alogT) + daloga] > ?a > 0.

Motivated by (3.20) and (3.22), for t € [0,T] we consider the following positive energy functional:

1 1
(3.23) E(t):= / {Q|u|2 + LQ'V —II(T)+ - (daloga+b)| dz
02 v—1 2
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Asy> % and d € {2,3}, Holder and Young inequalities then give

/ng-udx < £l (0,11x0me) IVelall L2 ora) 1Vel L2

1
2

(3.24)
CON) ] = 0.1 /20l 22 gy /Q (1+ ") de

< C(f,v,a,a) E(t), t € (0,7T].

Thus, integrating (3.20) over the time interval [0, ] with respect to the temporal variable and noting (3.13) implies that

// + pP|divul? | dedt’ + — //tr )dxdt’
! tr(T) \ |°
+§// b’vxlog<1— r(b )> da dt!
(3.25) 0 Jo

¢
§E0+/ /gf-udxdt'
0 Jo

t
§E0+C(f,7,a,a)/ E()dt, te(0,T).
0

T 2
VeutV,u + Vo 1 )
d

+ % |V tr(log T)|?

By recalling (1.8) and (3.1), the initial positive energy

1 a 1
Ey = / {290|Ulo|2 + 7198/ —I(To) + 5 (daloga+ [’)] dz
A -

1 da a b b*
< a9 ——log(1-—)|d
7~/Q |: QO|UO| + + 2 o8 (Tmin> 2 Og( b >:| !

is finite. Thus, Gronwall’s inequality implies that
1t

/ / + uPldiv,ul? | dzdt’ + —/ /tr ((A(’]I‘))Q’]T‘l) dadt!
a 2
+g |V tr(log T)|

(3:27) +;/Ot/9 b ’Vgc log (1 - tr(bT)> :

< ClEMaat [ te (0,7].

(3.26)

Vou+Via 1 ’
“+v — ~ (div,w)lI

dz dt/

Next we recall Korn’s inequality (see, for example, [8]):

Vv + VT 1
(3.28) Vv L2 (umaxa) < C(d, Q) HV;V — < (div, V)l Vv e Wl (Q,RY).

Thus we deduce the following (formal) inclusions from the a priori inequality (3.27):
0 € L¥(0,T; L7(Q), ue L0, T;Wo*(%RY),  olul® € L(0,T; L'()),

(3.29) I(T) € L=(0, 75 L'(2)), tr ((A(T)*T~1) € L'(0,7; L}(2),

Votr(logT) € L2(0,T; L2 (Q:RY), V. log < trg)) € 12(0,T; L*(Q)).

Of course in establishing these bounds we have assumed that T > 0 and tr(T) < b in [0,7] x Q; hence, T €
L0, T3 L= (Q; R9)).

3.2. Further bounds on T. In this section we will show that one can establish stronger bounds on T than those
stated in (3.29). First, it follows from (1.8), (3.29)3 and a Poincaré inequality that

(3.30) (I — £IT) € L*(0,T; L*()),

where {7 := IQ\ J nda. Next, on assuming that T > 0 and tr(T) < b in [0,7] x @ and (3.29);, we have that

dxdt<b/ /tr )dxdt

(3.31) [A(T )HLZ(OTL2(QRdXd))_/ /‘A yT-iT
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By recalling (1.7), we take the inner product of (1.3) with T, integrate over {2 with respect to  and perform partial
integration noting the boundary conditions (1.9), (1.10). Direct calculations imply that

2dt/|T|2dm+a/\V T|? dz

= /(u v )\’H‘|2dx+/ (V,uT +TV;u): de—i/A(T):de
(3.32) 2o 2 22

< 1/(divxu) |1r|2dz+2/ |V.u| |1r|2dx+i/ |A(T)||T| d=
gC(b,A)/ [|Voul 4+ [A(T)|] dz,  t € (0,T],
Q

where once again we have assumed that T > 0 and tr(T) < b in [0,7] x Q for the last inequality. Thus, integrating
(3.32) over t € (0,T) and noting (3.29); 2 and (3.31), we can supplement (3.29)—(3.31) with the inclusion:

(3.33) T € L*(0, T; Wh2(Q; R4*4)).

In the case of the Oldroyd-B model, we are only able to establish (3.33) for d = 2, as there we have to use a Gagliardo—
Nirenberg inequality in (3.32), as we do not have that tr(T) < b and hence T € L°°(0, T'; L= (Q; R4*?)) is not guaranteed.
This restricts the proof of the existence of a global-in-time weak solution for compressible Oldroyd-B model to the case
of d = 2; see [3] for the details. In fact, this is also true in the incompressible case; see [1].

Motivated by these formal calculations, we shall now embark on a rigorous argument aimed at proving the existence
of global-in-time weak solutions to the compressible FENE-P model for d = 2 and d = 3.

4. WEAK SOLUTIONS, MAIN RESULTS AND THE CONSTRUCTION OF APPROXIMATING SOLUTIONS

The rest of the paper is devoted to the proof of the existence of large-data global-in-time finite-energy weak solutions
to the compressible FENE-P model (1.1)—(1.10), (3.1) for d = 2 and 3.

4.1. Weak solutions and main results. Our main result is the proof of the existence of large-data global-in-time
finite-energy weak solutions to the compressible FENE-P model. First of all, we give the definition of a finite-energy
weak solution to (1.1)—(1.10), (3.1). For the definition of C\,([0,T], X), where X is a Banach space, see Section 5.4
below.

Definition 4.1. Let T > 0 and let Q C RY, d = 2 or 3, be a bounded C*P domain, with 0 < f < 1. Let f €
L>®((0,T] x ;RY). We say that (o,u,T) is a finite-energy weak solution in (0,T] x Q to the system of equations
(1.1)—(1.10), supplemented by the initial data (3.1), if:

e p>0ae in (0,7T] xQ, pgeCyu(0,T;LY(Q)), wueL*0,T;Wy?(Q;RY)), T is symmetric,

ou € Cw([O»T}QL%(QRd))a olul> € L=(0,T;L*(Q)), T >0 and tr(T) < b a.e. in (0,7] x €,
T € Cu([0, T]; L2(Q R4)) 0 L2(0, T; W2 (; R 7)),

I(T) € L0, T5 L(Q)), (I - F)INT) € L*(0,T; L*(Q)),

tr ((A(T))Q T_l) e LY(0,T; L1 (Q)), A(T) € L?(0,T; L*(; R*4)),

V.tr (log T) € L*(0,T; L*(Q;RY)), V., log (1 - tr(;r)) € L*(0,T; L*()).

e For anyt € (0,T] and any test function ¢ € C°°([0,T] x Q), one has

(4.2) /O /Q (00,6 + ou - V9] ded = /Q olt, (¢, ) da — /Q 208(0, ) da

e For anyt € (0,T) and any test function ¢ € C*([0,T]; C°(;RY)), one has
t
/ / [ou- Oy + (ou@u) : Vo + plo) dive — S(Veu) : Ve dodt!

/ / t Vo — I(T) divap — of - ¢] dwdt’+/ﬂ@u(t»-)-w(tw)dx—/ggouo-90(07-)d$-
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e For anyt € (0,T] and any test function Y € C>([0,T] x ;R¥*?) one has

t
/ /[T:@tY—(u-VI)T:Y—i—(unT+’H‘Vfu) (Y — eV, TV, Y] dedd’
Q

(4.4) .
1
= / / —A(T) : Ydzdt +/ T(¢,-): Y(¢,-)dz — / To : Y(0, ) de,
0 Ja 2\ Q Q
where the term involving the notation :: is
d
(4.5) V,T::V,Y = Z Dy, T:0,, Y.

e The continuity equation holds in the sense of renormalised solutions:

(4.6) dib(0) + div, (b(e)u) + (V'(0)e — ble)) div,u =0 in C5°((0,T) x Q)
for any b € C([0,00)) N C((0,00)) such that
(4.7) [b'(s)] < Cs™™° Vse(0,1] and |b'(s)] < Cs™ Vs>1,

where mg < 1 and my € (—1,00); see (6.2.9) and (6.2.10) in [22].
e for a.e. t € (0,T] the following energy inequality holds:

o f L

(4.8 a, f( Jasar 5 [
<E0+/ /Qf udazdt/

< eC(f,’y a u)t

T 1 2
Vou + Vyu — < (div,w)l

+ ,uB|diku|2] dxdt’

o[ (152

dz dt/

% |V tr(log TI‘)|2

where E(t) and Ey are defined by (3.23) and (3.26). We note that Ey is finite under the assumptions (3.1) on
the initial data.

Remark 4.2. Definition 4.1 is fairly standard. The energy inequality (4.8) identifies an important class of weak
solutions, usually termed dissipative or finite-energy weak solutions. We note that, given a smooth solution satisfying
0>0, T >0 and tr(T) < b in [0,T] x Q, the energy inequality (4.8) can be derived by integrating the a priori bound
(3.20) over [0,t] with respect to the temporal variable, by noting (3.23), (3.26) and using Lemma 3.1, to obtain (3.25)
and (3.27).

Remark 4.3. In addition to the energy inequality (4.8), one can derive the following inequality:

(4.9) /\T |2dx—|—s/ / |V, T|?dzdt’ < - /\T0|2dw+C( Y, @, 0,0, N), for a.e. t € (0,T].

We note that, given a smooth solution satisfying 0 > 0, T > 0 and tr(T) < b in [0,T] x Q, the energy inequality
(4.9) can be derived by integrating the a priori bound (3.32) over [0,t] with respect to the temporal variable, by noting
u e L2(0,T; Wy ?(Q,RY)) and A(T) € L2(0,T; L2(Q, R¥*%)), which can be derived from (4.8), (3.31) and (3.29)s.

We are now ready to state our first main theorem, which asserts the global-in-time existence of large-data finite-energy
weak solutions to the compressible FENE-P model.

Theorem 4.4. There exists a finite-energy weak solution (g,u, T) to the compressible FENE-P model (1.1)—(1.10) with
initial data (3.1), in the sense of Definition 4.1.

The proof of Theorem 4.4 involves four levels of approximation, which are described in Section 6; the respective
passages to the limits with the four levels of approximation are carried out in Sections 7-11. Before embarking on the
technical part of the paper, we recall, in Section 5, a number of preliminary results, which will be required in the proofs.

5. PRELIMINARIES

In this section we recall some technical tools that will be required in the rest of the paper.
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5.1. Classical mollifier. This is required to approximate the original initial data, (3.1), with smooth initial data in
order to apply classical existence results for parabolic systems. Let ¢ € C°(R%) be a nonnegative, radially symmetric
function such that

supp ¢ C B(0,1), C(x)dx = 1.
]Rd
We define the mollification kernel
1 .
Go(-) = W<(0>’ for any 6 > 0.

For any locally integrable function v defined on R? with values in a Banach space X, we define the classical (Friedrichs)
mollifier Sy as the following convolution operator:

6.1) Soll) = (G x 0)) = [ Gl =) v(w)dy.
R
Some of the key properties of Sy are summarised in the next lemma.

Lemma 5.1 (Theorem 10.1 in [12]). Let X be a Banach space. If v € Li (R% X), we have that Sp[v] € C(R?; X).
In addition, the following hold:
(i) Ifve LY(R%: X), 1< q< oo, then
196 [v]l| Lara,x) < V]l Lara;x); Se[v] — v strongly in LYR% X), as 6 — 0.
(i) If v e L>®(R% X), then
196 [v]ll Loo (ra; x) < (|l Loo (R x) -
5.2. The Bogovskii operator. We recall the Bogovskii operator, which is required to prove higher order integrability

of the density. The construction can be found in [7] and in Chapter III of Galdi’s book [14]; see also Lemma 3.17 in
[22].

Lemma 5.2. Let 1 < g < oo and suppose that G C R? is a bounded Lipschitz domain. Let L{(G) be the space of all
L4(G) functions with zero integral mean value. Then, there exists a linear operator Bg from LY(G) to Wy''(G;RY),
called the Bogouvskit operator, such that for any p € LE(G) one has

diveBa(p) = p in G; [[Ba(p)llwragrey < ¢l d, G) llpllLac)-

If, in addition, p = div,g for some g € L*(G;R?), 1 < 5 < 00, g-vg =0 on OG, where vg is normal to OG, then
the following inequality holds:

1B (p)l

Le(Gre) < c(d, 5, G) |8l Ls (cyray-
5.3. Compactness theorems. We begin by recalling the following result, usually referred to as the Aubin—Lions—
Simon compactness theorem (see Simon [24]).

Lemma 5.3. Let Xy, X and X; be three Banach spaces with Xo C X C Xi1. Suppose that Xg —— X, i.e., Xg is
compactly embedded in X, and that X — X1, i.e., X is continuously embedded in X,. For 1 < q,s < oo, let

Y ={veL0,T;Xo) : Ov € L*(0,T; X1)}.
Then, the following properties hold:

(i) If g < 0o, then the embedding of Y into L9(0,T; X) is compact;
(ii) If g = 0o and s > 1, then the embedding of Y into C([0,T]; X) is compact.

5.4. On Cy([0,T]; X) type spaces. Let X be a Banach space. We denote by Cy,([0,T]; X) the set of all functions
v € L*(0,T; X) such that the mapping ¢ € [0,T] — (¢,v(t))x € R is continuous on [0, 7] for all ¢ € X’. Here and
throughout the paper, we use X’ to denote the dual space of X, and (-,-)x to denote the duality pairing between X’
and X. We recall the following lemma, see Strauss [25] (cf. Lions & Magenes [19], Lemma 8.1, Ch. 3, Sec. 8.4) for a
proof.

Lemma 5.4. Suppose that X and Y are Banach spaces. Assume that the space X is reflexive and is continuously
embedded in the space Y; then,
L=(0,T5:X) N Cw([0,T];Y) = Cu ([0, T]; X).

We recall the following Arzela—Ascoli type result, and refer to Lemma 6.2 in [22] for its proof.

Lemma 5.5. Let ¢,s € (1,00) and let G be a bounded Lipschitz domain in RY, d > 2. Suppose that (gn)nen is
a sequence of functions in Cy([0,T]; L*(G)) such that (gn)nen is bounded in C([0,T); W=14(G)) N L>=(0,T; L*(G)),
where W=14(Q) is the dual of WY4(G). Then, there exists a subsequence (not indicated) such that the following hold:
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(i) gn — g in Cu([0,T]; L*(G));

(ii) If, in addition, ¢ < 7%, or ¢ > 7% and s > ddT'{I, then g, — g strongly in C([0,T); W~=14(Q)).
5.5. Regularity of the parabolic Neumann problem. We first introduce fractional-order Sobolev spaces. Let G
be the whole space R? or a bounded Lipschitz domain in R?. For any k¥ € N, 8 € (0,1) and s € [1,00), we define

WAS(G) 1= {0 € WH(G) : [ullwess(q) < o0},

1
_ [0%v(z) — 9% (y)|® :
[Vllwesss) = lvlwes@ + D (/G/G o — y|A7Ps dedy) .

la|=k

where

The following classical results are taken from Section 7.6.1 in [22]. Let G' be a bounded domain in R? and consider
the parabolic initial-boundary-value problem:

Op—eDAzp=nh in (0,7] x G,
(5.2) p(0,+) = po in G,
vg-Vep=0 in (0,7] x 0G.

Here € > 0, pp and h are known functions, v is normal to dG and p is the unknown solution. The first regularity
result of relevance to us here is encapsulated in the following lemma.

Lemma 5.6. Let 0 < <1, 1 < q,5 < 0o and suppose that G is a bounded domain in R?,
_z2
GeC>, pyeW, *(G), helL0,T;LG)),
2 _
where Wf 7 (G) is the completion of the linear space {v € C®(G) : (vg - Viv)lag = 0} in the norm of szg’s(G).
Then, there exists a unique function p satisfying
p € L0, T;W>*(G)) N C([0, T); W2 5°(G)), dp € LU0, T; L*(G))
and solving (5.2), a.e. in (0,T] x G, (5.2), a.e. in G; in addition, p satisfies (5.2), in the sense of the normal trace,
which is well defined since Ayp € L1(0,T; L*(G)). Moreover, we have that

_1
e allpl

2-2
Loo(0,TsW 47 (G))

< C(qa S, G) [51_5 ||p0||W2_%’S(

+ HatpHLq((LT;LS(G)) + €||p||Lq(07T;W2’S(G))

o T Illeeoiie@n]-

The second result that we state concerns parabolic problems with a divergence-form source term, h = div,g.
Lemma 5.7. Let 0 < <1, 1 < q,5 < 0o and suppose that G is a bounded domain in R?,
GeC?P pyeLiG), geLi0,T;L(G;RY)).
Then, there exists a unique function p € L1(0,T; W'5(G)) N C([0,T); L*(Q@)) satisfying (5.2), a.e. in G and

d _
— pgbdo:Jre/ Vmp~Vm¢dx:f/g~Vx¢dx Yo € C(Q) in C§°(0,T)".
dt Jg G G

Moreover, we have that

_1 _1
e pll=o:25 () + EllVapllLa L (Gray < Cla,8,G) |e' 7 |lpollL=(a) + Hg||L<1(O,T;L5(G;Rd)):| :

5.6. Effective viscous flux. A key step in passing to the limit in a sequence of approximations to the compressible
Navier—Stokes system is the proof of strong convergence of the approximations to the density, based on weak convergence
of the, so called, effective viscous flux. A helpful tool in the proof of this is Lemma 7.36 in [22]. However, due to the
presence of the extra stress tensor A(T) and the polymeric pressure II(T) on the right-hand side of (1.2), we require
an extension of this result, see Lemma 5.6 in [4] for d = 3 and Lemma 2.3 in [5] for d = 2. Below, we combine these
lemmas to obtain an extension valid for d = 2 and 3.

First, though, we introduce the inverse divergence operator 2, which is a pseudodifferential operator defined via the
Fourier transform §. With

(5.3) S(RY) := {n € C=(RY) : sup [af -2 (95 ...9%) 0| < O(sl,|kl) Vs, me Nd} :
reRd

the space of smooth rapidly decreasing (complex-valued) functions, we introduce the Fourier transform § : G(Rd) —

&(RY), and its inverse F~1 : (R?) — S(RY), defined by

(5.4 SO0 = — [ e a@ds and 5 @) = = [ ) dy
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These are extended to §, §~ ! : S(RY) — &(R?)’, where &(RY), the dual of G(R?), is the space of tempered
distributions, via

(5.5) Fm), Hems = MF)emsy and F M), Eema) = 0,5 ))swrsy VEeSRY.

Next we define the inverse divergence operator 2 : G(RY) — ([&(R?)]?)’ with components 2; : &(R?) — S(RY),
j=1,...,d, defined by

a1 (1Y)
(5:6) 3 =5 (14 B0l
On noting the Marcinkiewicz theorem about multipliers and Sobolev embedding, the operator 2; can be extended to
2, L"(RY) — L%(Rd) forr e (1,d), j=1,...,d, see (4.4.3) in [22] for the details. Finally, we adopt the convention
in the lemma below if 2 is applied to a function defined on Q C R? only, then the function is extended by zero from €2

to R,

Lemma 5.8. Given {(gn, Upn, My, Pn, By, frn, Fn)tnen, we assume for any ¢ € C3°(2) that, as n — oo,

gn — ¢ in Cy([0,T]; LY(QY)), weakly-* in L (Qr),
u, > u weakly in L*(0,T; Wy (Q; RY)),
m, — m in Cy ([0, T]; L7 (Q,R%)),

Pn =D weakly in L"(0,T; L™ (),

(5.7) B, — B strongly in L'(0, T; L7 (Q; R7¥4)),
fo—=f weakly in L*(0, T; W~12(Q)),
A(C fn) = A f) strongly in L*(0,T; L=1 (Q; R%)),
F, > F weakly in L*(0,T; L*(Q,RY)),

where q € (d,00), r, s € (1,00), w € |max{2, ﬁ},oo} and z € (g*(d),0). Here g*(d) = q%l ifd =2 and ¢*(d) = 5536
ifd=3.
In addition, suppose that

Ogn .
—gt F Ve (Ungn)=fn 0 C((0,T) x Q)
(5.8)
Om,, ‘
g; V- (M, ® W) — 1 Ag tn — (1 + 2) Vi (V- tn) + Vapn = Fp + Vo By in C((0,T) x Q)

where py, fo are positive constants. It then follows that, for any ¢ € C5°(R2) and n € C§°(0,T),

(5.9) lim (/ Cgn [Pn — (2p1 + p12) Vs - un]dx> / </ Calp— (2u + p2) Va ~u]dx> dt.

n—oo
Moreover, by noting Corollary 5.1 in [4] for d = 3 and Corollary 2.1 in [5] for d = 2, we have the following corollary.
Corollary 5.9. The results of Lemma 5.8 hold with assumptions (5.7)¢ 7 replaced by
(5.10) fo—f  weakly in L*(0,T; L*(Q)), asn — oo.

6. DEFINITION OF THE SEQUENCE OF APPROXIMATING SOLUTIONS

We will prove Theorem 4.4 by means of a four-level approximation, inspired by the construction of approximate
solutions in [13, 10, 12] for the study of the compressible Navier-Stokes equations and in [2] for the study of the
incompressible FENE-P model. In this section we will describe our four-level approximation scheme. In subsequent
sections we will prove the existence of solutions to each of the approximation levels, the convergence of the approximating
solution sequence at each level, and hence we will complete the proof of Theorem 4.4.

6.1. Mollification of the initial data. First of all, we consider a mollification of the initial data by using the mollifier
introduced in Section 5.1.

Let © C R? be a bounded C?# domain, with 3 € (0,1), and let the initial data (9o, ug, To) be given, as in (3.1). We
consider the zero-extension of gy and ug to the whole of R?, still denoted by the same symbols, outside of the domain
Q. We then define, for 6 € (0,1), the following mollified initial data for go and ug, and thanks to the properties of the
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classical Friedrichs mollifier listed in Lemma 5.1 and (3.1)1,2, we have the following bounds and convergence results, as
0 — 0:

00,60 =0+ Sploo] € CP(RY), 6 <009 <C(0), 00— 00 stronglyin L7(Q);
(6.1) uoe = Splug] € C°(RERY),  wgy — ug strongly in L"(%R?),  ggpluoe|® — oolue|?  strongly in L*();
00,0u0,0 € CX(RERY), g 90,0 — ooug  strongly in L777 (Q; RY);

where C'(0) signifies a constant depending only on 6, and r is as defined in (3.1). It follows thanks to Sobolev embedding,
as y > % by recalling (1.4), (5.1) and Lemma 5.1 that

(6.2) 100,60l oo (ray < 6+ [[Se[00]ll Lo (ray < 0+ C ||Saloo]llw2~(ray < 6+ Cco? llooll (),

and we can therefore take C() ~ 672, as § — 0, in (6.1);.

The regularization of Ty is slightly different, as in Section 7.3 below we wish to apply Lemma 5.6 to a regularised
version of (1.3) satisfying the boundary condition (1.10) and the regularised initial data. Given T satisfying (3.1)s, for
6 € (0,1), we choose Ty ¢ such that

(63) —0 AxT(),g + Toﬁ = TO in Q, (I/ . Vx)il‘(w =0 on 0.

As Q € R? is a bounded C%# domain, with 8 € (0,1), it follows (cf. Theorem 2.4.2.7 in [16]) that the unique solution
of (6.3) is such that

(6.4) Top € W25(Q;R4) for any s € [1,00).

Hence, Ty g, for any 6 € (0, 1), satisfies the regularity requirement on the initial datum in the statement of Lemma 5.6.
In addition, it is easily deduced from (6.3) that

(6.5) To,0 — To strongly in L?(€; RX%), as 0 — 0.

Furthermore, on noting (3.1)s and adapting the maximum/minimum principle techniques in Lemma 5.2 in [1] and
Lemma 6.2 in [2], we easily deduce that

(6.6) To,o = Tg.6, tr(Top) € [dTmin, 0]  and  7pin I < Top < b* L
Moreover, it follows from (6.5), (6.6) and the Vitali convergence theorem, on possibly extracting a subsequence, that
(6.7) To,9 — To strongly in L*(Q; R¥*9) for any s € [1,00), as 0 — 0.

Next, it follows from (1.8), (6.6) and (3.11) that
(6.8) [ITL(To,0) || oo (yraxay < C.
Hence, (1.8), (6.8), (6.7) and the Vitali convergence theorem, by possibly extracting a subsequence, yields that for any
s €[1,00):
(6.9) II(Ty,p) — II(Ty) strongly in L*(; R¥*4), as 0 — 0.
Remark 6.1. We note that our conditions on Ty, (3.1)3, are the same as those in [2], which are stronger than those in
[21] for the incompressible FENE-P model, where only Tg = TE > 0 for a.e. x € Q with log(1 — W) € LY(Q;R4*4) 4s
assumed. In the compressible case we need to approzimate To by To g so that we can apply Lemma 5.6 to a regularised
version of (1.3) satisfying the boundary condition (1.10) and the regularised initial data. This requires the construction
stated above in this section. In addition, we need to prove (6.9), which is needed for s =1 in the proof of Lemma 11.1
below. We require our stronger assumptions on To in order to prove (6.9) even for s = 1. Moreover, we note that in

[21] no construction is given for the approximation of the initial data. It is just stated as an assumption at the start of
Section 3 that an approximation satisfying the relevant properties exists.

6.2. First level: artificial pressure approximation. Let o1 > 0 be small and T' > max{y,8}. We consider the

following system of equations for (94, , Uy, Ty, ), which results from a modification of the pressure in the system (1.1)—
(1.3):

(610) 8t@01 + divfﬂ(gffludl) =0,
(6 11) at(@alual) + din(Qo'lual ® ual) + V:L’p(901) + Ulvzggl - divzs(vxual)
= diVm (A(Tal) - H(Tal) ]I) + Qo fv
1
(612) atTal + (uol ' vz)chl - (unal To'l + Tal v;[‘uo_l) = €A$T01 - ﬁA(Tgl)'
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We impose the same boundary conditions as in (1.9), (1.10) and we consider the mollified initial data defined in (6.1)
and (6.3). Of course, the solution (¢4, ,us,, Ts,) also depends on 6 through the initial data (go g, u0,0,To,g), but we
suppress this dependence in the notation (94, ,us,, Ty, ) here and below.

6.3. Second level: dissipative approximation. Let o5 > 0 be small. We consider the following system of equations
for (054, Upy, Toy), where a dissipative term is added to the continuity equation and, in order to maintain an energy
bound, a term is added to the momentum equation:

(6.13) Ot00, + dive(0o,u,,) = ,

01(00,04,) + divae (06, 0gy @ s, ) + Vip(06,) + Ulvz@cl;g —div,S(V,u,,)

(6.14)
= div, (A(To,) — I(Ty,) ) + 00, £ — ] 02V lo, Ve, |
1
(615) atTa'g + (uag : VI)TJQ - (vazuag To’g + To’g V;rllaz) = EA:DTUQ - ﬁA(Ttm)’

We consider the mollified initial data defined in (6.1) and (6.3). Since the oa-regularised equation (6.13) is now parabolic,
in addition to the boundary conditions stated in (1.9), (1.10) we shall also require that

(6.16) V-Vi00, =0 on (0,T] x 00Q.

6.4. Third level: Galerkin approximation. By the classical theory of eigenvalue problems for symmetric linear
elliptic operators (see, for example, Theorem 1 in Section 6.5 in [9]), one deduces the existence of a countably infinite
sequence of eigenvalues 0 < I; < Iy < --- with [, — 00, n — 00, and an associated orthogonal eigenfunction basis in
L?(Q;R?), denoted by (¥,,)nen, such that

7Ar'l/)n = ln d’n in Q, 'l/)n =0 on 0.

Moreover, ¥, € W2 (R NW22(Q; R NC>®(Q; RY) and 9, € C28(€; R?) since Q is a C2# domain, with 8 € (0,1);
by a classical Schauder type elliptic regularity estimate and Sobolev embedding, one also has that

(6.17) Wnlls@may < CUn) [$ull2omey,  with C(l,) < C2, forn=1,2,....

We define the n-dimensional Hilbert space X,,, with inner product (-, -), by
X, i=span{¥y,..., ¥}, (v,w)= / v-wdx, v,weX,.
Q

We denote by P, the orthogonal projection in L?(Q;R?) onto the linear subspace X,,, and we consider the following
problem:
u, € C([0,T],X,), u,(0) =ug, = Pyuge; forany ¢, € Xy:

/ at(gnun) “Pn dz — / [Qnun du,y — S(vmun)] : Vm@n dx — / {p(gn) + O'1Q£ } diVx(pn dx

:_/ [A(Tn)—H(’]I‘n)]I]:chpndx—i—/ {an—M} -, du,
Q Q

where ug ¢ is the mollified initial datum for ug defined in (6.1), and g,, Ty, are determined by the parabolic equations

(619) at@n + diVa:(Qnun) = 7

1
(6.20) O+ (- Vo) T — (Vattn T + T Vin) = €8Ty — 2o A(T),

subject to the boundary conditions stated in (1.9), (1.10) and (6.16), and the mollified initial data defined in (6.1) and
(6.3) for g,, u, and T,.
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6.5. Fourth level: regularisation of the conformation tensor. As pointed out in Section 3, the a priori bounds
are obtained by assuming that T is symmetric positive definite with tr(T) < b, which we do not have a priori. Thus,
inspired by the work of Barrett & Boyaval [2] for a finite element approximation of the incompressible FENE-P model, we
will employ a regularisation for T to construct a family of symmetric positive definite approximations of T, which satisfy
bounds on their logarithm and inverse similar to the ones in Section 3. This involves introducing an approximation of
tr(T) as a new unknown.

We introduce the following generalisation of scalar functions to symmetric matrix functions: let g : R — R be a
scalar function and let P € R4*? be a real symmetric matrix; then, one has the following diagonalisation:

(6.21) P =QDQT, Q is an orthogonal matrix, D = diag {l1,..., 4},

where [;, j =1,...,d, are the eigenvalues of P. We define ¢g(PP) and ¢'(P) by the following formulae:
(6.22) 9(P) = Q(y(D))Q", ¢'(P)=Q(s'(D))Q",

where

(6.23) g(D) = diag{g(1h), ..., g(la)}, ¢'(D) := diag{g'(),..., 9" (l)}-

With these definitions, we have the following lemma.
Lemma 6.2. Let g € CYA(R), with 8 € (0,1].

(i) Let P € W2(0,T;R¥*9) be symmetric. Then, the matriz function t € (0,T) — g(P(t)) € R defined by
(6.22), is differentiable a.e. on (0,T) and satisfies the identity
(6.24) Otr (g(P)) = tr (¢’ (P) 0,P) = 0, P : ¢'(P) a.e. on (0,T).

(ii) Let P € W12(Q; RY*4) be symmetric. Then, the matriz function x € Q + g(P(x)) € R¥™¥4, defined by (6.22), is
weakly differentiable on Q and satisfies the identity

(6.25) Oy, tr (g(P)) = tr (¢'(P) 0,,P) = 8, P : ¢’ (P), i=1,...,d, a.e. on .

Proof. Part (i) of this lemma is stated as Lemma 6.1, and proved in Appendix B, of [3] in the case of g being concave
or convex. However, the proof there does not generalise to part (ii). So here we give an alternative proof of part (i),
which generalises immediately to part (ii), and, in addition, does not require g to be convex or concave.

By a density argument, we can approximate P € W12(0, T; R?*?) by Ps € C>°([0, T]; R%*?) such that

(6.26) Ps — P  strongly in Wh2(0, T; R*9), as 6 — 0.
Clearly, (6.24) holds for P replaced by Ps for all ¢ € [0, T], which yields that
T T
(6.27) - [t omat= [ o gEna ¥ne o1
0 0

As g € CYA(R), with 3 € (0,1], it follows from Theorem 1.1 in [27] that
(6.28)  [[tr(9(P) = g(Ps)) llL10.r) < CIP=Pslliory  and  [lg'(P) = g'(Ps)l 20,1y < C P = P51 72 1
Hence, by noting (6.28) and (6.26), we can pass to the limit § — 0 in (6.27) to obtain

T T
(6:29) - [ wt®yandt= [ apig®nat  ¥yecFOT),
0 0
and therefore the desired result (6.24).
This proof of part (i) is easily adapted to prove part (ii). O
Next, let 03 > 0 be small, in the sense that o3 < # < 1, and for fixed L > b, we define
0:;1 ifszagl, L ifs>1L,
(6.30) Xos(8) 1= s ifs€oz,05], and X5, (s) = s it s€os, L],
o3 if s <og; o3 if s < o3.

Similarly to [1], we introduce the concave logarithmic cut-off function G,, : R — R, defined by

o3s—logog —1 ifszogl,
(6.31) Goy(s) = log s if s € 03,05 "],
Ugls—l—logag—l if s < os.

Since G, (s) = [Xo,(s)] 7! for all s € R, we have, for any real symmetric matrix P, that

(6.32) oy (P) = [Xou (P)]
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Similarly to [2], in order to define our fourth level of approximation, we introduce another unknown, z, ,, which
approximates tr(T, .,). We state the reason for this in Remark 7.2 below. Our fourth level of approximation is as
follows:

(6.33)
U0y € C([0,T,], X0), Wnes(0) =ug, = Pyugg; for any ¢, € X,

/ at(Qn,asun,Us) cp,dr — / [Qn’asun,os @ Up,o5 — S(vrun,os)] : Ve, dr — / {p(gn’ag) + Ul@g,ag divyp,, dx
Q Q Q

= LB 022 o 520) - 00T 1) ||

+ / |:Qn,03 f— ’ JQVzun,og vm@n,as
Q

} i, dz,

where ug ¢ is the mollified initial datum for ug defined in (6.1), and subject to the boundary condition (1.9) for u, 4.
Here

(634) Ti’g—?’ = % (TTL,O'g + (TTL,O';:,)T) I
Zn,os 1S an approximation of tr(Tgﬂs) and H%) is a regularisation of II, (1.8), based on X4, (6.30):
1 Zn,o:
HE;];Q_) (Ti,g37 Zn,ag) = 5 |:C1t1‘ (1Og(X€73 (Tg,dg))) + b log XU3 (1 - b ’ >:|
0 (1 ey (e (120)
2 17 b b '

Hence, the choice of the arbitrary constant in (1.8). In addition, ¢, ¢4, Tn,es and 2, ., are determined by the parabolic
equations

(636) atgn,ag + diVm(Qn,a;; un,ag) = 7

atTn,ag - EAzTn,ag = Fn,ag = _(uTL,O'3 ' Vz) Xos (Tg,%) - o\ s
(6.37)

+ (kun,os XUS(Tgﬁg) + XUS(TS,O'g) Vgun’as)a

Zn,o 1
b (Wnoy - Vi) Xos (1 _ 3) _ 7tr(Aﬁ’0_3) + 2tr (unn’gs Xos (TE’US))

’atzn,o'g - EAa:Zn,Ug = Fz,n’Us =

b 2\
(6.38)
os (T2
%m%¢¢k@+QﬁWyMﬂ7
where
_1 _
(6.39) AL, = ([xm (1— “T“)] T—a[Xey (T5,,)] ) X5 (TS, ).

The equations (6.36), (6.37) will be considered subject to the boundary conditions in (6.16), (1.10) and the initial data
defined in (6.1) and (6.3) for 0,04, Tn,s;- The equation (6.38) will be considered subject to the initial and boundary
conditions

(6.40) Zn,os(0,+) = tr(Toe(-)) and V-Vigzne, =0 on (0,T] x 0Q.

L
n,os3’

Although ¢, 64, Un,os, Tn,es and 2, », depend on L, via A
L > b is fixed.
It follows from (6.37) and (6.38) that

O (Zn,as - tr(Tn,as)) —€ Aw<zn>03 - tr(Tn)%)) =Fonos — tr(Fn,Us)

(6.41) . Zn,o3 tr (XU?, (Tg,dg))
= bdiv, (un,g3 lxoB (1 - ) — (1 — b)]) .

Integrating (6.41) over ), applying the initial and boundary conditions for (6.40), and the boundary conditions (1.9),
(1.10) for u, o, and T, », we obtain that

(6.39), we suppress this dependence in the notation as

(6.42) /Q (Zn,o4(t, ) —tr (Tp 0y (¢, 2)))dz =0 for a.e. t € (0,7T);
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provided solutions exist, which is discussed in the next section.
Finally, for later purposes, we also introduce an alternative regularisation of II, (1.8), to (6.35) based on G,,, (6.31):

(6.43) (TS 1y 2n.00) = [007 (Gra (T5.0) + 0G0, (1= 2222) 48]
7. THE FOURTH LEVEL OF APPROXIMATION

For any 03 < 6 < 1 and any fixed L > b, by recalling (6.30), and any n € N, the problem (6.33) is a system
of ordinary differential equations in u, ,, with respect to ¢ because X, is a finite-dimensional space; the equations
(6.36), (6.37), (6.38) are of parabolic type and are well-posed given any smooth u, ,,. The latter easily follows, as
for example the boxed nonlinearities in (6.37) are globally Lipschitz. Here we note the Lipschitz continuity of x,, and
ng, defined over the space of real symmetric matrices, follow from the Lipschitz continuity of x,, and ng considered
as a mapping from R into R (cf. Theorem 1.1 in [27]). Thus, locally in time, over a time interval [0, T}, o], for some
T,.05 > 0, the existence of a unique solution, denoted by (0n,045, Un,os5 Tn,oss Zn,05), t0 the problem at the fourth level
of approximation, posed in Section 6.5, is classical, see [20, 13, 11, 22].

Since uy, 5, € C([0,Ty,04], X»), by the definition of X,, in Section 6.4, we have

(7.1) W05 € C([0, Thos], C*F (Q; RY), [0 (Bl c2.6 @ray < C(1)[Un 05 (1) L2(raey for all £ € [0, T 0]

By similar arguments as in Section 2.1 in [13] concerning well-posedness and uniform bounds for parabolic equations,
we have, for all t € (0,7, 5,], that

(0n,0> Trioss Znios) € C([0, Thoy; WH(9) x WH2(Q; RT) x WH2(Q)),
(0n,05s Trnoogs Zn,os) € LQ(O,Tnﬁag; WQ’Q(Q) X WQ’Q(Q;RdXd) X W2’2(Q))a Ty, o, is symmetric,

t t
0 exp (—/ [divytn oy (1) || oo () dt’) < On.os(t, ) < C(0) exp (/ [|diva oy (1) || oo () dt') , forall x € Q,
0 0
7.2 '
. 2 2
T2 Ym0 120 + / lomos () Bzga) A8 < C (40,02, [ Vattn ol (07, o) x 0t )
¢
||Tn703 (t)”%/Vlv?(Q;]RdXd) +/0 HTn7U3(t/)H%/VQ»’L’(Q;RO‘M) dt' < C (t,a, 0,05, L, vaun,osHL°°((O,Tn.,a3)><Q;RdXd)) )

t
s Ol + | Nonra O &' < C (8:008,00, L[ Vthn gy 1w 01 o eiocsy) -

The symmetry of T,, , can be deduced by using the symmetry of equation (6.37), the symmetry of Tﬁm, the symmetry

of the initial datum T, ,(0) = Tog > Twmin [, the symmetry of the T, ,, terms appearing on the right-hand side of
(6.33), and the uniqueness of the solutions to equations (6.37), (6.38). The bounds on T, 4., Zn,e, in (7.2) can be
derived similarly to those on the scalar function o, +,, by observing, for example, that,

(7.3) Xos(P)| <03, IXE(P) <L for all symmetric P € R*?,

In the rest of this section we shall derive uniform bounds on the solution sequence, which guarantee that the existence
time T}, », identified above can be extended to T'.

7.1. Some uniform bounds. We shall now develop some bounds that are uniform in o3 in the limit of o5 — 0. First,
we require the following generalisation of Lemma 3.1.

Lemma 7.1. For o3 > 0, suppose that P € C([0,T]); W12(; R™*™)), m € N, is a symmetric matriz function, with
AP € L?(0,T; L2(Q; R™*™)), satisfying (v - V)P = Q on (0,T] x 98; then, [xo (P)]7 € L®(0,T; WH2(Q; R™X™)),
and

(7.4) /QAIIP’ Xos (P)] " Hda = — /Q VP ValXos (P)] ' dz > %/Q|thr (Iog X0, (P))]? dzz, a.e. on (0,T].

Proof. This lemma is stated as Lemma 7.1, and proved in Appendix C, of [3] in the case m = d and for x,,(s) =
max{os, s}, s € R. The proof given there immediately generalises to m € N and the definition of x,, in (6.30). O

Next, we note from (3.3) and (6.36) that

1 .
2 / (Or0n,05) [Wn, oy |2 dz + / dive(0n,05 Un,os @ Un oy) - Up o, d
Q Q
1 .
(75) = 5 / (ath,a'g + dlvx(@n,o’?, uTL,Ua)) |un103 |2 dZIJ
Q
g2 2
= ? Am@n,ﬂg |un,t73| dz = —09 / (vxun,agvxgn,os) *Up,os dz.
Q Q
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Similarly to the a priori bound (3.7), we deduce by taking ¢,, = u,, ¢, in (6.33), combining with (7.5) and the equation
(6.36) tested with by (on,c,), where by(r) = S257r7 + Zirl' and noting the boundary condition (6.16) for o, ., that

T—
d 1 9 a o1 7 a 2 12 o r 2
& o |:2Qn703|un703| + v - 1QZ,<73 + T — 1‘QTL703 dCL‘ + 402/Q ; ‘vw@ﬁ’og + ? ‘vw@fl’os dx
2
Vilnos. +Viu, .. 1, .. .
(7.6) —|—/Q us rn.gs 5 r I8 _ g(lea:un,ag)H —I—,uB|d1qun703|2] dz

-1
— —/Q ([Xag (1 _ Zn[;ag )} Xos (Tn,os) — Hglg_) (Th.045 Zn.03) H> : Vel oy do + /Q On.oy £ - U oy Aoz,

for a.e. t € (0,7, 0,], where we have used that Ty, ,. = Ty, o, (cf. the paragraph following eq. (7.2)). In addition, we
note that in deriving (7.6) the right-hand side of (7.5) cancels with the term involving o3 on the right-hand side of
(6.33).

To mimic the testing procedure of (1.3) with (3.8), we now take the inner product of (6.37) with —aG,_ (T, ,,) and
(6.38) with G/, (1 — Z%°3), respectively, where we recall (6.32). Integrating over €2, performing partial integration and
noting the boundary conditions (1.9), (1.10) for u, ¢,, T, and (6.40) for z, ,, we perform the analogue of (3.14)-
(3.18). It follows from (7.2)5¢ that Ty, oy € WE2(0, Ty 0q; L2(Q,R¥*9)) and 2, o, € WH2(0,T), 0,5 L2(2)). Hence, by

Lemma 6.2, we have, as Tj ,. = Ty, o, and G,, € CV!(R) is concave, that

[ B0y G (1= 22 ) o [ 9%y G, () o
Q Q

_ —"/Qat (1- ) g, (1 2 Y e - a/Q ooy : Gy (T o) dz

(7.7) d Z
d _ P
=~ ), [atr (Gos(Tn,o5)) + 0 Gy (1 b ﬂ dz
d
= -2 7/ H((72) (Tn o3y %n 03) dz a.e.on (O’Tn 03]’
dt Jo " ’ 7

where we have recalled (6.43). Similarly, we deduce from (6.30), (6.31) and Lemma 6.2 that

Zn,o Zn,o ,
_ b/(un,a3 Va)xes (1= =27) Gy, (1 - s) da — a/(um Vo) Xos (Tnoy) 1 Gy (Thoy) da
@ Q
Zn,og
(7.8 = [ s 9 [atr Q0200 (T ) + b oz, (1= 22 )]
Q
_ / [atr (10g(Xo5 (Tn,05))) + b 10g X0, (1 - Zn%)} I: Voo, dz ae. on (0,7,
Q

Next, by noting (6.32) and (1.9) for u,,_,,, we have that

Zn,o:
- 2/ tr (vxun,a's XO'S (Tn705)) g;*‘ (1 N é L}) dx
Q
+ a/ﬂ (Vzun,ns Xos (Tn,oa) + Xos (T"ﬁa) vzu"’”i‘) : g‘,” (Tnﬁ;g) de

-1
= —2/Q [[Xg3 (1 - Zn%)} tr (Xos (Th,os) Valney) — adivyuy, o, | do

A
= —2/Q |:XO'3 (1 — %)} Xos(Th,os) : Valp oy dT a.e. on (0,7}, ,].

We deduce from (6.32) and Lemma 7.1 that

w [ Aty Gp (1= 252 ) ot 20 [ ATy 505, (Do) do
Q Q

(7.10) = sb/QA$ (1- Z"T") o (1- Z”T"” et ea/Q ArTo oy Xos (Tnoy)] "t dz

Zn.o 2 a 2
. BTN . |
> E/Q [b ‘Vm log <XO’3 (1 A )) + pi [V itr (log Xos (Th,os))l ] dz a.e.on (0,7}, 4]
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In addition, it follows from (6.32) and (6.39) that

1 I , Zn,o3 a .
_2A[2tr(An03) g03 (1— b )d +2)\/ . ggg( 7L0'3)d‘r

1

(7.11) =0/ AL [933( Z"b”“")I[—ag’ (T MB)} da

1 —
- 75 ((Aﬁ 0'3)2 [Xé/j (Tn,ag)] 1) dx a.e. on (O7Tn703]_

Finally, we have from (6.32) and the boundary condition (1.9) for u, ,, that

: _ Zﬂ,ﬂs _ (Xffs (Tﬂ 03)) _ Zn ;03
b/ﬂlexunm [ng (1 5 ) <1 b (1 A )dx
n,o. -1 t (e g
= —b/ |:X0'3 (1 - ZL “" (1 F (Xos (T, 3))) I:V,u,s,dz ae. on (0,7, q,]
Q
Combining (6.37), (6.38) and (7.7)—(7.12) yields, for a.e. on (0,7}, ], that
d I I —1
-2 & /Q H<(723) (Tn;ffs’ Z”7U3) dx + ﬁ / ((An 0'3) [Xos (TTHUB)} ) dz

,Z"ﬂ 2 E 2
(7.13) +€/Q [b‘vm log (xaa (1 : ))‘ + 2 |Vatr 108 Xo (Tros)| ]dx

(7.12)

-1
S 2/Q |:|:XO’3 (1 - Zn%)} XO'3 (Tn70'3) - Hg-lg) (Tn,o'ga Zn,o’g) ]I:| : kun,ag dx

By adding 1(7.13) to (7.6) we then obtain, for a.e. t € (0,7, 4,], that

d 1 g1
dt |: On, 05‘ Uy, o3 v -1 M I — 1@2703 — H((723) (Tn,oga Zn,ag):| dz
a 1 12 0 r 2 1 -1
+4ag/ “vwgﬁ,@ + 2 [Vooian }dx+M/tr((Aﬁ 7 L, (Tao)] ) da
QLY Q
xr n,o; T Mn,0- 1 2
(7.14) +/ S ‘V- tn,og ;Vm“ T (vt )T+ | dive g, 2| de
Q

E _ Zn,a'g ‘2 E 2
+ 2/Q {b‘vm log (Xo's (1 o )) + pi |Vstr (10g Xoy (Th,oq))] }dx
< / On,o3 f- Un,os da.
Q
As G, is concave and o3 < 6 < 1, recall (6.31), it follows from (6.43) and (6.42) that
1 b

(7.15) —/ (T, o0y 20,0y ) da > 7/ tr (Th.oy — 0Goy(Thoos)) dz — = [

o 7 2 Jao ’ 7 2

Given ﬁ > 0, and since we can take o3 < 8 < o3 1 it is straightforward to check, by considering the four cases (i)
5> 03 , (ii) s € [o3, 03_1], (iii) s € [0, 03], and (iv) s <0, that for any s € R, one has

(7.16) 5= BGy(s) > (1—2) (5] + 68— Blog > A — Blog§,
where [s]_ := min{s,0}. Thus, we obtain by the diagonalisation process (6.21) that
d
(7.17) tr (P = BGo,(P) = (Ij = BGay (1)) > d (B — Blog B).
Jj=1

Then, similarly as in (3.23), we define the following positive functional for o3 < min{f, a,a=1}:

1 a o 1
(7.18) En oy (t) = / [2971,03 W0 |* + flé’?m + T j 1 92,03 - Ht(723) (Th,035 Zn,05) + §(dulog a+b)|dx
Q v
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Similarly to (3.25), for o3 < min{6,a,a~'}, integrating (7.14) over [0, ¢, for any t € (0,7}, ], then gives

t N _
Enygs(t)+402/ / [a‘vxgg,gs }dxdt +—/ /tr M3 2 XUS (Tn,ag)} 1) dz dt’
0

¢ n,o. n,o. 1
+/ / [ Vol + Vilp o, — 7(dlvmun’0_3)]l + 1B div,u, o ‘| dz dt’
0o JQ
e [* Znos \\|2 @ 2 ,
5 [ e]vaton (o (1= Z522)) [+ 5 192t o, () ot

2 d
t t
< FEoos .6 +/ / Onos £ Up oy dzdt’ < Ep o0+ C/ E,.o,(t)dt',
0 Q 0

F 'vmgn o3

(7.19)

where the initial positive energy Ey », ¢ is defined as

1 1
(7.20) Eo0,0 ::/ ~00.0ug0|* + ng,, + nge —TI@ (Ty ) + =(daloga+ b)| dz.
0 l2 y—1708 T 170 2

1

Since we can choose g3 > b* > T, > 03, by recalling (3.1)3, and as 6 > o3, by recalling (6.30), we have for any

0 e (0, %), on noting (6.6), that

031 < Tin I < Top <b*T<03'T = tr(Gry(Top)) = tr(logTo ) > d 10g Tinin

(7.21) G, (1 _tr (To,e)) ~ log (1 b (To,e))
and 0<tr(Top) <b*<b(1—-0)<b(l—03) = b b

Zlog(l—%).

Then, Gronwall’s inequality applied to (7.19), for o5 < min {9, a, a0, Tinin, (b*)fl}, implies, for any ¢ € (0,7, o], that

t 5 2 —
En703(t)+40'2/ / (a ‘VIQE,% )dxdt +—/ /tr MS XU3 (Tn,ag)] 1) dz dt’
o Ja \7Y Q

01 L
+ ? ‘V"L‘Qﬁ7g3

t T
xr n,o n,o; 1 .

+/ / Villn,g J;Vmu 73 g(dlvzunm)]l +,uB\d1vmun703\ ]dxdt
(7.22) Znos\)[2 @ ) ,
/ / [ ‘V log Xo—g( ~ % ))‘ +7 |Vatr (1og Xos (Tros))] }dmdt

t

S EO,al,G + / / On,os f- Up o3 dx dt/ S E(),a'lﬁ + C/ En,ag (t/) dt/
0 Ja 0

Ct
S € EO,O'1,07

where C is a positive constant, independent of ¢ and of the approximation parameters (I', 01,02, 03,0, L,n) and, for the
above constraint on o3, it follows from (7.20), (6.43), (1.8) and (7.21) that

01

1 a 1

Boo = [ [gomalunol + —aly + 17 obs ~ THToa) + (daoga+ )| o
Q Y — 1 ’ 2
a

(7.23) b1

01

1 a da b b”
< 1 2 ot Lo+ =1 -5 1——]|dz.
_/9{290,0110,(” +'y—lgo,eJrF—lgo’gJr 2 ©8 (Tmin) 2 % b :

Hence, Ey 4, ¢ is finite for any 0 € (O7 %) by noting (6.1); 2 and (6.2).

Remark 7.2. Instead of (6.37) and (6.38), one could adopt the more straightforward approzimation based on just

0T o5 + (un,az 'VI)Tnﬁz - (vmun,ag Xos (TrSL 03) + 1| Xos (Tf 0'3) V;cfun,oa)

(724) 1 tr TS -1 _
=eA;Th oy — 2\ [XUS <1 - (6"‘73)>] [—a [X”ii (T7€7U3)] ' ng (Tias) .

Once again it follows that Ty, 5, = T2 To mimic the testing procedure of (1.3) with (3.8), by recalling (6.32) and

n,os "

(6.30), one would test (7.24) with G ( - M) —aG,. (Tno,). In order to achieve the analogue of the (7.14), we



GLOBAL-IN-TIME WEAK SOLUTIONS TO A COMPRESSIBLE FENE-P MODEL 23
2 . 1 .
would have to replace H¢(73)(Tn,03,zn703) in (7.14) and H((,g_) (Th,0452n,05) in (6.33) by

1 tr(T,, o
(7'25) HUB(TN,US,) = 5 atr (gaa(Tn,03)> + bgtfs (1 - (b)g)> + b:| .
However, we are not able to prove the analogue of (8.38)3 below for the polymeric pressure approzimation (7.25).
Although, one can prove convergence almost everywhere, using the analogues of (8.2)y and (8.18) below, we are still
unable to prove the analogue of (8.38)3 below even if “strongly” were replaced by “weakly” and r = 1.

7.2. Maximal existence time. In this section, we shall use the uniform bound (7.22) to show that T, ,,, the maximal
time of existence for solutions to the fourth level of approximation, is in fact equal to the final time T
By Friedrichs’ inequality and Korn’s inequality (3.28), a partial result from the bound (7.22) is that

A T o,
(7.26) / [, (t)H?/VL?(Q;]Rd) dt<C / [Valn,oq (t)||2L2(Q;]Rdxd) dt < e@Tros Eooi0 <C(Eye0,T).
0 0

By the equivalence of the W12(2) and W1°°(Q) norms in the finite-dimensional linear space X,, (see (6.17)), and the
Cauchy—-Schwarz inequality over (0, T}, »,], we then have from (7.26) that

Tn,o3
(7.27) / IV an,o5 ()| Loo (raxay dt < C(n, Eog,.0,T).
0

Using (7.27) it follows from (7.2)3 that we have the following lower and upper bounds on g, ., in terms of positive
constants:

C0,1n,E00,0,T) " < 0nos(t,z) < CO,n,Ep 0, T), for all (t,z) € (0,Ty,q5] x 2.
Together with the following partial result from (7.22) and (7.18):

sup ||Qn,03|un,03|2(t)”L1(Q) S C(EO,al,b‘vT),
t€(0,Tn,04]

we obtain

sup  |[un.os ()l 22ray < C(0,1, Eo 6,0, T)-
t€(0,Tn,04]

Again by the properties in (6.17) of functions in X,,, we have
(7.28) sup [ unoy ()l 2.8 @pay < €00, Eo,00,0,T).

t€(0,Tn, o
Hence, by a continuity argument, the existence time can exceed T, ,. Since the bound in (7.22) is independent of n, o,
this process can be repeated a finite number of times, as long as the existence time T}, ,, < 7', until the final time T is
reached, and therefore the maximal existence time 7}, ,, = T. Moreover, by (7.2) and (7.28), (see also the paragraph
after (7.29)), we have the following bounds:
(7.29)
sup ||un,¢73 (t)”C%ﬁ(ﬁ;Rd) g C(aa n, E0,01,9a T)v
te(0,T]
C0,1,E00,0,T) " < 0nos(t,z) <CO,n,Ep 0, 0,T), forall (t,z)e (0,T]xQ,

S(Up ] ||Qn,ag (t)HWl:?(Q) =+ ”Qn,og”Lz(O,T;WQvZ(Q)) + Hatgn,ag||L2(O,T;L2(Q)) < C(oo, 9,n,E070179,T),
te(0,T'

S(UP ] I T,05 (t)HWM(Q;RdXd) + ||Tn,03||L2(07T;W2v2(Q;Rd><d)) + ||atTn,03||L2(0,T;L2(Q;RdXd)) < C(o3,L,0,n,E0,6,0,7T),
te(0,T

tes(lépT] 1 2n,05 () w12y + 120,05 | L2 0,75w22 () + 1082005l L2(0,7:22(02)) < C(03, L, 0,1, B 6y,0,T).
Here the bound on 0;0, ,, follows from (6.36), (7.29); and the second bound in (7.29)3. Similarly, the bounds on
0Ty oy and Oyzp, 4, follow from (6.37), (6.38), (7.29);, the second bounds in (7.29)4 5 and (7.3). Whereas the bounds
on U, s, and g s, in (7.29) are independent of o3 and L, the bounds on T,, ,, and 2, ,, are not, as they depend on
(7.3). In the next section we establish analogous bounds on T,, », and z, 4, that are independent of o3.

In order to achieve this, we first note from (7.18) and (7.22), for time T as opposed to T}, »,, that the following
bounds are also uniform with respect to o3 and L:

1

sup / [—H((fg) (Th.oss Zn,05) + i(daloga + b)} dz < C(Epe, 0,T),
T

(7.30) =010

T
/ / tr ((A5,,)" [XE, (Tuey)] ) dedt < C(Bog0.7).
0 Q
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Similarly to (3.31), as x%, (Ty.0,) is symmetric positive definite, it follows from (6.30) and (7.30), that

2
dx dt

T _1 1
||An 03||L2(0,T;L2(Q,]Rd><d)) = / / ‘Aﬁ,ﬂ'g [ng (Tn,o’g)] 2 [X(Irlg (Tn,o's)] :
(7.31)

—1
<dL/ /tr Eos)” [k (Tao)] 1) < C(L, Eo gy 0.T).

7.3. Bounds on T, ,, and z,,, independent of o3. Similarly to (3.32), taking the inner product of (6.37) with
T, ;. integrating over 2, performing partial integration and noting the symmetry of T, ,,, the boundary conditions
(1.9), (1.10) for uy, 4, and Ty, 4y, (7.29)1, (6.30) and (7.31) yield

T T
2dt/| o’ dx+s/|V nos 2 de

= / Fro, :Tho,dx
Q

- / [(divs1n.05) Xes (Tnos) : Tros + Xos (Troa) : (W - V) Tonog] d
(7.32) “

1
[ (Tt X (Ta) 4 X (Tar) VEtn) 2 Ty = 55 [ AL 5Ty d

IN

9
5 /Q |VSETTL,0'3 |2 de + C(L7 EO,G‘1,97 T) (]- + Hun,o'g ||‘24/1,00(Q;Rd) (1 + ‘/Q ‘T’ﬂ,a'g ‘2 dx)

IN

g/|Vm1rn,(,3|2dx+C(L,9,n,E070179,T) <1+/ |’]I‘n703|2dx>, for a.e. t € (0,7].
Q Q

Rearranging and applying a Gronwall inequality to (7.32) and noting the initial condition (6.3) satisfies (6.6), we obtain
the following bound on T,, ,, which is uniform in o3:
(7.33) tES(L(l)pT] I Tn,05 (Ol L2(@iraxa)y + | Tros | 220, 75w1 2 (Qraxay) < C(L, 0,1, Eo 6,0, T).
Obviously, on recalling (6.30), similar bounds hold for x4, (Tp,05)-
Similarly to (7.32), multiplying (6.38) with z, »,, integrating over Q, performing partial integration and noting the

symmetry of T, »,, the boundary conditions (1.9) for u, »,, (6.40), (7.29)1, (6.30), (7.31) and (7.33) yield
(7.34)

2dt/‘zn03| dx—|—5/|V zng3| dz

_/anagznag

Mn.,o: . t (o4 ’]T'n. (e
= fb/ Xos (1 - T3) (Wn,o5 - Va2n,o,)dz —b / (divyus o) (1 - W) Zn.osde
Q Q

+ 2/ tr (Valn,og Xos (Tnﬁs)) Zn,osde — tr(An 0’3) Zn,os AT
Q

1
2\

IN

3
5 | Vet do+ OO0 By, 0.T) (1+||un,03||%w,m(g;m+||Tn,03||iQ<Q;W)) (14 [ 1onea0)

IA

%/|VIzn7U3|2dx—&—C’(L,G,n,Eom,g,T) <1+/ |zn)03|2dx>.
Q Q

Rearranging and applying a Gronwall inequality to (7.34) and noting (6.40) and (6.6), we obtain the following bound
ON Zp 44, Which is uniform in o3:

n,o: t n,o: H , SCL797 aE o1 7T'
(7.35) t:(l(l)]’?)T] 2,05 (D)l L2(0) + 120,05 |20, 75w 2(2)) ( n, Eo,0,,0.T)

Zn,o3

Obviously, on recalling (6.30), similar bounds hold for xo, (1 — =%
It follows from (6.37), (6.38), (7.29)1, (7.31), (6.30), (6.34), (7.33) and (7.35) that

”Fn,o’s ||L2(0,T;L2(Q;Rd><d)) + HFz,n,as HLQ(O,T;L2(Q))

(7.36) < C(0,n, Eo,oy 0, T) (1 + 1A% o5l 120 12 (paxay) T I Tnosllzzommw 2 (@iraxay) + ||Zn,os||L2(07T;W1v2(9)))
< C(L,0,n,Ep0,0,T).
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By noting (7.36), the boundary and initial conditions (1.10), (6.3) for T,, »,, (6.40) and (6.6), we now apply Lemma 5.6
to both (6.37) and (6.38) to obtain the following bounds, which are uniform in o3:

(7 37) ||Tn,a3 HLoo (0,T; W12 (Q;RAxd)) + ||Tn,z73 ||L2(O,T;W2=2(Q;]Rd><d)) + ||6tTn,03 ||L2(O,T;L2(Q;Rd>< ay)
) + ||Zn,¢73 ||Loo(07T;W1,2(SZ)) + Hzn,ag HL?(O’T;W2.2(Q)) + ||atzn,a3 ||L2(O,T;L2(S2)) < C(La 9; n, EO,al,Oa T)~
We deduce from (7.37), by applying Sobolev embedding for d < 3, the following bounds, which are uniform in o3:

(7 38) ||Tn,o'3 HLOO(O,T;LG(Q ;RaxdY) + ||Tn o3 HL2(0 T; W16 (;RExd))
. + [|zn, 03||Loo 0,7:5()) T [EA 03||L2 0,T;W16(Q)) = < C(L,0,n, Eo o0, T).
It follows from (6.41), (7.29)1, (6.30), (6.34) and (7.38) that

e n05 = 08 (Fn00) | 120 1000y S C01 Bo,oy,0,T) (1+ [ Tnsos |20, s (@raxay) + 120,05 |22 0,mw1.60))
S C(L7 97 n, EO,01,97 T)

By noting (7.39), the boundary conditions (1.10) for T, ,, and (6.40), we now apply Lemma 5.6 to (6.41) to obtain
that

(7.39)

(740) ||Zn,03 - tr(’]r’ﬂ,o‘g,)||Loo(07T;Wl,6(Q)) + ||8t(2n,a'3 - tr(Tn,ag)) ||L2(O,T;L6(Q)) < C(Lu 97 n, EO,O’1,07 T)
Next, it follows from (7.16), via the diagonalisation process (6.21), for any 8 > 0 with 203 < 3 < o3 * that
d
tr (P — BGoy(P)) +d(Blog8—8) =) [(Ilj = BGss(1;)) + (Blog B — B)]
j=1
~[ 8 8
>SS -2l (1 2 ) [
(7.41) > ; { 505 [G]- + < 203) (1] ]

Hence, we have from (7.30)1, (7.15) and (7.41) that, for o3 < min {9, $0,07 ", Tin, (b*)_l},

(7.42) sup [ |[Tp,o5]-dz < C(Eo0,0,T) 03
te(0,7] JQ

Similarly, we note from (6.42), as T,, ,, is symmetric, (7.17) and (6.43) that, for o3 < a < g3,

o [ [(1-22) -6 <1—%'3>de

[ o 0. (- 22) -

< — /atr Gos ( ng3))+bga3<172m’3>f(b+d(aloga—a))}dx
Q b

(7.43)

/[ 21'1(2 nas,zng3)+2b+d(aloga—a)}d

J—

Thus we have from (7.30)1, (7.43) and a scalar version of (7.41) that, for o3 < 03 min := min {9, 1taa7! T, (6*) " },

2
(7.44) sup /
te(0,T]JQ

After these preparatory considerations, we are now ready to pass to the limit o3 — 0 in the fourth level of
approximation, so as to deduce the existence of solutions to the third level of approximation. This will be the subject
of the next section.

b

|:1 _ Zni} ‘ dx < C(EO,01,97T) 03

8. THE THIRD LEVEL OF APPROXIMATION

This section is devoted to studying the limit of the solution sequence (gn oy, Un,oq; Tn,o5: 2n,05) @8 03 — 0, and to
showing that the resulting limit is a solution to the third level of approximation formulated in Section 6.4. We will also
derive bounds on this solution limit that are uniform with respect to n, in preparation for passage to the limit n — oo
in the next section.
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8.1. Basic convergence results. The bounds in (7.22) and (7.26) with T,, ,, replaced by T, the definition (7.18)
and the bounds (7.29) and (7.37) imply the following weak convergence results for a subsequence, which will not be

indicated throughout the paper, as o3 — 0:
Up,oy — Uy weakly in L2(0,T; W'2(Q)),
61) On.os — On weakly-* in L°°(0,T; L' (Q)) N L= (0, T; W'2(Q)) N L?(0, T; W*2(Q)) n WH2(0, T; L*(2)),
Thos — Tn  weakly-* in L0, T; WH2(Q; R¥*9)) 0 L2(0, T; W2 (Q; R>4)) n Wh2(0, T; L (Q; RXY)),
Zn,os = Zn weakly-* in L°°(0,T; W12(Q)) N L*(0, T; W2(Q)) n Wh2(0,T; L*(2)).

Using the Aubin-Lions-Simon compactness theorem (cf. Lemma 5.3) we then deduce the following strong convergence
results, as o3 — 0:

On,o5 — On strongly in L2(0,T; Wh4(Q)) N C([0, T]; LY(Q)),

(8.2) Thos = Tn strongly in L2(0,T; W9 (Q; RY*1)) 0 C ([0, T]; LY(Q; R¥*4)),
Zn,os — n strongly in L2(0, T; Wh4(Q)) N C([0,T]; LY()),

where ¢ € [1,00) if d =2 and ¢ € [1,6) if d = 3. It follows from (8.2); and (7.29) that

(8.3) 0<on a.e. in (0,7] x Q.

In addition, the limit T,, is also real symmetric as Ty, ,, is real symmetric for all o3 € (0, 03 min), recall the line above
(7.44), and all n € N. Moreover, we deduce from (8.2)2 3, (7.42) and (7.44) that

(8.4) 0<T, and zn < b a.e. in (0,7 x Q.

AS X5, (6.30), is globally Lipschitz with Lipschitz constant 1, it immediately follows from (8.4), (8.2)2 3 and Lebesgue’s
dominated convergence theorem that

Xos (Tnos) = Tn strongly in L2(0, T; W1 9(Q; RY*4)) 0 C([0, T; L9 (9; RT*4)),
(8.5)

Xos (1 — zn[;ga) —1-— Zf strongly in L2(0, T; Wh4(Q)) N C([0, T]; LY(Q)),

as o3 — 0, where ¢ € [1,00) if d =2 and ¢q € [1,6) if d = 3.
We deduce from (7.22) with T}, ,, replaced by T and Sobolev embedding that
r r
(8:6) 08,03 lL2(0,7520(02)) < Cllof osllr20,m;w12(0)).
and therefore ||Q£,03||L1(07T;L3(Q)) < C(o01,02,Ey0,,0,T). Hence, by (7.22) again and interpolation between Lebesgue
spaces, we deduce that
3 1
(8.7) HQ}:’%”L%(O,T;L?(Q)) < ||Q£,U3H21(O’T;L3(Q)) HQE,O‘;}||2W(07T;L1(Q)) < 0(01702,E0,01,97T)-

Together with (8.2)1, we obtain, for example, the strong convergence result using the Vitali convergence theorem, as
o3 — 0:

(8.8) On,o5 = On strongly in L?(0,T; L?(Q)),
where 3 € [1,4F). Hence, it follows that as o3 — 0

(8.9) O o5 = Ops 95,03 — oF strongly in L'(0,T; L'(2)).

8.2. Bound on the trace and the positivity of the conformation tensor T,,. Employing techniques from [1, 2],
we will now improve on (8.4), by using the bound (7.30)3, to show that T,, is, almost everywhere, a real symmetric
positive definite matrix with tr (T,) < b.

Lemma 8.1. We have that z, = tr(T,) a.e. on (0,T] x Q.

Proof. Multiplying (6.41) with any n € C°°(Q), integrating over 2, performing integration by parts, noting (6.40), and
the boundary conditions (1.9), (1.10) for u, ,, and T, ,, we obtain for a.e. t € (0,T] that

n,os t g3 Tﬂ g3
/Qat (zn703 - tr(Tnm))ndiU + b‘/Q |:X0'3 (1 - z b) ) - <1 - W>:| Uy o3 ngd:z:
(8.10)

+ E/ Ve (zZnos —t1(Th,0y)) - Vandz = 0.
Q
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We now multiply (8.10) by a test function ¢ € C°°[0,T], integrate over (0,7), pass to the limit oo — 0 using the
convergence results (8.1)1 34 and (8.5), and since the resulting equality holds for all ¢ € C*°([0,T]) we deduce that

(8.11) / 01 (20 = (L)) e = [ (2= tr(T) - Vanda += [ s (s = tr(T,) - Vo =0

Q Q
holds for a.e. t € (0,T]. As 2,(0,-) = tr(T,(0,-)), uniqueness of this parabolic problem (8.11) is easily established by
noting the oz-uniform bound (7.29);. Hence, we have that z, = tr(T,) a.e. on (0,7] x Q. O

Therefore, it follows from (8.4), (8.2); and Lemma 8.1, as L > b, that
(8.12) X5, (Tnos) = T strongly in L?(0, T3 WH4(Q; R ) n C([0, T; LY(Q; RY)),
as o3 — 0, where ¢ € [1,00) if d =2 and ¢ € [1,6) if d = 3.

Similarly to (6.39), we introduce

-1 -1
(8.13) Aﬁ:;;g = [Xas (1 - Zn[;03 )} Xi; (Th,o5) —al and A} o3 [Xcrg (1 - Zn%)} Xos (Tn.os) — al,

where we recall that T,, ,, is symmetric. We note that

* — —1
(8.14) ALy = AL, +BL,,  whee  BE, =a([Xow (Taod)] ™ = [ (Taod)] ) Xk, (Tuoa) -

Via a diagonalisation process, recall (6.21), we have, by noting (6.30), that
2

d
=a’ Z ( Xos ()] [Xé ([j)}_l) x§3 (1;) < a2d L7,

1

_1
2

(8.15) By, oy (X5 (Tnos)]

j=
L

where {I;}9_, are the eigenvalues of T, 5,. As x%

and (8.15) that
(8.16)

(T,,0,) is symmetric positive definite, we deduce from (8.14), (7.30)2

/ /tr Aﬁ;s (X2, (Tn,aa)]fl) dzdt = /OT A ‘(Aﬁgg +BL,.) X2, (Tnm)]’% dedt
T _12 12
<2 [ [ {850, [ ) 2] 4 [BE 0, 8, (Fu] ] | o
< C(Ep,p0,T).
Hence, similarly to (7.31), we deduce from (8.16) and (6.30) that
(8.17) 1A% o3 ||L2(o rirz@prixay < C(L, Eog,0,T).
Lemma 8.2. We have that
(8.18) zn =tr(Ty) < b and T, >0 a.e. in (0,T] x .
In addition, by recalling (1.7), we have the following convergence result for o3 — 0:
(8.19) AL s tal= [XU3 (1 — Z"%)} o ng (Th,05) = A(T,) +al strongly in L"(0,T; L"(Q; R¥*4)),

for any r € [1,2).

Proof. We know already from (8.4) that z, < b a.e. in (0,7] x Q. Assume that z, = b a.e. in D C (0,7] x Q, we have
that

(8.20) b|Db| = / ) tr(T,,) dzdt = / . tr (T — X5, (Tn.os)) dxdt—i—/ tr (X2, (Tn,oy)) dzdt = S; + So.
D'n/ Dn

Dy

It follows from (8.12) that S; — 0 as 03 — 0. A simple rearrangement, by recalling (8.13), yields that

%= /Df {tr ({X"B (1 N ZLE;U?’)rl X2 (Tnos) = “H) + da] Xos (1 - Z”%) de dt

= L _ Fnos
= [, etz s o, (1= 252 s

RdXd

(8.21)

Next, we observe that for any symmetric P € one has

(8.22) [tr(P))* < dtr(P?) = d [P|>.
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It then follows from (8.21), (8.22) and (8.17) that

(8.23) 2 < C(L, Eogy 9.T) / o (1 Z"%)rdxdt.

Db

As z, = b a.e. in D%, we have that

2 2
(321) 52 < C(L, Bowr . T) ( [ b (1= 22) - (1= 2) s dt)
T Db b b

It follows from (8.5)y that Sy — 0 as o3 — 0. Hence, we deduce from (8.20) that |D?| = 0, and so the first desired
result in (8.18) holds by recalling Lemma 8.1.

We now establish the second result in (8.18), which improves on the first result (8.4). If the symmetric matrix
function T,, were not positive definite a.e. in DY C (0,7] x €2, then there would exist a q € L>((0,T] x ;R%) such
that

(8.25) T,q=0 a.e. in (0,T] x Q@ with |q| =1 a.e. in D% and q = 0 a.e. in ((0,7] x Q) \ DY.

Recalling (8.13), we would have that

T T T
(8.26) oD’ = a / / gl dz dt < / / ALY qf dedt +/ / (A2, 4 aT) q| dzdt == S5+ Sa.
0o Ja o Ja 0 JQ '
As x5, (Ty.o,) is symmetric positive definite, we have from (8.22) that
(8.27)

[N

Ak, al < |45, Dow (Tao)] | |Xow (Tao)) @) = [or (852, [ (Taon)] ) (65 (Taos) - (aa"))]

Combining (8.26) and (8.27), and noting (8.16), yields that

’ !
(8.28) Sy < C(L, Eooy 0,T) ( / / A (T (qu)> .
0 Q

It follows from (8.12) and (8.25) that S5 — 0 as o3 — 0. Similarly to (8.27), on recalling (8.13) and (8.22), we have
that

W=

1 1 T Zn,o -1
(8.29) Sy < di||Afy + aE”il(o,T;Ll(Q;RdX«i)) (/0 /Q [Xag (1 - TS)} Xey (Tnoy) - (aq") da dt)

It follows from (8.17) that

(8.30) |AL% + alllp20,7. 12 (uraxa)) < C(L, Eooy,0,T).
By recalling (1.7), we will now show that
-1
(8.31) Aﬁf;;;, +al= |:X0'3 (1 — Z"E;U3 )} X[I';S (Th.os) = A(T,,) +al strongly in L"(0,T; L" (Q; R¥*4)),

for any r € [1,2) as 03 — 0, upon possibly extracting a subsequence. It immediately follows from (8.5); and (8.12)
that AL +al = A(T,) +al ae. in (0,7] x ©, as 03 — 0, since we have already established the first result in (8.18).
Hence, the desired result (8.19) follows by noting (8.30) and the Vitali convergence theorem. Finally, it follows from
(8.29), (8.30), (8.19) and (8.25) that S4 — 0 as o3 — 0. Therefore, (8.26) yields the second result in (8.18). O

We now prove convergence results that are required in passing to the limit o3 — 0 in (6.37), (6.38) and (6.33).

Lemma 8.3. Similarly to (8.19), we have the following convergence results for o3 — 0:

(8.32) A,LWS — A(T,,) strongly in L™(0,T; L (€; R¥*4)),
for any r € [1,2); and

* Zn,o3 -1 : T r dxd
(8.33) B} gy + L= [xo (1= 22| Xy (Tars) = A(Tn) +al strongly in L7(0, T3 L (@ ™)),

for any r € [1, %)
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Proof. Similarly to (8.30) and (8.31), we deduce from (7.31), (6.39), (8.5), (8.12), (8.18), (1.7) and the Vitali convergence
theorem that (8.32) holds by possibly extracting a subsequence.
We obtain from (6.39) and (8.13) that

(8.34) A% = AL [ng. (Tnyffs)} ' Xos (Tn,ag) :

n,o03 n,o3

Therefore, we deduce from (8.34) and (6.30) that

[Xc[;s (Tn,dg)] - Xos (Tn,ag)

It follows from interpolation of Lebesgue spaces, Sobolev embedding and (7.38) that

(8.35) Ao | <AL, ]

n,o3 n,03

<AL (T+ L7 Tho,l)-

n,o3

3 1
(836) ||Tn,a3 ||LS(0’T;LS(Q;RdX )) < HTn,Jg ||zoo(O’T;L6(Q;Rd><d)) ||Tn,03 ||22(07T;Loo(ﬂ;Rd>< dy) < C(L, 0, n, EO,Ul,G, T)
On noting that 3 = 1 + 1, the bounds (8.35), (7.31) and (8.36) yield that
* L
(8.37) HAWTSHL%(O,T;L%(Q;Rdxd)) < (L) ||A"v~73||L2(O.,T;L2(SZ;]R4><4)) (1 + ”T"v"S||L8(07T;LB(Q;R‘”‘1)))
S C(L7 97 n, EO,Ul,Qa T)
Similarly to (8.30) and (8.31), we deduce from (8.37), (8.13), (8.5), (8.18), (1.7) and the Vitali convergence theorem
that (8.33) holds by possibly extracting a subsequence. O
We now prove convergence of the polymeric pressure term Hgls) (Th,045 2n,05) as 03 — 0.

Lemma 8.4. We have the following convergence results as o3 — 0:

Vatr (108 X oy (Th,os)) — Vatr (log T) weakly in L*(0,T; L*(2)),
n,o. t’ Tn .
(8.38) V., log (ng (1 - ZT3>) — Vg log (1 - r(b)) weakly in L?(0,T; L*(£2)),
(I — F)I) (T 05, 20,05) = (I — F)I(T,) strongly in L"(0,T; L"(9)),

for any r € [1, %)

Proof. The desired results (8.38); 2 follow immediately from (7.22), (8.5) and (8.18).
It follows from (7.40), (8.2)2,3, Lemma 5.3 and Sobolev embedding that

(8.39) Zn,os — (T ,oy) = 0 strongly in C([0,T7]; C(2)).

As a consequence of (8.39), we have that there exists a 03, < 03 min, recall the line above (7.44), such that, for all
o3 € (0,0’3,1,],

b
(8.40) 120,05 — tr(Tn,03)||C([O7T];C(§)) < T
We define

b
(8.41) (Q7)p,0y = {(t,x) €Qp: 2pos < 2} ,

and note that we have from (8.40) and (8.41) that, for all o3 € (0, 03],
(842) tr(Tn,ag) Z on QT \ (QT)b,03~

Using (8.41), we have for all o3 € (0,035 that
Zn.oa N1}
b =220 s
L5(0,T5L5 (Q))

<[l (2520 D G 2]

It follows from (8.41) and the monotonicity of x4, (-), recall (6.30), that, for all o3 € (0, 03 5],

o (3)]

(8.43)

= Sl + SQ.

L%(QT\(QT)ZLO3)

< 2|Q73.
L5 (21)h,05)

(8.44) Sy <
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It follows from (8.13), (8.22), (8.37) and (8.42) that, for all o3 € (0,03,],

2= [ (1= 2522 )]t (o)t (P

L5 (Qr\(Q1),05)

(8.45) . H [Xag (1 B Zn%)} ‘1“(;(53(11‘71,03))

S C(L, 9, n, EO,Ul,Ga T)’

H[tr(Xa (Th,o ))]_1” oo
L3 @r\(@r)10s) BT IR En@ne)

since tr(Xoy(Th,oy)) > min{tr(Ty, »,), 03_1} > min{%7 03_1} a.e. on Q7 \ (Q7)p,05. Combining (8.43)—(8.45), the definition
of A . in (8.13), (8.22) and (8.37), we have for all o3 € (0, 03] that

n,o3
Zn,o -1 tr(Xos (Thn,o5))

846 H Xo 1-—- — (1 — 0T el S C(L797n7E0,0' ,97T)'

(8.46) [ 3 ( b )} b LiorLE ) !

It follows from (6.35), the symmetry of T,, »,, (7.22) with T}, ,, replaced with T, a Poincaré inequality and (8.46)
that

H(I - JC)H((Tlg) (Tn,o’sazn’og)

L8 0,108 ()

< % H(I - f) [atr (log Xos (Th,64)) + b log (XUS (1 — Z"%))} ‘

1 L) () N (R e

< C(L, 9, n, E0701,97 T)

(8.47) £¥0.7:L8 ()

L o,1:08 Q)

Similarly to (8.33), we deduce from (8.47), by noting the Vitali convergence theorem, (8.5) and (8.18), the desired result
(8.38)3. O

8.3. Convergence of u, ,,. Our aim in this section is to show that the function t € (0,7) — Uy,0,(-,t) € X, is
weakly differentiable with respect to t and that

5

(848) ||atu’l’b,t73 ||L8 (0,T;L2 (;R%)) S 0(027 La 95 n, E0701793 T)

With the uniform bound (8.48) in hand, the continuous embedding C?*#(Q;RY) — W?2+52(Q; R?), the compact
embedding W2+5:2((; RY) s W22(Q;R?), (7.29), and the Aubin-Lions-Simon compactness theorem, Lemma 5.3,
yield, as o3 — 0, that:
(8.49) Up,y — Uy strongly in C([0, T]; W*2(Q; RY)), weakly in WL%(O,T; L3 RY)).

In order to show (8.48), we fix a function ¢, € C3((0,T); X,,), with support supp ¢,, C [t«, tw] C (0,7), and let

At > 0 be such that At < min{t., T —t..}. We shall use the following notations for the forward and backward difference
quotients of a function v defined on [0, 7], which takes values in a certain linear space:

v(t + At) —v(t) v(t) —v(t — At)
At ’ At ’

T T
/ / On,o3 5tun,03 *Pn drdt = */ / Up,o3 ° St(@n,ag ‘Pn) dx dt
0 Q At JQ

T T
= —/ / Uy, o (Qn,(,3 (5t4pn) dzdt — / / Up, oy (gon( — At) (Stgnm) dzdt =: T; + Ts.
At Jo At Jo

It remains to bound T; and T5 in order to deduce (8.48). We begin by considering T;. Let
0 if t < At,

L t) = — _

Yal?) { Jr, 0en(y8)ds if t > At

A simple calculation reveals that %, (-, T) = 0, whereby v, € Cy'([0,T]; X,,), and dyap,,(-,t) = dsp,, (- 1) for all
t € (—00,00), with both functions understood to be extended from their respective supports, contained in [0,77], to
(—00,00) by 0. Hence, and by partial integration with respect to t,

T
/ / 8t(gn,(73 un,o'g) . ’l,bn de dt .
0 Q

Siv(t) == te[0,T— At], Spu(t) == t € [At,T].

Clearly,

(8.50)

ITy| =

T
/ / at(Qn,dg un,rr;;) . 'l,bn dx dt
Q

At
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We then deduce from (6.33), (6.17), (1.4) and the bounds (7.29); 2, (8.46) and (8.47) that

(8.51) |T1| S 0(0-27 L7 97 TL? E070'1,97 T) ||¢nHL%(O,T;L2(Q;Rd))'

Our objective is now to show that ||2,,]| . s which will then result in our final bound

LS omzz@may) < 1Pnll L3 0 12 mayy
on T4. To do so, we note that, for ¢t > At,

(5.52) balt) =37 [ ealas)ds = (xarm )0

where xat(t) := AitX[O, At], With x[o,a¢ signifying the characteristic function of the interval [0, At]. For ¢t < At the
equalities in (8.52) continue to hold, because #,,(:,t), the middle term, and the convolution (xa: *+ ¢,,)(:,t) with
respect to the independent variable ¢, are all equal to 0 for ¢t < At. By Minkowski’s integral inequality, therefore,

1 t
a2 [

R o0 (- 8)ll L2 (irey ds = xae(t) *¢ (@0 (1) L2 vt eR.
t—At

Hence and noting that |[xa¢||z1®) = 1, Young’s convolution inequality yields that

||¢7’LHL% (O,T;LZ(Q;Rd)) = || H’Q/}n||L2(Q;Rd) ||L% (O,T) = || H,l/}n”Lz(Q;Rd) ||L% (]R) S || ||<PTL||L2(Q;Rd) HL% (]R) = ||Lpn||L% (0,T;L2(Q;Rd)).
Substituting this into (8.51) it follows that
(8.53) |T1| S 0(027 L7 97 n’ E070'1,07 T) ||LP7’LHL% (0,T;L2(Q;Rd))'

We move on to bound Ty. Thanks to (7.29); and the Cauchy—Schwarz inequality, we have that

(8.54) ITo| < C(0,n, Eo.0,.0,T) o0 (- = At)| L2 (at, 1502 (5r)) 1060051 L2 (at,1:L2(2)

=C(0,n,Eo0,0,T) l@nll200,7;02(0r)) 100005 | L2(a0 1522 02)) -

In order to complete the bound on Ts we will show that ||thn7o—3||L2(At7T;L2(Q)) < C(o2,0,n,Ey,0,,0,T). To this end,
integrate (6.36) from 0 to t for ¢ € (0, T, consider the backward difference quotient of the resulting equality, and take
its || - || L2(q) norm. Using the triangle inequality and Minkowski’s integral inequality then gives, for a.e. t € [At, T7,

- 1/ _ 1/
et Ol < a7 [ 1 eyt ooy ds b oa i [ 18y (8) 2oy
t t—At t t—At

Thus we deduce that

16¢0n,0sllL2(at,riL2(9)) = 10t0n.osllL2 @) L2 (aem)

1 ’ . 1 '
< ‘ E / ||dlvx(lgn,ogun,03)('7 S)||L2(Q) ds + 02 E / ||A$Qn703('a S)HLQ(Q) ds
At L2(At,T) At L2(At,T)

(8.55) < dive (0,05 Uno) |l 220, 7502 () + 02/l A2 0n,051 22 (0,7;22(02))

<l onos diven os | L2(0,7:22(2)) + [Unios - Veon,osllz20,102(0)) + 02l A On,0sl22(0,7;22(02))

<C(0,n, L0000, T) ||0n,0sll22(0,75m2:2(02))

<C,n,Ey0,0,T)C(02,0,n,Ep6,0,T) =C(02,0,n,Ep6,0,T),
where in the transition to the penultimate line we have made use of (7.29);, and in the transition to the last line we
have used (7.29)3. Substitution of (8.55) into (8.54) then yields
(8.56) |T2| < Cl02,0,n, Eo 0,0, T) llonll 20,7 02(0R2)) -

Having bounded T; and Ty we return with (8.53) and (8.56) to (8.50) and recall that ¢, € C}((0,7T); X,,) with
supp @,, C [ts, tex] C (0,7) and 0 < At < min{t., T — t.}; hence,

T
(8.57) /O /Q On.o5 Ol o - @ Az dt) < C02, L, 0,1, Eoo0.0, T) |00l 5, oy

As the set of all such functions ¢,, contains C§°((t«, tsx); Xy ), which is, in turn, dense in LS (ts, tux; Xp), it follows that
(8.57) holds for all ¢,, € Lg(t*,t**; X,) and all At such that 0 < At < min{t., T — t..}. In particular, by choosing

0tUp o
tUn, o3 c L%(t*,t**;Xn) C Lg(t*,t**;Lz(Q;Rd))

P = X[tu,tus] 2
||5tun,03||z2(Q;Rd)
in (8.57) implies that ||o;uy, 4, ||L%(t b L2 (QRY) <C(o2,L,0,n,Ep s, 0, T) for all At such that 0 < At < min{t.,T—t..}
and all ¢, < €. with ¢yt € (0,7). Thus t € (0,T) — uy,,4,(-,t) € X,, is weakly differentiable and (8.48) holds by a
standard characterisation of Sobolev functions by uniformly bounded difference quotients (cf. Lemma 7.24 in [15]).
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8.4. Convergence to the third level of approximation. Thanks to the convergence results (8.1), (8.2), (8.49),
(8.5), (8.9), (8.32), (8.33) and (8.38)3, letting o3 — 0 in the fourth level of approximation (6.33)—(6.37), by noting
that ’]I‘f;m = T, ., and (1.4), implies that the limit (o,,u,,T,) is a solution to the third level of approximation,
(6.18)—(6.20). The attainment of the boundary conditions in (1.9), (1.10) and (6.16) for (o, u,, T,) follows from the
attainment of the boundary conditions for (05,¢,, Un o4, Tn,ey). The initial datum for g,, in L9(Q2) and T, in L7(€2; Rdxd)
is attained in the sense of (8.2), with the values of g stated there; whereas the initial datum for u,, is attained in the
sense of the W%2(; RY) norm by (8.49).

Moreover, by the convergence results (8.2), (8.49), (8.9), (8.38)1,2, (8.32), (8.12), weak lower-semicontinuity of the
norm in L? spaces, (8.3), (8.18), (7.30) and Fatou’s lemma, letting o3 — 0 in the inequalities (7.22), with T}, ., replaced

with T, gives, for a.e. t € (0,T], the following inequalities:
)dxdt +—/ /tr T, ') dear

t 512
t)+402/ / (“’vwg
// Vun+V u, 2
5[
2 0 Q

t
< Bogro+ / / on - updzdt’ < ' By,
0 Q

g
+ 2 ‘vrQn

- é(divxun)]l

T 2
b ’Vm log (1 _u (b "))‘ + % |V tr (log Ty,)|?

+ uB |divzun|2] dz dt’
(8.58)

dx dt/

where C' is a positive constant, independent of ¢ and of the approximation parameters (I', 01,02, 03,6, L,n). Here the
positive energy E,, is defined by

(8.59) E,(t) := /Q {lgn o+ 7Qn In(T,) + %(daloga + b)} dz,

-1 r-1

and the initial positive energy Ey 5, ¢ is the same as in (7.20) and hence is bounded by (7.23).

9. THE SECOND LEVEL OF APPROXIMATION

Our objective in this section is to study the limit of the solution sequence (g, u,, T,) as n — oo, in order to deduce
the existence of a solution to the second level of approximation, stated in Section 6.3. To this end, we need to derive
bounds on (g, u,, Ty) that are uniform in n.

9.1. Uniform bounds and convergence. We summarise the n-uniform bounds that follow from (8.58) and (8.59)
by recalling (8.3), and noting a Friedrichs inequality and Korn’s inequality (3.28):

[on Lo (0,717 (02)) Jro'l%”QnHLOC(O,T;LF(Q)) <C( )

Vo2 Vel 20z + Vo1 vz Va0l 2o myxams < C )

llon|wn? [ Loe 07521 () + ||u’f74HL2(0}T;W01’2(Q;Rd)) < C(Ep,e.0,T),

( )

(9.1)
tr ((A(T,)° T, )|

HH(Tn)”Lw(O,T;Ll(Q)) + LY(0,T;LY(Q)) —

tr (T,,)
[Vatr (log Tn)HL2(0,T;L2(Q;Rd)) + va log (1 - b)

L2(0,T;L2 (BRY))

Multiplying (6.19) by o,, recall (8.1)2, and integrating the result over {2, performing partial integration and applying
the boundary conditions (1.9), (6.16) for u,, and g, implies that

1d

1
gndx—i—ag/ |Veon|?dz = —/ diVm(Qnun)Qnde’:—*/(dikun)gidx

1
<= (/ |divmun|2 der/ gi d:z:) .
4 Q Q

Combining this with (9.1); 3 and recalling from Section 6.2 that I' > max{~, 8}, we deduce that

(9.3) Vo2 IVeonl 20,02 (ray) < C(01, Eo6y,0,T).

(9.2)
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Similarly, we have from (6.19), (9.1)1,3, (9.2) and Sobolev embedding that, for any n € L?(0,T; W2(Q)),
T
/ / Opon, ndxdt
0o Ja

Hence, we obtain from (9.4) that
(9.5) 10t onll L2 0,7,w-12()) < C(01, Fo,0,0,T)-

< o2 [IVaonllz2(0,m;2 (k) + [Unllzz0,7:0800)) llonll L= 0,104 | 171l L200,m5w12(0))

(9.4)

< C(o1,E0,01,0,T) 10l 20, 5w 12 () -

We deduce from a Poincaré inequality, (1.8) and (9.1)5 that
(96) H(I — f)H(T")HLZ(O,T;LQ(Q)) S C HVCEH(TTI)HLZ(O,T;L2(Q;]R‘1)) S C(E(),a'l,eyT)~

Similarly to (3.31), it follows from (9.1), and (8.18) that

T 1 12
||A(Tn)||i2(07T1L2(Q7RdXd)) :/O /Q’A(Tn) [Tn} 2 [Tn]Z dz dt

(9.7) T
< b/o /Qtr (AT [T ™) < OBo g, 0.7).

Similarly to (3.32), taking the inner product of (6.20) with T,,, recall (8.1)s, integrating the result over 2, performing
partial integration, applying the boundary conditions (1.9), (1.10) for u,, and T,,, and noting (8.18), we deduce that

1d 2 2

—— T T

th/9| N dx+5/9|vx W7 da
1

1
- / (u, - V,;)|1I‘n|2 dz —|—/ (unn T, + T, Vzun) : T, dx — —/ A(T,) : T, dx
< C(b) (IVaunllproray + |A(To) | L1 (0;rax) ) 5 t€(0,7].

Integrating (9.8) over ¢ € (0,7") and noting (9.1)s, (9.7), (8.18) and the initial condition (6.3) satisfying (6.6), we have
the following n-uniform bounds on T,:

(9.8)

(9.9) 1Tl Lo 0,750 (irex )y + | TullL2(0, ;w12 (Qraxa)) < C(Eoo,.0,T)-

It follows from (6.20), the boundary conditions (1.9), (1.10) for u, and T,, (9.9), (9.1)3 and (9.7) for any Y €
L2(0,T; Wh2(Q; R¥*4)) that

T
/ / O, : Ydadt
0 Jo

< C(Eo,00,T) (1 + lunll 20, 0w 2 ey + ”A(Tn)||L2(0,T;L2(Q;RdXd))) 1Yl 22 0,7,w1 2 (smaxay)
< C(Eo,01,0,T) 1Y L2(0, 7,1 2 (raxa))

(9.10)

Hence, we obtain from (9.10) that
(9.11) 10: Tl 20,75 —12(raxay) < C(Eo,qy.0,T)-
Therefore, (9.1)1,3, (9-3), (9.5), (9.9) and (9.11) imply the following weak convergence results, as n — oo:
u, — U, weakly in L*(0,T; W&’Q(Q;Rd)),
(9.12)  0n — 05,  weakly-* in L>(0,T; LY (Q)) N L2(0, T; Wh2(Q)) n W2(0, T; W~12(Q)),
T, — Ty,  weakly-* in L°°(0,T; L°°(Q;R¥™4)) N L2(0, T; WH2(Q; R¥*)) n Wh2(0, T; W—12(Q; R*4)).

The time derivative bounds (9.5) and (9.11) enable us to use the Aubin-Lions—Simon compactness result, Lemma 5.3,
to obtain the following strong convergence results, as n — oco:

(9.13) On = Qo strongly in L*(0,T; L4(9)),
| T, = Ts, strongly in L*(0, T; L(Q; R?*4)),
where ¢ € [1,00) if d =2 and ¢ € [1,6) if d = 3. Tt follows from (8.3) and (9.13); that

(9.14) 0 <0, ae in (0,7] x Q.
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In addition, it follows from (9.1); 3 and Sobolev embedding that

1 1
”Qnun” HIZIOC(O,T;LF(Q)) ||Qn|un|2‘|zoc(0’T;L1(Q)) < 0(01»E0,61,07T)7

<
Lo (0,107 (@mayy < 100

(915) ||Qnun|| ) < ||QnHL°°(O,T;LF(Q)) ||un||L2(0,T;L6(Q;]Rd)) < C(UI;EO,al,QaT)v

6T
L2(0,T;LT+6 (;R4)

||Qn‘un|2||L ST ||un||L2(O,T;L6(Q;]Rd)) < C(o1,Eo,6,,0,T)-

< lonun| 20
2(0,7; LT3 (QR4x4)) Lo (0,T5LTHT (k)

Following the same argument as in (8.6)—(8.9), we obtain at first, using (9.1); 2, that
r
(9.16) HQnHLg(O’T;LQ(Q)) < C(01,02,F0,6,,T),
and hence, by noting (9.13), we deduce that, as n — oo,
017) 0n — 00,  strongly in LP(0,T; L°(Q)),
: r r ol .7l
Oh = 03,; On = 05,  strongly in L'(0,T3 L7 (),

where f € [1, %) Thus we deduce from (9.15); 2, (9.17); and (9.12); that, as n — oo,

(9.18) Oy — 05Uy, weakly-* in L°(0,T; LT (Q;RY)) N L2(0, T; LT (Q; RY)).
It follows from (9.15)12,as ' >8 >3 = % > 2, and function space interpolation that

(9.19) lonnll s 0,750 (ray) < C(01, Eo,0y,0,T)

for some r, > 2. Applying Lemma 5.7 to (6.19), by noting (9.19), yields that

(9.20) IVzonllLr (0,707 (ray) < C(o1, Eo,gy,0,T)

for this r, > 2. Hence, it follows from (9.20) and (9.1)3 that

(9.21) IVaun Veonllpow 0,700 @ra)) < C(01, Eo,6y,0,T)

for some s, > 1.
From (6.18), by the same argument as in Section 7.8.2 in [22], it follows from (9.1)3, (9.16), (9.15)3, (9.21), (9.6) and
(9.7) that

||8tPn(gnun)HLT(07T;W_2)2(Q;W)) < C(o1,02,FE0,6,,0,T), for somer > 1,

where P, is the orthogonal projection from L?(Q;R?) onto X,, and W‘2’2(Q;Rd) is the dual space of W&’Q(Q;Rd) N
W22(Q;R?). On the other hand, since I' > max{~, 8}, we deduce from (9.15) that

|Pr(onn)ll 20,7502 (k) < ll@nnll2(0,m502 () < C(01, Eo,0y,0,T)-

Thus, Lemma 5.3, the compact embeddings L2(;RY) <s—y W-12(Q; RY) s W22(Q;RY) that follow from the
compact embeddings W22(;R?) N Wy (€ RY) s WH2(Q; RY) s L2(Q;RY), and (9.18) yield that

P, (onun) — 05,U0, strongly in L?(0,T; W_l’z(Q;Rd)).
By writing g,u,, = Pp(0nu,) + (1 — P,)(0nuy,) one can deduce that
(9.22) OnUpn — 05y Ugy strongly in L2(0,T; W ~12(Q; R?)),

see Section 7.8.2 in [22] for the details. Now, we observe that (9.12); implies that fOT Jounndzdt — fOT Jo o, ndxdt

for any n € C*°(0,7;C§°(2)). Combining this with (9.22) yields that fOT Jo ontty ® u,ndzdt — fOT Jo Gorlo, @
u,, ndxdt for any n € C*(0,7;C§°(2)). On the other hand (9.15)3 implies that g,u, ® u, has a weak limit in

L%(0,T; Lt (©; R?*4)). We deduce from the above that this limit is 0,1y, ® U,,. Thus, we conclude the following
convergence result for the convective term:

(9:23) Oy ® Uy — 05Uy, @ Uy,  weakly in L2(0, T; Lo (Q; RED)),

Finally, we shall study the limit of the term o3 V,u,, V,0n, as n — 00, on the right-hand side of (6.18). We deduce
from (9.2) that, for every ¢ € (0,71,

t
(9.24) lon(lI72() + 2020 VaonllF2(0 412 ma)) = 1006l 72(0) _/o /Q(dikun) oy dadt’.

Integrating (9.24) over ¢t € (0,7, and performing integration by parts in time, we deduce that

T T
(925)  llgull3e(0.10 + 202 / (T~ ) [ V00 (8) 22 @pryy At = T ll0 ll320) / (T 1) /Q (divou,) % dedr.
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It follows from (9.12) and (9.18) that o,, and u,, satisfy (6.13) and the boundary conditions (1.9) and (6.16) in the
sense that

T T
(9.26) / (0400, 77>W1,2(Q) dt + / / (02 V200, — 00y Ugy) * Ven dadt =0 Ve L2(O, T; W1,2(Q)).
0 0 Q

The initial datum gg g, (6.1)1, is attained in the sense of C,, ([0, T]; L'(Q)) by noting (9.12); and Lemmas 5.4 and 5.5.
Choosing 7 = X[0,4 0o, in (9.26), where xs denotes the characteristic function of S, yields the analogue of (9.24) with
on and u, replaced with g,, and u,,, respectively. Integrating this over ¢ € (0,7 then yields the analogue of (9.25):

T T
927)  llooslZ20.m:0) +202/0 (T =) [Valos (D172 ey At = T 20011720 7/0 (T*t)[)(divzuag)gi dz dt.

Letting n — oo in (9.25), it follows from (9.17)1, (9.12); and (9.27), as T > max{~, 8}, that

T T
(9.28) Jim. ; (T =) [ Veonl2pay dt = /o (T = ) | Vato, | 72 (0;ray -
By applying the elementary identity |q — r|> = |q|? — |r|> = 2(q — ) - r with q = V0, and r = V,0,,, it follows from
(9.28) and (9.12)5 that

T
(9.29) lim [ (T =) |Va0s, = Vaon|72qray dt = 0.

n—oQ 0

We deduce from (9.29) that for a subsequence V0, — V00, a.e.in (0, 7] x Q. Hence, (9.20) and the Vitali convergence
theorem yield that

(9.30) Vaon = V0o,  strongly in L*(0,T; L?(Q;R?)).
Therefore, by noting (9.21), (9.30) and (9.12);, we have that
(9.31) Ve, Vaon = Vaug,Veos,  weakly in L (0, T; L (Q;RY)),

where s, > 1.

We shall combine the convergence results established in this section to show that the limit (04,, Us,, Ts,) solves the
second level of approximation; this will be done in Section 9.3. Before doing so however we need to prove the positive
definiteness of the limiting symmetric conformation tensor T,, and that tr(T,,) < b.

9.2. Bounds on the conformation tensor T,,. As T, is symmetric positive definite and tr(T,) < b a.e. in (0,7] x 2,
recall (8.18), we have from (9.13) that Ty, is symmetric nonnegative definite and tr(T,,) < b a.e. in (0,7] x Q. We
now adapt Lemma 8.2 to show that T,, is in fact symmetric positive definite and tr(T,,) < b a.e. on (0,7] x Q.

Lemma 9.1. We have that

(9.32) tr(Ty,) < b and  T,, >0 a.e. in (0,T] x Q.
In addition, we have the following convergence result for n — oo:

(9.33) A(T,,) — A(T,,) strongly in L"(0,T; L™ (; R4*%)),
for any r € [1,2).

Proof. We know already that tr(T,,) < b a.e. in (0,7] x Q. Assume that tr(T,,) = b a.e. in D% C (0,7] x Q. We then
have that

(9.34) b \D22| = /Db tr(Ty,) dedt = /D tr (Ty, — Tp) dedt + /D tr (T),) dedt =: 51 + 5.
o2

b b
T2 a2

It follows from (9.13)9 that S; — 0 as n — co. A simple rearrangement, by recalling (1.7), yields that

(9.35) So =/
DY,
It then follows from (9.35), (8.22) and (9.7) that

T 2
[1 ) t<>] dodt = C(Eon 0 T) [
o2 ° ’

as tr(T,,) = b a.e. in D?_. It follows from (9.13), that Sy — 0 as n — co. Hence, we deduce from (9.34) that [D? | =0,
and so the first desired result in (9.32) holds.

[tr (A(Ty)) + da] (1 - tr(g”) dx dt.

[trmr@) (T

036) S <ClEoanT) [ :

D

dz dt,

b
T2
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We now establish the second result in (9.32). We already know that T,, > 0 a.e. in (0,T] x Q. If the symmetric
matrix function T,, were not positive definite a.e. in DY, C (0,7 x £, then there would exist a g € L*((0,T] x Q; R?)
such that

(9.37) T,,qa=0ae. in (0,7] x Q with |q| =1a.e.in DY and q =0 a.. in ((0,7] x Q)\ DY, .

Hence, we would have that

(9.38) |_a/ /|q\dxdt</ /|A \dxdt+/ /| T,) + all) q|dz dt := Ss + Si.

As T, is symmetric positive definite, we have from (8.22) that

[Tn}% q’ = |:tI‘ ((A<Tn))2 [Tn}il) (Tn : (qu)):|
Combining (9.38) and (9.39), and noting (9.1)4, yields that

(9.40) S5 < C(Eogy.0,T (/ / )é.

It follows from (9.13)s and (9.37) that S35 — 0 as n — oo. Similarly to (9.39), by recalling (1.7) and (8.22), we have

that
1
1 1 T r(T,)] " ’
(9.41) S1 < dYA(T.) + Ll g o, (/ [ =282 s aatasar)

We will now show that

[N

(9:39) [A(T,) ql < [A(T.) [T,]

—1 -1
(9-42) A(Ty) +all = (1 -z (;T ">> T — (1 - tr(E"”) T,,  strongly in L7(0,T; L7 (Q;R**%)),

for any r € [1,2) as n — o0, by possibly extracting a subsequence. It immediately follows from (9.13)s that A(T,,)+al —
-1
(1 - %) T,, a.e. in (0,7] x , as n — 00, since we have already established the first result in (9.32). Hence,
the desired result (9.33) holds by noting (9.7), (1.7) and the Vitali convergence theorem. Finally, it follows from (9.41),
(9.7), (9.42) and (9.37) that Sy — 0 as n — oco. Therefore, (9.38) yields the second result in (9.32). O
Finally, we prove convergence of the polymeric pressure term II(T,) as n — oo.

Lemma 9.2. We have the following convergence results as n — oo:

Vytr (logT,) — Vtr (log Ty,) weakly in L*(0,T; L*(Q)),
T T
(9.43) V. log (1 - tr(bn)) — Vg log (1 - tr(boz))> weakly in L*(0,T; L*(Q)),
(I - JC)H(Tn) - (I - f)H(T,n) St’l‘OTlgly in LT(OaT;LT(Q))a

for any r € [1,2).
Proof. The desired results (9.43) follow from (9.1)5, (9.6), (9.13)2, (9.32), (1.8) and the Vitali convergence theorem. [

9.3. Convergence to the second level of approximation. We have already established that o,, and u,,
satisfy (6.13), recall (9.26). Next, we integrate (6.18) in time over [0,¢], for ¢ € (0,T], with ¢, = P, ¢, where
p € C=([0,T];C5° (2 RY)), and perform integration by parts in time. It is then straightforward to show by letting
n — oo in this, by noting the convergence results (9.12)q, (9.17), (9.18), (9.23), (9.31), (9.33) and (9.43)3, that for any
p € C>([0,T); C5°(;RY)), we have for any ¢ € (0, 7] the equality

t
/ / [QO’Qua'Q 'atSO‘F (QO"ZUO'Q ®u0'2) : vx‘P‘i_ (p(Qoz)‘FUlQEQ)diVaﬁ@] d‘rdt/
0 Ja
/ / Valg,) : Vo + 02Vau0, Ve, - ] dzdt’
(9.44)
= / / A(T,,) : Vo — II(T,,) divee — 0o, - pdadt’
Q

+ / 0ot (1) - (1, ) o — / 00000 - (0, ) da.
Q Q
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Again by the convergence results (9.12)1 3, (9.13)2 and (9.33), by letting n — oo in (6.20), we deduce that the weak

formulation of (6.15) is satisfied, i.e., (4.4) holds with (u, T, Ty) replaced by (us,, Ts,, Tog). In addition, from Lemmas
5.4 and 5.5, (9.18), (9.22) and (9.12)35 we obtain that

By the convergence results (9.12), (9.13), (9.17), (9.43)12, (9.33), weak lower-semicontinuity of the norm in L?
spaces, (9.14), (9.32) and Fatou’s lemma, letting n — oo in the inequalities (8.58) gives, for a.e. ¢t € (0,7, the following

inequalities:
E,,( +402/ /( |Vx962|2+|vxg02|2> dx dt’ +—/ /tr ;;)dxdt’
o L ;
€ tr( o ) ?
- b|V,1 1-— z
STALL Og( )

t
< E0,0179 + / / Ocy f- Ug, dz dt/ < eCt EO,01703
0 JQ

Iuo'z +v u0'2 _

(dlvzu(,Q)]I + pP|div,ug,|? do dt’

+ g |Vtr (log 'ﬂ‘gz)Q] dz dt’

where C' is a positive constant, independent of ¢ and of the approximation parameters (T, 01, 09, 6). Here the positive
energy FE,, is defined as

1 2 a o1 T 1
(9.47) E,, (t):= /Q {2902|u02| + o 1922 + 1%~ In(r,,) + i(dalogaJr b)} dz,
and the initial positive energy Fo 5, ¢ is the same as in (7.20) and hence it is bounded by (7.23).

10. THE FIRST LEVEL OF APPROXIMATION

Now we let o2 — 0 in the solution sequence (0y,,Us,, Tsy), in order to deduce the existence of a solution to the
first level of approximation, formulated in Section 6.2. First, we derive uniform bounds on (9s.,,Us,, Ts,) as oo — 0.
Similarly to (9.1), it follows directly from (9.46) that

)

||002HL°°(0TM( Q)) +U1 ||902||L°°(0TLF(Q < C(E0701;97T

)
Vo2 [V (05:) L2 (0,1 x ey + VO11/02 | Ve (Qaz)HL?((o myxard) < C(Eoo,.0,T),
)
)

||QU2|u<T2| ||L°°(0,T;L1(Q)) + [lug, HLZ(O,T;WOLQ(Q;]Rd C(EO,M,@’T
<O

)

(10.1)
E0,01,67 T

)

2 —
Tl 0720y + [ (AP T

S C(EO,01,07 T)’
L2(0,T;L2(RY))

tr (T,,)
IV atr (108 Tor) | 20,422 ety + Hvx log (1_ = >

Next, we have the analogues of (9.3) and (9.5):

(10.2) V2 [IVe00, || 120,122 (rY) + 10:00, |1 220,75 -1.2(2)) < C(01, Eo,0y,0,T)-
In addition, we have the analogue of (9.15):
(10.3)
2
< .
”Qoz Us, HLOC (O,T;L% (QR4Y) + ||Q02 Uo, ||LZ(0,T;LF6—J£6 (QR4Y) + ||Qaz |ua2| HLQ(O)T;LME'&S (QiRdxd)) = C(Ulv E0,0179a T)

Next, we deduce from a Poincaré inequality, (1.8), (10.1)4,5 and (9.32) the analogues of (9.6) and (9.7):

H(I - :F)H(T"’?)HL%O,T;L?(Q)) <C HVIH(Tﬂz)HL2(O,T;L2(Q)) = C(EO*Ulve’T)’
[A(To,) |22 (0,1 L2 (2 Rxa)) < C(Eo,00,0,T).

Furthermore, we deduce from (10.1)3, (10.4)2 and (9.32) the analogues of (9.9) and (9.11):

(10.4)

(10.5) 1Ty || oo (0,7:50 (uraxa)) + [Ty | L2(0, 7w 2 (:raxa)) + (| Tos Wiz, 7w -12(Qrixayy < C(Eo,ey,0,T)-
It follows from (10.1); 3, (10.2) and (10.5) that, as o2 — 0,
u,, - u,,  weakly in L2(0,T; W, ?(Q; R%)),
(10.6) 05y, = 00, weakly-* in L>°(0,T; L' (Q)) n W20, T; W ~12(Q)),
Ty, — Ty,  weakly-* in L>(0, T; L>°(Q; RY4)) N L2(0, T; WH2(Q; R ) n W20, T; W—12(Q; R¥*4)).
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The results (10.6)2 3 and Lemma 5.3 yield that, as o2 — 0,

Ooy = 0oy strongly in L?(0,T; W~ 5%(Q)),

Ty, = Toy strongly in L2(0,T; LI(€; R¥*4)),

where g € [1,00) if d =2 and ¢ € [1,6) if d = 3. We deduce from (10.3), (10.6)1, (10.7); and (10.2) that, as o9 — 0,
0oaUgy — 0py Uy, weakly-* in L°°(0, T; LT (2 RY)) N L2(0, T; L5 (Q; RY)),

02V 405, — 0 strongly in L%(0,T; L?(Q;R%)).

(10.7)

(10.8)

We note the first result in (10.8) can be proved using a similar approach as in the proof of (9.23).
Using (10.7); and (10.8), we can pass to the limit oo — 0 in (9.26) to deduce that g,, and u,, satisfy (6.10) and the
boundary condition (1.9) in the sense that

T T
(10.9) | @yt [ [ (onun) Vandedi=0 vye 2O.1W@).
0 0 Q

The initial datum gg g, (6.1), is attained in the sense of Cy,([0,77; L' (2)) by noting (10.6)2 and Lemmas 5.4 and 5.5.
As (9.32) holds, it is a simple matter to adapt the proof of Lemma 9.1, by noting (10.1)4, (10.4)2 and (10.7)2, to
obtain its analogue.

Lemma 10.1. We have that

(10.10) tr(Ty,) < b and T, >0 a.e. in (0,T] x Q.
In addition, we have the following convergence result for oo — 0:

(10.11) A(T,,) — A(T,,) strongly in L"(0,T; L"(Q; R¥*4)),
for any r € [1,2).

Similarly, as (10.1)4, (10.4)1, (10.7)2 and (10.10) hold, it is a simple matter to adapt the proof of Lemma 9.2 to
obtain its analogue.

Lemma 10.2. We have the following convergence results as oo — 0:

Vatr (logTy,) = Vatr (log Ty, ) weakly in L*(0,T; L*()),
T T
(10.12) V. log <1 - tr(b")) — V, log (1 — tr(ﬁ”) weakly in L*(0,T; L*(Q)),
(I-HI(T,,)— (I—£)I(T,,) strongly in L"(0,T; L" (),

for any r € [1,2).

By noting (10.6)1,3, (10.7) and (10.11), we can pass to the limit ¢o — 0 in the weak form of (6.15), i.e., (4.4)
with (u, T, Ty) replaced by (us,,Tsy, Tog), to obtain the weak form of (6.12), i.e., (4.4) with (u, T, Ty) replaced by
(4, Ty, , Tog). Moreover, thanks to (10.6)s and Lemmas 5.4 and 5.5, we obtain that

(10.13) T,, € Cu([0,T]; L?(£2; R¥*9)).

The process of letting oo — 0 in (9.44) to obtain (4.3) with the sextuple (o,u,T,p(0), 00,up) replaced by
(001505,, T, a0), + alggl,ggﬂ,uo,g) can be performed similarly as in the study of the compressible Navier—Stokes
system; see for example Section 7.9 in [22], where the Bogovskii operator (cf. Lemma 5.2) is needed to show the higher
integrability of the density, see Section 7.8.4 in [22], in order to prove convergence of the modified pressure. As the
bounds (10.4) on the extra terms on the right-hand side of (9.44) due to the extra stress tensor, A(T,,), and the
polymeric pressure, (I — §)II(T,,), are stronger than those, see (5.2) in [4], on the right-hand side of the corresponding
approximation of the momentum equation for the compressible FENE model, see (4.118b) in [4], it is a simple matter
to check that they do not affect the use of the Bogovskii operator to show that

(10.14) 00, lLr+10,7);2m41(0)) < C(01, Eo,0y,6,T);

see Lemma 5.3 in [4]. In addition, the bounds (10.3) and Lemmas 5.4 and 5.5 are used to pass to the limit in the
nonlinear terms g,,U,, and gy, Uy, ® Ug,.

A key step in passing to the limit in a sequence of approximations to the compressible Navier—Stokes system is the
proof of strong convergence of the approximations to the density, based on weak convergence of the, so called, effective
viscous flux. Here, we recall Lemma 5.8, which is an extension of Lemma 7.36 in [22], suitable for dealing with the extra
stress tensor, A(T,,), and the polymeric pressure, (I — {)II(T,,), on the right-hand side of (9.44). We note that we
require here the extension, Lemma 5.8, as we only have the strong convergence results (10.11) and (10.12)3 for A(T,,)
and (I — )II(T,, ), respectively, and not weak convergence results for their divergences. This is unlike the compressible
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Oldroyd-B model considered in [3], where this extension is not needed: Lemma 7.36 from [22] (suitably adapted to the
case of d = 2; cf. Lemma 5.8 in this paper with B,, = B = Q) directly applies, as, by recalling (2.28), A(T) =T — al
and so (10.6), ensures fulfillment of the condition (5.7)s for the divergence of the extra stress tensor. We also recall
from the paragraph below (2.28) that the polymeric pressure for the Oldroyd-B model in [3] is independent of T and
depends only on 7, (2.8). In [3] we derived bounds on 7, similar to those of T, and so these ensure fulfillment of the
condition (5.7)s for the divergence of the polymeric pressure.

Once again, it is a simple matter to check, as the bounds (10.4) in the present paper are stronger than (5.2)
in [4], that the convergence argument in Section 5 in [4] for the corresponding approximation of the momentum
equation for the compressible FENE model is easily adapted to (9.44). Hence, overall the limit (¢4, ,Us,, To,) is a
solution to the weak formulation of (6.10)-(6.12), in the sense of (10.9), (4.3) with (o, u, T,p(0), 00, uo) replaced by
(001,00, To,, a0l +0105 00,0, 0,0) and (4.4) with (u, T, Ty) replaced by (u,,, To,,Tog). Of course, the nonnegativity
of 0y, a.e. in (0,7] x Q follows from (9.14).

Similarly to the techniques used in obtaining the inequalities (9.46) from the inequalities (8.58), we can pass to the
limit o9 — 0 in (9.46) to obtain the following inequalities, for a.e. ¢ € (0,T1:

1 ! 2m—1 /
+5/ /tr (A(T,,)) Tal)dxdt
/ / Vot £ Voes v )

d
< EO,Ul,O + / / 0o,y f- gy dz dt/ < eCt EO,O'l,Gy
0 JQ

2
+ pPdivyug, |? dz dt’

(10.15) 2

+§ V,tr (log Ty, )[?| dz dt’

eae(-52)

where C' is a positive constant, independent of ¢ and of the approximation parameters (I',o01,6). Here the positive
energy F,, is defined as

1 2 a o1 T 1
(10.16) E,, (¢) ::/Q {2901|u01| + o 1931 + 1% —II(T,,) + i(daloga-i- b)} dx

and the initial positive energy Ey », ¢ is the same as in (7.20) and hence is bounded by (7.23).

11. COMPLETION OF THE PROOF

11.1. Passage to the limits 0; — 0 and 8 — 0. We shall simultaneously pass to the limits c; — 0 and § — 0. We
need to show that the limit (o, u, T) of the sequence (gs,, s, , Ty, ), as 01,0 — 0, is a weak solution to (1.1)—(1.10), (3.1)
in the sense of Definition 4.1. We first show by choosing a suitable relationship between o, and 6 that Ey s, 0 — Eo,
recall (7.23) and (3.26), as 01,0 — 0.

Lemma 11.1. By choosing o1 = 0°, where s > 2(I' — ) > 0 on recalling that I' > max{~y, 8}, we have that

(11.1) Eo,Uhg — Ey, as o1 — 0.

Proof. Tt follows from (6.1)1 2 and (6.9) that the first two terms and the fourth term in Ey ., 9, (7.23), converge to the

first three terms in Ey, (3.26), as § — 0. Therefore, it remains to show that the third term in Ey 5, ¢ converges to 0, as
o1 — 0. For this, we have, by noting (6.2), (3.1) and (6.1), that

r _ T ot I'—y
o / &8 odz = o1 (1000l < 01 0L ey 0|52
(11.2) o LT () LY (Q) L= (Q)

< C o [0+ Seloo)llF ) 07> lollF ) < Cor 7.
Hence, the desired result (11.1). O
We now derive uniform bounds on (9s,,Us,, To, ), as 01 = 6° — 0 with s > 2(I" — ). Similarly to (9.1), it follows
directly from (10.15) and (11.1) that
1

|00, HLOO(O,T;LW(Q)) + o1 |0, HLw(o,T;LF(Q)) <C
||QU1 |u01 |2 HL”(O,T;Ll(Q)) + ||u01 HLZ(O,T;Wol‘z(Q;Rd)) < C(EO> T)7

c

(11.3) tr ((A(Tm))Q '11‘;11) \

HH(TUI)”LW(O,T;LI(Q)) + L1(0,T;L(Q))

< C(E()) T)
L2(0,T;L2(%RY))

tr (Ty,
[Vatr (108 Toy )l p2(0,7:22(0re)) + Hvx log (1 - (b)>
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In addition, we have the analogues of (9.15) and (10.3):
< C(Ey,T).

(114) HQo'luo'lH +HQ01u01H +||Qt71‘u0'1|2||

L= (0,T5L 77T (@3k4)) L2(0,T5L 775 (QR4)) L2(0,T5L VS (@Raxa))
We deduce from a Poincaré inequality, (1.8), (11.3)34 and (10.10) the analogues of (9.6) and (9.7), as 01 = 6° — 0
with s > 2(T" —):

H(I - JC)H(TUl)HLqO,T;L’z(Q)) <C HVIH(TlH)||L2(O,T;L2(Q)) < C(EO’T)v
IA(To, )l 20,1502 (0,rex4y) < C(Eo, T).

In addition, we deduce from (11.3)3, (11.5)2 and (10.10) the analogues of (9.9) and (9.11), as o1 = 6° — 0 with
s>2( —»):

(11.6) ITo, M| o 0,75 (@iraxayy + | Toy | 20,7512 (uraxay) + [ Toy w2 0,7w-12(Qraxayy < C(Eo, T).
It follows from (11.3)2, (11.6) and Lemma 5.3 that, as o1 = 6° — 0 with s > 2(I' — ~):
u,, —u  weakly in L2(0,T; Wy (€ RY)),
(11.7) T, — T  weakly-* in L>(0,T; L>(Q;R¥4)) 0 L0, T; WH2(; R n Wh2(0, T; W12 (Q; RI*D)),
Ty, =T strongly in L%(0,T; LY(Q; R*4)),

where g € [1,00) if d =2 and ¢ € [1,6) if d = 3.
Furthermore, as (10.10) holds, it is a simple matter to adapt the proof of Lemma 9.1, by noting (11.3)3, (11.5)2 and
(11.7)3, to obtain its analogue.

(11.5)

Lemma 11.2. We have that

(11.8) tr(T) < b and T>0 a.e. in (0,T] x Q.

In addition, we have the following convergence result for o1 = 0° — 0 with s > 2(T' — ~):
(11.9) A(T,,) — A(T) strongly in L™ (0, T; L (Q; R¥*9)),
for any r € [1,2).

Similarly, as (11.3)4, (11.5)1, (11.7)5 and (11.8) hold, it is a simple matter to adapt the proof of Lemma 9.2 to obtain
its analogue.

Lemma 11.3. We have the following convergence results as o4 = 0° — 0 with s > 2 (T" —5):

Vtr (log Ty, ) = Vutr (log T) weakly in L*(0,T; L*(2)),
(11.10) V. log (1 - tr(g")) — V. log (1 - MP) weakly in L*(0,T; L*(£2)),
(I - HI(T,,) — (I — £)I(T) strongly in L"(0,T; L"(Q2)),

for any r € [1,2).

By noting (11.7) and (11.9), we can pass to the limit o1 = 8° — 0 with s > 2 (I' — ) in the weak form of (6.12), i.e.,
(4.4) with the triple (u, T, A(T)) replaced by (us,,Ts,,A(Ts,)), to obtain the weak form of (1.3), i.e., (4.4). Moreover,
by (11.7)2 and Lemmas 5.4 and 5.5, we obtain that

(11.11) T € Cy ([0, T]; L*(Q; R4*4)).

The process of letting o4 — 0 in (10.9) and (4.3) with the sextuple of functions (g, u, T, p(), 0o, uo) replaced by
(001, 00,, To,, a0y, + 0105, 00,6, Uo,9) to obtain (4.2) and (4.3), respectively, can be performed similarly as in the study
of the compressible Navier—Stokes system; see for example Section 7.10 in [22], where once again the Bogovskil operator
(cf. Lemma 5.2) is needed to show the higher integrability of the density. It is a simple matter to check that the extra
stress tensor, A(T,,), and the polymeric pressure, (I — {)II(T,,), with their strong bounds (11.5) compared to the
bounds (6.2) in [4] (d = 3) and (3.11c) in [5] (d = 2) for the corresponding approximation of the momentum equation
for the compressible FENE model, do not affect the use of the Bogovskil operator; see Section 6 in [4] and Section 3 in
[5] for d = 3 and 2, respectively. In addition, the bounds (11.4) and Lemmas 5.4 and 5.5 are used to pass to the limit
in the nonlinear terms gy, Uy, and g,, Uy, ® U,,. Once again the proof of strong convergence of g, to ¢ is based on
weak convergence of the effective viscous flux using Lemma 5.8 and Corollary 5.9; see Section 6 in [4] and Section 3
in [5] for d = 3 and 2, respectively. Finally, the nonnegativity of ¢ a.e. in (0,7] x § follows from the nonnegativity of
0o, a.e. in (0,T] x Q. Thus, by observing the strong convergence of the initial data in (6.1) and (6.7), we deduce that
the limit (o, u, T) is a weak solution to (1.1)—(1.10), (3.1) in the sense of Definition 4.1. The inequalities (4.8) follow by
letting o1 = 6° — 0 with s > 2 (I" — ) in (10.15). One can then deduce from (4.8) the bounds (4.1)4 5 via the analogue
of (11.5). The proof of Theorem 4.4 is thus complete.
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