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We develop a discrete counterpart of the De Giorgi—-Nash—Moser theory, which provides uniform Holder-
norm bounds on continuous piecewise affine finite element approximations of second-order linear elliptic
problems of the form —V - (AVu) = f — V- F with A € L*(Q;R"*") a uniformly elliptic matrix-valued
function, f € L1(Q), F € LP(Q;R"), with p > n and ¢ > n/2, on A-nonobtuse shape-regular triangula-
tions, which are not required to be quasi-uniform, of a bounded polyhedral Lipschitz domain 2 C R".
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1. Introduction
Given a bounded domain © C R”, a uniformly elliptic matrix-valued function A € L*(Q2;R"*"), a
function f € L9(Q) with ¢ > n/2 and a vector-valued function F € LP(Q;R") with p > n, it is well

known from the work of De Giorgi, Nash, and Moser that weak solutions u € WO1 ’Z(Q) to the elliptic
boundary-value problem

—V-(AVu)=f—-V-F on 2,
: (1.1)

on dQ

u

are in fact Holder-continuous. The combination of the De Giorgi—Nash—Moser iteration technique based
on level sets and a Caccioppoli-type inequality, which estimates the norm of |Vu/| locally in terms of the
norms of u and f, is in fact flexible enough to be applied to a variety of nonlinear elliptic or parabolic
problems. For further details we refer, for example, to DiBenedetto (1993) and Diening et al. (2019).
While the finite element method is one of he most general and powerful techniques for the numerical
approximation of solutions to partial differential equations, there is currently no discrete counterpart of
the De-Giorgi—Nash—Moser theory for elliptic boundary-value problems of the form (1.1) under the
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regularity hypotheses on the functions A, f and F stated above. Our aim here is to fill this gap by
identifying conditions under which De-Giorgi-type regularity results hold in the discrete setting, for
continuous piecewise affine finite element approximations of the problem (1.1).

We begin by surveying the related literature. The first step towards proving Holder regularity is usu-
ally a local L*-norm bound. The earliest result in this direction in the finite element literature appears in
the work of Nitsche (1970), who proved an &'(h) error bound in the L (£2)-norm for elliptic equations of
the form —V - (AVu) + cu = f in two space dimensions with A € W= (Q;R?>*?), c € L*(Q), f € L*(Q)
on convex domains £, subject to a homogeneous Dirichlet boundary condition, and a continuous piece-
wise affine approximation on o — k-regular triangulations of granularity 42 > 0 (i.e. the size of any angle
in the triangulation is bounded below by ¢, and the ratio of the side-lengths of any two triangles in the
triangulation is bounded above by k). It was proved by Helfrich (1971) that for f € L?(£2) and a contin-
uous piecewise affine finite element approximation this error bound cannot be improved. Subsequently,
Ciarlet & Raviart (1973) extended Nitsche’s &' (h) error bound in the L*(£2)-norm to n space dimensions
assuming that f € L9(Q) and ¢ > n/2, on regular simplicial subdivisions of nonnegative type; in the
case of Poisson’s equation in two space dimensions a triangulation is guaranteed to be of nonnegative
type if all the angles of the triangles of the triangulation are < 7 /2. The question arose therefore whether
an error order &(h?) with f € L*(Q) and a continuous piecewise affine finite element approximation
could perhaps be proved, as numerical experiments conducted at the time appeared to indicate that such
an assertion might be true. On a polygonal domain in R? with a quasi-uniform triangulation, f € L7(Q)
and a finite element space consisting of piecewise affine functions, Natterer (1975) was able to prove
an 0 (h*>~¢) bound on the approximation error in the L*(£)-norm, for Poisson’s equation —Au = f
subject to a homogeneous Dirichlet boundary condition using a technique based on weighted Sobolev
spaces. Soon thereafter Schatz & Wahlbin (1977) proved a local L*-best-approximation property. They
analyzed approximate solutions to the elliptic equation

V- (AGOVa) +b(x)- Vat d ()= f

for smooth uniformly positive definite matrix-valued functions A, vector-valued functions b, and scalar-
valued functions ¢ on a quasi-uniform and shape-regular triangulation with a few additional technical
assumptions on the finite element space that are, for example, satisfied by Lagrange or Hermite ele-
ments. Their final result is the following estimate between the analytical solution u and its finite element
approximation u, on a triangulation of Q of granularity 4 € (0,1):

1 T
0y < C ((logh) il + ||u—uh||w.r,q<g>> -

Here W—54(Q) is the dual space of the Sobolev space Wos’q,(Q) with s >0, 1 < g < oo, and é + % =1

the exponent 7 is 0 if the optimal approximation order in terms of 4 with which finite element functions
can approximate functions in the L7() norm is 3 or higher, and is 1 if this order is 2 (as is the case for
a continuous piecewise affine finite element approximation); ¥ is an arbitrary finite element function;
Q) € Q and C is a positive constant independent of /2 and ). The proof of this result is based on
pointwise estimates using the discrete Green’s function. This also implies that its generalization to
nonlinear equations, using the same technique, is impossible.

Subsequently Blum ef al. (1986) proved that with a continuous piecewise affine finite element ap-
proximation the error ||u — up||;=(q) is not of order O(h?) in general, even if the data are smooth; for
higher degree piecewise polynomial spaces an optimal order error bound in the L () norm, without
the additional logarithmic factor, was already known to hold (cf. Scott (1976)).
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A uniform Holder-norm bound on the sequence of finite element approximations can also be ob-
tained from a uniform W' ()-norm bound for p > n thanks to the continuous embedding of W17 (Q)
into C*(Q) with @ = 1 —n/p guaranteed by Morrey’s embedding theorem. Rannacher & Scott (1982)
showed that the Ritz projection onto spaces of continuous piecewise affine finite elements in two space
dimensions is bounded in the Sobolev space W!7 () for 2 < p < oo on triangulations which satisfy
the condition that each triangle in the triangulation contains a circle of radius ¢/ and is contained in
a circle of radius cph, with positive constants c¢; and cp; they used this to prove that for functions in
WO1 7(Q)NW?P(Q) the approximation error behaves like O(h) in the norm of W7 (Q) for 2 < p < oo,
and like O(h?) in the norm of LP () for 2 < p < . In all these cases the additional logarithmic factor,
which appeared in previously published error bounds for continuous piecewise affine finite elements,
was shown not occur.

More generally, and closer to the weak regularity assumptions on the data considered herein, for el-
liptic problems of the form —V - (AVu) = f — V- F, with A € L*(Q;R"*") a uniformly elliptic matrix-
valued function, f € Lo (2) and F € LP(2;R™™), p € (1,00), subject to a homogeneous Dirichlet
boundary condition, on a bounded open convex polytopal domain 2 C R”", n € {2,3}, as a direct con-
sequence of Proposition 8.6.2 in Brenner & Scott (2008) and Theorem 5.1 of the work of Grisvard
Grisvard (1976), one obtains a uniform W!”(£) norm bound on a sequence of finite element approxi-
mations on quasi-uniform triangulations, for all p € (2,2 + €) for some, possibly small £ > 0. This can
be seen as a discrete counterpart of a Meyers-type regularity estimate. Hence, in two space dimensions
at least (n = 2), thanks to Morrey’s embedding theorem a uniform Holder-norm bound on the sequence
of finite element approximations on quasi-uniform triangulations directly follows (cf. Theorem 3.20
in Ko et al. (2017)). In dimensions n > 3, however, such an indirect argument for deriving a uniform
Hoélder-norm bound does not work. Our aim here is therefore to develop a discrete De Giorgi theory that
will directly yield such uniform Holder-norm bounds, without assuming quasi-uniformity of the trian-
gulation. For continuous piecewise affine finite element approximations of Laplace’s equation Au = 0
at least, Aguilera & Caffarelli (1986) proved via a De-Giorgi-type argument an s-uniform C*-bound,
assuming quasi-uniformity, shape regularity, and uniform acuteness of the triangulation. Their paper
asserts, without providing a proof, that the result generalizes to more complicated equations.

Yet another approach is to deduce a uniform Hélder-norm bound from a uniform W' (£)-norm
bound. Guzman et al. (2009) considered the finite element approximation of the Poisson problem

—Au=f inQ,
(1.2)
u=0 ondf
in three space dimensions. They established a best approximation result in the W !> () norm for con-
vex polyhedral domains. Previous results, based on weighted L?(£) norm bounds required W?*(Q)
regularity for p > 3, which imposed an upper bound on the dihedral angles of the domain. The approach
of Guzman et al. (2009) proceeds by establishing sharp Holder-norm bounds on the first partial deriva-
tives and the second mixed derivatives of the Green’s function, requiring only W' (Q) regularity, thus
avoiding the maximum angle condition. A quasi-uniform family of triangulations is assumed in con-
junction with a conforming finite element space Sj, consisting of continuous piecewise polynomials of
degree k > 1 and a smooth right-hand side f, in order to prove that

V(=) () < C int V(=21 (1.3)

where u;, € S, is the finite element approximation of the analytical solution u of the problem (1.2). By
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taking ¥ = 0 followed by the application of the triangle inequality this implies that
IVitn| () < ClIVUl ()

Together with standard regularity theory for solutions to equation (1.2) with a smooth right-hand side f
and the embedding W1 (Q) — C%(Q) this inequality implies a uniform Holder-norm bound on u;,, on
quasi-uniform families of triangulations at least.

Dolzmann (1999) proved a priori bounds and optimal error estimates on quasi-uniform families
of triangulations for continuous piecewise affine finite element approximations of elliptic systems in
divergence form with continuous coefficients contained in Campanato spaces and extended the bounds
of Rannacher & Scott (1982) to elliptic systems.

All of the results we have cited so far exclude highly graded adaptively refined triangulations. The
most common condition that is required to hold within a local adaptive refinement process (see, for
example, Stevenson (2008)) is shape-regularity (see Definition 3.2). This raises the question whether
any of the above results can be derived assuming shape-regularity of the family of triangulations only.
We note in this respect that Demlow et al. (2012) have obtained a best approximation property as in
inequality (1.3) for solutions to the Poisson problem (1.2) for f € L*(€) on slightly graded triangula-
tions, i.e. the local mesh-size is only varying slowly, in two and three space dimensions. The approach
is again based on Galerkin orthogonality and pointwise bounds on the discrete Green’s function.

Let us now briefly discuss our results. Theorem 6.2 provides a uniform a priori Holder-norm bound
on sequences of continuous piecewise affine finite element approximations of the scalar elliptic problem
—V-(AVu) = f — V- F subject to a homogeneous Dirichlet boundary condition. We shall require shape-
regularity only, thus admitting highly graded finite element triangulations. Our bounds require that A €
L=(Q;R"™") only; in particular, we shall not demand Holder-continuity or Campanato-regularity of A.
Our results are therefore a useful first step toward the development of similar bounds for more complex,
nonlinear elliptic problems, such as p-Laplace-type equations that arise in mathematical models of non-
Newtonian fluids (Barrett & Liu (1993a,b, 1994) and Liu & Barrett (1996)). As a matter of fact, it is the
finite element approximation of the models of non-Newtonian fluids considered in Ko ef al. (2017) and
Ko & Siili (2019) that motivated the work reported in this paper. Little seems to be known about uniform
L and C* bounds on shape-regular families of triangulations for such nonlinear elliptic equations. For
approximate solutions of the p-Laplace equation —V - (|Vu|P ">Vu) = 0 a discrete maximum principle
has been proved by Diening et al. (2013).

The discrete De-Giorgi-type iteration developed here is flexible enough to be applicable to contin-
uous piecewise affine approximations of uniformly elliptic nonlinearities; see Theorem 6.5. On the
other hand, we have to assume the existence of a function G € L’ (Q2;R") such that V- (G£F) <0
in the sense of distributions (cf. Definition 4.5); this assumption is clearly satisfied if F is a constant
vector-field, but it also holds in a number of nontrivial cases. We also require the triangulation to be
A-nonobtuse. Even when A is the identity matrix, in which case A-nonobtuseness becomes the standard
requirement of nonobtuseness, this condition is restrictive. In general, common algorithms (for exam-
ple the one proposed in Stevenson (2008)) for local mesh-refinement produce obtuse angles. However,
our analysis avoids imposing the assumption of uniform acuteness, which was required by Aguilera &
Caffarelli (1986); this allows us to admit important special cases such as the n-dimensional hypercube
with a Kuhn-simplex triangulation that gets locally refined. Nor do we require quasi-uniformity of the
family of triangulations. To the best of our knowledge, the proof of the uniform Holder-norm bound
on sequences of continuous piecewise affine finite element approximations established herein is the first
that admits highly graded triangulations.
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2. C%-regularity of approximate solutions to linear elliptic equations

In this section we will establish a priori regularity results for approximate solutions to linear elliptic
partial differential equations. We begin with a brief overview of the ‘continuous’ De Giorgi theory for
equations of this type and introduce different meshes and mesh-conditions. Subsequent sections will
focus on developing a discrete De Giorgi theory.

2.1 Notational conventions

Before we start we have to introduce certain notational conventions. For two nonnegative expressions a
and b we will write a < b if there is a positive constant C such that a < Ch. We will write a 2 b if there
is a constant ¢ > 0 such that a > ¢b. If we have a < b and a 2 b, we will write a ~ b. The maximum of
two real numbers a and b will be denoted either by max{a,b} or in short by a V b. The positive part of
an expression u will be denoted by u; :=u V0.

When working with Holder spaces, an important quantity is the oscillation of a bounded function
v: Q2 — R on adomain . For any open or closed set A C 2 we define

oscv = supv —inf.
A A A

We will denote the Lebesgue-measure of a measurable set A C R” by |A| and its characteristic function
by Xa.

2.2 Auxiliary results

We summarize here some elementary inequalities which will play a crucial role in the arguments that
will follow. The first of these is easily proved by induction.

LEMMA 2.1 (Fast geometric convergence, cf. DiBenedetto (1993) Ch. I, Lemma 4.1) Let @ >0,C >0
and b > 1 be real numbers and (a;) a sequence of nonnegative real numbers with the properties

11
0<app1 <CHra ™,  0<ap<C ab o,

+ko

Then we have a; < Cab o> —0ask— oo,

By applying Lemma 2.1 to the sequence (%‘) we deduce the following result.

COROLLARY 2.1 Leta >0,C >0, b > 1 and y > 0 be real numbers and (a;) a sequence of nonnegative
real numbers, such that

o
0 < Ag+1 < Cbkak (if) .

1
Then we have that a; — 0 as k — o0 if ap < }/C’ébfﬁ.

LEMMA 2.2 (cf. Aguilera & Caffarelli (1986) A2) Suppose that a sequence (ay) of nonnegative numbers
satisfies

2
a1 S alar—aryr),  k>1,

for some bounded, nonnegative sequence (c;). Then, we have that

A/MaX;<k Cin/a
ak+1<—j’}%l 1, fork>1,
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Proof.  Since we necessarily have a; > ap; > 0, we get via a telescoping sum

k
kakH Zalzﬂ Zc, —ajt1) (maxci) (a1 —ag+1) < (n_laxc,-)al.
=1 <k i<k

Dividing by k and taking the square root concludes the proof. g

LEMMA 2.3 (cf. Beck (2016), Lemma B.3) Assume that ¢(p) is a real-valued, nonnegative, nonde-
creasing function defined on the interval [0,R;]. Assume further that there exists a number ¢ € (0,1)
such that for all R < Ry we have

¢(oR) < (6 + K)$(R) + CR™

for some nonnegative constant C, some number k > 0, and positive exponents o > 0. Then, there
exists a positive number ky = k(0, 0, ) such that for k¥ < kp and all r < R < R; we have

0(r) < (o, ) ((3)

[29)

o(R) +Ar“2) .

2.3 Local Holder continuity in the continuous case

First, we will present a brief overview of the proof of the local Holder continuity of weak solutions to
elliptic equations. This is, by now, a classical result in the PDE analysis literature, however since our
proof of the discrete counterpart of this result proceeds along similar, but much more technical lines,
readers may find this short overview helpful, regardless. For simplicity, we will restrict ourselves to the
homogeneous case. We begin by proving the Caccioppoli inequality stated in the next theorem.

THEOREM 2.1 Let Q C R” be a domain and A € L*(Q;R"*") a uniformly elliptic matrix, i.e., there is
a ¢ > 0 such that

Ax)v-v=clv)? (2.1)
for any v € R" and x € Q. Let u € W'2(Q) be a weak solution to V- (AVu) = 0, i.e.,
/ AVu-Vodx =0 2.2)
Q
forall ¢ € WO1 2(Q). Then, we have that
F Vw-culmPars £ lw-c)slvalar 23
supp7 supp7

for any function n € Ci’(L2) and any ¢ > 0, where (1 —c¢); = (u—c) V0.

Proof.  We test equation (2.2) against ¢ = (u—c),n?. Note that Vu = V(u—c) = V(u—c); on
supp (# — ¢)+. This gives

0= ][ AVU-V (2 (u—c)4) dx

suppn
= f AV@- 0y V(@-midve f AV@- e 2Vnnu-cdr 2D
suppn suppn

=:1+1l.
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We use the uniform ellipticity of A to deduce that
1> ][ IV (u—c)|*n’dx. (2.5)
supp1
The boundedness of A, Holder’s inequality, and Young’s inequality yield

1 < ][ [V(u—=c)+|nl[Vn||(u—c)+|dx
suppn

<e { V-0 PinPac+Ce £ lw—c)vnfdr
supp 1 suppn

(2.6)

Inserting the inequalities (2.5) and (2.6) into equation (2.4) and absorbing the first term of I/ into
proves the claim. (]

THEOREM 2.2 Let Q C R” be a domain and A € L*(Q;R" ") a uniformly elliptic matrix. Let u €
W12(Q) be a weak solution to V- (AVu) = 0. Then we have, for every ¢ > 0,

swp (=) PS5 f o) @7
Blxo.R) B(x,2R)

for any ball B(xo,R) with B(xo,2R) C Q.

Proof. We define . = % (1 —27%) and By := B (xo, (14+27%) R) where %, > 0 is is to be chosen later.
Clearly, 1 = 0, limy_e ¥ = ¥, and B(x¢,2R) =By D B} D -+ D By D Byy1 O - -+ D B(xo,R). We then
define compactly supported C*-functions ¢ such that

Supp¢kCBk7 O<¢k<17

¢k =1lon Bk+1, (28)
Wq)k‘ SJR_lzkv
and the sequence
2
Uy := ][ ‘(“—C—Vk)+’ |¢k|2dX, k=0,1,.... (2.9)

B(x0,2R)
We use scaling-invariant norms |[[|-|||,, with p € [1,0) defined by |||} := fp(y, 2r) |f|” dx and apply
Holder’s inequality, the Sobolev embedding theorem, and equation (2.3) to get (assume that n > 3 for
simplicity, and let 2* := 2n/(n — 2) denote the critical Sobolev index; the bounds below are easily
adjusted in the case of n = 2 to reach the desired conclusion by choosing 2* as a large positive integer):
2 2
Ui :< 1 (= € = %)+ Bl | X u—c> 3 rsuppe
2 2
SRV (== 1)+ 9 NX - rsuppo I,
2 2 2
<R (119 == )0l + 11— = 1) VOB ) 1 a1 oo I
R

2 2
5 2|||(Lt —C—= Yk)+v¢k‘||2 |H%{L¢—C>Yk}ﬁsupp¢k H|n7

(2.10)
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where in the transition to the last line we applied Theorem 2.1. For the first factor on the right-hand side
in the final line of inequality (2.10) we use that [V¢| < R™'2% and ¢, _; = 1 on supp ¢y, and that (};) is
monotonic increasing sequence, to get

e == 1)+ Voell3 S BR324 = € = Y1) G [2- @11)
On {u—c > 1%}, we have
U—C— Y1 > Ye— Y1 = Yoo (2*("*” —2*") =127k (2.12)
Furthermore, recall from (2.8) that ¢;_; = 1 on supp ¢. Together with inequality (2.12) this yields
[ e PR de> | g eglu—e—pon) P
B(x0,2R) supp ¢

> 122 ¥ |supp g N {u—c > n}l.

We can use inequality (2.13) to obtain the following weak-type estimate:

(2.13)

2 2\ #
su Nu—c> n U—=Cc—%— _
||x{u_c>mupp¢k||i=< e (XEJR)' n}|> §22k<|||< y;zmk 1||2> o

Inserting the inequalities (2.11) and (2.14) in inequality (2.10) yields, with a positive constant C, inde-
pendent of ¥, and &,

oo

2
U7 n
U, < 2y, (;21) . k=1,2,....

This then allows us to apply Corollary 2.1 with b =23 and a = 2/nand y= V2= C”/223”2/4U0, to
deduce that Uy — 0 as k — oo, and therefore (1 —c — )+ = 0 a.e. on B(xo, R), regardless of the sign of
u—c. Hence, |(u—c);|* < 72 on B(xo,R). On the ball B(xo,R) C ey SUpp i this means that

W= <B~Uo< | -l
B(X(),zR)

because 1 = 0 and 0 < @9 < 1, which then implies (2.7). O
From this result one can deduce the local C%-continuity of weak solutions.

THEOREM 2.3 Let 2 C R” be a domain and A € L”(Q;R"*") a uniformly elliptic matrix-valued func-
tion. Let u € W!2(Q) be a weak solution to V - (AVu) = 0. Then, there is an & > 0, such that

osc u < Cr®
B(x,r)

for all » € (0,R] such that B(x,4R) C Q.
To prove Theorem 2.3 we require the following intermediate result.

LEMMA 2.4 Under the assumptions of Theorem 2.3, for each y € (0,1) there exists a T € (0,1) that
depends on 7 such that for every ball B(xp,R) such that B(xp,4R) C £, with u < 1 on B(xp,4R) and
[{u < 0} NB(x0,2R)| > ¥|B(x0,2R)|, we have that

sup u<1—r1. (2.15)
B(XOAR)



DISCRETE C* REGULARITY 9 of 45

Proof. We define

1

A:=1-—27k =
k ) U 1—2,]((

u—lk) Ay Z:B(X(),ZR)Q{M](>O}.

As, by hypothesis, u < 1 on B(xg,4R), it follows that 0 < u; < 1 on Ay. By applying Theorem 2.2 to u;
we deduce that

1
! I m
< 2 = —— < . 2.1
B?ii%”“( f ol dx) (|B<xo,2R>| s ‘b‘) (R) @16)
’ B(x0,2R)

If we can find a k such that |A¢| < BR" for a sufficiently small 3, we will have that u; <  on B(xo,R).
Assume that ug | > 0. We then have that

u—(l—%)
2k+1 k41 1 1 1
0<—1—==2 ( A
2k+
i2k+1 <2 71
2k+l Selt—5 )

This means that |
Ak+1ﬁ{0<uk<2}—0. 2.17)

We have {O <up < %} C Ay and Ag41 C Ag. This yields

1
|Ak| > ’ ({O <up < 2} ﬁB()C(),ZR)> UAg41

[(fo<m < homnze) racet. @

Note that if x € Agy1 then ug(x) > 1, and if x € B(x0,2R) \ Ags1 then 0 < i (x) < 3. Note also that we
have |B(xo,2R) N {u; = 0}| > y|B(x0,2R)|. Therefore, we can use Poincaré’s inequality to get

1 1
|Ak+1|:2/ Sdr<2 fdx+2/ w dx
A1 2 A1 2 B(x0,2R)\Aj 11
1
:2/ min{uk,}dx
B(x.2R) 2
SR/ v <mm{uk, }) ’ dx (2.19)
B(x0,2R)

_R / IVitg| dx
{O<uk< % }ﬁB(xo,ZR)

1
g 7 1
gR(/ |Vuk|2dx> ’{0<uk<}ﬂB(xo,2R)
B(x0,2R) 2

By inequality (2.3), with 1 € C3(B(x0,4R)) such that 1 = 1 on B(xo,2R) and |[Vn| < R™!, we find that

1

2

R2/ \Vuk\zdxg/ |ug|* dx < R". (2.20)
(x0,2R) B(x0,4R)

y
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Now, by inserting inequalities (2.18) and (2.20) into inequality (2.19) yields

n 1
|Ar1] < R2 (JAx] — [Ags1])2

Consequently, we can use the iteration from Lemma 2.2 to deduce the existence of a k such that u; < %
on B(xo,R). This gives
7 1 1
2 (u—14+—) <>
(u + 5 k) 5

1
B 2k+1’

and therefore

u<sl

which proves the lemma for 7 = ﬁ O

Proof of Theorem 2.3.  First, note that osc(cu +d) = |c|oscu for constants ¢,d € R. We define ii :=u —
1 (- = 1

3 (me(xO’ZR) U+ SUupp(x, 2R) u) and i1 = 7“,%&(3&0%)
—V - (AVu) = 0, —u is a solution as well. Note that we have either |{ii < 0} N B(xo,2R)| > %|B(x0,2R)|
or |{—ii >0} NB(x9,2R)| > §|B(x0,2R)|. Thus we can assume that | {ii < 0} N B(xo,2R)| > 3|B(x0,2R)|
without loss of generality. Of course, this means that |{ii; =0} NB(x0,2R)| > 1[B(x0,2R)|; also,

clearly, —1 < /i < 1, and we can therefore apply Lemma 2.4 with v = % to deduce the existence of
a1 € (0,1) such that

i. This gives 0sCp(y, 2r) ii = 2. As u is a solution to

osc B< 14 sup G<2—T= osc U—7T

B(x,R) B(xo,R) B(x,2R)
(2.21)
I~ T = T I~ —a i~
= osc U——= osc u=|1—=) osc u=2""" osc u,
B(x0,2R) 2 B(xp,2R) 2 J B(x0,2R) B(x0,2R)

with o := —log,(1—7) € (0,1) (because 7 € (0, 1)). Hence, upon rescaling (2.21),

osc #<2™% osc .
B(xo,R) B(x0,2R)

Now, Lemma 2.3 with k =0,C =0, 0 = % and @(p) := 0sCp(x, 2p) i gives

~< ~ < r o R
SO TS o5 =03 (§> $E),

for some & € (0, ;) and O < r < R. This then implies, with R held fixed, the assertion of the theorem
by noting that 0sCp(y, ) 4 = 0SCp(y, r) L. d

3. Triangulations and mesh-conditions

In this section we will introduce common mesh-conditions that will be used throughout and prove prop-
erties of the corresponding triangulations. We will always assume that Q C R" is a polyhedral Lipschitz
domain and .7, is a triangulation of that domain. Henceforth, a polyhedral domain will be understood to
be a polyhedral Lipschitz domain, and we shall therefore write polyhedral domain instead of polyhedral
Lipschitz domain for the sake of brevity. Here, by a triangulation of  we mean a subdivision of Q
into closed n-dimensional simplices with pairwise disjoint interiors, whose union is £, and such that
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for any pair of simplices T,T’ € .9}, such that T N T’ is nonempty, T N T’ is either a shared vertex, or a
shared k-dimensional face, which is a k-dimensional closed simplex, for some k € {1,...,n—1}. The
(0O-dimensional) vertices of the simplices will be referred to as nodes. First we will define the Lagrange
basis for a triangulation.

DEFINITION 3.1 Let .7, be a triangulation of the polyhedral domain Q C R”. For a node x; of the
triangulation .7, we denote by ; the associated linear Lagrange basis function, which is, by definition,
a continuous function on £ such that y;(x;) = &; ; for any node x;, and for any T € .7, the restriction
of y; to T is an affine function of n variables.

We will now introduce various mesh-conditions.

DEFINITION 3.2 We call a triangulation .7}, shape-regular with shape-regularity parameter I" > 1, if
one has, foreach T € .9},
hr <RI, 3.1

where R; 7 is the radius of the largest n-dimensional ball contained in 7 (which we shall refer to as the
inscribed ball of T) and hy := diamT.

Next, we will introduce two important notions: A-nonobtuseness and uniform A-acuteness.

DEFINITION 3.3 Let A € L*(Q2;R"*") be a uniformly elliptic matrix-valued function. We call a trian-
gulation .7}, of Q A-nonobtuse if

/AVI//i Vy;dx <0 (3.2)
T

for any T € .7}, and for any i # j.
We will call a triangulation .7, uniformly A-acute if there is a positive constant ¥ such that

/TAVW;-V%-dx < =YVl IVWill 2y 3-3)

forany T € .7, and any i # j with T C supp W; Nsupp ¥/;.

Note that if A is proportional to the identity matrix, this definition coincides with the geometric idea
of a nonobtuse triangulation. The existence and construction of uniformly A-acute and A-nonobtuse
triangulations is discussed in detail in Casado-Diaz et al. (2007).

We will now recall a few properties of shape-regular families of triangulations .7j,. For any simplex

T € 9, there is an invertible linear transformation By with bounded inverse that maps 7 onto the

standard simplex in R” with the nodes (0, ...,0), (hr,0,...,0), ..., (0,...,0,h7). The norms of By and

its inverse are bounded uniformly for all 7 € .7},. Furthermore, for any node x; of a simplex T € .7, we
have that

V| ~ hy!. (3.4)

Furthermore, if T € 9, and S € .7, have a nonempty intersection, we have
hr ~ hg. 3.5)

For simplicity, for any set A contained in Q, we will write

eu= U T

T€.9,:TNAF#D
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and the interior of that set is then

QA):=Q2(A)\IQ(A).
In particular, we will write P, := Q({x;}) for any patch around a node x;. We will also write
Q'A):= | P (3.6)
i:x;€A

In short, (A) is the set that contains all simplices that touch A whereas Q'(A) is the set of all simplices
that have a node in A.
With the help of equation (3.5) one finds that

dist(T,Q\ Q(T)) > hr. (3.7)

Thus, there is a constant Q > 1 that only depends on the shape-regularity parameter and the geometry
of the domain £, such that if x; € T for some T € .7, and R > hr, we have

Q(B(x0,R)) C B(x0,0R). 3.8)
Additionally, for xg € T for some T € .7}, and R > hr, we have that
dist (xo, 2\ 2'(B(x0,R))) = KR. (3.9)

In particular, this means that there is a k¥ > 0, that only depends on the shape-regularity parameter I
and the geometry of the domain €, such that

B(xo, kR) N Q2 C Q' (B(xo,R)). (3.10)

For the sake of simplicity we shall not indicate the dependence of the constants Q and k on the
geometrical properties of Q.
Next, we define the finite element space we shall be working with.

DEFINITION 3.4 Given a triangulation .7}, of the domain £, we denote the space of continuous functions
that are affine on every T € ., by Vj,. Note that V};, C lez(.Q) and we can write

up =Y u(x;) i (3.11)

for any uj, € V;, with the Lagrange basis functions y; introduced in Definition 3.1. This also shows that
we can write the interpolatory projection ITj, onto Vj, for a continuous function f as

RS WICN (3.12)

The function I, f is also called the (continuous piecewise affine) Lagrange interpolant of f. We will
denote the space of continuous functions on  that are affine on each T € .7, and vanish on dQ by Vj, .

We will formulate a few lemmas concerning continuous piecewise affine functions defined on tri-
angulations. They will lead to a stronger version of Poincaré’s inequality. We will always assume that
Vi and Vj, o are finite element spaces associated with a shape-regular triangulation .7, of a polyhedral
domain Q. In particular, this means that (3.4) is true. IT;, will always denote the interpolatory projection
operator onto Vj, as defined in equality (3.12).
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LEMMA 3.1 We have
max [T, f| < max|f] Vfec'(Q), (3.13)

mj@x|f—1‘[hf\—|—m]g1th|Vth|gmjgth|Vf| Vfec(Q). (3.14)

Proof. As an affine function on a simplex T, I}, f attains its maximum and minimum values on 7T at a
node of 7. This means that we have

= = <
max I f| = max|IT,f| = max |f| < max|f],
which proves the inequality (3.13). The bound maxy |f — IT, f| < maxy hr|Vf]| is standard from ap-

proximation theory. To prove that maxy Ay |VIL, f| < maxy hy|V f| we can assume that f(x) = 0 for
some x € 7. We also use the relation (3.4) to get

mTax|Vth\:m7g1x SmTe1X|f(x,-)|h}1§mT21x|Vf|.

Zf(xi)VWi

This concludes the proof of inequality (3.14). O
We will denote the space of polynomials of degree k or less by .

REMARK 3.1 Suppose that ay,...,a, € . Then, a;---a, = 0 if and only if at least one of the
functions ay,...,a, is identically zero.

The following useful Lemma 3.2 holds for polynomials defined on simplices T € 7.

LEMMA 3.2 Letay,...,an € . Then, for each element T of a shape-regular family .7,

m
HmTax|aj| N][
Jj=1 T

m
[Taj| ax. (3.15)
=1

The constants hidden in the ~ symbol depend on k and m and the shape-regularity parameter I of .7},.

Proof.  Since the expressions on the two sides of (3.15) are homogeneous in ay,...,a,, it suffices to
show that there are constants ¢ and C such that 0 < ¢ < 7 ’HT=1 aj‘ dx < C for any ay,...,a, € P
with maxy |a;| = --- = maxr |a,| = 1 and any simplex T € .7,. Obviously we can choose C = 1. We
will show the existence of ¢ using a compactness argument. Equation (3.15) is invariant under linear
scaling. Thus we can assume that 47 = 1 in the sense of Definition 3.2. First, we fix a simplex T € .7},
and note that the mapping g : (ai,...,am) — f7|ai---au|dx is continuous on P, as this space is
finite-dimensional and all norms are equivalent. Furthermore, the set {(ay,...,ay) : maxr|a;| =--- =
maxy |a,| = 1} C 2™ is closed and bounded and therefore compact. Thus, it suffices to show that
glai,...,ay,) > 0forany (aj,...,an) with maxry |a;| = -+ = maxr |a,| = 1 to get

inf ][|a1-~-am|dx>0. (3.16)

maxr |a] |=--=maxr |a;u|=1
T

Assume the contrary, i.e., that f;|a;---a,|dx = 0. Then, a;---a, =0 on T. However, because of

Remark 3.1, this implies that at least one of the ay,...,a,, has to be identically zero, which contradicts
maxry |aj| = --- = maxr |a,| = 1.
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If we now fix a node xo of T, we define the set o7 C R" as the set of n-tuples (xi,...,x,), which,
together with xg, form a shape-regular simplex with diameter 47 = 1 and see that .2/ is bounded and
closed and therefore compact. Furthermore, the mapping f : &/ — R defined via

(X150 Xn) inf f|a1~~-am|dx
maxry |aj |=--=maxy |an,|=1
T
is continuous. This means that it suffices to show that f(ay,...,a,) > 0 to prove the relation (3.15); but
this is obviously true, thanks to inequality (3.16). g

We shall also require two lemmas, which we now state. The first of them is elementary, while the
second relies of Lemma 3.2.

LEMMA 3.3 For all fj,,g, € Vj, and a,b € R, we have

I0,(fign) — fugn = I ((fi — @) (gn — b)) — (fa—a) (g —b).

Proof. II, is linear and constant functions are contained in Vj,. This means that we have IT,(ag),) = agy,
I0,(bf,) = bfy, and IT,(ab) = ab. This therefore yields that

0, ((fi —a)(gn— b)) = (f —a) (g —b)
= II,(fngn) — Iy (agn) — In(bffy) + Iy (ab) — frgn+ agn + b, — ab
= IT,(fngn) — fn&n-

That concludes the proof. g

LEMMA 3.4 For all v, w, €V}, we have

max [viwy — I, (vewp)| + max hr |V(vpwy, — Iy (viowy,))|

g][‘vh_<Vh>T|dy][|Wh—<wh>T‘dy (3.17)
T T

and

max [viowy, — I (vews) | + mTath |V (vpwy, — IT, (vywy)) |

3.18
< f (9walay f i e ay oo
T T

forany T € 9.

Proof. Because f;, g are affine functions on every T € .7}, we deduce by an inverse estimate that
max hr |V (vpwy, — Iy (vpwi))| S max [vi, — T, (vawy) |- (3.19)

Now, Lemma 3.3 yields

max vy, — Iy (vpwp )| = max | (v = (vi)1) (wn — (Wa)7)

—I0, (v — (vi)) (W — (W) 1)) |-

(3.20)
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Combining this with the triangle inequality and inequality (3.13) gives

max [vywy, — Iy (vpwn)| S max [ (v = (va)r) (Wi — (wa)7)]- 3.21)
We can now apply Lemma 3.2 to inequality (3.21) to deduce that

max v, — Iy (v 511 i — (va)r | dx ][ wi — (wi 7| dx, (3.22)
T T

which proves the bound (3.17).
The bound (3.18) follows directly from equation (3.17) by Poincaré’s inequality on 7. (]

REMARK 3.2 The right-hand sides of the inequalities (3.17) and (3.18) can be further bounded above
by noting that

F =l < Fmlds+ 1l ae<2f lar

T T T T

and analogously in the case of  [w), — (wy,)|dx.
Next, we will prove a Jensen-type inequality.

LEMMA 3.5 For n;, € V, and ¢ > 1 we have

My < IL(nj).
Proof. We know that

Z%:Hh(l) =

This allows us to use Jensen’s inequality to deduce that
(ZWJ )N (x;) ) Z‘l’/ Ol (x;) = (I(n))) (x) VxeQ.

That completes the proof. O
Finally, we will prove two versions of Poincaré’s inequality for functions in V,.

LEMMA 3.6 (Poincaré’s inequality on patches) Let x; be a node of the triangulation 7, and P, = Q (x;)
the associated patch, and let vj, € V}, be a function with v;,(xo) = 0 for some node xy € P,. Then, we have
Poincaré’s inequality on P,, that is

/|Vh\dx5ht/|VVh|dx7
P P

where h; = hy for some T € .7, with T C P in the sense of Definition 3.2. Note, that any S,T € .7, with
S,T C P share the node x;; hence, it ~ hg by equation (3.5) and the definition of 4; is meaningful.

Proof. Let Ty C P; be a simplex that has x( as a node and let By be its inscribed ball. By shape-regularity
(see inequality (3.1)), there is a fixed y > 0 such that |By| > y|P,|. Define fBO vpdx =: {vp)o. Also by
shape-regularity, we find that the diameter of P; is comparable to 4;. Then, Poincaré’s inequality yields

/P_|vhf<vh>0|dx§h,»/P_|Vvh|dx. (3.23)
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On the other hand, we have Poincaré’s inequality on Ty because vy, is affine on any T € .7}, and we get

Ll
|Bo

/|<vh>o{dx< / |vh|dx5/ |vh\dx§hi/ |Vvh|dx<hi/ |Vvy| dx, (3.24)
P By To To P

where the third inequality stems from the fact that v, vanishes at the node xop € Tp. Combining the
inequalities (3.23) and (3.24) yields

/|vh|dx</ |vh—<vh>o|dx+/ |(vh)0|dx§hi/ Vv dx.
B B B P

This concludes the proof. g

THEOREM 3.5 (Poincaré’s inequality for V,) Let .7}, be a shape-regular triangulation of the polyhedral
domain 2 C R” with associated finite element space V},. Let v;, € V}, be a nonnegative function and let
A =J; T; be a connected set with diameter R for a set of simplices {7;} C .7},. Suppose that

’Aﬁ( U B)‘}yw (3.25)
0

ivy(x;)=
for some y > 0. Then, there is a constant ¢ that depends on 7, the Poincaré constant of A, and the
shape-regularity parameter I" of the triangulation, such that

/|vh\dx< CR/ Vv dx.
A A

Proof. Let 4 be the index-set of nodes that are either nodes x; with v;(x;) = 0 or nodes that are
connected to one of those nodes by an edge. We write wy, := Yc 4 v(x;)W; and Wy, := Yy v(x:) Wi.

Note that v, = wy, +Wwj,, and W, =0on AN (th(xi):o P,-) . Because of assumption (3.25), this means that

we can use Poincaré’s inequality on wy,. This leaves us with
/|wh|dx§1e/ Vi . (3.26)
A A
On the other hand, we know that wy, has a zero on every patch P; because every node x; with wy, (x;) #

0 has i € .4 and is therefore connected to a node with v(x;) = 0 by an edge. This means that we can
use Lemma 3.6 on any of those patches. This gives

/A|wh|dx<Z/P_ |wh|dx52hi/1)_|vwh|dx.

We have h; < R. Furthermore, the shape-regularity of 7}, guarantees that each simplex can only be part
of a uniformly bounded number of patches. Thus, we get

/|wh|dx,§R/ V| . (3.27)
A A

Summing the inequalities (3.26) and (3.27) yields

[mlac< [mlare [ mlacsr( [ Swlac [ o). (3.28)
A A A A A
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We define
0:= JP.
ieN
Note that by definition, if i € .47, then P, has a node where v;, has a zero. Therefore, we get
[vularz ¥ [ vwlarz ¥t [l (3.29)
% iey /b ieN Pr

where A; is the diameter of one of the simplices T C P; and where we have used the fact that any
T € 9, is only contained finitely many patches, whose number is bounded above, independent of 4, in
conjunction with Lemma 3.6.

For simplicity, let us write ¥4 = Y;c 4 ¥;. On each T € 9, we therefore have |¥ | < 1 and
V¥ 4| < hy!. Furthermore, we can write

wp = Hh (vh‘PJV) .

Thus, we can use equation (3.14) and the product rule to deduce that

[Vwal S [Vval + k7' il (3.30)
onevery T € 7. Additionally, we have
/|vwh|dx< y / V| . (3.31)
% iev/Fi
Combining inequalities (3.30), (3.31) and equation (3.5) yields
/ Vinldx S Y / (IVva] + 1 v ) d. (3.32)
/0 ie v /h

Therefore, we can combine inequalities (3.29) and (3.32) to deduce that

/|th|dx§/ Vv dx. (3.33)
0] 0]
Analogously, we find that
/ Vi) dx < / Vv dx. (3.34)

0 0
Now note that w, =0 on A\ O. As v, = wj, + Wy,, we therefore have

\Vvh\ = |th| + |th\ (3.35)
on A\ O. This means that we can finally add up inequalities (3.33), (3.34) and (3.35) to find the bound

/A|th|+|Vszh\dx§/A|Vvh|dx. (3.36)

Together with inequality (3.28), that completes the proof. ]

We will also need a lemma that concerns connecting pairs of nodes in an A-nonobtuse triangulation
in a way that allows us to work as if we were on a uniformly A-acute triangulation. This seems to be a
small change but it allows us, for example, in the case where A is the identity matrix to use triangulations
that are generated by newest vertex bisection on a square, which are important cases, especially if we
consider that it is one of the novelties of our approach that we do not demand quasi-uniformity of the
triangulation.
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LEMMA 3.7 Let 9, be an A-nonobtuse, shape-regular triangulation of a polyhedral domain Q C R”.
Denote the nodes of a simplex 7' € .7, by xo, ...,X,. Define (f,g)r 4 := [pAVf-Vgdx. Then, there is
a constant 7 € (0,1) that only depends on the shape-regularity parameter I" of .7, such that any pair
of nodes x; and x of T can be connected by a sequence of nodes {x; = yo,y1,...,yy =x¢} of T, with
N < n, belonging to the same simplex 7" and such that

—/AVq/i-Vllli+1dx>r/AVq/i~VlV,-dx, i=0,.. N—1, (3.37)
Q JQ

where y; is the basis function associated with the node y; in the sense of Definition 3.1

Proof. The proof proceeds in two steps. For two n-component vector functions { and & defined on Q
we shall write

(. &pai= [AL-Edr and (£8),:= [ A
STEP 1. LetJ C {0,...,n} and K := {0,...,n} \J with J,K # 0. We will show that

—(Vy,,V > VL V), .
,é?%éK( (Vy;, wk>T7A)NIE$f}_§n}< Vi Vi) 4 (3.38)

Since the (Vy;, Vi), , <0 for j # k, it suffices to prove that

=Y (—<VWJ7VWk>T,A)RlE?3

jelkexk 1€l

AsY! qgy;=1onT and JUK ={0,...,n}, we obtain

(1) = Z <_ (Vy;, Vg, + Z <V‘l/j7VWk>T,A) = Z (Y, Vi) g 4 =2 (I).
jel keJ kel

Now define 1 := Y ;c; w;. Since 1(xz) = 0 for some k € K and A is uniformly elliptic, we obtain by
Poincaré’s inequality, Lemma 3.2 and inverse estimates that

(1) =(Vn, V)4 2 C”VTIHiZ(T) ~ h#”nHiZ(T) ~ hy?|T| ||77H%°°(T)

(Vyi, Vi) a~ max (Vy, V),

~h?|T| ~ max
1€{0,... 1€{0,...,n}

n}
where we have used the shape-regularity of the triangulation. That completes Step 1.

STEP 2. Let us now assume that we were not able to find a sequence that connects x; and x; such that
inequality (3.37) holds. This would imply that we can find disjoint sets K C {1,...,n} andJ C {1,...,n}

with i € K and j € J such that inequality (3.38) does not hold, but this is obviously a contradiction.
0

4. A discrete Caccioppoli-type inequality

In this section, we prove a discrete version of inequality (2.3). First, we will define what we mean by an
approximate solution to an elliptic partial differential equation.

DEFINITION 4.1 Let A € L*(Q;R"*") be a uniformly elliptic matrix-valued function. Furthermore,
let F € LP(©;R") and f € L7(L2) be given functions with p > n and g > n/2. Furthermore, let .7,
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be a triangulation of the polyhedral domain £ and V}, the corresponding finite element space. We call
uy, € Vp0 an approximate solution to

~V-(AVu)=f—V.F

with zero Dirichlet boundary condition provided that we have

./_QAVuh-V(])hdx:./;f(])hdx—i—'/gF-V(bhdx @.1)

for every ¢, € V0.

To prove the Caccioppoli inequality (2.3) we had to test equation (2.2) against (u—c)|1|*. In the
discrete case however, (uj, —c) |n|* is not an admissible test function in equation (4.1) because it is not
in Vj, 0. In particular, this leads to the conclusion that we will have to use a nodal version of (uj, —c).
This unfortunately means that V(u;, — ¢)+ and Vuy, will not coincide on supp (1, — ¢)+ anymore. To
overcome this problem, we will introduce the notion of discrete subsolution, prove a Caccioppoli-type
inequality for discrete subsolutions, and prove that the nodal version of (u, —¢)4 is indeed a discrete
subsolution under an additional assumption on the right-hand side, which we shall state.

DEFINITION 4.2 Let A € L*(2;R"") be a uniformly elliptic matrix-valued function and let F €
LP(;R") and f € L(Q) be given functions with with p > n and ¢ > n/2. Furthermore, let .7, be
a triangulation of the polyhedral domain Q and V}, the corresponding finite element space. We call
uy € Vp0 a discrete subsolution to

—-V-(AVu)=f—-V-F

provided that we have
/Avu,,-Vq)hdxg/ fq);,dx—i—/ F Vo, dx 42)
Q Q Q

for every ¢, € Vi with ¢, > 0 on Q. Of course, every solution in the sense of equation (4.1) is
automatically a subsolution in the sense of inequality (4.2).

Henceforth we shall concentrate on the case of n > 3 and recall that 2* := 2n/(n—2). The statements
and proofs of the results below are easily adjusted in the case of n = 2.

THEOREM 4.3 (Caccioppoli inequality for discrete subsolutions) Let A € L*(Q2;R"*") be a uniformly

elliptic matrix-valued function and let F € L (Q2;R") and f € L7(Q) be given functions with % =1_ g
and é = % — g, where 6 > 0. Furthermore, let .7, be a shape-regular triangulation of the polyhedral

domain 2 and V), the corresponding finite element space. Let u;, € V;, be a discrete subsolution to
—V - (AVu) = f — V- F in the sense of inequality (4.2), let n € C;(£2) be nonnegative, and define
N, = IIn. Then, we have

| VPl acs [ v as

o) Q 4.3)
2 2 2 2 28

o+ (1F Uy + 12y ) (102 cappry) 1700122 ) ) 150D T O suppits]

Proof. We write p;, = I, (77;%) and test equation (4.2) against ¢, = IT;, (p,uy) to get

LI:/QAVuh'VHh (ph”h)dx</Qth(phuh)dx"‘/QF'VHh (Pnup) dx. 4.4)
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First we will consider the left-hand side of equation (4.4):
L= /QAVMh -VII, (phuh) dx
= /QAVMh -V (ppup) dx — /Q AVuy, -V (ppup — Iy (ppuy)) dx “.5)
=: L[ — L[].
Next we decompose L; in equation (4.5) once more to get

L= /Q PrAVuy, - Vup dx + /Q (AVuy, -Vpp)updx =: Ly, +Ly,. (4.6)
For L;, we use that A is uniformly elliptic (cf. inequality (2.1)) to get
/Q WAV - Vit de > /Q pulVuPdx=: Ly, 4.7)
For Ry, in equation (4.5) we use that A € L*(Q;R"*") to get

L] <Al [, V21|

< =
< Z |T|mTax|Vuh|mTax\Vph|m7§1x|uh| Ry.
TeI,

4.8)

We will now estimate the term L;; in inequality (4.5). By Lemma 3.4 (cf. inequality (3.18)), A €
L7 (Q;R™") and Remark 3.2 we get

\Li| < Y |T|max |Vuy,| max |V (pyuy, — ITy (ppun)) |
T, T T

< T|max |V v dx=R;.
Y [T|max |V, max |V, max|u| I

~

TeI,

4.9)

Substituting inequalities (4.7) and (4.8) into equation (4.6), and inserting equation (4.6) and inequality
(4.8) into (4.5), and then equation (4.5) back into (4.4) yields

Ly, :/Qph|Vuh\2dx§ Y \T|mTax\Vuh|mTax|Vph|mTax\uh|
T (4.10)
+/9th (phuh)dx-‘r-/QF'VHh (phuh)dXZZR]+R]1 + Ry

Next, note that for any T € .7, we have
max |V, | = max [VIT,(n})| < max |V (n;)] < max 1| max V. (4.11)
This allows us to estimate R; from inequality (4.10):

R < Z |T| max | Vuy,| max || max | V1| max |uy|.
ey T T T T
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Now we use Lemma 3.2 to get

Ri S YT Vi 4] 19104
T
T
By applying Young’s inequality this yields

R X (71 (e 1900l ax e f 190 )
T, T T

for any € > 0. Finally, we note that we know from Lemma 3.5 that n,f < pp, and get
Ry < ey, +c€/Q V1| g dx (4.12)

after performing the sums. We can now insert inequality (4.12) into (4.10) and absorb &‘Ll into the
left-hand side to get

L, Z/QPh|VMh|2dx§/_Q|V77h|2|uh|2dx

. . 4.13)
+ /Q fII, (phuh) dx+ /_Q F-VII, (phuh) dx=: R;+ Ry +Ry.

We will now consider Ry; in inequality (4.13). Let . :={T € 9}, : T C suppn;, Nsuppuy }; we then
have that

(Rl =| [ T (pun) x| < ¥ (71 ( f 1f1dx | maxuipul.
Q Tes T T

We can now use inequality (3.13) to deduce that

2
Rul < %171 fir1ax | ma ] (max )
T

TeY

Using Lemma 3.2, we get

Ra| 5 X 171 | Fis1ac) [ Flomilar | { £ imas
T T T

TeY

=) |T|_2Hf||L1(T)Huhnh”Ll(T)||nhHL1(T)'
Tes

o012 8 " . . . .
Recall that f € L(Q) with J=n and 6 > 0. Holder’s inequality yields

n
-2 ]72+§ l+l l+l
Rl < Y AT1 1A gy 1 a2 oy T12 7 ) | T12
Tes

[
= Z || ||f||Lq(T)””hnhHLZ*(T)thH]}*(T)'
Tes
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Now note that 1 i 2* + 2* —|— £ = 1. We can use Holder’s inequality for sums to get

8 1 il 1
q 2%
|RH‘ 5 ( Z |T|> ( Z ”fHLq ) ( Z ”uhnhHLZ* > ( Z th”Lz* > . (4.14)
Te” Te Te” TeyY

As the interiors of the elements 7' involved in the sums above are disjoint, we know that

Y lellzrry = lgllzr, ., m (4.15)
TeY

forany 1 <r<eandany g € L" (Urc.» T). Using this in inequality (4.14) and noting that . C supp uy,
gives

3
|Rit| S [suppma Nsuppus | (|1l o) lunill 2+ (@) 1M1 2* (uppy -
Young’s inequality and the Sobolev embedding theorem then yield

IRl < €llY (0) ) + Celsupp s suppan| * 11 2ucen 1742 - 16)

Note that 5 5 )
IV wnnin) 720y S NlunVnllz2(0) + 1M Vil 72 )

< [ pulVin s+ [ PImifax,
where we used Lemma 3.5 in the second step. Finally, substituting this into inequality (4.16) gives

|Ru| §8/Qph|Vuh\2dx+3/Q|Mh|2\VTIh|2dX

4.17)

(4.18)

82 2
e 1 i 1002

We will now focus on Ry;; in inequality (4.13). Splitting it up into a sum over simplices and using
inequality (3.13) yields

|Rin| = ‘/ F-V(II, (uhph))dx‘

<Y f [F| v max VT, )|
Tes

\T\][|F|dxmax|V(uhph)| (4.19)
Te/

\T\][|F|dxmax|<wh pl+ ¥ |T|f\F|dxmax\<Vph>uh|
Te/ TeY

=: Ry, + Ry, -

We rearrange Ry, from inequality (4.19) and use Lemma 3.2:

R, < \T|][|F|dx][| (Vi) nh|dxf|nhldx
Tes T

Y I /|F\dx/| (Vi) nh|dx/|nh|dx
Te/
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)

a1 .. . . .
Recall that F € L”(Q) with 5 = u — n- Holder’s inequality gives

) 1—1,8 1 1.1
Run, S X TV E oy T [ (Van) Ml 2y | T 12 100 20 oy | T2
Tey

K
= Y T IF oy (V) Ml 2 oy 0 2 -
TeY

Now Holder’s inequality for sums and the identity (4.15) give
[
‘ n

RIIII S |Suppnhmsuppuh ||F||Ll7(.Q)||(Vuh)nh||Lz<Q)||T’h||L2*(quppuh)'

Finally, we can use nf < pr, and Young’s inequality to get

2
TS E/Q |Vuan|* o1 dx + Ce | F |70 () 1supp 1 M supp s ™ (11472 (o ) (4.20)

Next we consider Ry, from inequality (4.19). Recall maxr |Vpy| S maxy |1, maxy [Vny| as in
inequality (4.11). We get

Ry § Y [T 1P| max s max 15 max [V
Tes T

With Lemma 3.2, this becomes

Runy & Y (7172 [ 1Pl [ wm/ax [ [Vig]av.

Tes

Completely analogously to Ry, , we get

2 2 2 2
Ry, < €]V (untn)ll72(q) + Celsuppma Osuppun| ™ [|F 170y V172 suppisy)-

We use inequality (4.17) to deduce that

Rn,2§£/ |Vuh|2phdx+8/ a2V dx
2 o (4.21)

28,02 2
+C8‘Suppnhmsuppuh| " ||F||Ll’<.Q)||an’lHL2<suppuh)'

Inserting inequalities (4.20) and (4.21) into inequality (4.19) and using Poincaré’s inequality on the
last factor in the second summand in (4.20) gives, after renaming constants,

IRi| < g/ |Vuh|2phdx+8/ PV dx
@ o (4.22)
+Celsupp s suppun| ™ I F 1|5 o) IV 04172 (uppas) -

We can finally substitute inequalities (4.18) and (4.22) into inequality (4.13) and absorb the

8/ V| pp dx
Q
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term into the left-hand side. This yields

[ pulVunaxs [ Vi ax
a 0 4.23)

2 2 2 2 2
+ [supp s 1 5upptn| ™ (174172 uppuy + 1V 02 uppry) ) (IF Iy + 1 120c2y)

Using n}% < pp, from Lemma 3.5 on the left-hand side proves inequality (4.2) and the theorem. O

This discrete Caccioppoli inequality has the following direct corollary.

COROLLARY 4.1 Let A € L*(Q;R"™") be a uniformly elliptic matrix-valued function and let F €
LP(Q;R") and f € L?(£2) be given functions with % =1_ g and ! = % . g, where 0 > 0. Furthermore,
let 7}, be a shape-regular triangulation of the polyhedral domain 2 and V}, the corresponding finite
element space. Let uy, € V, be a discrete subsolution to —V - (AVu) = f — V- F in the sense of inequality

(4.2), let n € Cy’(L2) be nonnegative and define 1, := IT,7n. Then, we have

L9 @miPass [ v as

(4.24)
2 <0
o+ (IF U+ 112 ) (090032 cappy + 178172 (s ) 150D T O supps|
Proof. We use that
[Vl s [ VanPimPac [ o vm P
JQ Q JQ
and apply Theorem 4.3. 0

We will now introduce the nodal maximum of two functions in Vj,. This will also lead to a suitable
notion of the positive part of a continuous piecewise affine function.

DEFINITION 4.4 Let .9, be a triangulation of the polyhedral domain £ and V), the corresponding finite
element space of continuous piecewise affine functions. We define the nodal maximum of two functions
u, € Vyand vy, € Vj, as

up\V vy 1= Z (up (i) V vp(xi)) ;.

i

Furthermore, we define the nodal positive part of a function u;, € Vj, as

(uh)+ =u, V0= Z(I/th()c,'))Jr ;.

i
We also need the following technical assumption of F, which will be referred to as assumption (x).

DEFINITION 4.5 Let F € LP(;R"). We will say that F satisfies assumption (x) if there exists a
G € LP(£2;R") such that

G-Vodx>|[ F-Vodx| >0 (4.25)
). |, Fvou

for any nonnegative ¢ € Cy’(L2). By density, this inequality extends to all nonnegative ¢ € WO1 P /(Q).

REMARK 4.1 The condition (4.25) is restrictive, but still admits several nontrivial cases. First and
foremost, it includes every F € LP(Q;R") where V - F has a fixed sign as a distribution, with G :=
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—(sgn V- F)F. It also includes cases such as the following, where V - F' changes sign in the sense of
distributions: suppose that n = 2, Q = (—2,2)? and, for x = (x1,x2)T € Q, let

| —er for|x|>1,
F(x) T { e; for |x1\ <1,

where e; = (1,0)T. Obviously F € L*(Q;R?) and V- F =28 _, ® X(—2,2) — 201 ® X(—2,2), Where &
denotes the Dirac-distribution concentrated on the point ¢ € R. Consider the function G defined by

3e; forx; < —1,
G(x): ey for —1<x <1,
—e; forx; >1,

which gives V-G = —25_1 ® ¥(_22) — 281 ® X(_27), Whereby V- (G+F) = —48.1 ® X(_32) < 0in the
sense of distributions, and therefore assumption () is satisfied in this case. In general, (x) is fulfilled if
there is an LP-function G with —V -G > |V - F| in the sense of distributions.

This leads to the following theorem, which connects the notions of positive part and subsolution.

THEOREM 4.6 Let .7}, be an A-nonobtuse triangulation of the polyhedral domain . Let u;, be a discrete
subsolution to —V - (AVu;) = fj — V- F} and suppose that v, is a discrete subsolution to —V - (AVuy) =
f» — V- F, for LP-functions F| and F, and L7-functions f| and f;. Suppose further that F| satisfies
assumption (x) from Definition 4.5 with dominating function G| and F; satisfies assumption (x) with
dominating function G,. Then, u;, VV vy, is a discrete subsolution to

=V-(a(uVuz)) = fiV o=V -(G1+Ga).
Proof. As a first step, we will show that

/QAV(u,,vVh)-ijdxg/Q(flsz)w,-dx+(/QF,-ijdx>v</QF2-ijdx) (4.26)

forall j. So we fix an arbitrary j and assume w.l.o.g. that u;,(x;) > vj,(x;) and therefore uy,(x;) Vv, (x;) =
up(x;j). As Jj, is A-nonobtuse, we have [ AVy; - Vy;dx < 0 for all i # j from equation (3.2) and find

/AVuh-Vl//jdx:Zuh(xi)/AVI//i~Vl//jdx
Q i Q

:Mh(x]')/QAVl[/j'Vl[/jdx-i-zuh(xi)/QAVllli-Vl[/jdx

7 (4.27)
> (1) Vo)) [ AV Vet Y an(o) Vun()) [ AV Ve
Py
= / AV(uh \/Vh) . Vl[/j dx.
Q
On the other hand, we have
[ v [y 4.28)

and

(/ F1~Vl[/jdx)\/</ F2~Vl//jdx> >/F1Vl//,dx 4.29)
Q Q Q
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Combining inequalities (4.27), (4.28) and (4.29) with

/QAVMh'V‘I’jdX</-QFerlfj‘i‘fllI/jdxa

which follows from the fact that u, is a discrete subsolution to —V - (AVu;) = f; — V- F}, yields inequal-
ity (4.26). We will now use the fact that F] and F; satisfy assumption (x) and therefore inequality (4.25)
with dominating functions G and G, respectively. We thus have that

</.(2F1-Vl//jdx>\/(/QFz.V‘I/jdx) < (/QG1~Vl//jdx>\/</QG2.ijdx)

(4.30)
< /Q (G1+Gy) - Vy;dx.

Together with inequality (4.26) this gives

/AV(uhvvh)~wjdx</ (flsz)‘dex+/ (G +Ga) - Vy;dx. 431)
Q Q Q

In general, for a nonnegative ¢, € Vj, o we write ¢, = Y. ; @, (x;) y; and use the fact that both sides of
inequality (4.31) are linear in y;:

/QAV(M;,\/V;,)'Vq&th:;¢h(Xj)/(2AV(uhVVh)-Vl[/jdx
<;¢h(xj)/9(f1\/fz)llljdxﬂL/Q(G1+G2)'V‘I/jdx

Z/(flvfz)¢th+/ (G1+G2)-Vopdx.
Q Q

This implies that u;, \/ vy, is a discrete subsolution to —V - (AV(u; Vuz)) = fiV fo — V- (G + G,) and
proves the theorem. d
By setting f1 = f, F1 = F, f, = 0 and F, = 0 we deduce the following immediate corollary.

COROLLARY 4.2 Let .7, be an A-nonobtuse triangulation of the polyhedral domain Q. Let u;, be
a discrete subsolution to —V - (AVu) = f —V-F for F € LP(Q) and f € L(Q), with p and ¢ as
previously. Furthermore, suppose that F' satisfies assumption (x) from Definition 4.5 with dominating
function G and let ¢ € R be a constant. Then (u, — )+ and (—u; — ¢)4 are discrete subsolutions to
—-V-(AVw)=|f|-V-G.

Proof. We have
/Q AV (- ¢) - Vo dx < /Q F -V, + fopdx,

/AV(—uh—c)+-V¢,1dx<—/ F -V — fopdx,
Q Q

for any nonnegative ¢, € Vj, 0. Recall that we defined the nodal positive part as (4, —¢)4 = (up, —c) VO
in Definition 4.4. We have £V 0 < |f| and £ [, F - V¢ dx < [, G- V¢ dx. Because v, = 0 solves
—V - (AVy;,) =0, we can apply Theorem 4.6 with f; = f, F; = F, f, =0 and > = 0 to deduce the
assertion of the corollary. g

Finally, Corollary 4.2 yields the desired discrete Caccioppoli-type inequalities for the truncated
functions (uj, — ¢)+ with ¢ € R, which we now state and prove.
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COROLLARY 4.3 Let .7, be an A-nonobtuse triangulation of the polyhedral domain Q. Let u;, be a
discrete subsolution to —V - (AVu) = f — V- F for F € LP(Q;R") and f € L(Q), with p and g as
previously. Furthermore, suppose that F' satisfies assumption (x) from Definition 4.5 with dominating
function G. Let 7n);, be as in Theorem 4.3. For any ¢ € R we then have the following bounds:

| W =eyimiPaxs [ (w02 (vaiPav+ (161 e+ 1))

28
: (||Vnh||L2(supp(uh c) + ”nhHL2 (supp (up,—c)+ )|supp’r]hﬂsupp( h_c)+| "

4.32)
| v em—cpmars / (—un— 2 VP v+ (161 o) + 1 e
28
(1902 a1+ 122 (e ) 51D 1A V50D (—1t — )] 7
and
L9 —omPass [ -0t imla+ (161 @ + 1/ )
28
||Vnh||L2§u up—c) +||77h||2 upp (i —c) 4+ |SuPpTIhﬂSUPP(uh—C) |
Pt £ o ) (4.33)

| v (=P ars [ (—u =0 imP e+ (161 @)+ 1f1Esa )
'(anhmsupp<_uh_C)+||L2(supp(7uh c) +||Tlh||Lz (supp (—up—c) + >|SUI3P77h|

Proof.  Corollary 4.3 guarantees that (u, —c); and (—uy, — ¢)4 are discrete subsolutions to —V -
(AVw) = |f| — V- G. Furthermore (u, — ¢)+ and (—u;, — ¢)+ are obviously nonnegative. Thus we can
apply Theorem 4.3 and Corollary 4.1 to deduce the stated claims. (I

5. Interior C%-estimates for approximate solutions

We will now prove the desired uniform a priori C%-bound for sequences of continuous piecewise affine
finite element approximations in the interior of . To this end, we will first prove an L*-bound, and
will then deduce the discrete C*-bound. We emphasize that we have not, so far, assumed any kind of
(quasi-)uniformity of the triangulation, nor shall we do so. Our results therefore apply on graded and
adaptively refined triangulations. The main result of this subsection is encapsulated in the following
theorem.

n

F € LP(Q;R") satisfies assumption (x) from Definition 4.5 with dominating function G € L?(Q;R")
and let A € L*(Q;R"™ ") be a uniformly elliptic matrix-valued function. Furthermore, let u, be the finite
element approximation to the solution u# of —V - (AVu) = f — V- F in the sense of Definition 4.1 on a
shape-regular, A-nonobtuse triangulation .7}, of the polyhedral domain Q with respective finite element
space Vj,, i.e.,

THEOREM 5.1 Let % = % — g and é =2_ % for some & > 0, let f € L7(Q), suppose that the function

—/QAVuh~V¢hdx=/Qf¢hdx+/QF'V¢hdx (5.1

for any function ¢, € V}, 9. Furthermore, let k and Q be the constants from equation (3.8) and inclusion
(3.10). Assume that xo € T for some T € .7, and B(xp,4k~'QR') C Q for some R’ > hr. Then, there is
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an a > 0, such that, for every ball B(xp,R) C 2,

osc u, SRY. (5.2)
B(xg,R)

The hypotheses of Theorem 5.1 will be assumed to hold throughout this section. We will need a few
additional technical lemmas concerning the projections of the functions ¢y, which we have defined in
equation (2.8). Before stating these, be introduce the following definition.

DEFINITION 5.2 For a constant A., > 0 that is to be chosen later, a radius R > 0, xy € 2, such that
B(xp,2R) C Q,and k =0,1,2..., let

A= <1—2_k>)»eo and By ::B()co7 (l+2_k) R),
and consider a sequence of nonnegative C”-functions fj;, such that
2B, < Tk < XByy and Vil S2°R
We then define, for any triangulation .7,
Ny := I 7.

LEMMA 5.1 Let By and n; be defined as in Definition 5.2. Then, we have

1. maxg |[Vni| < 28R

2. If maxy |M+1| > O for some T € .7}, then we have maxr || = 1;

3. maxy [V | < 28 R~ maxy [myl;

4. If a is a polynomial, we have f |a|?|Vn, > dx < R7222KHD £ la|®nZ.
Proof. Assertion 1 is clear since

max V1| = max |V (I i) | < max | Vi| < 2R

by equation (3.14). For assertion 2, we note that if maxy [11| > 0, there is at least one node xy with

Mi+1(x0) > 0 and therefore xo € By and 1y (x0) = Mi(x0) = 1. Assertion 3 is a direct consequence of
assertions 1 and 2. The inequality stated in assertion 4 follows by using Lemma 3.2:

F1aP 9101 e~ max af max |V [
T

< 2k p-2 max |a|2mTax el? ~ 22(k+1)R—2][ la*n? dx.
T

That completes the proof of the lemma. g
We will also need a discrete counterpart of the weak-type estimate (2.14), which we shall now state.

LEMMA 5.2 Consider 7 as in Definition 5.2 and let Ay := {n?|(vy, — A — co)+|* > 0} for some ¢y € R
and v;, € Vj,. Then, we have

22k
Al < 5z [ e =2 =co)+ P (53)
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Proof. First observe that Az is a union of finitely many 7; € .7;,. On every such T;, we have maxy, Ny =
1 by Lemma 5.1, assertion 2, as maxg; Mx4+1 > 0. For at least one node xo of 7; we have vp(xo) >
Aki1 + co, and therefore

(va(x0) = A —co)+ = vi(x0) — Ak — €0 > A1 — A = 2 F A

Using this and Lemma 3.2 we get

%
2 2
VHES EM\H%}X(W —Ak—C0)+m]?X77k

22k 2 2 22k 2,2
Nﬁm\][(vh—lk—mhnkdx:F/T(Vh—lk—co)ﬂhdx-
0 T 0 i

As the T; are disjoint and supp Ny C Ag+1, summing over all i yields the assertion of the lemma. ]

This result allows us to prove a discrete version of the L™-estimate from Theorem 2.2. We shall
again confine ourselves to the case when n > 3 and write 2* := 2n/(n — 2); the proofs below are easily
adjusted when n = 2.

THEOREM 5.3 Assume that all the assumptions of Theorem 5.1 are satisfied. Furthermore, let xy € T
for some T € .7}, be a point such that B(xp,2R) C Q for some R > hy. Then, we have

s, =0t et dct (IG5 + 1) £ (5.4)
- Q(B(x0,2R))

for all ¢ € R, with Q'(B(xo,R)) as defined in (3.6).

Proof. For B = B(xp,R) we use the notation 2B := B(xg,2R). Using the notions from Definition 5.2,
we define the sequence

ai .= ][ (uh—lk—c)in,?dx fork:0,1,2,....
Q(2B)

We write A := {(up, — A — ¢)2.n? > 0} as in Lemma 5.2 and use Hélder’s inequality to deduce that

Ay = ][ (up — Ay —C)imfﬂdx

Q(8)
E 2 55)
2% A n
S ][\(Mh—lk+1—c)+nk+1 dx (|l2€2+113|)|>
Q(2)

We have assumed that R > h7. Recall that there is a Q > 2 such that (2B) C B(xg, OR) by inequality
(3.8). This means that we have |Q(2B)| ~ R". Using this and the Sobolev embedding theorem in
inequality (5.5) gives

2

, N 2
a1 SR ]Z IV ((uh — s — €)1 dx ( ;;”) : (5.6)
Q(2B)
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We will consider the factors separately. For the first one we can apply the discrete Caccioppoli inequality
(4.33) to get

Q(28)

< ][ (th — M1 — )2 | Vs |* dx
Q(2B)

][ IV ((uh — a1 — €)My dx
(2B
<

1 28

+ [©(28)] (HG”%F(Q) + Hf||%q(g)) |supp M1 N supp (up — Ay — )|

2 2
. <||77k+1 ”Lz* (supp (u—Agr1—c)+) Ve ”Lz(supp (M*1k+1*6)+)) '

Now, by applying Lemma 5.1, assertion 4, to the first summand, the bound maxg |V < 2¥R~! from
Lemma 5.1, assertion 1, together with 1, < 1 and |Ag| < |[supp Mi+1| S R” to the second summand, we
deduce that

][ IV (= a1 — €)My )| dx
Q(2B)
<24k A 2 de
S2 f lm—c—A)Pind
Q(2B)

_2,25
R®2 (|G| 2 At [\ o2k A1
+ | HLP(Q) + HfHLq(Q) R + o |-

With the weak-type estimate (5.3) and because Ay, > A, this becomes

IV ((u,— Mt — €) 4 Mieg1)|* dx

Q(2B)
24k
S F =20 s PP+ 82 (171 q) + 1/ Fue )
Q(2B)
" 1-3+2 (5.7)
2 2_28
7 | F I = 2e=oy P | f it — A=) P (2)
Q Q

TR

20 2 2
yik oo e o\ B (1610 + 1 1))
ak+<ak—|—ak o (li)" ") 2
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For the second factor of inequality (5.6) we use the weak-type estimate (5.3) to get

2
A n 22k
(' k“') < ﬁ][|ﬂk(uh—lk—c)+|2dx
“'0

Rn
2
% n
()"

Substituting inequalities (5.7) and (5.8) into inequality (5.6) yields

e (N (@) (e R (1161 ) + /1200
ap+1 S ai Ti + /,L—o% + Ti 7z

If we now choose A2 ~ max {R25 (||F||ip(m + Hf||iq(9)) o) (Un —c)i} dx, we obtain

2 2
1 a n a n
a1 S 2% gy (()L;) + (/’L];) ) :

With the help of Corollary 2.1 we get ay — 0, as k — oo, if

2
n

(5.8)

Y

=2

A2 ~ap < ][ (uh—c)idx.
Q(2B)

Because limy_,.. @ = 0, passing to the limit k — oo in the definition of a; we deduce that (uj, — c)i <2
on Q' (B(xo,R)) C N supp M. By recalling our choice of 22 we thus have on Q' (B(xo,R)) C () supp N«
the following bound:

(up =€)} < A2 S max <||GHip(Q)+||f||iq<g))R257 ][ (up — €)% dx
Q(28)

~ (161 )+ 171 R+ f (= )2
Q(2B)

which proves the stated claim. (]

Next we will prove an estimate showing that if a value of u;, is small at a node, then it cannot be
too large at neighbouring nodes. By enabling us to control not only the maximum of a function on a
simplex, but also its minimum, this will help us to recover a property analogous to the one in inequality
(2.17) that will be a discrete version of Lemma 2.4.

LEMMA 5.3 Under the assumptions of Theorem 5.1, let vj, be a discrete subsolution to —V - (AVu) =
f—=V-F with 0 < v, < 1. Then, there exist constants 7 € (0,1), N > 0 and C > 0 such that if x; and X;
are nodes of the same simplex T € .7}, with T NJdQ = 0, then we have

() < 1=+ 2,06) + € (I1F gy + 11l oy ) - (59)
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Proof. We follow the ideas from Aguilera & Caffarelli (1986), Lemma 1.7. By Lemma 3.7, we can
connect the nodes x; and x; by a sequence of nodes {xi =y0,¥1,-- ;)N =X j} belonging to the same
simplex T with

—/AVq/i-Vwi+1dx>r/ AVY, - Vyidy,  i=0,... . N—I, (5.10)
JQ Q

where we denote by ; the basis function associated with the node y; in the sense of Definition 3.1 and
7 € (0,1) only depends on the shape-regularity parameter I" of the triangulation. Also note that all of
the y; are nodes of the same simplex 7', which means that N < n. We denote the remaining nodes of .7,
by y; with i > N 4 1. We shall prove the claim by induction over the sequence of nodes connecting x;
and x;. The base step (corresponding to N = 0 when x; = x;) is clear. Suppose therefore that N > 1.

Let v;, be a discrete subsolution to —V - (AVu) = f — V- F, such that 0 < v, < 1. Fix an integer
k€ {0,...,N — 1}, test equation (4.2) against ¢y, = Y| and write v, = Y ; v, (x;)y; to get

th(yl)<V‘I/17V‘I/k+l>A:/QAVVh'V‘Vkdeg/-QF'V‘I/kH"‘f‘Vkde-
1

This leads to

Vv, Vii1)a

th(y)

12k1 \Y Wit 15 Vit 1)4

v 5.11
/ F-Vy dx+/ SVit1 dx (5.11)
Q (V¥ii1, V¥ii1)a (Vi1 V¥Wig1)a
ENENIENIIR

Va(Vig1) < —

First, we consider term /. Since 0 < v;, < 1, and because .7}, is A-nonobtuse in the sense of inequality
(3.2), we find that

2R
< Y lI/k—}—1>f\ Vh(yl)

= L (VW V¥ )a
_ VY VWeda oy VYoV
1eter (VW Vi n)a (VWit1, Vii1)a
< VW VYeda | (VUYWAY VYA i),

At (YW, Vs (V¥ Ve (Vs Vi) "

VY VV¥e)a (YW1, VW)
V¥ VW 10— (V1. Y Wir1)

Since 0 = V1 =Y, Vy; and therefore — Y ;1 7 ﬁ =1, we get

(Vyi, Vi 1)a (Vyi, Vi1)a
I<1+ — v
(VWi 1, V¥ir1)a (VWii1, V¥ii1)a n0e)

(Vyi, Vyiii)a
— g Ve YWkA 0y,
(VWir1, VWii1)a (1=viw)

Because the sequence y; satisfies inequality (5.10), this becomes

I<1—t4+1v(yk)- (5.12)
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Next we consider term /7 from inequality (5.11). We know that supp Wi+1 = 2 (yx+1) and 0 < y; < 1.
Hence, ||Wit1ll1r(q) ~ hi as yr11 € T. By equation (3.4) we find that |V lr@) ~ h;il. By the
uniform ellipticity of A we have (VWi 1, Vii1)4 2 |V Wit ||iz (@)- This gives

n

F v -
IF el ll/k+1||L(l,%+§)‘ 20

n—2
hT

1< «

~

L Il g ~ [l ()2 (5.13)

2
HVIVkJrl ||L2(Q)
Analogously, we find for term /71, using Holder’s inequality, that

1/ lz9(@) | Wit HL(17;+§)-1

n'n

(Q)
11 < ~ || fllza
~ 2 (L)
”VWk-HHLZ(Q)

n—2+6
hT

n—2
hT

~ N f o) - (5.14)

Inserting the inequalities (5.12), (5.13) and (5.14) into inequality (5.11) gives
mOke) < 1=+ 400 +C (I1F gy + Il oy ) - (5.15)
Now assume that
ko -k 5%
v () < 1= 70 (5) + € (IF o) + 1 o) 1 X 7"
m=0
We recall that y( := x; and calculate

v k1) S =T+ 70, (i) +C (HFHLP(Q) + ||f||Lq(Q)) h§
ko k 5\
<1=v47 [ 1=+ 200) +C (IF ) + I/l a()) 1 X "
m=0
S
+C (Iflza(@) + IF o (@) b7
k
= 1= 4 50) +C (Il oy + 1 sy ) 1 Y "
m=1
+C (IF @) + 1 sy ) H°

k
= 1= T 2, 50) + € (IF o) + 1 ey ) 1 Y 7
m=0

By induction, this proves by setting k = N — 1 and recalling again that yo := x; and yy = x; the bound
N 5N
v () < 1=+, (5) +C (IF L) + Loy ) B X 2"
m=0

Because ZZ;& 7" is bounded and depends only on N < n and 7, which depends only on the shape-

regularity parameter, we deduce the assertion of the lemma. O
This leads to the following lemma, which is a discrete version of Lemma 2.4. It is a generalisation

of ideas from Aguilera & Caffarelli (1986), where the discussion was restricted to Laplace’s equation.
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LEMMA 5.4 Under the assumptions of Theorem 5.1, let B(xo, R) be a ball with R > hr and B(xo, QR) C
Q where Q is the constant from inequality (3.8) and xo € T for some T € .J},. Furthermore, let v;, be a
discrete subsolution to —V - (AVu) = f — V- F with 0 < v, < 1 on B(xg, OR). Assume further, that

| U RNQ(Bx.2R)| > BI2(B(x0,2R)) (5.16)
ivy(x)=0

for some 8 > 0. Then, there exist constants Ry, 6 € (0,1) and C > 0, such that

sup vy <1=0+C (|Gl o) + oy ) B (5.17)
/(B R)

for any R € (hr,Ry).
Proof. We recall our notational convention 2B := B(xg,2R) and define, for any R > hr,

v 1
T, Ak ZZl*(l*,LL)k, Vi -

= 7(\1}[7}4{)4” Ap ::Q(zB)ﬂ{uk >0}.
=4,

ui=1-

Again, the operation (...); is meant in a nodal sense and N and 7 are the constants from Lemma 5.3.
As we have v; < 1, we have 0 < v, < 1 as well. Note that v; is a subsolution to —V - (AVv) =

ﬁ — % because of Corollary 4.2, so the local L”-estimates from Theorem 5.3 hold. This means
that we get
1
n 7 G
ap s f ) e (Ll g
Q'(B) (I1—p)
2(2B) (5.18)
1
Akl 2 1Gller + 11 fllee \ o5
<[ = ——— | R°.
~ < re) TC (I—p)k

If we can find a k such that |A;| < BR" +CﬁR”+25 for a small 3, we will have v; < % +CRY. Assume
that v 1 (x;) > 0 for some x; € 2(2B). Because the sequence (A ) is strictly monotonic increasing, if
Vi+1(x;) > 0 for some x; € 2(2B), as has been assumed, then vy, (x;) — Ax > v, (x;) — 4441 > 0, whereby
(v (x;:) = &)+ = vp(x;) — A. Hence, we have

(i) = Aepr V=M va(xi) = A N M — Mgy
1— A 1=y 1=X 1—Ait1

=X Ny M A

B 1—lk+1vk(XI) |

_owl) | (=) (-t

0 <vep1(xi) =

BT (1—p)ktt
vk(x,-) 1
= (1-p-—1
1_u+1_u( pn—1)
_ wlx) —p

T

and therefore
u < Vk(x,'). (5.19)
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We also define a sequence Ry, such that

C([[Gller + 1 flls) 5 T
e (20R)° = - (5.20)

By inequality (3.1) and inclusion (3.8), we know that

20R > diam (Q (B(x0,2R))) > hs (5.21)

for any S € 9, with S C Q(B(xp,2R)), as long as R > hr. By combining equality (5.20) and inequality
(5.21) we have that

Cc(|G N
Gloe + 1) 5 2 522
(1—p)t 4
for any R € [hr,Ry] and any S C Q(2B).
Assume that R < Ry, for some k. Again, note that v is a subsolution —V - (AVy) = ﬁ — (1?5 -

This means, by Lemma 5.3, that for any node x; of the same simplex S C 2 (B(xop,2R)) as x;, we get

N

T - ~
L= = <wlu) < 1=+ 2 x) +C (I1F [+ [1Fllg) B8

CUIFlp+11£1lq) , 6

<T—1V 4+ Ny (a)) + 1220900,

I e B

Now recall that R < Ry and note the equality (5.22) to get
™ ™

- < 1er+vak(x.,-)+T, (5.23)

which implies that vi(x;) > % Together with the already established bound % < U < vg(x;) this gives

1
Apr1 C {vk > 2} NQ(B(2R)),
as v (xg) > % at all nodes of Ay 1, because if an S € .7, satisfies S C Ay, there is a node x of S such that
vi(x0) > Axy1, and this means that we have shown that v¢(x;) > 5 for any other node of that simplex

S by inequality (5.23). Furthermore, as we are using piecewise affine basis functions, we know that
maxg v, and ming vy, are attained at a node on any simplex S € .7},. Therefore, we get

1
{0<Vk< 2}0Ak+1 =0.

However, as we have {() <y < %} NQ(2B) C A and Ay, 1 C Ay, it follows that

1
|Ag| = ’<{O < < 2} ﬂ.Q(ZB)) UAgs1

= Ho <w < ;} ﬂQ(B(ZR))‘ Al (524)

Now note that if vj,(x;) = 0, we also have vi(x;) = 0. This means that inequality (5.23) holds for all
vy for the same 6. This allows us to use the Poincaré-type inequality from Theorem 3.5. Note that
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the Poincaré constant of ©(2B) only depends on the shape-regularity parameter I" of the triangulation.

Hence,
. 1
|[Agr1]| < 2/ min< v, = o dx
Q(2B) 2

§R/ V(min{vk,l}>’dx
Q(2B) 2

<R |Vvk|dx

X

A)(ZB)H{O<m’k<%}

1
2
<R (/ |Vvk|2dx) Ho << 1}m9(3(21e))
Q(2B) 2

Here, the min is meant in the pointwise rather than in the nodal sense. As we have 0 < v < 1, we can
apply the discrete Caccioppoli-type inequality (4.33) to deduce that

RZ/ \Vvk|2 / (”G”LP + ||kf||L‘1)Rn+25
Q(2B) 20°R) (1—u)

1

2

,SR" _|_Cle’l+25.

This gives

. 1

G 2 2
|Ak+1| S <Rn+ (” (IlLi_;)|f||L‘1)Rn+25> ‘{O<Vk< ;}09(23)

Combining this with (5.24) yields

(HGllu+Hf||Lq)Rn+za
(1—p)k

Note that |[Ag| < R". With the help of Lemma 2.2 we deduce that, for any R < Ry,

l
1
Akt S (R"JF ) (|Ak] = |Ars1])2-

|Ax| <

<iRn \/ \G||u+||f||m)R

where we have used that that all norms on R? are equivalent, so in particular \/x2 +y2 ~ |x| + |y|. This
means that for any 8 > 0, there exists a k such that, for any R < R,

|47 < BR" +Cp (| Gllr +Iflls) R* 2.

Thanks to inequality (5.18) this gives, for some C > 0,

1
sup v < 5 +C(IGlr + ) R
Q'(B(R))
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Recall that vy, = (vhl 4+ Then, we get on Q'(B(R)) that

i) < (1 - Apve) + &g
a—a%i+cuwu+wmaﬁ)+a

1
= 50+ D)+ (1= 2)C (Gl +]. ) R
1 -
=3 (2= (=) + (1= 2)C 1G]+ | flls) R®
1 -
<151 =+ C (1G] + | fl10) R

™

k
=1-3 <4) +C(|Gllr +If20) RO

This proves the lemma with 6 = J (%)k and Ry = R;. O
Lemma 5.4 allows us to prove a bound on the oscillation of uy, stated in the following lemma.

LEMMA 5.5 Under the assumptions of Theorem 5.1, let Ry be the constant from Lemma 5.3, letxo € T
for some T € ., and R € (hr,Ry), and suppose that B(xo, OR) C Q. Then, there exist constants 6 €
(0,1) and C > 0 such that

<(1-6 c(|G RS, 5.25
Q/(g&gm)uh ( )B<x82(3QR)u11+ (IGllLr + 1 £1lz2) (5:25)

Proof. We begin by noting that uy, is by construction continuous on Q. As osc(cu +d) = |c|oscuy,
we first set i, = uj, — 5 (max_Q(QB) up +ming 2p) uh). We then rescale to fi, = in /]| =2 28)) to get
—1 <, <1 on Q(2B). Then, i, is still an approximate solution to —V - (AVu) f—V-F with a

rescaled right-hand side, i.e., for f = f/ ||| 1= (0 (25)) and F' = F /||ip|;=((2p)) and
2= osc i, < o0sc .
Q(2B) B(x.20R)
Note that
U Q(x;) = U Q(x;)
itug (x;)=0 i1y (%) <0
and

U @) |u U e |=«.

iup(x)<0 i—up(x)<0

This means that the inequality (5. 16) is satisfied for at least one of the functions 7, and (—)+. As
uy, is a finite element solution, both u+ and ( iiy)+ are subsolutions, with right-hand sides f, F and

f —F, respectlvely Furthermore, F and —F both satisfy assumption % with the dominating function
B))- As oscily, = osc(— uh), we are free to choose the one for which inequality (5.16)

holds
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We can therefore apply Lemma 5.4 to either ij, or —ii;, and get

osc i <supiiy+1<2—0+D (|G +|fllze) RO
o555 < o (s

~(1-2) 05, - 2SN s
2 ) Blx0,20R) 1| 2=( (28))

Hence, after multiplying through by ||iiy |1 (o (25))» using that oscuy = ||y | 1= (@ (25)) 05C s, and redefin-
ing 0 ~ %9 we have that

<(1-0 D(||G R,
Q/(g&(;ﬁ))uh ( )B(Xgich)uh+ (IGllr + 1 £1lz2)

which completes the proof. O
We are now ready to prove the interior Holder-regularity result from Theorem 5.1.

Proof of Theorem 5.1.  First we will need to show that uy, is uniformly bounded on balls B(xg,20QR) if

B(x0,4K_1QR) C Q. Inequality (5.4) from Theorem 5.3 yields

lonl=gm) < =g 1)) S Nhl22 s 10y + € (1 iy + G Ruy) - (5:26)

Thanks to the homogeneous Dirichlet boundary condition satisfied by uj,, we can use Poincaré’s
inequality to deduce that

2 2 2
||uh||L2(_Q(4QB)) < ||uh||L2(_Q) < ||Vuh||L2(_Q)'

Because of the uniform ellipticity of A and testing equation (4.1) against ¢, = u;, we get

||Vuh\|12_2(g>§/QAVuh-Vuhd.x:/QF~Vuh+fuhdx.

We can now use Holder’s inequality and Sobolev embedding. Also note that p >n>2andg> 5 > 2

n+2°
hence,
2
IVunllz2 @) < [IVunll2 @) 1F |2 ) + ”f”LnZT”Z(Q)”uhHH*(Q)
SWVunllz @) 1F llzr @) + 11 la@) [ Vunll 2 (q)-

Together with inequality (5.26) this shows that for any B with 40B C Q, ||uh||%m(2QB) is uniformly
bounded.
Next we will prove inequality (5.2) for different values of R. If

1 TN k+1\ &
Re |hr, <2CQ (4> =:[Ro,R1] (see the conditions of the Lemma 5.5 and eqn. (3.1)),
we can use Lemma 5.5 to get

s{d-e v+ D (IIG R, 527
2 Blor)" ( )B<x§§zCQR)“’+ (IGlr @) + 1/ ll2ae)) (5.27)
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Now, the inclusion (3.10) guarantees that there is a k¥ > 0 depending on shape-regularity, such that
B(kR) C Q'(B(R)). This gives, together with inequality (5.27), that

<(1-6 D (||G||.» R?, 5.28
5O ( )B(xg,SZCQR)thr (1G]l r () + /1l 2a0)) (5.28)

which allows us to apply Lemma 2.3 with ¢ (r) = 0scp(ag,) tn, T = % 1-0=020x )™ and o, = §.
If it turns out that § > a1, we can use a weaker norm for f and F in our Caccioppoli estimates that result
in a smaller §. This leaves us with

C
osc u, < = +C RS. (5.29)
B(xg,R) R}

1 N /_(+1 % 4 ]_(+1
IfR > (2CQ (TT) ) , we have 2CQ (TN> RS >1and get

4\ k1 s
5, < 2y <400y () (5:30)

For R < hr, assume first that B(xp,R) C Q(T). We note that uy, is piecewise affine on every S € .7j,.
Denote by L,, s the Lipschitz constant of u;, on a simplex S € .7},. For a ball B(xo,R) we have that

osc uy < max L, R. 5.31
B(x0.R) h Se 7, S (5-31)

SNB(xo,R)#0

On the other hand, the L,, s are given by

OSCB,v?S up

L,s= 5.32
M/“S 2Rl‘7S I ( )

where B, g is the inscribed ball of § and R; g its radius. Denote by yo the centre of B; 5. We then find
using inequality (5.29) that

oscup < 0sc up S hg. (5.33)
Bis B(yohs)

By shape-regularity, we have R; s 2 hs. Substituting this and inequality (5.33) into (5.32) yields
Ly,s~h3". (5.34)

Because B(xg,R) C Q(T), we get hg ~ hr for all § € .}, with SN B(xp,R) # 0 from equation (3.5).
Inserting this, together with the relation (5.34), into inequality (5.31) yields
osc uy ShOT'R< RS, (5.35)
B(xo.R)
By equation (3.7) there is a k¥ > 0, depending only on the shape-regularity constant, such that if
B(xo,R) N (2\ Q(T)) # 0, we necessarily have R > khr. However, we can then use inequality (5.29)
to deduce that

1
osc up, < osc up S h? < —5R5. (5.36)
B(xo,R) B(xo,hr) K
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Taking C as the maximum constant from inequalities (5.29), (5.30), (5.35) and (5.36) finally gives

0sC up < cR®
B(xq,R)

and proves the theorem. O

6. C%-Regularity at the boundary

So far we have always assumed that we are far away from the boundary 92 of Q. In order to prove
uniform Holder regularity up to the boundary we will use suitable truncations of uy, to leave be able to
use uy, n,f as a test function in equation (4.2) even if 1, is not necessarily compactly supported in 2. For
convenience we will write Q¢ :=R"\ Q.

DEFINITION 6.1 A domain £ C R” satisfies a uniform outer cone condition if, for any x € d£2, there is
a cone C with CN Q2 = 0, with its tip at x and angle greater than some o > 0. In particular, this means
that the complement Q¢ is fat in the sense that there is a iy > 0, such that for any x € dQ and R > 0,
we have

‘B(x7R)ﬂ_QC| >‘LLO|B(X,R)|. (6.1)

We note that a Lipschitz polyhedral domain automatically satisfies a uniform cone condition. This
allows us to state the main theorem of the section.

THEOREM 6.2 Let 2 C R” be a polyhedral domain (which thereby satisfies a uniform outer cone
1 2_8

condition in the sense of Definition 6.1). Furthermore, let p, g be defined via % =.- % and é =i—1,
let f € L9(Q) and let F € LP(Q;R") satisfy assumption (x) with dominating function G € L”(Q;R"),
and let A € L*(Q;R"™") be a uniformly elliptic matrix-valued function. Let .7}, be an A-nonobtuse,
shape-regular triangulation of the polyhedral domain £ with respective finite element spaces V}, and
Vi. Let uy € V0 be a continuous piecewise affine finite element approximation to the solution of the
equation —V - (AVu) = f — V- F. Furthermore, assume that 1|y € CP(dQ). Then, there is an o €
(0, 1) such that
up € Ca(.Q)

and

lunlca@) S N1Gllr) +11f1lLa0) + D
where D depends on |uy|pq|-p. A, 8, & and the shape-regularity parameter I" of .7,.

Again, we will break down the proof into several lemmas. For simplicity we write %(xo,R) :=
B(x0,R)N Q.

Henceforth we shall assume that n > 3 and write 2* :=2n/(n—2). The proofs are easily adjusted in
the case of n = 2.

THEOREM 6.3 Let .7}, be an A-nonobtuse, shape-regular triangulation of the polyhedral domain Q. Let
uy, be a nonnegative subsolution to —V - (AVuy,) = f —V-F for F € L? and f € L4. Furthermore, suppose
that F satisfies assumption (x) from Definition 4.5 with dominating function G. For any n € C*(R")
define 1y, := IT,n. Suppose furthermore that u;,(x) = 0 on Q2 NsuppNy,. Then, we have

| vuPimPacs | v s
Q Q

s ) ) 2 (6.2)
+ (1G1E @) + 11 Esc2) ) (1922 supp) + 180 22 Gy ) 5P AL
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Proof. Note that Hh(uhHh(n,%)) € V0 because we assumed that uy,(x) = 0 on 9 Nsuppmny,. This

means that we can test inequality (4.2) against ¢, = IT,(u,IT,(17)) and follow the steps of the proof of

Theorem 4.3. (]
Thus we arrive at the following L™-norm bound that is valid near the boundary.

THEOREM 6.4 Under the assumptions of Theorem 6.2, suppose that v, is a discrete subsolution to
—V-(AVu) = f — V- F. Suppose furthermore that v, = 0 on 9 N Q(B(xo,2R)) for some ball B(xy,R).
Then, we have

sup (- SR [ (=Pt de+ (I lua) + IGln(a) ) B (63)
Q' (B(xo.R)) " Q(A(x0,2R)) " L) L)
Proof. The result follows using inequality (6.2) and proceeding as in the proof of Theorem 5.3. (]

LEMMA 6.1 Under the assumptions of Theorem 6.2, let v, € V}, be a discrete subsolution to the equation
—V-(AVu) = f — V- F with 0 < v, < 1. Then, there exist constants 7 € (0,1), N > 0 and C > 0 such
that if x; and x; are nodes of the same simplex 7' € .7, with v, = 0 on Q(7) N 9dQ then we have

() < 1=+ (1) + € (1Gll o) + 1oy ) - 6.4)

Proof. We would like to follow the steps in the proof of Lemma 5.3, which requires being able to test
equation (4.2) against Lagrange basis functions y;. If x; € 2, we have y; € V}, o and inequality (5.11)
holds. Let us therefore assume that x; € dQ. We then have that vj,(x;) = 0 because of the assumption
v, =0o0n 2(T)NJQ. This yields the following inequality:

LAVV}, . Vl//,dx = th(xj) AAVWj . Vl//,dx
’ 6.5)
- th(x,)/ AVY; - Vydr <0,
i @
where we have used in the last step that the mesh is A-nonobtuse. Inequality (5.11) thereby simplifies to

(VY, Vii1)a
% < - —_ "y . )
n(Vkr1) l#;rl Vet Vs )a n (V1) (6.6)

This means that we can proceed as in the proof of Lemma 5.3 from here on. (]
This leads to the following variant of Lemma 5.4.

LEMMA 6.2 Under the assumptions of Theorem 6.2, let B(xg,R) be a ball with R > hy where xo € T for
some T € . Furthermore, let vj, be a discrete subsolution to —V - (AVu) = f—V-F with 0 < v, < 1
on A(xp, OR). Assume further that

|B(x0, OR) N Q°| > B|L2(%(x0,OR))| (6.7)

for some B > 0, where Q is the constant from inclusion (3.8) and v, =0 on dQ N Q <Q (B(ZR))).
Then, there exist constants Ry, 6 € (0,1) and C > 0 such that

sup vy <1=0+C(|IF],+fI,) R° (6.8)
Q'(B(x0.R))

for any R € (hr,Ry).
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Proof.  We can follow the proof of Lemma 5.4 step by step, because the condition v, =0 on dQ2 N
Q (.Q(B(ZR))) ensures that inequalities (6.2), (6.3) and (6.4) hold. Furthermore, assumption (6.7)

guarantees, together with v, =0 on dQ N Q (Q (B(ZR))), that Poincaré’s inequality can be applied to

v, on Q (% (xo0, OR). O
This now allows us to prove Theorem 6.2.

Proof of Theorem 6.2.  If we have B(xo,4x 'QR') C Q for an xo € T for some T € .7, and R’ > hr,

Theorem 5.1 yields

osc u, SRY.
B(xo.R)

On the other hand, if B(xo,4k 'QR') N dQ # 0 for every R' > hy, we write uj, = (up)+ — (—up)
and consider (uj,)+ and (—uy,)4 separately; both are nonnegative subsolutions in Vj,. Without loss of
generality we can assume that B = & (from equation (??) and the choice of the indices p and g in L?
and L7). Let us consider (uj,)+. We can assume that u(x) = 0 for some point of dQ2. Thanks to (2?)
we find that ((uy)+ — cdiam(Q)%), € Vj, 0. By Theorem 6.4, this gives that ((uy) — cdiam(£2)%) is
uniformly bounded, which means that (i) is uniformly bounded.

If R > hy and B(xp,4k~'QR) N Q¢ # 0, we know that B(y, k" 'QR) C B(xo,5k~'QR) for some y €
dQ and together with inequality (6.1) this gives assumption (6.7). We can also assume that u,(y) = 0.
We write

((un)y —DR%)4
1((h)+ — DR®) 4 || 15z 551 0)

Vp =

with D = ¢5x~'QR. This means that

0sc v = vyl w0 B _
'%(x075K‘1QR) h H h“L (B(x9,5 1 OR))

and
Vh|anB(x0,5;<—1QR) =0.
Note that vy, is a discrete subsolution to

1
1((n)+ — DR®) 4 || 1= 51 0R)

—V-(AVY) = (=V-G+f).

Hence we can apply Lemma 6.2 for R € [h7, %KRO] to get

G|, +
wo metprc— 10 Wl
HB(x0,KR) ”((u)Jr —DR )+ HLM(L@(XO.SK—IQR))
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This leads to

osc (up)y = sup (up)y < sup ((up)y —DR®); +DR®
%B(x0,kR) ,%(XO,K'R) ,%(xo,KR)

8 s
= [[((un)+ = DR® )4 || =2y 55 10r)) SUP va+DR
L@(Xo,KR)

< (1-0)|[((un)+ —DR?) 2= (20,551 0R))
(C”G”LI’ ) +Cl £l +D) R®

< (1= 0)[[(un)+ 1l (B(x,5x~ ' OR))
(C”G”LP )y +Cl fllzae +D) RS

<(1-6) osc (up)s+ (CIGllr(a) +Cl o) +D) R.
%(xo,SKﬁlQ)

(6.9)

This means that we can apply Lemma 2.3 to deduce that

osc (i < (1G]l » )+ y+D
Jose, () 5 (1G]ri@)+ 17 lusia + D) B

The proofs for R < hr and R > %KRO are completely analogous to the respective parts in the proof
of Theorem 5.1. We then repeat this argument for (—i;). By combining the resulting bound on
0SC(x,,r) (—Hn)+ With the above bound on oscz(y, r) (@) + we deduce that

lunlca@y S 1Gller ) + 1 fllLao) + D,

which completes the proof. (|
We conclude with the application of the discrete De Giorgi theory to a nonlinear elliptic problem.

THEOREM 6.5 (Uniformly elliptic nonlinear equations) Let .7}, be a shape-regular, nonobtuse triangula-
tion of the polyhedral domain Q with associated finite element space Vj,. Furthermore, let F € L (Q2;R")
satisfy assumption (x) from Definition 4.5 and let f € L9() with g and p defined as in Theorem 6.2.
Leta: Q2 xRxR" — R satisfy 0 < ¢ < a(-,-,-) < C < oo. Furthermore, let u, € Vj, be a discrete
solution to —V - (a(x,uy, Vuy)Vuy,) = f —V-F, i.e., a function u;, € Vj,o, that satisfies

/a(x,uh,Vuh)Vuh-Vq)hdx:/ fq)hdx—i-/ F -V, dx (6.10)
Q Q JQ

for all ¢, € V0. Then, there are exist o € (0,1) and D > 0 depending only on ¢, C, f, F, Q and the
shape-regularity parameter I" of .7, such that

Proof. First note that any nonobtuse triangulation is A-nonobtuse for a scalar A. The same steps as in
the proof to Theorem 4.6 (with f, = 0 and F, = 0) show that

[ aun, Vo)V — ) -Voudx < [ fondr+ [ G-Vaan 6.11)
Q Q Q

for any ¢y, € Vi, 0. Because a(x,uy,, Vuy)Lyx, is a uniformly elliptic matrix for any x € 2, u,(x) € R and
Vuy(x) € R, we can follow the proofs of Theorem 6.2 and 5.1. O
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7. Conclusions

‘We have shown that under the condition of shape-regularity and A-nonobtuseness, continuous piecewise
affine finite element approximations to the elliptic partial differential equation —V - (AVu) = f —V - F,
with  a bounded open polyhedral domain in R”, A € L*(Q;R"*") a uniformly elliptic matrix-valued
function, f € LY(Q), F € LP(Q;R"), with % = % - % and é = % - g for some & > 0, are uniformly
Holder-continuous up to the boundary d€2, of the domain  if F satisfies condition (%) from Definition
4.5. In our forthcoming papers, following on from Theorem 6.5 above, we will derive uniform L=(2)
norm bounds on sequences of finite element approximations to p- and @¢-Laplacian systems where A is

given by |Vu|P~2 or ¢'(|Vu|)|Vu| !, respectively, and therefore fails to be uniformly elliptic or bounded.

Funding

This work was supported by the UK Engineering and Physical Sciences Research Council under the
grant EP/L0O15811/1. The research of L. Diening was supported by the DFG through the grant CRC
1283. T. Scharle was supported by the Clarendon Fund.

REFERENCES

AGUILERA, N. & CAFFARELLI, L. (1986) Regularity results for discrete solutions of second order elliptic prob-
lems in the finite element method. Calcolo, 23, 327-353.

BARRETT, J. W. & Liu, W. B. (1993a) Finite element approximation of the p-Laplacian. Math. Comp., 61,
523-537.

BARRETT, J. W. & L1u, W. B. (1993b) Finite element error analysis of a quasi-Newtonian flow obeying the
Carreau or power law. Numer. Math., 64, 433-453.

BARRETT, J. W. & Liu, W. B. (1994) Quasi-norm error bounds for the finite element approximation of a non-
Newtonian flow. Numer. Math., 68, 437-456.

BECK, L. (2016) Elliptic regularity theory: a first course. Lecture Notes of the Unione Matematica Italiana,
vol. 19. Bologna: Springer, Cham; Unione Matematica Italiana, pp. xii+201.

BLUM, H., LIN, Q. & RANNACHER, R. (1986) Asymptotic error expansion and Richardson extrapolation for
linear finite elements. Numer. Math., 49, 11-37.

BRENNER, S. C. & ScoTT, L. R. (2008) The mathematical theory of finite element methods. Texts in Applied
Mathematics, vol. Volume 15, third edition edn. New York: Springer.

CASADO-DfAZ, J., REBOLLO, T. C., GIRAULT, V., MARMOL, M. G. & MURAT, F. (2007) Finite element
approximation of second order linear elliptic equations in divergence form with right-hand side in L!. Numer.
Math., 105, 337-374.

CIARLET, P. & RAVIART, P.-A. (1973) Maximum principle and uniform convergence for the finite element
method. Comp. Meth. Appl. Mech. Eng., 2, 7-31.

DEMLOW, A., LEYKEKHMAN, D., SCHATZ, A. & WAHLBIN, L. (2012) Best approximation property in the W.!
norm for finite element methods on graded meshes. Math. Comp., 81, 743-764.

DIBENEDETTO, E. (1993) Degenerate parabolic equations. New York: Springer-Verlag, pp. xvi+387.

DIENING, L., KREUZER, C. & SCHWARZACHER, S. (2013) Convex hull property and maximum principle for
finite element minimisers of general convex functionals. Numer. Math., 124, 685-700.

DIENING, L., SCHARLE, T. & SCHWARZACHER, S. (2019) Regularity for parabolic systems of Uhlenbeck type
with Orlicz growth. Journal of Mathematical Analysis and Applications, 472, 46—60.

DOLZMANN, G. (1999) Optimal convergence for the finite element method in Campanato spaces. Mathematics of
Computation of the American Mathematical Society, 68, 1397-1427.

GRISVARD, P. (1976) Behavior of the solutions of an elliptic boundary value problem in a polygonal or polyhedral
domain. Numerical solution of partial differential equations IIl. Proceedings of the Third Symposium on the



DISCRETE C* REGULARITY 45 of 45

Numerical Solution of Partial Differential Equations, SYNSPADE 1975, held at the University of Maryland,
College Park, Md., May 19-24, 1975 (B. Hubbard ed.). New York-London: Academic Press, Inc. [Harcourt
Brace Jovanovich, Publishers], pp. 207-274.

GUZMAN, J., LEYKEKHMAN, D., ROSSMANN, J. & SCHATZ, A. H. (2009) Hélder estimates for Green’s func-
tions on convex polyhedral domains and their applications to finite element methods. Numer. Math., 112,
221-243.

HELFRICH, H.-P. (1971) Optimale lineare Approximation beschriankter Mengen in normierten Rdumen. J. Ap-
proximation Theory, 4, 165-182.

Ko, S., PUSTEJOVSKA, P. & SULI, E. (2017) Finite element approximation of an incompressible chemically
reacting non-Newtonian fluid. arXiv preprint arXiv:1703.04766.

Ko, S. & SULL, E. (2019) Finite element approximation of steady flows of generalized Newtonian fluids with
concentration-dependent power-law index. Mathematics of Computation, 88, 1061-1090.

Liu, W. B. & BARRETT, J. W. (1996) Finite element approximation of some degenerate monotone quasilinear
elliptic systems. SIAM J. Numer. Anal., 33, 88-106.

NATTERER, F. (1975) Uber die punktweise konvergenz finiter elemente. Numer. Math., 25, 67-77.

NITSCHE, J. (1970) Linear spline-functionen und die methoden fon Ritz fiir elliptische randwertprobleme. Arch.
Rational Mech. Anal., 36, 348-355.

RANNACHER, R. & ScoOTT, R. (1982) Some optimal error estimates for piecewise linear finite element approxi-
mations. Math. Comp., 38, 437-445.

SCHATZ, A. H. & WAHLBIN, L. B. (1977) Interior maximum norm estimates for finite element methods. Mathe-
matics of Computation, 31, 414-442.

ScoTT, R. (1976) Optimal L™ estimates for the finite element method on irregular meshes. Math. Comp., 30,
681-697.

STEVENSON, R. (2008) The completion of locally refined simplicial partitions created by bisection. Math. Comp.,
77, 227-241 (electronic).



