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Abstract

This paper is dedicated to Professor Francisco Guillén-Gonzélez (University of Sevilla) in celebration
of his 60th birthday. The first author would like to express his friendship to Francisco (Kisco) by ded-
icating to him this short paper, written with friends and colleagues on a subject of his doctoral thesis,
the incompressible Navier-Stokes equations with variable density; see, for instance, [FG93|. The main
objective of the paper is to present recent mathematical developments for a simpler system than the
compressible Navier—Stokes system, to highlight certain relevant techniques even when a more concise
compactness method may be used in the incompressible setting. We first consider a nonhomogeneous in-
compressible Navier—Stokes system with a density-dependent viscosity coefficient, which may be singular
close to the maximal admissible value of the density; this model is usually referred as the soft formu-
lation. We then perform a limit passage to the so-called hard formulation and show how the diffusion
may be altered by including an unilateral constraint related to maximal packing. In the final section we
briefly describe an application to the modeling of atmospheric dispersion, where the transport of species
occurs in all directions, driven by the velocity field, but diffusion is only present in one direction (usually
the vertical direction); consequently, the system is degenerate.

1 Introduction

In this paper we present two mathematical results related to the incompressible Navier—Stokes equations
with variable density. The first one (see Section 2) is aimed at illustrating the application of the new
compactness method developed by the first author and P.-E. Jabin |[BJ18| in the, more complicated, com-
pressible setting. Then, in order to illustrate the limit passage from the soft to the hard description, we
perform in Section 3 a limit passage with application to the modeling of atmospheric dispersion, where the
transport of species occurs in all directions driven by the velocity field, but diffusion is only present in one
direction (usually the vertical direction); consequently, the system is degenerate. It is important to note
that recently soft approximations for congested systems have been studied by several authors in relation to



various compressible flow models; see, for instance, Bresch, Perrin & Zatorska |[BPZ14], Perrin & Zatorska
[PZ15], Bresch, Nec¢asova & Perrin [BNP19).

In Section 2, we will start by focusing on the following PDE system. Suppose that T" > 0 and let
T? := R%/Z? denote the d-dimensional flat torus, with d € {2,3}. We consider the system of incompressible
Navier—Stokes equations with variable density p:

Op + div(pu) =0 on (0,T] x T, (1)
A (pu) + div(pu @ u) — div(u(p)D(u)) + Vp=0  on (0,7 x T (2)
divu =0 on (0,T] x T, (3)

where u and p are the velocity and the pressure of the fluid, subject to the initial conditions
p(0,2) = po(z) and (pu)(0,2) = po(w)uo(z), = € TY,

where, for some 5 € (0,1), v > 1, and € € (0,1),

ep”
wp) = ——5+1 4
=G5 (4)
We assume that pg is such that
0<po(x)<1—e?  zeT? (5)
then,
1< p(po(x)) <14 (1 —eYPyr <2, z e T (6)

We shall further suppose that there exists a positive constant Cy such that

/ 1/)()(:Is)u(2)(:c) dz < Cp.
Td 2

Since p depends on the parameter € > 0, as does the upper bound on the initial density pg, the same is
true of p, u and p; for the sake of notational simplicity we shall not explicitly indicate this dependence
on € unless it is necessary to emphasize it. We are interested in passing to the limit € — 0 by means of
a compactness argument. Because for € > 0 the function p is nonnegative and strictly and uniformly in
(t,x) € [0,T] x T¢ bounded by 1 —&/# (cf. below), the stated initial-boundary-value problem has, for
each € € (0,1), a weak solution (cf., for example, [AKT73|, JAKM90], [Sim90|, and [Lio96|) with

we L0, TsWIA(TLRY), pe L9(0,T) x T Rso), p e D((0,7) x T,  plul? € L=(0,T; L (T%),

with additional regularity properties, which we shall not list here. We get, by letting ¢ — 04, the limit
system, called the congested fluid model:

Op +div(pu) =0 in (0,7] x Q (7)

Ot + div(pu) =0 in (0,7] x Q (8)

O(pu) +div(pu @ u) —div(zD(w)) + Vp =0 in (0,7] x Q, 9)
diva=0  in (0,7] x © (10)

\ 1-PE-1)=0  in(0T]x0 (1)

subject to the initial conditions

p(0,2) =po(z), w(0,z) = p(po)(0,z), (pu)(0,z)=po(z)uo(x) for z € T?.



In Section 4, we shall prove the existence of global weak solutions to the following system:

Op +div(pu) =0  in (0,T] x T9, (12)
oy +div(mu) =0 in (0,7] x T¢, (13)
Or(pu) + div(pu ® u) — Au+Vp=0  in (0,7] x T, (14)
divu=0  in (0,7] x T, (15)
oc+u-Ve—0,(1+m)d,c) =0  in (0,T] x T9, (16)
with
7 >0, (1 —p) =0, 0<p<1 on(0,7T]x T (17)

and subject to the initial conditions
p(0,2) = pol), (pu)(0,2) = po(@)uo(x), c(0,x) = colw)  for z € T°.

The key idea is to regularize the evolution equation for the concentration of the pollutant in a particular
way using a parameter-dependent diffusion matrix A., with 0 < € < 1, and then pass to the limit ¢ — 04
with the regularization parameter e. We shall define A so that some of its components are small when
the density of the flow is smaller than a certain value, and they are nonnegligible otherwise. Passing to
the limit € — 04 will enable us to rigorously derive the degenerate reaction-diffusion equation coupled
with the nonhomogeneous incompressible Navier—Stokes system.

2 The soft approximation for congested incompressible Navier-Stokes

In this section, we consider the soft approximation for the congested incompressible Navier—Stokes equa-
tions. We first provide some formal estimates. Then we prove certain compactness results concerning p(p)
using the technique introduced by the first author and P.—E. Jabin; we believe that this is a helpful example
through which the key ideas of the method can be easily explained, despite fact that in our simpler context
of a divergence-free velocity field one can establish compactness in a more standard manner.

Remark 1. It is important to note that we can prove the compactness on (u(p))e in LP((0,T) x T¢) for all
p € [1,00) in a more standard manner. First we use the bound on p® to get a uniform bound on p(p®) in
L>=((0,T) x T¢). We also obtain a bound on d;u(p®) in L>(0,T; W~12(T9)). Thus by the Aubin-Lions—
Simon Lemma, there exists a subsequence such that u(p¢) strongly converges to 7z in L%(0, T; W~12(T%)).
As uf converges weakly to u in L2(0,T; W12(T9)), it follows that in the limit 9,z + div(fiu) = 0. One can
also show that

Lt anfas = [ ngganPas— [ @Par= [ aeaopde e

which then implies the strong convergence of u(p°) to 7 in L?((0,T) x T?) and therefore in LP((0,T) x T%)
for all p € [1, 00) thanks to the uniform bound on u(pf) in L>=((0,T) x T%).

2.1 Some formal a priori estimates

Integrating and over T we get,

/ p(t,z)dx = / po(x)dx =: M1 >0 for all ¢ € [0, 77, (18)
Td Td



and

/ p(t, z)u(t,z)de = / po(x)up(z)de =:C  for all t € [0,T].
Td Td
Testing (1)) with p— := min{0, p}, thanks to (3)) and the assumed nonnegativity of py (cf. (f])) it follows

that p(t,) > 0 for all ¢t € [0,T]. Similarly, testing with ppP~!, p € (1,00), again using and (), it
follows, together with and the nonnegativity of p that

</w Ip(t, =) d:c)’l’ = </Td lpo(z)[P d:c)é =M, forallt€[0,T]andallp € [l,00).  (19)

The formal calculation above can be made rigorous by adapting the proof of Corollary II.1 in [DL89]
to our current setting, with the spatial domain being T? rather than the whole of R?, which guarantees
the existence of a unique weak solution to the continuity equation for each pg € L>(T?) and each
u € L2(0,T; Wh2(T?; R9Y)).
Passing to the limit p — oo in it follows that
ess.sup,era|p(t, )| < ess.supgeqa|po(z)| for all ¢t € [0,T1,

and because p(t,-) > 0 for all ¢t € [0, 7], by (5) also

0 < ess.sup,cpap(t, z) < ess.sup,cpapo(z) < 1—el/P for all ¢ € [0, T7. (20)

Taking the dot-product of with u, integrating over T%, and integrating by parts using , we get
d 1
— ~p(t,2)u?(t,z) dz + / w(p(t,z))|D(u(t, z))|> dz = 0 for all t € (0,T]. (21)
dt Td 2 Td

From and using Korn’s inequalityﬂ we obtain
1 5 I 5
€sS.SUPyc(o, 7] —p(t,x)u(t,z)de + = |Vu(s,z)|*deds| < Cp. (22)
’ Td 2 2 0 Jrd
Next, we note that

1
u(t,x):u(t,y)—i-/o ;9 (t,0x + (1 —6)y)do

=u(t,y) + / Vu(t, 0z + (1 — 0)y)(x —y)do for all z,y € T¢.
0

'Suppose that v € C°°(T4; R?). Then,

d 2
1 Ov; 8vv 1 Ov; av- Ovj Ovj
]D) _ 7 J _* 7 7 J J d
I ”L2(Td> 4 zz: / Oz Ba:i 4 Z /Td ox; 8xj ox; + ox; v
d
1 ov; |? Bvi 6‘1)J ov; |? 81)2 Ov; 1 2 . 2
=33 [ 5] + g ae= 3 Z / o]+ e 5 de = 5 (190 + v e

Therefore, |D(v)||? T2(rd) = 3 HVUHLz(Td) For Sobolev functions v € WH?(T% R%), the inequality then follows by a density
argument in W2 (T% R?); recall that in our case u € L*(0,T; W?(T% R%)). If, in addition divv = 0, then |[D(v)|3. (Tay =

%HVU||2L2(W)~



Then, multiplying by p(t,y) and integrating over y € T%, we get

Muatta) = [ olt.pyult.)dy
(23)

1
+ / p(t, y)/ Vu(t,0x + (1 —0)y) (r —y)dO dy for all z € T
Td 0

Now,

1
Ty := /[rd p(t,y)/0 Vu(t, 0z + (1 — 0)y)(x —y)do dy'

1
< [ le=slott.n) [ [Futt.ba+ (1= 0))l a0y

(/ o=yl [o(t y)]2dy> (
B (/qrd =yl [p(t, 9))? dy>é /ﬂrd [\:c i Y| /olz_y
: (/T ’”f—yP[p(t,y)JQdy)% </1r [iﬂ%i/; Vu <t s —3!)‘ ds]2 dy>é,

where in the transition to the fourth line we performed the change of variable 8 = s/|x — y|. Let

1
2 2
dy>

2
Vu(t,y%—sx_y)‘ds dy
|z =yl

/ IVu(t, 0z + (1 — 0)y)| do

1 T
g(t,y;v) :=sup / |Vu(t,y + sv)|ds, where v € R? and |v| = 1.
>0T Jo

Then,

T, < </w !w—ylz[p(t,y)]zdyf (/Td [g (t,y; ;:;)]2 dy>é, t €[0,T].

Since g is the Hardy—Littlewood maximal function of |Vu/ in the direction v, it follows (see, for example,
[Cal72 Proof of Lemma 7] or [Ste93|) that

1 1
(/ \g(t,y;u>rpdy)”3cp(/ rwt,ynpdy)”, te 0,7, v RS, v = 1.
Td Td

Hence, with p = 2,
T < [ o= oP i) dy) (/ |Vuty12dy)
< codion(™) ( [ [l ) (. |Vuty|2dy)



We return with this bound to , to find that, for all z € T¢,

Mitutt o) <| [ ottt o] +] [ oten) [ Futtm+0- e - ) ava

< [C] + co diam(T?) (/Td[po(,y)de)é (/Td IVu(t,y)yzdyf
— [C| + c2Ms diam(T%) </Td Vult. ) dy)5 |

Squaring this and integrating over € T¢ and ¢ € [0, T] then gives

T 2T|C|? 4c2Co M3
/ ut, )2 dz dt < A‘AZ’ | 4 2270772
0 Td 1

222 [diam(T9)]?|T9|.
Mg

As |T¢| =1 and diam(T%) = V/d, it follows that

2TICP |, Ac3dCoM}
M? My

T
/ lu(t, z)|> dzdt < (24)
0 Td

Thus we have shown that [[ul| 2o r,12(1e)) is bounded by a constant, uniformly with respect to e.
From (I), (3), and renormalization theory, we get furthermore, for each function f € C1([0,00); R),

9f(p) +u-Vf(p)=0.

Thus, if f(po) is initially uniformly bounded, then these bounds are preserved during the course of evolution
in time. In particular, we deduce from and @ that

0<p(tz) <1, (25)

1< plplt,a)) < 2 (26)

for all (t,z) € [0,T] x T¢, and uniformly with respect to e. It therefore follows that there exist p, i €
L>=(0,T, L>(T%)) such that
P =Pl i L0, T, L%(TY), (27)
E—

where 7, i are weak- limits to be identified in L>(0, T, L>°(T4)).

2.2 Strong compactness of p(p)

To prove strong compactness of ((p))e>0, we use the following two results. The first of the two is a
compactness criterion in L'(T¢), while the second result is a compactness criterion in L'(0,T; L'(T%)). For
their proofs and additional details the reader is referred to the publications by Belgacem and Jabin |[BJ13]
and Bresch and Jabin [BJ18|.

Theorem 2. For h > 0, we define Kj € L*(T¢) by

__ 1 P
Kne) = e 2T (28)

Suppose that (f7)°2, C LY(T?). Then, the following statements are equivalent:



(1) Up to a subsequence, (™), converges strongly in L*(T¢) as n — oo;

(2) The sequence (f™)°%, is uniformly bounded in L*(T¢) and

limsup {1 /T L Enla = o)lf"(@) ~ £()|dx dy] 0

n—+oo || Knl 1 (Tay

Theorem 3. Let (f*)52, be a sequence that is uniformly integrable in L'((0,T) x T%) and suppose that
K}, is as in Theorem |4 Assume that 0y f™ € LI(0, T, W=54(T%)) for some q > 1, and bounded uniformly
in n in the norm of L1(0, T, W~14(T%)). Let further

1
limsup sup { / Kh<x—y>\f”<t,x>—f“(t,yndxdy} —
n——+o0o t€[0,7) HKhHLl('[[‘d) TdxTd h—0

then, the sequence (f™)°%, is compact in L*((0,T) x T?). Conversely if the sequence (f™)°2, is compact
in LY((0,T) x T?) then the above quantity converges to 0 as h tends to zero.

Denoting pia(t) = p(p(t, 2)), wa(t) = ult,) and puy(t) = pp(t, 5)), uy(t) == u(t,y) for all z,y & T4
and t € [0,T], we have from and the following equations:

815,“/:(: + leCC(,U’CCuCC) =0,
Oty + divy (pyuy) = 0.
Hence, taking the difference and then using , we have
at(,ux - Ny) + Uy - vx(ﬂx - Ny) + Uy * vy(MJ? - My) =0.
Multiplying this by (tte — ty)/|1te — y| yields
Ot|ptee — ,U«y‘ + g - V|t — My’ + Uy - vy’ﬂx - My‘ =0.
Dividing the last equation by (|z — y| + h)?, we obtain

9 ‘,Ua: _Ny|

’,Ux_,uy‘
— \%
"z =yl + h)d

) o — iyl  ue —uy e — pyl(z —y) (29)
(Jz —y| + h)?

e—yl+n)* Tle—yl (o —yl+ 0"

+ Ug - +uy -V

Integrating this over T% x T¢, we get using equation that

d — U ’Nz |($ )
_ . dedy = — Y. dxzd
T o 0@ = Y) i = iy dady /T/T w9 <|a:—y|+h>d+1 v

Thus, integrating in time, we obtain

/ Kn(x — y)lpalt) — <>|dxdy—/ K — )| — 10| d dy
TdxTd xTad

_ up(s) = uy(s) () =@ —y) 0o
d/ /11‘d/lrd |z — y| (lx — y| + h)dH drdyd

To simplify matters, let us first assume that Vu is bounded in L'(0, T, L>°(T4; R%*4))  uniformly with
respect to €, by some constant A > 0. Hence,

|ux(s) — uy(s)] < [[Vu(s)llpoe(rayle —yl, s €[0,T] (31)

(30)

7



and we obtain using the following bound:

Uz — Uy |pa — piy| (2 —

d dyd
v o] \x—th)dH rever

| ,“y|
. — U dzdyd
//T e~y e e dyds
Ny‘
- ~dedyd 32

- /0 9u(s) e ( /T B = ) (o) dady ) .

where in the transition to the second line we used the obvious inequality |z —y| < |z —y| + h for z,y € T%.
Thus, from , and Gronwall’s lemma we get

Td

/ Kp(z — y)|pe(t) — py(t)] dz dy < exp(dA) / Knp(z —y)lpy — pyl dz dy. (33)
Td xTd TdxTd

Hence, by assuming the compactness of (15°).~¢ in L*(T%), it would follow from Theorem that the right-
hand side in tends to 0 as € — 04 (via the implication 2 = 1). The inequality would then imply
that the expression on its left-hand side converges to 0 as ¢ — 04, and then using Theorem [3| we could
deduce the compactness of (1f)eo in L'(0,T; LY(T9)).

Unfortunately, we can only ensure that Vu belongs to the function space L?(0,T, L?(T% R%*%)) (see
[22))) rather than L'(0,7,L>(T¢;R¥%)). In order to circumvent this difficulty, we introduce a weight
function w in order to avoid subsets of [0, 7] x T? over which |Vu| is ‘large’.

Definition 4. We define the weight function w : [0,7] x T¢ — R as the solution of the problem

w(0,-) =1 on T¢, (34)
w4+ u - Vw + AM(|Vu|)w =0 on (0,T] x T, (35)

where A > 0 is to be fixed, and M is the Hardy Littlewood maximal operator defined, for all f € L'(T%),
by
1
M x —sup/ dy, xe’]l‘d,
M) =sp s [ s

where B(z,) is a unit ball or radius r > 0 in R? centred at z.
The following result is classical (cf. [Ste70, Theorem I.1J).

Lemma 5. For all 1 < p < oo, there exists a constant C; > 0 depending only on d and p such that
IMfllzoray < Cillfllpoeray — for all f € L'(TY).

The velocity field u has sufficient regularity (see , ) to deduce from the initial condition the
following result.

Proposition 6.
0<w(tz) <1 for all (t,z) € [0,T] x T (36)

The proof is straightforward: it is based on first testing with w_ := min{0,w} to prove that w > 0
on [0,T] x T¢. Then, testing with pw?~! we prove that lw(t, ) Loeray < [[w(0, )| Lp(ray, using in both
cases that divu = 0. Finally, passing to the limit p — oo we infer that 0 < w(t,z) < w(0,z) = 1 for all
(t,r) € [0,T] x T



Remark 7. Equation involves the transport term dyw+wu-Vw and the damping term AM (|Vu|)w > 0.
Roughly speaking, if |Vu| is large on some set, then the damping is large on that set, so w must be close
to 0. Conversely, if |Vu| is small, then the damping is weak, so the initial datum w(0,-) = 1 is transported
with little or no damping, and w(< 1) is therefore close to its initial value of 1.

Let w, = w(-,x) and wy, := w(-,y) for z,y € T¢. Multiplying by wzwy, we obtain

Wy Wy | bz — fiy| W Wy | bz — fy| Wy Wy |fhz — fiy

=yl + ) (lz =yl +h)? (lz =yl +n)?

Uz — Uy |pa — pyl(z — y) |pa — iy
= —dw, LA Y -2 Uy Wy — YL
Wy T4 (z—yl+h) (M(IVzug|) + M(|Vyuyl))w wy(|x—y| Ry

. |:uz_,uy| Ug — Uy r—Yy
— P (a0 V) + M V). (37)

+ Uy - Vg +uy - Vy

By invoking the inequality (cf. [BH93, Theorem 3] with m = 1 there)
[ug — uy| < Colz — y|(M(|Vaug]) + M(|Vyuyl)) for all z,y € T¢,

where Cs > 0 is a constant that depends only on d, we get

Uy — Uy r—Yy |ua¢_uy|<
- . < < dCy(M(|Vug]) + M|V yuyl)).
Thus, choosing
A =dCsy,

the right-hand side of becomes nonpositive. Hence, integrating over T?% x T? and recalling and
the definition of Ky, we get

d
3 Lo e = e - O, sy <o
Td JTd

By integrating this with respect to t and using , we obtain

[ [ e = i) = @y dedy < [ [ = lu - i8] dod. (38)
Td JTd Td JTd

Had we obtained without the weights w, and w, that appear in the integrand on the left-hand side,
the compactness of ()0 in L*(0, T; L*(T¢)), would have directly followed from Theorem [2| and Theorem
. Therefore, our objective now is to show that the weight function is strictly positive a.e. on [0, 7] x T¢,
i.e., (see Remark [7)) that Vu is not ‘large’ at almost all points in the set [0, 7] x T¢. To this end, we shall
prove the following result using the uniform (in &) bound .

Lemma 8. There exists a constant B > 0, depending only on d, T', and Cy and C1, such that
€s8.SUP¢[o,7] / |log w(t, x)|dz < B.
K Td

Remark 9. Lemma implies that w is positive a.e. on [0, T] x T¢. Indeed, if w — 0, then |logw| — +ooc.



Proof. Thanks to , 0 < w(t,z) <1 for ae. (t,r) € [0,T] x T% Let 0 < a < 1. Then, 0 < a <
w(t,r) +a <1+ a for ae. (t,x) € [0,T] x T Dividing by w + a we obtain

A
Olog(w + ) +u - Vlog(w + o) = —rfa/\/lﬂVuD.

Integrating this over T¢ and recalling yields

w

d
-—— log(w+a)da::)\/

< .
7L [ MOV da < )\/Td/\/l(]Vu\)dx

Integration of this inequality over ¢ € [0,T] gives, using and the fact that |T¢| = 1,
t
—/ log(w(t, ) + a) da < —/ log(1 + a)dx + )\/ M(|Vul)(s,x)dzds
Td Td 0 J1d

= —log(1+ ) + /\/0 /Ed./\/l(]Vu\)(s,x) dzds.

Hence, by the Cauchy—Schwarz inequality, Lemma |5| with p = 2, and , we obtain
t
/ log(w(t, ) + a)dr < —log(1 + a) + )\/ M(|Vul)(s,z)dzds
Td o Jrd
t
< —log(1+ )+ [ IMOTu sz ds

T
< —log(1+a)—|—01)\/ IVu(s, )| g2z ds
0

T 2
< —log(1+a) + C1 T2\ ( / IVu(s, M Z2eray dS)
0
< —log(1+ a) + Col/QClTl/Q)\.

Hence,
- / log(w(t, z) + o) dx
{z€T?: 0<w(t,x)<1—a}

< log(w(t,z) + ) dz — log(1 + ) + 03/201T1/2)\

/{we’ﬂ‘d l—a<w(t,x)<1}

<

/ log(1 + a) dx — log(1 4+ «) + Cé/2ClT1/2>\
{z€T: 1—a<w(t,zr)<1}
< log(1+ a) —log(1 + a) + C/2Cy T2\ = €Y/ 0y T2

On the left-hand side we can now use the monotone convergence theorem to pass to the limit o | 04:

ty [ log(w(t,) + @) dz = T | Ypsers:ocu(eny<ioj(~ 10g(w(t,2) + a)) da
a—04 {z€T?: 0<w(t,x)<1—a} a—04+ Jpd

:/ (—logw(t,x))dz :/ |logw(t, z)| dx,
T T
thanks to the fact that the integrand

X{zeTd: ng(t,x)glfa}(_ log(w(t, (E) + Oé))

10



is a nonnegative function, which, for each fixed (¢,z) € [0,T] x T¢, is nondecreasing as o | 0. Thus we

deduce that

€s8.8UP;e0,7] /]I‘d |log w(t, x)|dz < 03/201T1/2)\ =: B,

with A = dC, as required.

O

Let us use Lemma |8 and to prove the compactness of (1)z>0. Let n € (0,1), to be chosen. For

t € [0,T], We consider the set E,(t) C T?? defined by
Ey(t) = {(z,y) € TT x T | (wa(t) < m) V (wy(t) <)}
Remark 10. From , we get
for all (z,y) € Ey,  [log(wewy)| = —log(w,) — log(wy) > —logn = |logn],
for all (v,y) ¢ E,, wywy >n* > 0.

Thus we obtain from , and

/Td th,(m — )|z () — pay (t)| daz dy

T
_ / (@ — ) pat) — py(8)] dardy + / Kn(@ — y)laa(t) — py(t)] dz dy
E, T

\E,

1
< g /E Ko = )l loglus(t)uy (1) dr dy
1
i /T\E Kn(w = y)lpa(t) = iy (8) o (t)w, (1) do dy

< b
“08;77\ Td JTd

+ 7]12 /Td /Td K (@ —y)|pa(t) — poy () wa ()wy (t) dzdy, te[0,T].

Kn(z = y)|log(w, (t)wy (1)) dz dy

On the one hand, using Young’s convolution inequality and Lemma [§]
[, [, 50t = wltogtuws 0] dody
Td JTd
= —/ Kp(z —y)log(w,(t)) de dy —/ K (z — y)log(wy(t)) de dy
Td JTd Td JTd

< 2[[ K1 (1a) /Td [ log(w(t))|dx < 2B|[Kp[r1(1ay, ¢ € [0,T].

On the other hand, using , we get

1
o / K (2 — )\t (£) — iy ()| (£)u0y (8) da dy
| Kkl g1 ray Ja Jpa
S limsup / Kh(.’E - y)“/“g - Hg‘ dx dy =:¢€n, te [OvT]v
e=0 | Knllpi(ray Jra Jpa

where g;, — 0 thanks to Theorem
h—0
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Finally, combining , and we arrive at the inequality

1 / 2B Eh
_ Ky(x —y)|uz(t) — py(t)|dedy < + =, tel0,T].
[ Kl L1 (ray Jra Jpd (7 = lale) = 1 ) [logn| ~ n? 0.7]
Choosing n = 5h/ ﬁ 0, we obtain
limsup sup [1/ Kp(z — y)|pa(t) — py(t )\dxdy] < —i—€1/2 — 0.
e—0  tefo,1) LIERl L1 (ray Jra J1a |log ep| h—0

Hence, strong compactness of (1% in L' (0, T; L*(T%)) using Theorem [2| will directly follow once we have
shown that (0;pf).~0 is bounded in L4(0,T; W~154(T%)) for some ¢ > 1. Note to this end that, thanks to

(),

(@utp).)| = | = vt = | [ ntou- o

<2 [ lullVelde < 2ull a9l oy

for all p € Wl’#(’]rd). Hence,

T

T
| 10Dy @t <2 [ ) .

Because of the bound , q = 2 is a legitimate choice in the last inequality. Thus we have shown
that ()0 is bounded in L%(0,T; W~—52(T%)), and the strong compactness of the family ()0 in
LY(0,T; L' (T%)) then directly follows from Theorem As 1 < u(-) < 2, it then further follows that
the family (u)e>o is in fact strongly compact in LP(0,T; LI(T%)) for all p, ¢ € [1,00) (and weak-+ compact
in L°°(0,T; L>=(T%)). By the uniqueness of the weak-x limit,

f= lim 5,

n—oo
in the norm LP(0,T; L9(T%)) for any p,q € [1,00) or indeed in the weak-x topology of L>°(0,T; L>(T%)).
By an identical argument, the family (p%).¢ is strongly compact in LP(0, T; L4(T%)) for all p,q € [1, 00)
(and weak-x compact in L*°(0, T; L>(T%)), and
.
p= lim p=,
in the norm LP(0,T; L9(T%)) for any p,q € [1,00) or indeed in the weak-x topology of L>°(0,T; L>(T%)).

2.3 The congested fluid flow model
By rearranging the defining expression for the viscosity, we have that

(1= )" =1) =e(p) (1 - p)7 (44)

Passing to the limit € — 0, using the strong compactness of ().~ and the fact that g < 1, we get

1-7p)(r—1)=0 with0<p<landl<p<2. (45)

Remark 11. In particular, 7 = 1 at any point in [0, 7] x T where p < 1.
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As (u)e>0 is bounded in L?(0,T; L?(T%;R%)) and (p°)e»0 is bounded in L>(0,T; L>=(T%)), it follows
that (ufp®)eso is bounded in L2(0,T; L?(T%; RY)), and has therefore a weakly convergent subsequence (not
indicated) in L%(0,T; L?(T%;R?)). Consequently, pu® — pu weakly in L?(0,T; L?(T%; R%)), and therefore
also weakly in L'(0, T'; L' (T%;R)). On the other hand, u® — @ weakly in L?(0,T; L2(T%;R%)) and p° — p
strongly in L%(0,T; L?(T%; R?)). Therefore, pu® — pu weakly in L'(0,T; L'(T%;R%)). By the uniqueness
of the weak limit in L'(0,7; L?(T%;R%)) it then follows that

pu=pu in LY(0,T; L' (T%RY)). (46)
As both sides of the equality belong to L?(0,T; L*(T%)) we have,
pu=pu in L?(0,T; L*(T%RY)). (47)
By an analogous argument as in [Sim90| (cf. p.1106 under the heading Convergence properties)
—_— . —1,7%5 (md. pdxd
PURU=PURU=p-URU in L*(0,T; W™ a1 (T% R*%)). (48)

As D is linear, we infer using the strong compactness of u° and the weak compactness of (D(uf)).~o that

pD(u) = ED@) i L2(0,T; LA(T4ROY)). (49)
Finally, analogously to ,
mu=pu  in L?(0,T; L2(T4RY)). (50)

Using these results, we can pass to the limit in , , , and recall , to arrive at the following,
so-called, congested fluid model:

( op+div(pu) =0  in (0,7] x Q (51)
op 4 div(puw) =0 in (0,7] x Q (52)

O(pu) +div(pu @ u) — div(zD(u)) + Vp =0 in (0,7] x €, (53)
divu=0 in (0,7] x Q (54)

(1-p)(m—1)=0 in (0,7T] xQ (55)

subject to the initial conditions

p(0,z) =po(x), m(0,z)= m(()? z), (pu)(0,z) = po(z) 117)(1’) for z € T,

3 An application to modelling of atmospheric dispersion of a pollutant

The aim in this section is to focus on an application discussed in [PT09]. More precisely we want to
justify the derivation of the following nonhomogeneous incompressible Navier—Stokes system coupled to a
degenerate reaction-diffusion equation that arises in a model of atmospheric dispersion of ozone and other
photochemically generated pollutants:

;

Op + div(pu) =0 in (0,7] x T, (56)

O + div(mu) =0 in (0,7 x T4, (57)

O(pu) +div(pu @ u) — Au+ Vp =0 in (0,7] x T4, (58)
divu=0  in (0,7] x T¢, (59)
Oc+u-Ve—0,((1+m)d,¢) =0 in (0,7] x T¢, (60)
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with
7 >0, (1 —p) =0, 0<p<1l on(0,7T]xT% (61)

and subject to the initial conditions
p(0,z) = po(x), (pu)(0,z) = po(z)up(z), ¢(0,z)=co(x) for z € T?.

The noteworthy feature of this model is that the diffusion in equation acts only in one direction
(usually the vertical direction), while the transport of species is in all directions, driven by the velocity field.
Thus, the equation modelling the evolution of the concentration c¢ of the pollutant under consideration
is a partial differential equation with nonnegative characteristic form [OR73|, with degenerate diffusion.

The key idea is to regularize the evolution equation for the concentration of the pollutant in a
particular way using a parameter-dependent diffusion matrix A., with 0 < € < 1, and then pass to the
limit € — 0 with the regularization parameter €. We shall define A; so that some of its components are
small when the density of the flow is smaller than a certain value, and they are nonnegligible otherwise.
Passing to the limit ¢ — 0 will enable us to rigorously derive the degenerate reaction-diffusion equation
coupled with the nonhomogeneous incompressible Navier—Stokes system.

For the sake of simplicity, instead of a fully three-dimensional model, we consider the following model
in two spatial dimensions, with z being a horizontal direction and z the vertical direction:

op° +div(p°u®) =0  in (0,T] x T?, (62)
O(p°u®) + div(pu® @ u®) — Au® + Vp* =0 in (0,7] x T2, (63)
divu® =0  in (0,7] x T2, (64)
Ot +uf - Ve —div(A(p°)VeE) =0 in (0,7] x T2, (65)
subject to the initial conditions
(0,2, 2) = py(z,2), (p°u®)(0,z,2) = pg(x, 2)ug(x, 2), (0,z,2) =gz, 2), (z,2) € T?

where, for 8 € (0,1), v > 1, and € € (0,1),

eAza(s) 5Am(sv) -
A(s) = £s e R,
eAz.(s) 1+ s y
and Ay, Ay, ¢ [0,1] — R are bounded continuous functions, and s € [0,1). Suppose further that there
exists an a@ > 0 such that A,, > a. Then, there exists an € = (@, || Azz||oos || Azz]|c0) > 0 such that

v

Azz(s) <1 + (158)ﬁ> > 2eA,.(s)* forall 0 < e <% and all s € [0,1). (66)
— s

This then enables us to infer, for all v = (vg,v,) € R? & € (0,2] and s € [0,1), the following two-sided

bound:

1 9 1 es?
§€AII(8)”U$‘ + 5 <1 + W
In particular, A.(s) is a positive definite matrix for all 0 < ¢ <€ and all s € [0,1).

We shall suppose that the initial data (p§, u§, c5) € L>(T?) x L?(T? R?) x L>°(T?) satisfy

3 es?
> ’UZ‘Q S Ag(S)’U ) S iaAm(s)\va + = <1 + (]_—S)ﬁ) ’"UZ|2. (67)

0<pg<1—eP divug=0, 0<c<1. (68)
Finally, we define
e._ ()
BN TErSE (69)
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Theorem 12. Let T > 0 and suppose that 0 < € < €. Then, the system f with initial condition
(p§, ug, cg) € L°°(T?) x L?(T? R?) x L>(T?) satisfying admits a weak solution

(p°,uf, ) € L([0,T] x T?) x L2(0, T, W (T4 R?)) x L([0,T] x T?).

Moreover,
0<p°(t,m,2) <1, 0<7°(t,x,2) <1 for all (t,z,2) € [0,T] x T?; (70)

there exists some C' = C(||ug||p2(12),7, 8,T) > 0 such that

1 T
eSS-SUPte[o,T]/T pa(t,x,z)]u‘g(t,m,z)|2dmdz—|—/0 /T2 [uf(t, 2, 2)[> de dz dt

2
’ . (71)
+/ / IVl (t, 2, 2) [ dedzdt < C,
0 T2
€S8.5UD .2yl | As (07 (1. ,2))| < C. (72)
and
0<f(t,x,2) <1 for all (t,z,2) € [0,T] x T2, (73)
€ 2 £ ! (5 £ 2
€sS.SUPyc[0, 7] 2[0 (t,z,z)]"dedz + 5 . Apz(p° (8,2, 2))|0pc” (s, x, 2)|* dzdz ds
T ) Ot T (74)
+ / 0.¢% (s, z, 2)|* da dzds} <1
2 0 T2

Proof. Using the method developed for the system 7, we obtain and , while is a straight-
forward consequence of . Multiplying by ¢€ then integrating over [0,¢] x T?, where t € (0,T], we
obtain, using ,

t
€SS.SUPye(o,7] [/11*2 [c°(t,x,2)]* dzdz +/0 - A (p(s,x, 2))V (s, x, 2) - Vo (s, x, 2z) dr dz ds]

(75)
—/ 5 (x, 2)[*dzdz < 1.
T2

In particular, if ¢j is not identically zero, then that is also true of ¢°. We then easily get from and
(75)), using the nonnegativity of 7°.

More generally, after multiplying by f'(c?), where f € C%(R) is a convex function, and integrating
over [0,t] x T2, where t € (0, T], we obtain

f(E(t,x,2))dedz < | f(cg(z,2))dadz  forall t € [0,T]. (76)
T2 T2

Using an approximation argument, is also valid for all convex function. Choosing f defined by
f(y) :== max{0,y — 1}, y e RY, (77)

we get from and the bound
max{0, ¢ (t,xz,z) — 1}dxdz <0 for all ¢t € [0,T7; (78)
T2

hence ¢ < 1 a.e. on [0, T] x T2. Similarly, choosing f : y — — min{0, y}, we get 0 < ¢ a.e. on [0, T]xT?. O
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Theorem 13. Let T > 0 and let (p°,u®,c?) € L>([0,T] x T?) x L2(0, T, WH2(T?;R?)) x L>([0,T] x T?) be
a weak solution of (62)~(65) with initial data (p§, uf, c§) € L>(T?) x L*(T%* R?) x L>(T?) satisfying (683).
Suppose further that there exists a constant Cy > 0 such that

HUEHB(TZ) <y for all e > 0. (79)

Then, there exists a quadruple (p, 7, u,c) € L=([0,T] x T?)% x L2(0, T, W12(T?,R?)) x L>°([0, T] x T?) such
that, up to a subsequence,

p° = p in L0, T, L*(T?)), (80)
e—0
7 — m  in L*(0,T, L*(T?)) (81)
e—0
ut — u in L*(0, T, WH2(T?% R?)), (82)
e—0
¢ —*c¢ in L([0,T] x T?), (83)
e—0
¢ = ¢ in L*0,T, W 5(T?)), (84)
e—0
d.¢ — d.c in L*(0,T, L*(T?)). (85)
e—0

Moreover, (p,m,u,c) is solution of f.
Proof of Theorem[13 Analogously as in the case of the system 7, there exists a triple

(p,m,u) € L=([0,T] x T?)? x L*(0, T, WH*(T% R?))

satisfying f. Hence we obtain f and . The weak convergence results and
directly follow, thanks to and . Moreover, and give

Orc® = div(A:(p°) Ve — uc). (86)

As A.(p®) is a symmetric positive definite matrix, it follows that

T
/ |Ac(p(t, 2, 2))V e (t, 2, 2)|* dv dz dt
0 T2

(87)
T
< es8.8UP(4 g2y f0,1]x12| A= (0° (¢, T, 2))| / A (p(t,x, 2))V(t,x, 2) - Vo (t,x, z) dedzdt < C.
0o Jr2
Furthermore,
T T
/ |uf (t, z, 2)c (t, z, 2)|? de dzdt < / [us(t,z,2)|* dedzdt < C. (88)
0 T2 0 T2
Thus, using , and , we get by the Aubin-Lions lemma. Then, and give
Oc® +u° - V& = 0pc® + div(uc) = dic + div(uc) = dpe+u- Ve in D'((0,T) x T?). (89)
E—
For s € [0,1), let S(s) € R?*2 denote the symmetric positive semi-definite matrix defined by
([ Ase(s) Azx(s)
S(s) = <Am(s) 0 . (90)
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It then follows that

Ayve =esve+ (0 ) (o1)

and
T
5/ 1S(p°(t,z,2))VE(t, x, 2)|> de dz dt
0o J12
T
< essupua o S @ )| [ [ etn 2870w 2) V0, 2) - Ve (1, 2) dwdza
0o Jr2
T
§C/ / eS(p(t,x,2))Vc(t,x, z) - Vo (t, v, z) de dz dt. (92)
0o Jr2
From , we then have
T
(0 §)/ / eS(p*(t,x, 2))Vc(t,x, z) - Vo (t, z,z) de dzdt
0o J12
T
:/ / A (p°(t,x, 2))VE(t,x, 2) - Vo (t, @, z) de dz dt (93)
o Jr2
T
—/ / (1 +7°(t,z,2))|0.c(t, 2, 2)|* drdzdt < 1.
0o Jr2

Thus (92) and imply that

el S(p°)Ve Lo o,mr2(r2)) — 0. (94)
e—0
Moreover, from and we get
(14790:° = (1+m)d:c in D'((0,T) x T?). (95)
e—
Finally, , and give
div(A:(p°)Vco) = 2,((1 +7m)d,c) inD'((0,T) x T?). (96)
E—
Hence we obtain . 0
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