EXISTENCE OF GLOBAL WEAK SOLUTIONS TO COMPRESSIBLE
ISENTROPIC FINITELY EXTENSIBLE NONLINEAR
BEAD-SPRING CHAIN MODELS FOR DILUTE POLYMERS:
THE TWO-DIMENSIONAL CASE
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ABSTRACT. We prove the existence of global-in-time weak solutions to a general class of mod-
els that arise from the kinetic theory of dilute solutions of nonhomogeneous polymeric liquids,
where the polymer molecules are idealized as bead-spring chains with finitely extensible nonlin-
ear elastic (FENE) type spring potentials. The class of models under consideration involves the
unsteady, compressible, isentropic, isothermal Navier—Stokes system in a bounded domain 2 in
R?, d = 2, for the density p, the velocity u and the pressure p of the fluid, with an equation of
state of the form p(p) = cpp”, where ¢p, is a positive constant and v > 1. The right-hand side
of the Navier—Stokes momentum equation includes an elastic extra-stress tensor, which is the
classical Kramers expression. The elastic extra-stress tensor stems from the random movement
of the polymer chains and is defined through the associated probability density function that
satisfies a Fokker—Planck-type parabolic equation, a crucial feature of which is the presence of
a centre-of-mass diffusion term. This extends the result in our paper [J. W. Barrett € E. Siili:
Existence of global weak solutions to compressible isentropic finitely extensible bead-spring chain
models for dilute polymers, Math. Models Methods Appl. Sci., 26 (2016)], which established
the existence of global-in-time weak solutions to the system for d € {2,3} and v > %, but the
elastic extra-stress tensor required there the addition of a quadratic interaction term to the clas-
sical Kramers expression to complete the compactness argument on which the proof was based.
We show here that in the case of d = 2 and v > 1 the existence of global-in-time weak solutions
can be proved in the absence of the quadratic interaction term. Our results require no structural
assumptions on the drag term in the Fokker—Planck equation; in particular, the drag term need
not be corotational. With a nonnegative initial density pg € L°°(f2) for the continuity equation;
a square-integrable initial velocity datum ugo for the Navier-Stokes momentum equation; and a
nonnegative initial probability density function g for the Fokker—Planck equation, which has fi-
nite relative entropy with respect to the Maxwellian M associated with the spring potential in the
model, we prove, via a limiting procedure on a pressure regularization parameter, the existence
of a global-in-time bounded-energy weak solution ¢t — (p(t),u(t),¥(t)) to the coupled Navier—
Stokes—Fokker—Planck system, satisfying the initial condition (p(0),%(0),%(0)) = (po,u0,%0)-
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1. INTRODUCTION

In Barrett & Siili [9] we established the existence of global-in-time weak solutions to a large
class of bead-spring chain models with finitely extensible nonlinear elastic (FENE) type spring
potentials, — a system of nonlinear partial differential equations that arises from the kinetic
theory of dilute polymer solutions. We first restate the model considered there, and we then
discuss the aims of the extensions of the results of [9] contained in the present paper.

In the model studied in [9], the solvent is a compressible, isentropic, viscous, isothermal New-
tonian fluid confined to a bounded Lipschitz domain Q ¢ R?%, d = 2 or 3, with boundary 9. For
the sake of simplicity of presentation, 2 is assumed to have a ‘solid boundary’ 9€2; the velocity
field y will then satisfy the no-slip boundary condition 4 = Q0 on 0f€2. The equations of continuity
and balance of linear momentum have the form of the compressible Navier-Stokes equations (cf.
Lions [18], Feireisl [14], Novotny & Straskraba [20], or Feireisl & Novotny [15]) in which the elastic
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2 JOHN W. BARRETT AND ENDRE SULI

extra-stress tensor T (i.e., the polymeric part of the Cauchy stress tensor) appears as a source term
in the conservation of momentum equation:

Given T € Rxq, find p : (z,t) € Q@ x [0,T] = p(z,t) € Ry and u : (z,t) € Q x [0,T] —
u(z,t) € R? such that

(1.1a) %+~Vm~(gp) = in Q x (0,77,
(1.1b) p(z,0) = po(x) Vr € Q,

I(pu) _
(Llc g T Ve (pu®u) = Vo S(u,p)+ Vaplp) =pf+ Vo7 inQx(0,7T],
(1.1d) u=0 on 990 x (0,7,
(1.1e) (pu)(z,0) = (pouo)(z) Va € Q.

It is assumed that each of the equations above has been written in its nondimensional form; p
denotes a nondimensional solvent density, v is a nondimensional solvent velocity, defined as the

velocity field scaled by the characteristic flow speed Uy. Here S(u, p) is the Newtonian part of the
viscous stress tensor defined by

(1.2)

2o

(1:0) = 15(0) | D) = 5 (Ve )T | + 15 () (Vo 0) I,

~ o~ ~ ~ ~

where [ is the d x d identity tensor, D(v) := % (Vv + (Vo v)T) is the rate of strain tensor, with

(Vou)(z,t) € R and (V. Q)ij = g”l The shear viscosity, #(+) € Rsg, and the bulk viscosity,

uB() e R>q, of the solvent are both scaled and, generally, density-dependent.
In addition, p is the nondimensional pressure satisfying the isentropic equation of state

(1.3) p(s) =c¢ps” Vs € R>o,

where ¢, € Ry and v > %. Our analysis also applies, without alterations, to other monotonic
equations of state, see Remark 1.1 in [9].

On the right-hand side of (1.1c), [ is the nondimensional density of body forces and 7 denotes
the elastic extra-stress tensor. In a bead—sprmg chain model, consisting of K + 1 beads coupled
with K elastic springs to represent a polymer chain, 7 is defined by a version of the Kramers
expression depending on the probability density function ¢ of the (random) conformation vector
q = (g?,...,g}})T € RX9 of the chain (see equation (1.10) below), with qi representing the
d-component conformation/orientation vector of the ith spring, ¢ = 1,..., K. The Kolmogorov
equation satisfied by v is a second-order parabolic equation, the Fokker—Planck equation, whose
transport coefficients depend on the velocity field u, and the hydrodynamic drag coefficient ap-
pearing in the Fokker—Planck equation is, generally, a nonlinear function of the density p.

The domain D of admissible conformation vectors D C RX4 willl be assumed to be a K-fold
Cartesian product D; x - - - X Dk of bounded open balls D; = B(0,b7) in R centred at Q € R% and
of radius bl-%, with b; € Rsg, i =1,..., K. We consider the spring potentials U; € C'*(0, %); R>o),
1 = 1,..., K, and will suppose that U;(0) = 0 and that U; is unbounded on [O,%) for each
it =1,..., K; the resulting bead-spring chain models are referred to as FENE (finitely extensible
nonlinear elastic) type models; in the case of K = 1, the corresponding models are called FENE

type dumbbell models.
The elastic spring-force F; : D; C R? — R? of the ith spring in the chain is defined by

The partial Maxwellian M;, associated with the spring potential U;, is defined by

1 1 _U.(L10.12
Mi(gi) = ge vGlgP) g ::/ . Ul(é\gmdgh =1 K
7 D;
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The (total) Maxwellian in the model is then

K
(1.5) M(q) == Mi(e:),  a:=(aT,....qk)" € D:= X D.
Observe that, for i =1,..., K and qgeD,

(1.6a) M(q) Vo, [M()]™" = =M ()] Vo.M (q) = Vo, (Us(3l0:1*)) = Ui (5lgil?) 45,
and, by definition,

(1.6b) /DM(q) d(z =

We shall assume that for i = 1,..., K there exist constants ¢;; > 0, j = 1,2,3,4, and 0; > 1
such that the spring potential U; € C*([0, %);RZO) and the associated partial Maxwellian M;
satisfy

(17&) Ci1 [dlSt(g“ 8Dl)]01 § Ml(gl) § Ci2 [dlSt(gZ, 5‘DZ)]0’ ng € DZ,
(1.7b) cig < dist(qi, OD;) Uj(3lqi*) < e Vgi € Di.
It follows from (1.7a,b) that (if §; > 1, as has been assumed here,)

18) [ [+ OGP + OGP M) dg <o, =LK

Example 1.1. In the classical FENE dumbbell model, introduced by Warner [25], K = 1 and
the spring force is given by F(q) = (1 — [¢]?/b)~" ¢, with ¢ € D = B(Q, bz), corresponding to
U(s) = —g log (1 — —S), s €0, ) b > 2. More generally, in a classical FENE bead spring chain,
one considers K + 1 beads hnearly coupled with K springs, each with a classical Warner type
FENE spring potential. Direct calculations show that the partial Maxwellians M; and the elastic
potentials U;, i = 1,..., K, of the classical FENE bead spring chain satisfy the conditions (1.7a,b)
with 6; := %7 provided that b; > 2,4 =1,..., K. Thus, (1.8) also holds and b; > 2,i=1,..., K.
Note, however, that (1.8) fails for b; € (0,2], i.e., for 6; € (0,1], which is why we have assumed in
the statement of (1.7a,b) that §; > 1 fori=1,... K.

It is interesting to note that in the (equivalent) stochastic version of the classical FENE dumbbell
model (K = 1) a solution to the system of stochastic differential equations associated with the
Fokker—Planck equation exists and has trajectorial uniqueness if, and only if, % > 1; (cf. Jourdain,
Lelievre & Le Bris [16] for details). Thus, in the general class of FENE-type bead-spring chain
models considered here, the assumption §; > 1,7 =1,..., K, is the weakest reasonable requirement
on the decay-rate of M; in (1.7a) as dist(¢;,0D;) = 0. o

The governing equations of the general nonhomogeneous bead-spring chain models with centre-
of-mass diffusion considered in [9] are (1.1a-e), where the extra-stress tensor T as the difference of
the classical Kramers expression and a quadratic interaction term; i.e.,

) 1—21(w)3</[)¢dg>2£,

with 3 € R>o. Here, 71(%) is the Kramers expression; that is,

(1.10) 71( [(Zo ) K+1)/D¢dg4,

where k£ € R, with the first term in the square brackets being due to the K springs and the
second to the K +1 beads in the bead-spring chain representing the polymer molecule; see Chapter
15 in [10]. Further,

(1.11) / P( z, q, |q,| )qiq;-rdq7 i1=1,..., K.

(1.9)

3
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The function fD U(z, g,t) dg, appearing in (1.9) and (1.10), is called the polymer number density
and will play an important role in our analysis below; we shall therefore define

o(z,t) == /Dw(g,g,t) dg.

We alert the reader at this point not to confuse the notation g for the polymer number density
with the notation p introduced at the beginning of the paper for the fluid density.

The probability density function 1 is a solution of the Fokker—Planck (forward Kolmogorov)
equation

o =
S T Ve (W) +;Yqi : (g(g) gﬂ!))

(1.12) =cl, (%) + ﬁ iiAij Vo, - (MNqu (C(Pffw)) in Q x D x (0,7,

i=1j=1
with ¢(v) = V. v and a, generally, density-dependent scaled drag coefficient {(-) € R-¢. A concise
derivation of the Fokker—Planck equation (1.12) can be found in Section 1 of Barrett and Stli [4].
Let OD; := Dy x -+~ x D;_y x OD; x Diy1 x --- x Dg. We impose the following boundary and
initial conditions on solutions of (1.12):

1 K A ") qi

— ii MV, | ——— | — i 2 =0

i3 2 Vo (o) 2w ]
(1.13a) on Q x dD; x (0,T), fori=1,..., K,
(1.13b) eVa <gsz)> n=0  ond2xDx(0,T),
(IISC) d)(: 70) = 1?0(3 ) >0 on {2 X D,

where g; is normal to 0D;, as D; is a bounded ball centred at the origin, and n is normal to 0fQ.

The nondimensional constant & > 0 featuring in (1.10) is a constant multiple of the product
of the Boltzmann constant kp and the absolute temperature T. In (1.12), ¢ € Ry is the centre-
of-mass diffusion coefficient defined as e := (¢o/Lo)?/(4(K + 1))\) with Lg a characteristic length-
scale of the solvent flow, ¢y := 1/kpT/H signifying the characteristic microscopic length-scale and

A= i;gg, where (y € Ry is a characteristic drag coefficient and H € R+ is a spring-constant.

The nondimensional parameter A € Ry, called the Deborah number (and usually denoted by

De), characterizes the elastic relaxation property of the fluid, and 4 = (Aij)fszl is the symmetric

positive definite Rouse matriz, or connectivity matrix; for example, A = tridiag [-1,2,—1] in

the case of a (topologically) linear chain; see, Nitta [19]. Concerning these scalings and notational
1

conventions, we remark that the factor ;5 in equation (1.12) above appears as a factor % in the

Fokker—Planck equation in our earlier papers [3, 5, 7, 2].

Definition 1.1. The collection of equations and structural hypotheses (1.1a—e)—(1.13a—c) together
with the assumption that the Rouse matriz A is symmetric and positive definite (as is always the
case, by definition,) will be referred to throughout the paper as model (P), or as the compressible
FENE-type bead-spring chain model with centre-of-mass diffusion. It will be assumed throughout
the paper that the shear viscosity, 1° € Rsq, the bulk viscosity, n? € R>q, and the drag coefficient,
¢ € Rwy, are independent of the density p. For the ease of exposition we shall set { = 1.

A noteworthy feature of equation (1.12) in the model (P) compared to classical Fokker—Planck
equations for bead-spring-chain models for dilute polymers appearing in the literature is the pres-
ence of the g-dissipative centre-of-mass diffusion term € A, on the right-hand side of the Fokker—
Planck equation (1.12). We refer to Barrett & Siili [1] for the derivation of (1.12) in the case of
K =1 and constant p; see also the article by Schieber [22] concerning generalized dumbbell models
with centre-of-mass diffusion, and the paper of Degond & Liu [11] for a careful justification of the
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presence of the centre-of-mass diffusion term through asymptotic analysis. In the case of vari-
able density, viscosity and drag, the derivation of the Fokker—Planck equation with centre-of-mass
diffusion appears in [4] (cf. also [5, 6]).

In [9] we proved the existence of global-in-time weak solutions to problem (P) for d = 2 or 3,
provided that v > 2 in (1.3) and 3 > 0 in (1.9). Here, in the case of d = 2, we extend these results
toy > 1 and 3 = 0. It is unclear whether for d = 3 and v > % the existence of global-in-time
weak solutions can also be shown to hold when 3 = 0. As in [9], we assume a nonnegative initial
density pg € L>(f) for the continuity equation; a square-integrable initial velocity datum ug for
the Navier—Stokes momentum equation; and a nonnegative initial probability density function
for the Fokker—Planck equation, which has finite relative entropy with respect to the Maxwellian
M associated with the spring potential in the model.

In the next section, we introduce a regularized problem (P, ) depending on a parameter k£ € R<,
where the pressure p(s) in (1.3) is replaced by p.(s) = p(s) + & (s* + s¥) with I' = max{~, 8},
v > 1. We end that section by recalling our notation and a number of auxiliary results. In Section
3 we recall from [9] the existence of a global-in-time weak solution (ps, Ux, ¥x) to (Py) if 3 € Rso.
On setting 3 = k, we then establish a number of a priori bounds on (p, ux, ¥ ) independent of k.
Finally, we pass to the limit k — 04 to establish the existence of a global-in-time weak solution
(pyu, ) to (P) for d =2, with 3 =0 and v > 1.

2. THE POLYMER MODEL (P,)

Let Q C R? be a bounded open set with a Lipschitz-continuous boundary 92, and suppose that
the set D := Dy x -+ X Dy of admissible conformation vectors ¢ := (q7,...,q%)" in (1.12) is

such that D;, i = 1,..., K, is an open ball in R? centred at the origin, with boundary dD; and
radius v/b;, b; > 2; let

K
(21) oD := U 63“ where 8El = D1 X oo X Di—l X 8D, X Di+1 X oo X DK.
i=1

Collecting (1.1a—), (1.2) and (1.9)—(1.13a—c), with z% € Rsq, uf € Ry and ( = 1, we then
consider the following regularized initial-boundary-value problem, dependent on the following
given regularization parameter k € Rsg. As has been already emphasized in the Introduction, the
centre-of-mass diffusion coefficient € € Ry is a physical parameter and is regarded as being fixed
throughout.

(P,) Find p, : (z,t) € Qx[0,T] — pe(z,t) € Ry and uy, : (z,t) € Q< [0,T] — uy(z,t) € R
such that

2.2a) 86,? + Vo (g pr) =0 in Q x (0,77,
(2.2¢)
O(pr ur) .
— Vo - (px tx @ ux) = Va - g(gﬁ) + Ve pe(ps) = pﬁf + Ve :(%) in Q x (0,77,
(2.2d) ug =0 on 00 x (0,77,
(2:2¢) (P u)(2,0) = (pouo)(z) Vo eQ,

where 9, 1 (2,¢,t) € Qx D x[0,T] — V(2. ¢,t) € R>o. Here p,(-) is a regularization of p(-),
(1.3), defined by

(2.3) Pr(s) == p(s) + r (s* + sY), where k € Ry, I' = max{v,8} and v > 1.
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The Fokker—Planck equation satisfied by v, is:

o a

1 L& P
(2.4) eAmw,{JrMZZAMNV%~<MNV€,_7(A;>> in Q x D x (0, 7).

Here, g(v) = V. v, and
(2.5) A € REXK is symmetric positive definite with smallest eigenvalue ag € Rsg.

We impose the following boundary and initial conditions:

1 K " q;

E;AijMNV% (M> *g(gn)gﬂﬁﬁ, : il =0
(2.6a) on Qx9dD; x (0,T), i=1,....K,
(2.6b)  eVyth -n=0 on 002 x D x (0,77,
(266) wn(xaQaO) = 1/)0(56,(]) >0 V(l’,q) eQx D,

where 7 is the unit outward normal to 0€2. The boundary conditions for 1, on 9Q x D x (0,7
and © x 9D x (0,T] have been chosen so as to ensure that

(2.7) Ye(z,q,t)dgdr = Ye(z,q,0)dg dz vt € (0, 7).
QxD ~o~ ~ QxD ~o~ ~

Henceforth, we shall write
i ¢K i %
2.8 == =0
( ) wm M wO M
We end this section by stating our notation and collecting together some auxiliary results.

2.1. Notation and Awuxiliary Results. For later purposes, we recall the following Lebesgue
interpolation result and the Gagliardo—Nirenberg inequality. Let 1 < r < v < s < oo, then, for
any bounded Lipschitz domain O,

(2.9) 1l o) < 1l oy 1|7y Vi € L¥(0),

)
where 9 = Z((Z:;; Let r € [2,00) and ¥ =2 (3 — 1). As Q C R? there is a constant C' = C(, r),
such that
(2.10) [nller@) <C ||77H1L§?Q) ||U||%1(Q) Vi € H' ().

Let F € C(Rs) be defined by F(s) := s(logs —1) +1, s > 0. As lim,_o, F(s) = 1, the
function F can be considered to be defined and continuous on [0, 00), where it is a nonnegative,
strictly convex function with F(1) = 0. Hence F(s) > F(e) + (s —e)F'(e) =s —e+ 1, and so it
follows that
(2.11) F(s)>[s—e+ 1]+ Vs > 0.

We assume the following:

d=2,  00eC?’ 6e(0,1); po € LS5(Q);  ug € LX(Q);

Yo >0 a.e. on Q2 x D with ]:(120) € L,(Q2x D) and/ Yol q) dg € L((2);
1S € Rag, pf e R>o; the Rouse matrix 14 € RK”?satisﬁeS (2.5);
D, pr € CH(R>0,R>0) are defined by (1.3), WiNth v > 1, and (2.3);
(212) feI*(0.T:L™(Q)) and D;= B(Q,bi%), 0, >1, i=1,....K, in(L7ab).
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On recalling (1.3) and (2.3), we introduce P, P,, € C'(Rx¢,R>¢), for k € R-, such that
$ Py (8) = Py (s) = p(y(s)  and P, (0) = Py (0) =0
s

4 r
(2.13) = P(s) = ’f(—S)l = % sY and P.(s)=P(s)+k <83 + T 1) )
In the first line of (2.13), and henceforth, throughout the rest of the paper, the subscript “(-)”
means with and without the subscript “-”.
In (2.12), L},(Q x D), for r € [1,00), denotes the Maxwellian-weighted L" space over Q x D
with norm

1

el @ = { | mierag dsg}
QxD

Similarly, we introduce L}, (D), the Maxwellian-weighted L™ space over D. Letting

1
2 2 2
(2.14) lellugono={ [ [loP + [T+ |7u] | dgac}”
QxD ~ ~ ~
we then set
(2.15) H3 (2 % D) i= { € Lioo(® % D) : Il a1y, xpy < o0} -

We recall the Aubin-Lions-Simon compactness theorem; see, e.g., Simon [23]. Let Xy, X and
X1 be Banach spaces with a compact embedding Xy — X and a continuous embedding X — X;.
Then, for ¢; € [1,00), i = 0,1, the embedding

0
(2.16) {n € Lo(0,T;X) : {TZ € L(0,T;X1) } — L%(0,T; X)
is compact. We recall also a generalization of the Aubin—Lions—Simon compactness theorem due
to Dubinskil [12]; see also Barrett & Siili [8]. Prior to stating Dubinskii’s theorem we introduce
the necessary prerequisites.
Let X be a linear space over the field R of real numbers, and suppose that 9 is a subset of X
such that

(217) A’l] eMm VA€ RZO’ V?’] e Mm.

In other words, whenever n is contained in 90, the ray through »n from the origin of the linear
space X is also contained in 9. Note in particular that while any set 9t with property (2.17) must
contain the zero element of the linear space X, the set 91 need not be closed under summation.
The linear space X will be referred to as the ambient space for 9. Suppose further that each
element 7 of a set M with property (2.17) is assigned a certain real number, denoted by [n]on,
such that:

(i) [n]am > 0; and [n]or = 0 if, and only if, n = 0; and
(ii) [Anlon = A[n]an for all A € Rsg and all 5 € X.

We shall then say that 9 is a seminormed set. A subset B of a seminormed set 9 is said to be
bounded if there exists a positive constant Ky such that [n]am < Ky for all n € B. A seminormed
set 9 contained in a normed linear space X with norm || - ||z is said to be embedded in X, and we
write 0 C X, if there exists a Ko € Ry such that

Inllx < Ko[n]on VYn € M.

Thus, bounded subsets of a seminormed set are also bounded subsets of the ambient normed linear
space the seminormed set is embedded in. The embedding of a seminormed set 91 into a normed
linear space X is said to be compact if from any bounded, infinite set of elements of 9T one can
extract a subsequence that converges in X.
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Theorem 2.1 (Dubinskii’s compactness theorem). Suppose that 9 is a semi-normed set that
is compactly embedded into a Banach space X, which is, in turn, continuously embedded into a
Banach space X1. Then, for ¢, € [1,00), i = 0,1, the embedding

(2.18) {neLe,T;Mm): % € L0, T;%1) } — L°(0,T; %)

s compact.

Let X be a Banach space. We shall denote by Cy([0,77];X) the set of all functions n €
L*>(0,T;%) such that t € [0,T] — (p,n(t))x € R is continuous on [0,7] for all ¢ € X', the
dual space of X. Here, and throughout, (-,-)x denotes the duality pairing between X’ and X.
Whenever X has a predual, €, say, (viz. ¢ = X), we shall denote by C\.([0,T]; %) the set of
all functions n € L*°(0,T;X) such that ¢ € [0,T] — (n(t),()e € R is continuous on [0,T] for all
¢ € €. We note the following results.

Suppose that Xy, X; are Banach spaces; then,

In addition, if the first embedding is compact so is the second.

Lemma 2.1. Let X and ) be Banach spaces.

(a) Assume that the space X is reflexive and is continuously embedded in the space 9); then,
L0, 73%) 1 Cy (0,71 D) = Cu([0,7): X).

(b) Assume that X has a separable predual € and Q) has a predual § such that § is continuously
embedded in €; then, L>=(0,T;X) N Cyx([0,T);9) = Cu([0,T]; X).

Proof. Part (a) is due to Strauss [24] (cf. Lions & Magenes [17], Lemma 8.1, Ch. 3, Sec. 8.4);
part (b) is proved analogously, via the sequential Banach—Alaoglu theorem. a

We note from Lemma 2.1(a) above and Lemma 6.2 in Novotny & Straskraba [20] that if {1, }nen
is such that

e Inloreey |G| <o neveo),
Ls(0,T5Wy " (2))

then there exists a subsequence (not indicated) of {n, }nen and an n € Cy, ([0, T]; L™ (22)) such that
(2.20b) M —n  in Cyu([0,T]; L7()).

For r € [1,00), let
(2.21) Zy ={p €Ly (QxD):p>0ae onx D}
For r, s € (1,00), let
(2.22a) LI(Q) == {C e L"(Q / ¢ dz =0},
(2.22b) E™*(Q) :={w e L"(Q): Vo - w € L*(Q)}
(2.22¢) and  Eg°(Q) :={w € f?r () :w-n =0on 00}

The equality w - n = 0 on 912 should be understood in the sense of traces of Sobolev functions,
with equality in Wl_f””/(aQ)’, where - + % =1 and v = min{r, s}; cf. Lemma 3.10 in [20].
We now introduce the Bogovskii operator B : L5(€2) — W (), € (1,00), such that

(2.23) / (vm B(C) — g) ndz=0 Ve L7T(Q);
o o2 "

which satisfies

(2.24a) IBOlwrr@) < ClliCllzr@) V¢ € Li(9),

(2.24b) 1B(Ve - w)llLr) < Cllwllr@)  Yw € EG*(Q),

see Lemma 3.17 in Novotny & Straskraba [20].
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We shall require the following regularity result for a parabolic initial-boundary-value problem,
with a homogeneous Neumann boundary condition and right-hand side in divergence form:

Lemma 2.2 (Lemma 7.38 in [20]). Let 0 € (0,1], r,s € (1,00), and suppose that G is a bounded
domain in R%. Suppose further that

oG e C??  aecRs, 2 € L*(Q), beL"(0,T;L°(G)).
Then, there exists a unique z € L™(0,T; W15(Q)) N C([0,T]; L*(G)), such that

d _
f/znd:£+a/sz-yzndzf=—/lz-yznd:£ in (C5°[0,T1)" Vn e C™(G),
dt Jg a G

z(z,0) = zo(x) for a.e. z € G, and

_1
al~7

_1
zl| e 0,110 (@)) + @l Vazllir©rize @) < C(r,5,G) [ |20l Loy + 1Bl Lro.1:L5 ()] -

Due to the presence of the extra stress term in the momentum equation, we require a modifi-
cation of the effective viscous flux compactness result, Proposition 7.36 in Novotny & Straskraba
[20]. Such results require pseudodifferential operators defined via the Fourier transform §. We
briefly recall the key ideas, and refer to Section 4.4.1 in [20] for the details.

For the sake of clarity, the definitions below, preceding Lemma 2.3, will be stated for the general
case of d > 2; we shall, thereafter, make use of them in the special case of d = 2 only. With

(2.25) G(RY) :={ne C®RY : sup |25 -

——— | <C(s|,|IA) Vs, xeN?}
Sup, o (INI 1Al S5 A

the space of smooth rapidly decreasing (complex-valued) functions, we introduce the Fourier trans-
form § : G(R?) — G(R?), and its inverse F~! : G(R?) — G(R?), defined by

(2.26)

1 —izy . 1 Y
Sl = g [Le T i ar wd Bl = g [ e ) dy

These are extended to §, §~! : G(R?) — &(R?)’, where &(R?)’, the dual of G(R?), is the space
of tempered distributions, via

(227) (FM),Oere) = 0.F())ewrey and F '), Oems = 0.3 " ())emsy VEE S(RY).
We now define the ‘inverse divergence operators’ A; : G(R?) — S(RY)’, j =1,...,d, by

(228) Ay(n) = =57 | L FI)

It follows from Theorems 1.55 and 1.57 in [20] and Sobolev embedding that, for j =1,...d,
(2.204) 190y ()l e) < CO) nllrey ¥ SRY, 1 e (1),
(2.29b) [[.A; () <O nller@sy  VneSRY, re(l,d).

I, oz g
(Re)

Hence, we deduce from (2.29a,b) that A; can be extended to A; : L"(R?) — D" (R) for r €
(1,00), j = 1,...,d, where D"(R?) is a homogeneous Sobolev space; see Section 1.3.6 in [20].
In addition, by duality, A; can be extended to A; : DV(R?) — DUL'(R?) for r € (1,00),
j=1,....d; see (4.4.4) in [20]. Moreover, as A;(n) is real for a real-valued function 7, from the
Parseval Plancherel formula we have, for all n € L"(R%) and ¢ € L1 (R%), r € (1,00), having
compact support that

(2.30) A€ da=— [

R ~ R

Finally, we introduce the so-called Riesz operator Ry; : L"(R%) — L"(R%), r € (1, 00), defined by
0

Ay,

dn.Aj(f) d%‘, j=1,...,d.

(2.31) Rij(n) = —As(m), g k=1,....d



10 JOHN W. BARRETT AND ENDRE SULI

We note for all n € L"(R%) and & € L71(R?), r € (1,00), that

(2:322) > g A =1

(]

e

S

Il
TiM&

(2320) Risl)=Rpnn)  and [ Rut¢de= [ nRu(©de, k=1
R4 ~ R4 ~

Below we use the notation A(-) and R(:) with components A;(-) and Ry;(-), j,k = 1,...,d,
respectively, and with d = 2. We shall adopt the convention that whenever any of these operators
is applied to a function or a distribution that has been defined on Q C R? only, it is tacitly
understood that the function or distribution in question has been extended by 0 from € to the
whole of R2.

We now have the following modification of Proposition 7.36 in Novotny & Straskraba [20],
which is adequate for our purposes.

Lemma 2.3. Given {(gn,Un, MnsPns> Tns fn, F'n) fnen, we assume for any ¢ € C§°(Q) that, as

n— 0o,

(2.33a) gn — g in Cw([0,T7; LI(S2)), weakly (-%) in L*(Qr),
(2.33b) Up — U weakly in L*(0,T; H5(Q)),

(2.33¢) T;Ln — ;n in Cw([0,T7; LZ(Q)N),

(2.33d) an —>1N9 weakly in L”(NQT)7

(2.33¢) Tn =T strongly in L'(0,T; P# (Q)),

(2.33f) }n — ;” weakly in L*(0,T; HN1 (Q)),

(2.33g) A(C fn) = A(Cf) strongly in L*(0,T; L= (2)),

(2.33h) i By = %’ weakly in %S(QT), i

where q € (2,00), r, s € (1,00), w € [max{27 ﬁ},oo] and z € ( 4

-1 OO) .
In addition, suppose that

Ogn
omy,
(2.34b) =Fn+ Va7 in CF(Qr)'.

It then follows that, for any ¢ € C3°(2) and n € C§°(0,T),

(2.35)
Jim. OTn( Qégn[n 2+ ) Ve un]dx> / (/Cg 2u+/\)Vx-g]d§) dt.

Proof. We adapt the proof of Proposition 7.36 in [20] which is for d = 3, see also Lemma 5.6 in
[9], by just pointing out the key differences. As ¢ > d = 2, then ¢*, the Sobolev conjugate of
g in the notation (1.3.64) of [20], is such that ¢* = co. Hence our restrictions on r, s,w satisfy
the restrictions of Proposition 7.36 in [20] and Lemma 5. 6 in [9]. The restriction on z in [20]

and Lemma 5.6 in [9], z € (5q 5, 00), gives rise to “L. > 2 % and hence, on recalling (2.19), that

L%(Q) — H(Q)" is compact. As d = 2 here, this can be relaxed to 3L > 1 yielding our
restriction on z, z € (=L, 00).

q—1’
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With any ¢ € C3°(Q), it follows from (2.34a) and properties (2.30)—(2.32a,b) of A; and Ry;

that, for i =1, 2,
0~ 2 ~ ~ ~
(2.36) &Ai(cgn) + ) Rij(Cgnud) = Ai(C fn) + Ailgn Un - Vo () in Cg°(Qr),
j=1
where we adopt the notation u/ for the j® component of u,. With any (, Z € CP(Q) and
n € C§°(0,T), we now consider ¢ .A(¢ g,) as a test function for (2.34b). It follows from (2.33a)
and (2.29a,b) that A(( gn) € L=(0,T; WH4(Q))NL¥ (0, T; W (Q)), and hence A(¢ gn) € L>=(Qr)
as ¢ > 2. As d =2, (2.33a—) yield that
Gn Uy € L2(0,T; L (2)) Vs1 € [1,q)

and My @ up, € L2(0,T; L°2(Q)) Vsg € [1, 2).

As z € (17, 00), and therefore =7 € (1,q), it follows from (2.36), (2.29a,b), (2.31) and (2.33g)
that

8 > z
EA(CQTL) € L*(0,T; L=71(Q)).

Noting the above and (2.33b-e,h), we see that 1 ¢ A(C g,) is a valid test function for (2.34b). The
rest of the proof is the same as that of Lemma 5.1 in [9]. O

We need also the following variation of Lemma 2.3 for later use in Section 3.

Corollary 2.1. The results of Lemma 2.3 hold with the assumptions (2.33f,g) replaced by
(2.37) fo— f weakly in L*(Qr), as n — oo.

Proof. The proof is a simple adaption of the proof of Corollary 5.1 in [9]. We just highlight the
differences. One can still pass to the limit n — oo in (2.34a) using (2.37) in place of (2.33f,g). We
deduce from (2.37), (2.29b) and (2.30) that for any ¢ € [1, 00)

(2.38) A(C fn) = A(Cf)  weakly in L2(0,T; L (), as n — 0o.

As %7 < ¢, (2.38) ensures that one can still deduce from (2.36) that nC A gy) is a valid test

function for (2.34b). The only other change to note is that, it still follows from (2.33c), (2.29a,b)
and Sobolev embedding, as d = 2 and z > 1, that

(2.39)  A(Cmn) — A(Cm) weakly in L>(0,T; W*(Q)), strongly in LV(0,T; L*(Q)),

where v € [1,00). The rest of the proof is the same as the proof of Corollary 5.1 in [9]. O

3. EXISTENCE OF A SOLUTION TO (P)
First, we state an existence result for problem (P,;), (2.2a-e)—(2.6a—c), on recalling (2.8).

Theorem 3.1. Under the assumptions (2.12) and the definitions (1.2), (1.10), (1.11) and (2.13)
with T = max{y,8}, there exists a global weak solution (pw,us,¥x) to problem (P.) for any
K, 3 € Ryq, in the sense that

(3.1a)  pe € Cu((0, T LEo(2) NHY(0, T3 HN(Q)) N LT (Qr),  u. € L(0,T; Hg(Q),
(3.1b) et € Co([0,T]; LT (2)) N W (0, T3 W (@),

U. € LY(0,T;Z,) N HY0,T; M~ 'H* (Y x DY),  F(¥,) € L=(0,T; L}, (Q x D)),
(3.1¢) \/ﬁ € L*(0,T; Hy; (2 x D)) and ZI(M@) € L"(Qr),

where v € [1,00), s > K +2 and r € [1, ), satisfy

T T
(3.2a) / <8p,€ ,n> dt — / / Prly - Vg de dt =0 Vn € L*(0,T; H'(Q)),
o \ 0t H(Q) o Jo o~ o~ ~
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with pf'ﬂ('v O) = PO(‘);

T 8(/% U‘I‘i)
/ ot Y dt+// — Prtin ® U — Pr(pi) I| + Vo da dt
0 ~ WwhT+(q) =l =T~ o~
T o~
:/ /[Pnf‘w Tl(M%)agiI):Vmw] dz dt
0 Q ~ ~ ~ ~ ~ ~
(3.2b) Yw € L0, T Wé,rﬂ(m)’

with (pn @fﬁ)(vo) = (/00 @O)(')7 and

T &Z 1 K T
/0 <M 8t,g0> dt+ﬁzz,4ij/ MV, - Vo dg du dt
Hs(Qx D)

i=1 j=1 0 JQxD

T
—|—/ / M 5wa,< — Ug 'l,bn:| . Vac‘P dq dz dt
AxD ~ ~ ~ I~

(3.2¢) / / MZ { ] - Vapdgde dt =0 Vee L*0,T; H(Q x D)),
QxD i ~ ~ Y

=1
with QZH(~, 0) = 1/10( ). Here
(3.3) gﬁzﬁgf@dqevwaﬂL;«mmL%aﬂH%Q»

In addition, (p,i,y,@,zzm 0x) satisfy, for a.a. t' € (0,T),

1 oy
74%(WM)VM+/P((DM+k GO i

2 QxD
2
-+u5c0J/ el )dt+k:/" /; ) A A
X

+m&<mmm+%sé|wwwmmw

+2¢ |V

] dq dz dt

11 —~
< et [2 / 00 \uo\de—i—/ P.(po)dx + k M F(3po)dg dz
Q -~ ~ Q ~ QxD ~ o~

2 t/
~ 1
+5/ </ Mwon> dﬂerg/ ||f||2Loo(Q)dt/Pod$]
o \Up ~ ~ 0~ Q 0~

where C € Rxg is independent of , 3 € (0,1].

(34) <C,

Proof. In [9], after going through several regularization steps, we finally established in Theorem
5.1, via Lemmas 5.1, 5.2 and 5.4, the results (3.1a—c)—(3.4) under the stated assumptions, except
that in contrast with the discussion herein, with d = 2 and v > 1, the proofs there were for d = 2
or 3 and v > 3. Due to the form of the regularized pressure p,(-), see (2.3) and (1.3), it is easy to
check that the above existence result for (Py) is not effected by relaxing the lower bound on v to
~ > 1. This lower bound only plays a crucial role in establishing an existence result for (P); see
Section 6 of [9] where 3 > 0 and d = 3 is allowed.

From now on, we consider problem (P,) with the specific choice 3 = & for any x € (0,1].
Throughout this section, C' € R will denote a generic constant independent of . In addition,
s’ € (1,00) will denote the conjugate of s € (1,00), i.e. L + & =1.
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Lemma 3.1. Under the assumptions of Theorem 3.1 we have that, for all k € (0,1] with 3 = K,
there exists a C € Ry, independent of k, such that

1
lowllLoe 0,007 (@) + lusllL2o.mim @) + 55 el e 07500 @) + H\/Pn U || Lo 0.7 22(0)

(352)  +llpeal +low unllzz.rizes @ + oo |

2y <C,
Leo(0,T5LAF1 () L2(0,T;L*2())
aps

ot

<C,

(3.5b) H
L2(0,TsW*1(Q)")

where s1 € (1,7) and s € [1, %)
Hence, there exist functions

(36)  weL*(0,T;Hy(Q)  and  pe Cyu([0,T]; LL4(Q)) N H' (0,75 WH(Q))

and for a subsequence of {(Pm%mizn)}ﬁe(o,u it follows that, as k — 04,

(3.7) Ug = U weakly in L*(0,T; H5(Q)),
(3.8a) P = P in Cy([0,T]; L7(R2)), weakly in H(0,T; Wl’sll(Q)'),
(3.8b) pr—p  strongly in L*(0,T; W' (Q)),

and, for any nonnegative n € C[0,T],

(3.8¢) /OT (/Q P(p) d:f> n dt < lim nf /OT </Q P(py) d§> n dt.

Proof. The first four bounds in (3.5a) follow immediately from (3.4). The fifth bound in (3.5a)
follows from the first and fourth bounds. The sixth and seventh bounds in (3.5a) follow from com-
bining the first and fifth bounds, respectively, with the second bound and the Sobolev embedding
result (2.10). The bound (3.5b) follows immediately from (3.2a) and the sixth bound in (3.5a).
The result (3.6) and the convergence results (3.7) and (3.8a,b) follow immediately from (3.5a,b),
(2.20a,b), (2.16) and (2.19).
Finally, it follows for any nonnegative n € C[0,T], on noting (2.13) and the convexity of P(-),

that
/OT (/Q Pi(pr) dg) ndt > /OT (/Q P(p.) d§> n dt
(3.9) > /OT (/Q [P(p) + P (p) (px — p)] d§> n dt.

This yields the desired result (3.8¢) on noting (3.8a) and that P’(p,) € L'(0,T; L7 (Q)). O

As 3 = K, bounds, independent of k, on g, do not follow directly from the bounds on g, in
(3.4); we shall therefore proceed as follows. By choosing ¢ = (z,q,t) = é(z,t) ® 1(q), for any

¢ € L?(0,T;C°(1)), in (3.2¢) yields, on noting (3.3) and (2.12), that

(3.10a)
T 8QN T 9 —
=R _ . — 00
/ <8t’¢>mo<m at+ [ [ [eVo—uio] Voo drar=0 Ve IH0.T:0@).
with
(3.10b) gﬁ,(~,0)=/ M(q)%o(-,q) dq=/ Yo(+,q) dg € LZH(92).
D~ ~ ~ Jp ~ o~

Thus we arrive at the following result.
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Lemma 3.2. Under the assumptions of Lemma 3.1 there exists a C' € Ry, independent of k,
such that

(3.11a)  |[¢wll Lo~ (o751 (Q><D))+H \/¢~

(3.11b) ok llzo=(0,1;L2-5()) + ll@sllL2 0,712 )y + el

~

Vo[

+ <C,

L2(0,T;L%,(22x D))
+ okl a6 < C,

L2(0,T;12,(Q2x D))

L2(0,TL5 ()

(311¢)  [I72s(M D)l oz22-5() + ITa (M Gl g5 . < €

where 6 € (0, 2].

Proof. The first bound in (3.11a) follows from the third bound in (3.4) and (2.11). The second
and third bounds in (3.11a) follow immediately from the fifth bound in (3.4).

Choosing ¢(z,t) = 1(z) ® X[o,¢, Where o is the characteristic function of the interval [0, ],
for any t € [0,7] in (3.10a) yields, on noting (3.10b) and the nonnegativity of o, that

12 [t [o@odr wedT = ladiormm <C

It follows from (3.3) that

~ o~ 1 ~
(3.13) |Vaoi]| =2 ‘/ M) V) Y dq‘ <202 IVa\/¥illL2, (D) a.e. in Q.
~ D ~ ? ~
We deduce from Sobolev embedding, (3.13), (3.12) and (3.11a) that

loxllr2(0,m:22(0) < C llosllrzo,rwr1 @)
(3.14) < Clloxllz20,1i01 () +C ||Qn||Loe 0,711 (Q)) H )/ Ve

It follows from (3.12), (3.14) and (2.9) that
(315) ||IQKHLU 1 (0 TL’U Q)) C VU € ( ] = ||IQKHL2+5(0,T;L2’5(Q) S C V(s € [07 1)

<C.

L2(0,T;L2,(Qx D))

One can deduce from (3.15), the second bound in (3.5a) and the Sobolev embedding result (2.10)
that

1
(316) ||gﬂ /,l\,LH”Ll*»%(O,T;LZ(l*S)(Q)) S C Vé € (07 5]

One can now apply Lemma 2.2 to (3.10a,b) with b = —p, ux, to obtain, on noting (3.16) and
(3.10b) and relabelling ¢, that
(3.17) loxllLo< 0, 7;2-5()) < C V6 € (0,1].

Similarly to (3.16), one can deduce from (3.17), the second bound in (3.5a) and the Sobolev
embedding result (2.10) that

(318) ||Q,1 ELHHL?(O,T;LQ*‘S(Q)) <C Vo € (0, ].]
Similarly to (3.17), on applying Lemma 2.2 to (3.10a,b) and now noting (3.18), we obtain that
(3.19) HNVJCQH||L2(0’T;L276(Q)) <C Vo € (0, 1].

The bounds (3.17) and (3.19) yield the first two bounds in (3.11b). We have from Sobolev em-
bedding, for r € [1,2), that

1,
(3.20) Il 2 o < C lllwiriey V€ WH(82),

The third bound in (3.11b) then follows from (3.20) and the second bound in (3.11b). Furthermore,
we have from (2.9), for r € [1,2), v =27 and s = 2= yielding v = 2, and (3.20) that

2(r—1) r
320 Il < Il I g, ) < CIEEY Il o€ W (@)

Hence (3.21) and the first two bounds in (3.11b) yield the fourth bound in (3.11b).
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Now we turn our attention to the bound (3.11c). First, we deduce from (1.11), (1.6a) and as
M =0 on 0D that, fori=1,...,K and a.e. (g,t) € Qp,

(322)  CiMiy) =~ /D (Vo M) a7 i dg = /D M (Vy ) af dg + ( /D M@dg) L

Hence, for r € [1,2), on noting (3.3) and that yqizﬁﬁ =2\/1y Nti\/zZm we have for a.a. t € (0,7

that
R . — 2 E B
1CH(M D)l ey < C /ng (/ M‘vqi\/m dq> dx—i—/QQZdl"
=~ D ~ ~ ~ ~
o~ 1
3.23 < |||Vy\/ s P llonllieien | -
(3.29 [T Tl ||QL<Q>]

Hence, for r, s € [1,2), it follows that

ICH(M )l 0,75 2

fou .

We deduce from (3.24) and (3.11a) that, for i = 1,..., K,

(3.24) <C

1
lloll? - - + lloxllpso.1im )y | -
L2(0,T;L2, (2x D)) L2==(0,15L2=r () (OFsEr @y

<C,

(3.25) IC(M Yu)llLs,rser@n < C 3 lowll 222 125 ()

where r, s € [1,2). The desired results (3.11c) then follow from (1.10), (3.25) and the third and
fourth bounds in (3.11b). O

Next, we bound the time derivative of zZK.
Lemma 3.3. There exists a C € Ry, independent of k, such that
I
ot

<,

(3.26) HM
L (0,T;H+(Qx D))

where s > K + 2.
Proof. Tt follows from (3.2¢c) and (3.11a,b) that, for any ¢ € L5(0,T; W1>(Q x D)),

- ~
/ Maqpﬁgpdq dx dt
o Jaxb oL~

T
§25// M/ Vo U - Vepdgdzdt
0o Jaxb ~ ~ ~

1 K K T — —
+ — A,// M\ Vg \/ ¥ - Vg, pdgdrdt
2\ ZZ J o Jaxp va MU

i=1 j=1

T
+ / M u, - Vypdgdrdt
0 JQOxXD ~ ~ ~
T K
+ / / MYy [a(un)ql} - Vg dgdzdt
o Jaxb 5 mY o~ ~ ~o
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Vo

<C ||QnHL3(0,T;L2(Q)) H
L2(0,T;L2, (2% D))

+ Vq\/; + [Jull 20,751 ()) | 1@l L6 (0,7:w 1 (2x DY)
~ L2(0,T;L2%,(2x D)) ~
(3.27) < ClellLso,;w1 @x D))
The desired result (3.26) then follows on noting that H*(Q x D) < W1 (Q x D) for s > K + 2,
as d=2. a

Following on from Lemma 3.1 we have the next lemma.
Lemma 3.4. There exists a function
(3.28a) ¢ € L(0,T; Z,) N HY (0, T; M~ (H*(Q x D))"),
where v € [1,00) and s > K + 2, with finite relative entropy and Fisher information,
(3.28b) F@) e L*0.T: L (2% D)) and 1\ € L2(0,T; HYy(Q x D)),

such that, for a further subsequence of the subsequence of {(px, Us, {Z}\H)}RE(O,I] in Lemma 3.1, we
have the following convergence results, as Kk — 04,

(3.29) M3 Vo\/th, — M?> vm\/i weakly in L2(0,T; L*(Q x D)),

(3.29b) M2V 0\, — M? vq\/;A weakly in L2(0,T; L(Q x D)),

(3.29¢) M a;p; - M %—f weakly in L? (0,T; H*(Q x D)),

(3.29d) T strongly in LV (0,T; L;(Q x D)),

(3.29) 1 (M) — 71 (M 1)) strongly in L5~%(Q7) N L*(0,T; L*~%(Q)),

where 6 € (0, %], and, for a.a. t € (0,T),
(3.29f) M(q) F((,q,t)) dg dz < lim inf M(q) F(vx(,q,t)) dg dz,
QxD  ~ ~ o~ ~ ~ 20 Joyp o~ ~ o~ ~
In addition, we have that

(3.30) 0:= /D M dg € L=(0,T; L>~%(Q)) N L2(0, T; W24 (Q)),

and, as k — 04,
(3.31a) O — 0 weakly-+ in L>=(0,T; L>~°(Q)), weakly in L*(0,T; WH27°(Q)),
(3.31b) Ok — 0 strongly in L"(0,T; L*(Q)),

where r € [1, f_—gl) and s € (1,00).

Proof. In order to prove the strong convergence result (3.29d), we will apply Dubinskii’s compact-
ness result (2.18) with X = L},(Q x D), X1 = M~ H*(Q x D)’ and

(3.32) m = {w € / M [|vq\/a|2 + |vx\/¢\2] dgdz < oo}.
QxD ~ ~ ~

See Section 5 in [3] for the proof of the compactness of the embedding 99t < X, and the continuity
of the embedding X — X;. Hence, the desired result (3.29d) for v € [1,2] follows from (2.18)
with ¢ = 2, ¢ = £, and the stated choices of M, X and X; above, on noting (3.11a) and (3.26).
The desired result (3.29d) for v € (2,00) then follows from (3.29d) for v = 1, the first bound in
(3.11a) and an interpolation result; see Lemma 5.1 in [3]. The weak convergence result (3.29c)
follows immediately from (3.26). The weak convergence results (3.29a,b) follow immediately from
(3.11a), on noting an argument similar to that in the proof of Lemma 3.3 in [3] in order to identify
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the limit. The result (3.29f) follows from (3.29d), Fatou’s lemma and the third bound in (3.4), see
(6.46) in [3] for details. In addition, the convergence results (3.29a—d,f) yield the desired results
(3.28a,b).

The results (3.31a) for some limit function g follow immediately from the bounds (3.11b). The
fact that o = [}, M@dg follows as (3.3) and (3.29d) yield, for v € [1,00), that, as K — 0,

(3.33) Ok — 0 strongly in LV (0,T; L*(Q)).

Hence, we have the desired result (3.30). The desired strong convergence result (3.31b) follows
from (3.33), (3.11b), and the fact that (2.9) yields, for » € (1, ),

(3.34) 71l 70,725 (2)) < ||77||};r1(907T;L1(Q)) Hn||1[9,2(0,T;L"(Q)) Vi € L*(0,T; L*(52)),

where ¢ € (1,), ¥ = ?&:B and r = Mﬁ.
Finally, we need to prove (3.29¢). One can deduce from (3.11a), (3.29d) and (1.7a,b), on
adapting the argument (4.106)—(4.117) in the proof of Lemma 4.8 in [9], that, as k — 04,

(3.35) (M) = 71(M4)  strongly in L'(Q7).
This, together with (3.11c) and (2.9), yields the desired result (3.29¢). O

It follows from (3.2b), (3.5a), (3.11b,c), (2.12), on noting that v > 1, and (2.10) that, for any
we L®(0,T; Wy (Q)) with r = max{I' + 1,0} and v > max{-17,2},

T [ O(pr ur) T
/ —w dt — / / Pr(pr) Vg - wda dt
0 ot ~ W&’F+1(Q) 0 Q ~ ~o

< Cllowlleo.r527 @) ||Um||2 2yv [wl|Lee 0,7, w1v (02))
~ L2, TGL(-bvoy ()

+C ||£Ln||L2(0,T;H1(Q)) HQ}HL?(O,T;Hl(Q))

2

el o rn e

L1(0,T;L7-1 () HYMNUHLOO(O,T;LU(Q))

e [|;1<M@>|
+ ol Lo 0,152 @) 1122 0,72 (9) 1wl 220,752 (2
(3.36) < Cllwllzoe o.rwr ()

We deduce from (3.36) with w = nuv, where n € C°(0,T) and v € L>®(0,T; Wy (Q)) N
HY(0,T; L*1()), for v > max{-17,2} and s1 € (1,7), on noting (3.5a) and (2.10), as v > 1,

that
T
/ n/pﬂ(pn)vz-v dz dt
0 Q ~
r d(nv)
< / / Pr U atN* dx dt| + C||’I7||Loo(07T) ||’U||Loo(I;W1,U(Q))
o Ja o~ ~ ~
dn
<C " - —
<Cllpxu I\LW(O’T;L%(Q)) Hdt o HEHLOC(I;L%(Q))
+CH77||L°°(O,T) ||pliyn||L2(0,T;L31(Q)) - +||fl~)||Loo(];Wl,v(Q))
L2(I;L°1(Q))
dn v
(3.37) <C Hdt + ||77||L°°(0,T) ”EHLOQ(];WLU(Q)) + || =7 ,
poen L1 (@)
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where I = supp(n) C (0,T). With v = v(v) thus defined, let

for 1 <y <2,

Y v—1
3.38 I) = —— =
(3.38) () { for 2 < 1.

With 9(y) € Rs¢ defined as above and ¢ € N, we now introduce b : R>g — R>o and b, : R>¢g —
R> such that

(3-39) b(s):=s" and  by(s) = { b(s) for0<s<t,

b(¢) for ¢ < s.

We note from (3.39), (3.5a) and (2.10) that, for v(y) > max{-"=,2} as in (3.37) and ¥(y) as in

y—17
(3.38), we have, for vy € [1,v(7y)), that
(3.40a) 1oe(pio)ll o= 0,7 ) < okl = 0,720 () < 1ok B 0,732 () < €
(3.40b) ”bé(pm)'INLHHLQ(O,T;LUI(Q)) < HPKHgW(O,T;LW(Q)) ||EHHL2(O,T;H1(Q)) <0,
(3.40c) 16e(pr) Va .%””L%O,T;vaw ) < loxllF e 0,752 52)) [l L2 0,710 (02)) < €

where C' € R+ is independent of x, and ¢.
As T > 2, it follows from (3.5a) and (3.2a), on extending p,, and u, from € to R? by zero, that

a(;)?fﬁi + Vi (prug) =0 in Cgo(Rd x (0,7)),

see Lemmas 6.8 in Novotny & Straskraba [20]. Applying Lemma 6.11 in [20] to (3.41), we have
the renormalized equation, for any £ € N,

(3.42)
0be(pr)
ot

where (by)’ (-) is the right-derivative of by(-) satisfying

(3.43) (w;(s):{ b'(s) for0<s<t

(3.41)

+ Nva: - (be(pr) 'gn) (Pr ([’8) (pr) — be(pr)) Vz “uy =0 in Cgo(Rd X (O»T))Ia

0 for ¢ < s.

For any ¢ € (0, %), we now introduce the Friedrichs mollifier, with respect to the time variable,
S5+ LY(0,T; LU(Q)) — C=(6,T — 8; LI(R)), ¢ € [1, 00],

(3.44) x,t 5/ (t_s) (z,5)ds  ae.in Qx (5,T —0),

where w € C§°(R), w > 0, supp(w) C (—1,1) and [wds = 1. It follows from (3.42) and (3.44)
that

O OAPD) 1, 15(0u(pe) )]+ S5([on B0) () — Bulp) | Vi - 105) = 0

(3.45) in C§° (R x (8, T —6))'.

In addition, it follows from (3.44), (3.39), (3.5a), (2.10), (3.43) and (3.45), for » € (1,00), that
Ss(be(pn)) € C=(8,T = §; L¥(R)),  S5(be(pe) un) € C(8, T — & L*(R7)),

(346)  S5((pn (604 (0) — belp) 1 Va - t), Ve [S5(belp) )] € C=(8,T — 6 L2(RY)).

One can deduce from u,, € L?(0,T; H()) and (3.46), for s € (1, 00), that

(3.47) S5(be(p) ur) € CF(6,T — 6 E5*(92)),
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where we recall (2.22¢). We note from (2.24a), (3.44), (3.39) and (3.40a) that B((I—F )[Ss(be(px))])
€ L®(8,T — 6; W™ (Q)), r € [1,00), and, for v(y) > maux{7 17,2} as in (3.37), that
IB((I = £)[8s(be(pu))D | = 5,7—s5w10(0)) < C 1S5 (be(pi)) | L= (5,751 ()
(3.48) < COlbe(pr)llLoeo.15z0 () < C,
where C' € Ry is independent of x,9,¢ and ¢. In addition, we have from (3.45), (3.20) with

r = 727 22 = J = v on recalling (3.38), (3.47), (2.24a,b), (3.44), (3.39), (3.43) and
(3.40b,c), for vy € [1,v), that
8

6t~ I JC 55 bl pn))])

< ||§( - [Ss(be(pw) H)])HL? 5,T—8:Lv1(Q))

+ BT = £)ISs([ow (be)'(pr) = belpr) ] Va - we))ll L2 (6,7-65001 ()
) )]
)[Ss ([

L2(5,T—68;Lv1(Q))

< ”?( - [Ss(be(ps U )||L2(5T §;LV1(R))
BT = £)(S5((9x (60) (0s) — be(pw) | V- )

27
L2(6,T—&;W " 7F27 (Q))

< C [ Ioe(pn) el rozoncay + e (60 (00) = BulI Vool |

_27 :| < Ca
L2(0,T;L F29 (Q))

<C [Hbe(l’n) ’gnHL?(o,T;Lvl ) + [1be(px) sz . "jx”
(3.49)
where C' € R+ is independent of k,, ¢ and §. We now have the following result.

Lemma 3.5. With s1 € (1,7), v(y) > max{s},2} > max{-27,2} and ¥(y) as defined in (3.38),
we have that
1 1
(3.50) el Lr+o(ry + 557 lpellLate ) + K7 [[pellLreo o) < C,
where C' € R+ is independent of k.

Proof. Forany ¢ € Nand § € (0, %), we choose v = B((I—f )[Ss(be(px))]) € L™(6, T, Wy (),
any r € [1,00), and n € C§°(0,T'), with supp(n) C (6,7 — §), in (3.37) to obtain, on noting (2.23),
(3.1a), (2.3), (3.48), (3.49) as s} < v, and (3.5a), that

7 Qpn(pn)&(bg(p,{)) dz dt

<o [H Flnlmom | [+ 19 @ | Sselpe) limar—s)]
L(0,T)
sy <c||F o« ||n||Lm(o,T)] .
L(0,T)
We now consider (3.51) with n = n, € C5°(0,T) with supp(n) C (3,7 — %), £ € N with £ > 7,
where 1, € [0,1] with ne(t) =1 for t € [2,T — 2] and (| e Tllpe o,y <20 yleldlng I d‘f||L1 1) < 4

For a fixed ¢, we now let 6 — 0 in (3.51) and using the standard convergence properties of mollifiers

we obtain that
T
/ ne/pn(p,{) be(ps) da dt
0 Q -

where C' € R is independent of £ and «. Letting £ — oo in (3.52), and noting that n, — 1 pointwise
n (0,7), by(p.) — b(p.) = p? pointwise in Q7 and Fatou’s lemma, we obtain that

T
(3.53) / / pr(pr) p? da dt < C.
0o Ja ~

(3.52) <,
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Hence the desired result (3.50) follows from (3.53), (2.3) and (1.3). O

Similarly to (3.36), it follows from (3.2b), (3.5a), (3.11b,c) and (2 12), since v > 1, that, for

any w € LTH1(0,T; W™ (Q)) with s = max{I' + 1, s5} and s, € (1, m)

T 8(/)& uﬁ)
/ —=—w dt—/ /p,{ Pr) V wd:n dt
0 ot ~ 1F+1
()

<C [”pﬁ w22 0,7522 2 + HgHHLQ(O,T;Hl(Q))} 1wl L2 o o to5 )

+C [T (M B, ., + Nowlaan | 172 wllzson)

L3 (Q7)
+ [|pxll Lo (0,7;07(22)) Hf”LQ(O,T;Loo(Q)) lwllz2(0,7:25 )

(3.54) < Cllwllzzommwres(@))

where s3 = max{3, s5}. We now have the following result.

Lemma 3.6. There exists a C € Ry, independent of k, such that

9(pr ux)

<
ot =G

C+o L
LT (0.T5W T (9))
where ¥(7y) is defined as in (3.88), r = max{rl%ﬁ,sé}, s1 € (1,7), and sz € (1, %)
Hence, for a further subsequence of the subsequence of Lemma 3.1, it follows that, as k — 04,

3.56a) Pr U = PU weakly in Wb T (() T; VV1 ")),

(3.55)

(

(3.56Db) Pr Uy = PU in Cy([0,T]; QW(Q)), strongly in L*(0,T; H*(Q)'),
(3.56¢) Pr Ui = pU weakly in L*(0,T; %Sl(ﬂ)),

(3.56d) px U @ Uy = PUR U weakly in L*(0, T, {452((2)),
(
(
(

3.56e) P — P weakly in L7 (Qr),
3.56f) Pl —=p7 weakly in L#(QT),

3.56g) K (pL+ph) =0 weakly in L' (Qr),

ato
where p7 € Lyy (Qr) remains to be identified.

Proof. Tt follows from (3.54), (2.3) and (3.50) that, for all w € L5 (0 T; W' (),

T a(pmun)
f—m)
Wy (€2)

< Cllwllpsomwos @) + [IPa(ps)ll | rpo
(3.57) < Clul| -

Ml e

(Qr) 52 0,mw 5 @)

(0 ;W (Q))

where we have noted from (3.38) that 1%-19 > 'Yj'—f = v+ 1 > 3. The desired result (3.55) then
follows from (3.57).

The results (3.56a—d) follow from (3.5a), (3.55), (2.20a,b), (2.16), (3.8b), (3.7) and (2.19). The
results (3.56e—g) follow immediately from (3.50) and (2.3). O

We now have the following result.

Lemma 3.7. The triple (p,u, 1;\), defined as in Lemmas 3.1 and 3.4, satisfies

T T
(3.58a) / <8p ,77> dt — / / pu-Vendrdt=0 Vn € L*(0,T; Whs (Q)),
o \Ot W@ o Ja ~ ~ ~
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with p(-,0) = po(+) and s1 € (1,7),

T
dt+/ [S(u)—pu@u—cpﬁl} : Ve w do dt
1 0 Ja o

(3.58b) = /0 ' /Q {p

with (pu)(-,0) = (pouo)(+), I(v) defined as in (3.38), r = max{L sh} and sy € (1, 2L, and

> Ty

T 312; | KK ~
0 Hs(QxD) ~

i=1 j=1 QxD
/ / €wa uﬂ Ve dq dx dt
QxD ~
(3.58¢) / / M Z { } @dgdzdt=0 Vee L50,T;H*(Q x D)),
QxD L= ~

with ¥(-,0) = Po(-) and s > K + 2.
In addition, the triple (p,u, ) satisfies, for a.a. t' € (0,T),

1 / gl
7/9 (t)\u( |2 der/P( (t ))derk M]-"(q/)(t))dgdf

2 QxD
—2 —2
vuer [tk [ [ o | o7 o [v/3 ] dq do
QxD ~ ~
1

< et [/po|u0| dx—|—/Pp0 dx—|—k M}"(wo)dqu

2 QxD
1t
(3.59) +3 / £l e dt /Q Podfﬂ]-
0 L -

Proof. Passing to the limit k — 04 for the subsequence of Lemma 3.6 in (3.2a) yields (3.58a)
subject to the stated initial condition, on noting (3.8a) and (3.56¢).

Passing to the limit kK — 04 for the subsequence of Lemma 3.6 in (3.2b), by recalling that
3 = K for any w € C§°(Qr) yields (3.58b) for any w € C§°(Q2r) subject to the stated initial
condition, on noting (3.7), (3.8a), (3.56a,b,d.f,g), (3.29¢) and (3.31a,b). The desired result (3.58b)
for any w € L (0 T; W (Q)) then follows from (3.54), (3.56f) and noting from (3.38) that

r>20 =y 41> 3.

Passing to the limit x — 04 for the subsequence of Lemma 3.6 in (3.2¢) yields (3.58c) subject
to the stated initial condition, on noting (3.7), (3.29a-d), (3.11b) and (2.10); see (4.120)—(4.124)
in [9] for a similar argument.

Finally, we deduce (3.59) from (3.4) by multiplying (3.4) by any nonnegative n € C§°(0,T),
integrating over (0, 7T), and passing to the limit x — 0 using the results (3.56d), (3.8¢), (3.29a,b,f)
and (3.7). The desired result (3.59) then follows from the well-known variant of du Bois-Reymond’s
lemma according to which, if ¢ € L'(0,T), then

T
(3.60) /¢ndt20 Vne Cy°(0,T) withn>0on (0,7) = ¢>0 ae in(0,7).
0
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We need to identify p7 in (3.58b) and (3.56f). Similarly to (3.39), with ¢ € N, we now introduce
t:R>9 = R>p and t : R>¢g = R such that
t(s) for0<s </,
3.61 t(s) := d t =
(8:61) (s)i=s an «(s) { (o) for € <s.

Then, similarly to (3.42), we have the renormalized equation, for any ¢ € N,

atea(fn) + Vo - (te(pe) ue) + (P (80)'y (i) = te(pi) ) Vo - ux =0 in (R x (0, 7)),

where (t¢)’, (-) is defined similarly to (3.43). It follows from (3.61), (3.5a) and (3.62) that, for any
fixed £ € N,

(3.63)

o)y + 10 (6, 92) = 490) Vs el + |

(3.62)

8t€(pm)
ot
In order to identify p7 in (3.58b) and (3. 56f) we now apply Corollary 2.1 with (2.34a,b) being

(3.62) and (3.2b) with 3 = k so that p = &~ and A = p® 25, gn = te(ps) for a fixed £ € N,

Un = Uk, TMn = Pr Uk, Pn —pn(P:u)v In —Zl(M'I/Jn)_HQnI fn= (pn (tf) (pn) tl(Pn)) Vo ux
and F'n = py f. With {(px, s, ¥x) }r>0 being the subsequence (not indicated) of Lemma 3.6, we

< C(¢).

L2(0,T;HY(Q)')

have that (2.33a-d) hold with g = t,(p), u =y, m = pu and p = ¢, p7 for any ¢ € [1,00), w = o0,
z = % and r = w, on recalling (3. 63) (2.20a,b), (3.7), (3.56b) and (3.56f,g). As vy > 1, we
can choose ¢ > 77 so that z = 27 > . Hence, the constraints on ¢,r,w and z in Lemma 2.3
hold. In addltlon, the result (2.338) hOldb with 7 = 7:(M w) on recalling (3.29¢) and (3.31a,b).
The result (2.33h) with I' = p f and s = min{y,2} follows from (3.8a) and (2.12). Finally, the

result (2.37) holds with f = —(p (t)’, (p) — te(p)) Va - u on recalling (3.63). Hence, we obtain from
(2.35) for the subsequence of Lemma 3.6 that, for any fixed £ € N and for all ¢ € C§°(Q2) and
n € G520, 7),

T
i [ ([ o bl -t ¥ wlae )
=04 Jo Q ~7 o~ ~

(3.64) =/0Tn (/Qcte@)[cpm—u* V.- dg) dt,

where p* := 3 p® 4 pP.
We deduce from (3.64), (3.61), (2.3), (1.3), (3.56f,g) and (3.7) that, for any fixed £ € N,

(3.65) & [ 07 =P 77| = i [6(p) Ve u— W) Vo u|  ae inQp,

where, as Kk — 04,

(3.66a) to(pr) py = tulp) p7 weakly in L5 (Q7),
(3.66D) and te(pr) VL U = te(p) Vg u weakly in L?(Qr).
We now follow the argument (6.40)—(6.48a,b) in [9], which is a brief summary of the discussion in

Sections 7.10.2-7.10.5 in Novotny & Straskraba [20], to deduce that p(p) = p(p). First, it follows
from (3.56f) and (3.66a) that, for any fixed ¢ € N,

/ (€)o7~ Wlo) 7 da
Qr ~
=l | [l ~ o) (=) dw et [ Galo) = 6D G- )

Ii~>0+ Qr ~ Qr

Gon  zlmsw [ Julp) - (o) do
Qr ~

K,—>0+
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where we have noted that the second term on the second line is nonnegative as the function
ty 1 s €[0,00) — t4(s) is concave and the function s € [0, 00) — s7 is convex.

We now introduce £¢ : R>9 — Rx>, £ € N, such that s £(s) — £¢(s) = te(s) for all s € [0, 00),
so that

= <s<
(3.68) Lo(s) = { £(s) := slogs for 0 < s <V,

slogl+s—/ for ¢ < s.

Next, one deduces, via renormalization, from (3.58a) and (3.2a) that, for any fixed £ € N and for
any t' € (0,7,

(3.699) [ i)~ 2o ar = - [ /u V. -ude dt

(3.69D) [ 100) ~ o) dz = / / {0(pe) Vi - o b

Although proving (3.69b) is straightforward as p,, € Cy, ([0, T]; LY (£2)), the proof of (3.69a) is not,
since p € Cyy([0,T]; LL,(£2)), and so p may not be in L*(Qr) as v > 1. Nevertheless, (3.69a) can
still be established by adapting Lemma 7.57 in [20], as its proof only requires v > 1 and ¥(v) > 0.
Subtracting (3.69a) from (3.69b), and passing to the limit k — 04, one deduces from (3.66b) that,
for any fixed ¢ € N and for any ¢’ € (0,71,

(3.70) /Q{zg( V) — L0(p)(1) dx—/ / tg Vo ru—t(p) Vs, ul de dt,

where, on noting (3.8a) and the convexity of £y,
(3.71) Lo(pe) () = Lelp)(t') > Le(p)(t')  weakly in L7(Q), as k — 0.
It follows from (3.67), (3.65), (3.70), (3.71) and (3.28a) that, for any fixed ¢ € N,

limsup [t (p) = (P} 0,y < 5 [ [60) Vi u— lp) V- 0] dzat
P JQr ~ ~ ~ ~

k=04 ~
*

<P Julo) - 6] Veudear

Qr

< Cllte(p) = te(p)ll2(2r)
< C limsup [[te(p) — te(pr)ll L2 2r)

R—>+

(3.72) < C Timsup [lte(p) — ()l 12+ 20,

k=04

where C' € Ry is independent of ¢ and x. It is easily deduced from (3.50), (3.56¢) and (3.61)
that, for all £ € N, k > 0 and r € [1,v + ),

v+

(3.73) s = telp)llLr@r) + 10 =t Lr@r) + 10 = t(P)lLr0r) < C £
where C' € R is independent of £ and . It follows from (3.72), (3.73) and (2.9) that
(3.74) lim lim %up Ite(p) = te(p)ll L1020y = O.

K—

{—00 n

It immediately follows from (3.73), (3.74), (3.50), (2.9) and (3.56f), on possibly extracting a further
subsequence (not indicated) of the subsequence in Lemma 3.6, that, as k — 0,

(3.75a) P = P strongly in LS(QT) for any s € [1,v + 9(7)),
(3.75b) pr— p7 weakly in L™ g (QT) that is, p7 = p7.

Finally, we have the following result.
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Theorem 3.2. The triple (p,y,@), defined as in Lemmas 3.1 and 3.4, is a global weak solution
to problem (P) ford =2, v > 1 and 3 =0, in the sense that (3.58a,c), with their respective initial
conditions, hold and

T [0(pu) T
/ S~ w dt+/ / [S(u)—pu@u—cppVI] :Vyw de dt
0 at ~ 1,7 0 Q= ~ ~ ~ ~ ~ ~
Wy (2)

T
(3.76) =/ / [pf-w—Tl(Mw):VIw} dedt  Ywe L0, T; Wi (Q)),
o Jal ~ ~ = ~ ~] o~ ~ ~
with (pu)(-,0) = (pouo)(-), ¥(vy) defined as in (3.38), r = max{%,sé} and sg € (1,12%7). In

addition, the weak solution (p,y,ﬂ)\) satisfies the energy inequality (3.59).

Proof. The results (3.58a,c) and (3.59) have already been proved in Lemma 3.7. Equation (3.76)
was established in Lemma 3.7 with p” replaced by p7; see (3.58b). The desired result (3.76) then
follows immediately from (3.58b) and (3.75b). O

4. CONCLUSIONS

We have proved the existence of global-in-time weak solutions to a general class of models that
arise from the kinetic theory of dilute solutions of nonhomogeneous polymeric liquids, where the
polymer molecules are idealized as bead-spring chains with finitely extensible nonlinear elastic
(FENE) type spring potentials. The class of models under consideration involved the unsteady,
compressible, isentropic, isothermal Navier—Stokes system, with constant shear and bulk viscosity
coefficients, in a bounded domain €2 in R, d = 2, for the density p, the velocity u and the pressure
p of the fluid, with an equation of state of the form p(p) = ¢,p”, where ¢, is a positive constant and
~v > 1. The right-hand side of the Navier-Stokes momentum equation included an elastic extra-
stress tensor, defined as the classical Kramers expression. The elastic extra-stress tensor stems
from the random movement of the polymer chains and involves the associated probability density
function that satisfies a Fokker—Planck-type parabolic equation, a crucial feature of which is the
presence of a centre-of-mass diffusion term. Our analysis required no structural assumptions on the
drag term in the Fokker—Planck equation; in particular, the drag term need not be corotational.
With a nonnegative initial density py € L>(Q2) for the continuity equation; a square-integrable
initial velocity datum wg for the Navier-Stokes momentum equation; and a nonnegative initial
probability density function vy for the Fokker—Planck equation, which has finite relative entropy
with respect to the Maxwellian M associated with the spring potential in the model, we proved,
via a limiting procedure on a pressure-regularization parameter, the existence of a global-in-time
bounded-energy weak solution ¢ — (p(t), u(t),1(t)) to the coupled Navier—Stokes—Fokker—Planck
system, satisfying the initial condition (p(0), u(0),(0)) = (po, %o, %o). This shows that the qua-
dratic interaction term, which the classical Kramers expression was supplemented by in our proof
of the existence of global-in-time weak solutions to the compressible Navier—Stokes—Fokker—Planck
system for d € {2,3} in [9], can be omitted in the case of d = 2.

Our analysis applies, without alterations, to some other familiar monotone equations of state,
such as the (Kirkwood-modified) Tait equation of state (cf. Remark 1.1 in [9]). As a starting point
for the extension of this work to nonmonotone equations of state we refer the reader to the work
of Feireisl [13] in the context of the compressible Navier—Stokes equations; see also Section 7.12.3
in [20], which explains how, in the case of the compressible Navier—Stokes equations at least, the
existence proof for monotone equations of state can be extended, with minor modifications, to the
case of nonmonotone equations of state. For the limiting case of a barotropic compressible Navier—
Stokes system with a linear pressure law (y = 1), in a bounded domain  C R%, d = 2, Plotnikov
and Weigant [21] have recently shown the existence of finite-energy global weak solutions, the main
additional technical difficulty in this case being the lack of gain in the integrability of the pressure.
Their proof was based on properties of the Radon transform of the (spatially localized) density,
and its connections with the H—2 (©) norm. Whether a similar result can be shown to hold, with
d =2 and v = 1, for the coupled Navier—Stokes—Fokker—Planck system considered herein remains
unclear.
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The reason why in the case of d = 3 we are unable to admit 3 = 0 is because the bounds (3.11Db)
in Lemma 3.2 heavily rely on d being equal to 2; with 3 = 0 and d = 3 we cannot prove a strong
enough uniform bound on g, to be able to establish the analogue of Lemma 3.3, that is the bound

s,

L7(0,T;H#(Q2x D)")

(4.1) M

<,

with » > 1, s > 0, and a positive constant C, independent of k. Consequently the proof of Lemma
3.4 fails, and we are then unable to pass to the simultaneous limits kK = 3 — 0, as we were able
to do in the case of d = 2, where, thanks to Lemma 3.3, the bound (4.1) holds with r = % and
s > K + 2. In [9] we proved the existence of global-in-time weak solutions to problem (P) for
d = 2,3, provided that v > % in (1.3) and 3 > 0 in (1.9). Here, in the case of d = 2, we have
extended these results to v > 1 and 3 = 0. It is unclear whether for d = 3 and ~v > % the
existence of global-in-time weak solutions can also be shown to hold when 3 = 0. This difficulty is
specific to the compressible Navier—Stokes—Fokker—Planck system and does not arise in the case
of the incompressible Navier—Stokes—Fokker—Planck model, where the value of 3 plays no role
whatsoever and any value of 3 € R is admissible in the proof of existence of a global weak solution

for both d =2 and d = 3.
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