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Prefa
e. These le
ture notes provide an introdu
tion to 
omputational methods

for the approximation of fun
tions on an interval of the real line. Only minimal pre-

requisites in di�erential and integral 
al
ulus, di�erential equation theory and linear

algebra are ne
essary. The approa
h is aimed at giving an understanding of the


onstru
tion of numeri
al algorithms and the analysis of their behaviour. The notes


over the material that appears in the �rst part of the 
ourse Numeri
al Computa-

tion, in Mi
haelmas Term. We begin with a study of methods and errors asso
iated

with the interpolation of fun
tions by polynomials of given degree. We then use

these te
hniques, in Se
tion 2, for the derivation of numeri
al integration rules and

their error analysis. Se
tion 3 is devoted to the question of best approximation

of a fun
tion by polynomials in the L

1

and the L

2

norm; in parti
ular, we shall

des
ribe the use of orthogonal polynomials for the 
onstru
tion of polynomials of

best approximation in the L

2

norm, as well as their relevan
e in deriving Gauss-type

numeri
al integration rules. In Se
tion 4 we shall turn our attention to interpolation

by pie
ewise polynomials of low degree { su
h obje
ts are 
alled splines. We 
on-


lude, in Se
tion 5, with a brief overview of te
hniques for the numeri
al solution of

initial value problems for ordinary di�erential equations.

Syllabus: - Numeri
al Computation I (12 le
tures).

Interpolation of fun
tions: Lagrange and Hermite interpolation, appli
ations to

quadrature, error analysis. Global polynomial approximation in the L

1

and L

2

norm: inner produ
t spa
es; orthogonal polynomials, Gauss quadrature. Pie
ewise

polynomial approximation: linear and Hermite 
ubi
 splines, B-splines.

Approximation of initial value problems for ordinary di�erential equations: one-

step methods in
luding Euler and Runge-Kutta methods; linear multi-step methods.

Consisten
y, stability and 
onvergen
e.
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1 Interpolation of Fun
tions

In this se
tion we 
onsider the problem of polynomial interpolation; this involves

�nding a polynomial that agrees exa
tly with some information that we have about

the values of the fun
tion under 
onsideration. The information may be in the form

of values of the fun
tion at some set of points, and the 
orresponding polynomial

is then 
alled the Lagrange interpolation polynomial, or may in
lude values of the

derivatives of that fun
tion, in whi
h 
ase the asso
iated polynomial is referred to

as a Hermite interpolation polynomial.

1.1 Lagrange interpolation

Given that n is a non-negative integer, let P

n

denote the set of polynomials of degree

� n. The basi
 interpolation problem 
an be formulated as follows:

(L) Suppose that x

i

, i = 0; :::; n, are distin
t real numbers (i.e. x

i

6= x

j

for i 6= j),

and let y

i

, i = 0; :::; n, be real numbers; �nd p

n

2 P

n

su
h that p

n

(x

i

) = y

i

,

i = 0; :::; n.

We shall prove that problem (L) has a unique solution.

Uniqueness. Let us begin by showing that there is at most one polynomial p

n

that satis�es the 
onditions formulated in (L). For suppose, otherwise, that there

exists q

n

2 P

n

, di�erent from p

n

, su
h that q

n

(x

i

) = y

i

, i = 0; :::; n. Then p

n

� q

n

2

P

n

and p

n

�q

n

has (n+1) distin
t roots, x

i

, i = 0; :::; n; therefore p

n

(x)�q

n

(x) � 0,

whi
h 
ontradi
ts our assumption that p

n

and q

n

are distin
t. Consequently, there

is at most one polynomial that solves problem (L).

Existen
e. Now we turn to showing the existen
e of a polynomial that satis�es

the 
onditions in (L). The next lemma will be helpful.

Lemma 1 Let L

k

2 P

n

, k = 0; :::; n, be su
h that

L

k

(x

i

) =

(

1 i = k

0 i 6= k:

Then

p

n

(x) =

n

X

k=0

L

k

(x)y

k

(1)

satis�es the 
onditions formulated in (L), i.e. p

n

2 P

n

and p

n

(x

i

) = y

i

, i = 0; :::; n.

Remark 1 By virtue of this lemma the existen
e of the polynomial p

n

hinges on

the existen
e of the L

k

. In order to pro
eed we shall suppose for a moment that the

polynomials L

k

, satisfying the 
onditions of Lemma 1, exist: we shall prove later

that this is indeed the 
ase.
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Proof (of Lemma 1): Sin
e, by hypothesis, L

k

2 P

n

, k = 0; :::; n, the linear


ombination of these polynomials, p

n

, is also an element of P

n

; furthermore,

p

n

(x

i

) =

n

X

k=0

L

k

(x

i

)y

k

= y

i

; (2)

and that 
ompletes the proof. 2

As indi
ated in Remark 1, we still have to show that the polynomials L

k

, k =

0; :::; n, exist. This is easily a

omplished by expli
itly 
onstru
ting them. For ea
h

�xed k, 0 � k � n, L

k

is required to have n zeros, x

i

, i = 0; :::; n, i 6= k; thus L

k

(x)

is of the form

L

k

(x) = C

k

n

Y

i=0;i 6=k

(x� x

i

); (3)

where C

k

is a 
onstant. It is easy to determine the value of C

k

by re
alling that

L

k

(x

k

) = 1; this yields

C

k

=

n

Y

i=0;i 6=k

(x

k

� x

i

)

�1

:

Inserting this into (3) we obtain

L

k

(x) =

n

Y

i=0;i 6=k

x� x

i

x

k

� x

i

: (4)

Thus, to summarise, the (unique) polynomial that solves problem (L) is given by

(1) where the L

k

, k = 0; :::; n, are de�ned by (4).

De�nition 1 Let n be a non-negative integer, let x

i

, i = 0; :::; n, be distin
t real

numbers, and y

i

, i = 0; :::; n, real numbers. The polynomial

p

n

(x) =

n

X

k=0

L

k

(x)y

k

;

with L

k

(x) de�ned by (4), is 
alled the Lagrange interpolation polynomial

1

of

degree n for the set of points f(x

i

; y

i

) : i = 0; :::; ng. The numbers x

i

, i = 0; :::; n,

are 
alled the interpolation points.

Frequently the real numbers y

i

are given as the values of a real-valued fun
tion f ,

de�ned on a 
losed real interval [a; b℄, at the (distin
t) interpolation points x

i

2 [a; b℄,

i = 0; :::; n; in this 
ase, y

i

= f(x

i

), i = 0; :::; n, and the 
orresponding Lagrange

interpolation polynomial has the form

p

n

(x) =

n

X

k=0

L

k

(x)f(x

k

);

1

Joseph-Louis Lagrange (1736{1813): Le�
ons �el�ementaires sur les math�ematiques, Paris, 1795;

Edward Warring (1734{1798) dis
overed the same interpolation formula in 1776.
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the polynomial p

n

is referred to as the Lagrange interpolation polynomial of degree

n (with interpolation points x

i

, i = 0; :::; n,) for the fun
tion f .

Although the values of the fun
tion f and those of its Lagrange interpolation

polynomial 
oin
ide at the interpolation points, f(x) may be quite di�erent from

p

n

(x) when x is not an interpolation point. Thus it is natural to ask just how

large the di�eren
e f(x) � p

n

(x) is when x 6= x

i

, i = 0; :::; n. Assuming that the

fun
tion f is suÆ
iently smooth, an estimate of the size of the interpolation error

f(x)� p

n

(x) is given in the next theorem.

Theorem 1 (A. L. Cau
hy

2

(1840)) Suppose that f is a real-valued fun
tion

de�ned on the 
losed real interval [a; b℄ and su
h that the derivative of f of order

(n + 1) is 
ontinuous on [a; b℄. Suppose further that x

i

, i = 0; :::; n, are distin
t

points in [a; b℄. Then, given that x 2 [a; b℄,

f(x)� p

n

(x) =

f

(n+1)

(�)

(n + 1)!

�

n+1

(x); (5)

where � = �(x) 2 (a; b) and �

n+1

(x) = (x� x

0

):::(x� x

n

). Moreover,

jf(x)� p

n

(x)j �

M

n+1

(n+ 1)!

j�

n+1

(x)j; (6)

where M

n+1

= max

�2[a;b℄

jf

(n+1)

(�)j.

Proof: When x = x

i

for some i, i = 0; :::; n, both sides in (5) are equal to zero, and

the equality is then trivially satis�ed. Let us deal with the non-trivial 
ase when

x 2 [a; b℄ and x 6= x

i

, i = 0; :::; n. For su
h x, let us 
onsider the auxiliary fun
tion

t 7! �(t), de�ned on the interval [a; b℄ by

�(t) = f(t)� p

n

(t)�

f(x)� p

n

(x)

�

n+1

(x)

�

n+1

(t):

Clearly, �(x

i

) = 0, i = 0; :::; n, and �(x) = 0. Thus � vanishes at (n+2) points whi
h

are all distin
t in [a; b℄. Consequently, by Rolle's Theorem

3

, �

0

(t), the �rst derivative

of � with repe
t to t, vanishes at (n + 1) points in (a; b), one point between ea
h

pair of 
onse
utive points at whi
h � vanishes. Applying Rolle's Theorem again, we

see that �

00

vanishes at n distin
t points, and so on. Our assumptions about f are

suÆ
ient to apply Rolle's Theorem (n+ 1) times in su

ession, showing that �

(n+1)

vanishes at some point � 2 (a; b), the exa
t lo
ation of � being dependent on the

position of x in (a; b). By di�erentiating (n + 1) times the fun
tion � with respe
t

to t, and noting that p

n

is a polynomial of degree n, it follows that

0 = �

(n+1)

(�) = f

(n+1)

(�)�

f(x)� p

n

(x)

�

n+1

(x)

(n+ 1)!:

2

Augustin-Louis Cau
hy (1789{1857)

3

Rolle's Theorem (M. Rolle (1652{1719)): Suppose that the fun
tion f is de�ned and 
on-

tinuous on the 
losed real interval [a; b℄, has a �nite derivative f

0

(x) at ea
h point x in the open

interval (a; b), and f(a) = f(b). Then there exists at least one point � in (a; b) su
h that f

0

(�) = 0.
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Thus,

f(x)� p

n

(x) =

f

(n+1)

(�)

(n + 1)!

�

n+1

(x):

In order to prove (6) let us note that sin
e f

(n+1)

is a 
ontinuous fun
tion on [a; b℄

the same is true of jf

(n+1)

j; therefore jf

(n+1)

j is bounded on [a; b℄ and a
hieves its

maximum there. Denoting M

n+1

= max

�2[a;b℄

jf

(n+1)

(�)j, the inequality (6) follows

from (5). 2

It is perhaps worth noting that, sin
e the lo
ation of � in the interval [a; b℄ is not

known, (5) is of little pra
ti
al value; on the other hand, given the fun
tion f , an

upper bound on the maximum value of f

(n+1)

is, at least in prin
iple, possible to

obtain, and thereby we 
an provide an upper bound on the size of the interpolation

error by means of the inequality (6).

Exer
ise 1 Let f(x) = e

x

for x 2 [�1; 1℄. Write down the Lagrange interpolation

polynomial p

2

(x) of degree 2 with interpolation points �1, 0, 1 for the fun
tion f .

Show further that

jf(x)� p

2

(x)j �

e

6

jxj(1� x

2

)

for all x in [�1; 1℄.

Solution: Letting x

0

= �1, x

1

= 0, x

2

= 1, the Lagrange interpolation polynomial of

degree n = 2 for the fun
tion f is

p

2

(x) =

(x� x

1

)(x� x

2

)

(x

0

� x

1

)(x

0

� x

2

)

f(x

0

) +

(x� x

0

)(x� x

2

)

(x

1

� x

0

)(x

1

� x

2

)

f(x

1

)

+

(x� x

0

)(x� x

1

)

(x

2

� x

0

)(x

2

� x

1

)

f(x

2

):

Thus,

p

2

(x) =

1

2e

x(x� 1) + (1� x

2

) +

e

2

x(x+ 1);

or, upon rearrangement,

p

2

(x) = x

2

(
osh 1� 1) + x sinh1 + 1:

Now to prove the desired error bound, let us note that

M

3

= max

�2[�1;1℄

jf

000

(�)j = e

and �

3

(x) = (x� x

0

)(x� x

1

)(x� x

2

) = x(x

2

� 1). Thus, from (6) we have that

jf(x)� p

2

(x)j �

e

6

jxj(1 � x

2

);

as required. �
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Exer
ise 2 (Oxford Finals, 1992) For a non-negative n, and x in [�1; 1℄, let

T

n

(x) = 
os(n 
os

�1

x). Dedu
e the re
urren
e relation

T

n+1

(x)� 2xT

n

(x) + T

n�1

(x) = 0; n � 1:

Hen
e show that T

n

is a polynomial of degree n and that, for n � 1, the leading

term of T

n

(x) is 2

n�1

x

n

. Let f : [�1; 1℄ ! R be a 
ontinuous fun
tion and let x

i

,

i = 0; : : : ; n, denote the zeros of T

n+1

(x). Prove that there exists a unique polynomial

p

n

of degree n su
h that p

n

(x

i

) = f(x

i

), i = 0; : : : ; n.

Show that if f

(n+1)

exists and is a 
ontinuous fun
tion on the interval [�1; 1℄

then

max

x2[�1;1℄

jf(x)� p

n

(x)j �

M

n+1

2

n

(n + 1)!

;

where M

n+1

= max

�2[�1;1℄

jf

(n+1)

(�)j.

Solution: Let � = 
os

�1

x; then, for n � 1,

T

n+1

(x) + T

n�1

(x) = 
os(n+ 1)�+ 
os(n� 1)�

= 2 
osn� � 
os� = 2x 
os(n 
os

�1

x) = 2xT

n

(x);

whi
h is the required re
urren
e. Writing

T

n+1

(x) = 2xT

n

(x)� T

n�1

(x);

and noting that T

0

(x) � 1, T

1

(x) = x, it follows by indu
tion that T

n

is a polynomial of

degree n. Indeed, this is true for n = 0 and n = 1; let us suppose that T

n

is a polynomial

of degree n for all n, n � k; then, by the re
urren
e relation, T

k+1

is a polynomial and

degree of T

k+1

= degree of (2xT

k

� T

k�1

) = k + 1:

That 
ompletes the indu
tion.

Also, by indu
tion, the leading term of T

n

(x) is 2

n�1

x

n

. Indeed, this is true for n = 1

as x = 2

1�1

x; let us suppose that the leading term of T

k

(x) is 2

k�1

x

k

for some k, k � 1;

then

leading term of T

k+1

(x) = leading term of 2xT

k

(x)

= 2x(leading term of T

k

(x)) = 2

k

x

k+1

;

and that 
ompletes the indu
tion.

Let x

i

, i = 0; : : : ; n, denote the zeros of T

n+1

(x):

x

i

= 
os

(2i+ 1)�

2n+ 2

; i = 0; : : : ; n:

These are distin
t real numbers in the 
losed interval [�1; 1℄ be
ause

(2i + 1)�

2n+ 2

2 [0; �℄; i = 0; : : : ; n;
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and 
os is stri
tly monotoni
 de
reasing on the interval [0; �℄.

Now letting y

i

= f(x

i

), i = 0; : : : ; n, and repeating the argument from the beginning

of the se
tion it follows that there exists a unique polynomial p

n

of degree n su
h that

p

n

(x

i

) = y

i

= f(x

i

). Further, from (6) it follows that

max

x2[�1;1℄

jf(x)� p

n

(x)j �

M

n+1

(n+ 1)!

max

x2[�1;1℄

j�

n+1

(x)j:

As

T

n+1

(x) = 2

n

(x� x

0

) : : : (x� x

n

) = 2

n

�

n+1

(x);

and max

x2[�1;1℄

jT

n+1

(x)j = 1, we have that

max

x2[�1;1℄

j�

n+1

(x)j = 2

�n

max

x2[�1;1℄

jT

n+1

(x)j = 2

�n

;

and hen
e the required inequality. �

We note here that T

n

(x) is 
alled a Chebyshev polynomial of degree n. Chebyshev

polynomials play an important rôle in approximation theory; we shall return to the

study of their properties later on in these notes when we dis
uss the problem of best

approximation.

1.2 Hermite interpolation

The idea of Lagrange interpolation 
an be generalised in various ways; we shall 
on-

sider here one simple extension where a polynomial p is required to take given values

and derivative values at the interpolation points. Let us formalise this interpolation

problem.

(H) Suppose that n is a non-negative integer and let x

i

, i = 0; :::; n, be distin
t real

numbers. Given two sets of real numbers y

i

, i = 0; :::; n, and z

i

, i = 0; :::; n,

�nd a polynomial p

2n+1

2 P

2n+1

su
h that

p

2n+1

(x

i

) = y

i

; p

0

2n+1

(x

i

) = z

i

; i = 0; :::; n:

As in the 
ase of Lagrange interpolation, we begin by showing that problem (H)

has a unique solution.

Uniqueness. First we shall prove that there is at most one polynomial that

satis�es the 
onditions formulated in (H). Suppose otherwise: then there exists

a polynomial q

2n+1

2 P

2n+1

, distin
t from p

2n+1

, su
h that q

2n+1

(x

i

) = y

i

and

q

0

2n+1

(x

i

) = z

i

, i = 0; :::; n. Consequently, p

2n+1

� q

2n+1

has (n + 1) distin
t zeros;

thus Rolle's Theorem implies that, in addition to the (n + 1) zeros x

i

, i = 0; :::; n,

p

0

2n+1

� q

0

2n+1

vanishes at another n points whi
h interla
e the x

i

. Hen
e p

0

2n+1

�

q

0

2n+1

2 P

2n

has (2n+1) zeros, whi
h means that p

0

2n+1

� q

0

2n+1

is identi
ally zero, so

that p

2n+1

�q

2n+1

is a 
onstant fun
tion; but p

2n+1

�q

2n+1

vanishes at x

i

, i = 0; :::; n,

and therefore p

2n+1

�q

2n+1

� 0, 
ontradi
ting to the hypothesis that p

2n+1

and q

2n+1

are distin
t. Thus, if it exists, p

2n+1

is unique.
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Existen
e. Let us 
onsider the polynomials H

k

and K

k

, k = 0; :::; n, de�ned by

H

k

(x) = [L

k

(x)℄

2

(1� 2L

0

k

(x

k

)(x� x

k

)) ; (7)

K

k

(x) = [L

k

(x)℄

2

(x� x

k

); (8)

where

L

k

(x) =

n

Y

i=0;i 6=k

x� x

i

x

k

� x

i

:

Clearly H

k

and K

k

, k = 0; :::; n, are polynomials of degree (2n + 1); moreover, a

straightforward 
al
ulation shows that

H

k

(x

i

) =

(

1 i = k

0 i 6= k;

H

0

k

(x

i

) = 0; i; k = 0; :::; n;

K

k

(x

i

) = 0; K

0

k

(x

i

) =

(

1 i = k

0 i 6= k;

i; k = 0; :::; n:

Thus, the polynomial

p

2n+1

(x) =

n

X

k=0

H

k

(x)y

k

+K

k

(x)z

k

satis�es the 
onditions formulated in (H); furthermore, by what has been proved

above, it is the unique su
h polynomial.

De�nition 2 Let n be a non-negative integer, let x

i

, i = 0; :::; n, be distin
t real

numbers, and y

i

, z

i

, i = 0; :::; n, real numbers. The polynomial

p

2n+1

(x) =

n

X

k=0

H

k

(x)y

k

+K

k

(x)z

k

;

where H

k

(x) and K

k

(x) are de�ned by (7), (8) respe
tively, is 
alled the Hermite

interpolation polynomial

4

of degree (2n + 1) for the set of points f(x

i

; y

i

) : i =

0; :::; ng, f(x

i

; z

i

) : i = 0; :::; ng.

Exer
ise 3 Find a 
ubi
 polynomial p

3

su
h that p

3

(0) = 0, p

3

(1) = 1, p

0

3

(0) = 1,

p

0

3

(1) = 0.

Solution: Letting n = 1, x

0

= 0, x

1

= 1, y

0

= 0, y

1

= 1, z

0

= 1, z

1

= 0, we seek p

3

(x),

following De�nition 2, as

p

3

(x) = 0�H

0

(x) + 1�H

1

(x) + 1�K

0

(x) + 0�K

1

(x):

Thus

p

3

(x) = H

1

(x) +K

0

(x):

4

Charles Hermite (1822-1901)
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Now, with x

0

= 0 and x

1

= 1, we have that

H

1

(x) = [L

1

(x)℄

2

(1� 2L

0

1

(x

1

)(x� x

1

));

K

0

(x) = [L

0

(x)℄

2

(x� x

0

):

It remains to determine L

0

(x) and L

1

(x). Clearly,

L

0

(x) =

x� x

1

x

0

� x

1

=

x� 1

0� 1

= 1� x;

L

1

(x) =

x� x

0

x

1

� x

0

=

x� 0

1� 0

= x:

Therefore,

H

1

(x) = x

2

(3� 2x) and K

0

(x) = (1� x)

2

x;

so that

p

3

(x) = �x

3

+ x

2

+ x

is the required Hermite interpolation polynomial. �

Suppose that f is a real-valued fun
tion that is de�ned on the 
losed interval

[a; b℄ and is 
ontinuous and di�erentiable on this interval; suppose, further, that x

i

,

i = 0; :::; n, are distin
t points in this interval. We 
an use Hermite interpolation

to 
onstru
t a polynomial p

2n+1

2 P

2n+1

whi
h takes the same fun
tion values and

derivative values as f . To do so it suÆ
es to 
hoose y

i

= f(x

i

) and z

i

= f

0

(x

i

),

i = 0; :::; n, whi
h yields

p

2n+1

(x) =

n

X

k=0

H

k

(x)f(x

k

) +K

k

(x)f

0

(x

k

);

the polynomial p

2n+1

is referred to as the Hermite interpolation polynomial of degree

2n + 1 (with interpolation points x

i

, i = 0; :::; n,) for f . Pi
torially, the graph of

p

2n+1

tou
hes the graph of the fun
tion f at the points x

i

, i = 0; :::; n.

To 
on
lude this se
tion we state a result, analogous to Theorem 1, 
on
erning

the error in Hermite interpolation.

Theorem 2 Suppose that f is a real-valued fun
tion de�ned on the 
losed interval

[a; b℄ and su
h that f

(2n+2)

is 
ontinuous on [a; b℄. Suppose further that x

i

, i =

0; :::; n, are distin
t points in [a; b℄. Then, given that x 2 [a; b℄,

f(x)� p

2n+1

(x) =

f

(2n+2)

(�)

(2n+ 2)!

[�

n+1

(x)℄

2

; (9)

where � = �(x) 2 (a; b) and �

n+1

(x) = (x� x

0

):::(x� x

n

). Moreover,

jf(x)� p

2n+1

(x)j �

M

2n+2

(2n+ 2)!

[�

n+1

(x)℄

2

; (10)

where M

2n+2

= max

�2[a;b℄

jf

(2n+2)

(�)j.

8



Proof: The inequality (10) is a straightforward 
onsequen
e of (9). In order to

prove (9) let us observe that it is trivially true if x = x

i

for some i, i = 0; :::; n; thus

it suÆ
es to 
onsider x 2 [a; b℄ su
h that x 6= x

i

, i = 0; :::; n. For su
h x, let us

de�ne the fun
tion t 7!  (t) by

 (t) = f(t)� p

2n+1

(t)�

f(x)� p

2n+1

(x)

[�

n+1

(x)℄

2

[�

n+1

(t)℄

2

:

Then  (x

i

) = 0 for i = 0; :::; n, and also  (x) = 0. Hen
e, by Rolle's Theorem,  

0

(t)

vanishes at (n+ 1) points whi
h lie stri
tly between ea
h pair of 
onse
utive points

from the set fx

0

; :::; x

n

; xg. Also,  

0

(x

i

) = 0, i = 0; :::; n; hen
e  

0

vanishes at a total

of (2n+2) distin
t points in [a; b℄. Applying Rolle's Theorem in su

ession, we �nd

eventually that  

(2n+2)

vanishes at some point � in (a; b), the lo
ation of � being

dependent on the position of x. This gives the required result sin
e p

(2n+2)

2n+1

(x) � 0.

2

2 Numeri
al Integration - Part I

In this se
tion we apply the results of Se
tion 1.1 to derive formulae for numeri
al

integration (also 
alled numeri
al quadrature rules) and estimate the asso
iated

approximation error.

2.1 Newton-Cotes formulae

Let f be a real-valued fun
tion, de�ned and 
ontinuous on a 
losed real interval

[a; b℄, and suppose that we have to evaluate the integral

Z

b

a

f(x) dx:

Sin
e polynomials are easy to integrate, the idea, roughly speaking, is to approximate

the fun
tion f by its Lagrange interpolation polynomial p

n

of degree n, and integrate

p

n

instead. Thus,

Z

b

a

f(x) dx �

Z

b

a

p

n

(x) dx: (11)

For a positive integer n, let x

i

, i = 0; :::; n, denote the interpolation points;

for the sake of simpli
ity, we shall assume that these are equally spa
ed, namely,

x

i

= a + i h for i = 0; :::; n, where h = (b � a)=n. The Lagrange interpolation

polynomial of degree n for the fun
tion f , with these interpolation points, is of the

form

p

n

(x) =

n

X

k=0

L

k

(x)f(x

k

):

9



Inserting this into the right-hand side of (11) yields

Z

b

a

f(x) dx �

n

X

k=0

w

k

f(x

k

); (12)

where

w

k

=

Z

b

a

L

k

(x) dx; k = 0; :::; n;

are referred to as the quadrature weights, while the interpolation points x

k

, k =

0; :::; n, are 
alled the quadrature points. Numeri
al quadrature rules of this form,

with equally spa
ed quadrature points, are 
alled Newton

5

{ Cotes formulae. In

order to illustrate the general idea, we 
onsider two simple examples.

Trapezium rule. In this 
ase we take n = 1, x

0

= a and x

1

= b; the Lagrange

interpolation polynomial of degree 1 for the fun
tion f is simply

p

1

(x) = L

0

(x)f(x

0

) + L

1

(x)f(x

1

)

=

x� x

1

x

0

� x

1

f(x

0

) +

x� x

0

x

1

� x

0

f(x

1

)

=

1

b� a

[(b� x)f(a) + (x� a)f(b)℄ :

Integrating p

1

(x) from a to b yields

Z

b

a

f(x) dx �

b� a

2

[f(a) + f(b)℄ :

This numeri
al integration formula is 
alled the trapezium rule.

Simpson's rule

6

. A slightly more sophisti
ated quadrature rule is obtained

by taking n = 2. In this 
ase x

0

= a, x

1

= (a + b)=2 and x

2

= b; the Lagrange

polynomial of degree 2, with these interpolation points, for the fun
tion f is:

p

2

(x) = L

0

(x)f(x

0

) + L

1

(x)f(x

1

) + L

2

(x)f(x

2

)

=

(x� x

1

)(x� x

2

)

(x

0

� x

1

)(x

0

� x

2

)

f(x

0

) +

(x� x

0

)(x� x

2

)

(x

1

� x

0

)(x

1

� x

2

)

f(x

1

)

+

(x� x

0

)(x� x

1

)

(x

2

� x

0

)(x

2

� x

1

)

f(x

2

):

5

Isaa
 Newton (1643{1727)

6

A straighforward 
al
ulation shows that the area under the ar
 of a parabola f(x) = Ax

2

+

Bx+ C in an interval [a; b℄ is given by the Cavalieri-Gregory formula:

Area =

b� a

6

�

f(a) + 4f

�

a+ b

2

�

+ f(b)

�

:

This formula was stated in geometri
 terms by B. Cavalieri (Centuria di varii problemi, Bologna

1639); it was independently dis
overed by J. Gregory (Exer
itationes geometri
ae, London 1668),

and Th. Simpson (Mathemati
al dissertations on a variety of physi
al and analyti
al subje
ts,

London 1743). Surprisingly, the Cavalieri-Gregory formula is valid even for a 
ubi
 polynomial

f(x) = Ax

3

+Bx

2

+ Cx+D { the explanation is supplied by Lemma 2 below.
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Integrating p

2

(x) from a to b gives

Z

b

a

f(x) dx �

b� a

6

"

f(a) + 4f

 

a + b

2

!

+ f(b)

#

:

This numeri
al integration formula is known as Simpson's rule.

Our next task is to estimate the size of the error in the numeri
al integration

formula (12), that is, the error that has been 
ommitted by integrating the Lagrange

interpolation polynomial of f instead of the fun
tion f itself. The error in (12) is

de�ned by

E

n

(f) =

Z

b

a

f(x) dx�

n

X

k=0

w

k

f(x

k

):

The next theorem provides a useful bound on E

n

(f) under the additional hypothesis

that the fun
tion f is suÆ
iently smooth.

Theorem 3 Suppose that f is a real-valued fun
tion de�ned on the interval [a; b℄,

and let f

(n+1)

be 
ontinuous on [a; b℄. Then,

jE

n

(f)j �

M

n+1

(n + 1)!

Z

b

a

j�

n+1

(x)jdx; (13)

where M

n+1

= max

�2[a;b℄

jf

(n+1)

(�)j and �

n+1

(x) = (x� x

0

):::(x� x

n

).

Proof: Re
alling the de�nition of the weights w

k

in (12), we 
an rewrite E

n

(f) as

follows:

E

n

(f) =

Z

b

a

f(x) dx�

Z

b

a

 

n

X

k=0

L

k

(x)f(x

k

)

!

dx

=

Z

b

a

(f(x)� p

n

(x)) dx:

Thus,

jE

n

(f)j �

Z

b

a

jf(x)� p

n

(x)jdx:

The desired error estimate (13) follows by inserting (6) into the right-hand side of

this inequality. 2

Let us apply Theorem 3 to estimate the size of the error that has been 
ommitted

by applying the trapezium rule to the integral

R

b

a

f(x) dx. In this 
ase (13) redu
es

to

jE

1

(f)j �

1

2

M

2

Z

b

a

j(x� a)(x� b)jdx

=

1

2

M

2

Z

b

a

(b� x)(x� a) dx

=

1

12

(b� a)

3

M

2

: (14)

11



An analogous but slightly more tedious 
al
ulation shows that, for Simpson's

rule,

jE

2

(f)j �

1

6

M

3

Z

b

a

j(x� a)(x�

a+ b

2

)(x� b)jdx

=

1

192

M

3

(b� a)

4

: (15)

Unfortunately, (15) gives a very pessimisti
 estimate of the error in Simpson's rule;

indeed, it is easy to verify that, whenever f is a polynomial of degree 3 we have

E

2

(f) = 0 while the right-hand side of (15) is a positive real number. The next

lemma will allow us to sharpen this 
rude bound.

Lemma 2 Suppose that f is a real-valued fun
tion de�ned on the interval [a; b℄ and

f

(4)

is a 
ontinuous fun
tion on [a; b℄. Then

Z

b

a

f(x) dx�

b� a

6

"

f(a) + f

 

a + b

2

!

+ f(b)

#

= �

(b� a)

5

2880

f

(4)

(�); (16)

for some � in (a; b).

Proof: Performing the 
hange of variables

x =

a+ b

2

+

b� a

2

t; t 2 [�1; 1℄;

and de�ning the fun
tion t 7! F (t) by F (t) = f(x), we have that

Z

b

a

f(x) dx�

b� a

6

"

f(a) + 4f

 

a+ b

2

!

+ f(b)

#

=

b� a

2

�

Z

1

�1

F (t) dt�

1

3

[F (�1) + 4F (0) + F (1)℄

�

: (17)

Let us introdu
e

G(t) =

Z

t

�t

F (�) d� �

t

3

[F (�t) + 4F (0) + F (t)℄; t 2 [�1; 1℄;

then the right-hand side of (17) is simply

1

2

(b� a)G(1).

The remainder of the proof is devoted to showing that

1

2

(b� a)G(1) is, in turn,

equal to the right-hand side of (16) for some � in (a; b). For this purpose, we de�ne

H(t) = G(t)� t

5

G(1); t 2 [�1; 1℄:

We shall apply Rolle's Theorem four times to the fun
tion H. Noting that H(0) =

H(1) = 0, we dedu
e that there exists �

1

2 (0; 1) su
h that H

0

(�

1

) = 0. However,

also, H

0

(0) = 0, so there exists �

2

2 (0; �

1

) su
h that H

00

(�

2

) = 0; but, H

00

(0) = 0,

12



so there is �

3

2 (0; �

2

) su
h that H

000

(�

3

) = 0. Finally, noting that H

000

(0) = 0, it

follows that there is �

4

2 (0; �

3

) su
h that H

(4)

(�

4

) = 0. Thus,

H

(4)

(�

4

) = G

(4)

(�

4

)� 120�

4

G(1) = 0:

Now

G

(4)

(t) = �

1

3

(F

000

(t)� F

000

(�t))�

t

3

(F

(4)

(t) + F

(4)

(�t));

and therefore

G(1) = �

1

360�

4

(F

000

(�

4

)� F

000

(��

4

))�

1

360

(F

(4)

(�

4

) + F

(4)

(��

4

)):

Applying Lagrange's Mean Value Theorem

7

to the �rst term on the right, we dedu
e

that

G(1) = �

1

180

F

(4)

(�

5

)�

1

360

(F

(4)

(�

4

) + F

(4)

(��

4

));

for some �

5

2 (��

4

; �

4

). Equivalently,

G(1) = �

1

90

 

F

(4)

(��

4

) + 2F

(4)

(�

5

) + F

(4)

(�

4

)

4

!

:

Sin
e, by our hypothesis on f , F

(4)

is a 
ontinuous fun
tion on [�1; 1℄ and �1 <

��

4

< �

5

< �

4

< 1, it follows that there exists � in [��

4

; �

4

℄ su
h that

F

(4)

(��

4

) + 2F

(4)

(�

5

) + F

(4)

(�

4

)

4

= F

(4)

(�);


onsequently,

G(1) = �

1

90

F

(4)

(�) = �

1

1440

(b� a)

4

f

(4)

(�); (18)

where � =

1

2

(a+ b) +

1

2

(b� a)�. Finally, (16) is obtained by inserting (18) into (17).

2

Now Lemma 2 yields the following bound on the error in Simpson's rule:

jE

2

(f)j �

1

2880

(b� a)

5

M

4

: (19)

This is a 
onsiderable improvement over (15) in the sense that if f 2 P

3

then the

right-hand side of (19) is equal to zero and thereby E

2

(f) = 0 whi
h now 
orre
tly

re
e
ts the fa
t that polynomials of degree three are integrated by Simpson's rule

7

Mean Value Theorem: Suppose that the fun
tion f is de�ned and 
ontinuous on the 
losed

real interval [a; b℄ and that f has �nite derivative f

0

(x) at ea
h point x of the open interval (a; b).

Then, there exists � in (a; b) su
h that

f(b)� f(a) = f

0

(�)(b � a):

13



without error. (As remarked earlier, this property was not borne out by our initial


rude bound (15).)

By 
onsidering the right-hand side of the error bound in Theorem 3 we may

be led to believe that by in
reasing n, that is by approximating the integrand by

Lagrange polynomials of in
reasing degree and integrating these exa
tly, we shall

be redu
ing the size of the quadrature error E

n

(f). It is easy to �nd examples

whi
h show that this is not always the 
ase

8

. A better approa
h is to divide the

interval [a; b℄ into an in
reasing number of subintervals (of de
reasing size) and use a

numeri
al integration formula of �xed order on ea
h of the subintervals. Quadrature

rules based on this approa
h are 
alled 
omposite formulae, and will be des
ribed

in detail in the next se
tion.

2.2 Composite formulae

We shall 
onsider only some very simple 
omposite quadrature rules: the 
omposite

trapezium rule, and the 
omposite Simpson rule.

Composite trapezium rule. This is obtained by dividing the interval [a; b℄

into m equal subintervals, ea
h of width h = (b� a)=m, so that

Z

b

a

f(x) dx =

m

X

i=1

Z

x

i

x

i�1

f(x) dx;

where

x

i

= a+ ih = a+

i

m

(b� a); i = 0; :::; m:

Ea
h of the integrals is then evaluated by the trapezium rule, namely,

Z

x

i

x

i�1

f(x) dx �

1

2

h[f(x

i�1

) + f(x

i

)℄;

giving the 
omplete approximation

Z

b

a

f(x) dx � h[

1

2

f(x

0

) + f(x

1

) + :::+ f(x

m�1

) +

1

2

f(x

m

)℄; (20)


alled the 
omposite trapezium rule.

The error in the 
omposite trapezium rule 
an be estimated by using the error

bound (14) for the trapezium rule on ea
h individual subinterval [x

i�1

; x

i

℄, i =

1; :::; m. Indeed,

E

1

(f) :=

Z

b

a

f(x) dx� h[

1

2

f(x

0

) + f(x

1

) + :::+ f(x

m�1

) +

1

2

f(x

m

)℄

=

m

X

i=1

"

Z

x

i

x

i�1

f(x) dx�

1

2

h[f(x

i�1

) + f(x

i

)℄

#

:

8

Consider, for example,

R

5

�5

1=(1+x

2

) dx, and use Newton-Cotes formulae for higher and higher

values of n on the interval [�5; 5℄. This pathologi
al example was dis
overed by the German

mathemati
ian Karl Runge.
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Applying (14) to ea
h of the terms under the summation sign,

jE

1

(f)j �

1

12

h

3

m

X

i=1

 

max

�2[x

i�1

;x

i

℄

jf

00

(�)j

!

�

1

12m

2

(b� a)

3

M

2

; (21)

where M

2

= max

�2[a;b℄

jf

00

(�)j.

Composite Simpson's rule. Let us suppose that the interval [a; b℄ has been

divided into 2m subintervals by the points x

i

= a + i h, i = 0; :::; 2m, where h =

(b � a)=(2m), and let us apply Simpson's rule on ea
h of the intervals [x

2i�2

; x

2i

℄,

i = 1; :::; m, giving

Z

b

a

f(x) dx =

m

X

i=1

Z

x

2i

x

2i�2

f(x) dx

�

m

X

i=1

2h

6

[f(x

2i�2

) + 4f(x

2i�1

) + f(x

2i

)℄ :

Equivalently,

Z

b

a

f(x) dx �

h

3

[f(x

0

) + 4f(x

1

) + 2f(x

2

) + 4f(x

3

) + :::

+ 2f(x

2m�2

) + 4f(x

2m�1

) + f(x

2m

)℄ : (22)

The numeri
al integration formula (22) is 
alled the 
omposite Simpson rule.

In order to estimate the error in the 
omposite Simpson rule, we pro
eed in the

same way as for the 
omposite trapezium rule:

E

2

(f) :=

Z

b

a

f(x) dx�

m

X

i=1

h

3

[f(x

2i�2

) + 4f(x

2i�1

) + f(x

2i

)℄

=

m

X

i=1

"

Z

x

2i

x

2i�2

f(x) dx�

h

3

[f(x

2i�2

) + 4f(x

2i�1

) + f(x

2i

)℄

#

:

Applying (19) to ea
h individual term under the summation sign and re
alling that

b� a = 2mh, we obtain the following error bound:

jE

2

(f)j �

1

2880m

4

(b� a)

5

M

4

: (23)

The 
omposite rules (20) and (22) provide greater a

ura
y than the basi
 for-

mulae 
onsidered in Se
tion 2.1; this is 
learly seen by 
omparing the error bounds

(21) and (23) for the two 
omposite rules with (14) and (19), the error estimates

for the basi
 trapezium{ and Simpson formula, respe
tively. The inequalities (21)

and (23) indi
ate that, as long as the fun
tion f is suÆ
iently smooth, the errors

in the 
omposite rules 
an be made arbitrarily small by 
hoosing a suÆ
iently large

number of subintervals.
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Exer
ise 4 Cal
ulate the integral

I =

Z

�=2

0

sinxdx

with a

ura
y � = 10

�2

using:

a) the 
omposite trapezium rule;

b) the 
omposite Simpson rule.

Solution: a) In order to approximate the integral I to within the given a

ura
y � by

means of the 
omposite trapezium rule, we have to �nd a positive integer m (the number

of subdivisions of the interval [0; �=2℄), as small as possible, su
h that

jE

1

(f)j � �;

where f(x) = sinx with x 2 [0; �=2℄ and � = 10

�2

. Re
alling the error bound for the


omposite trapezium rule, this amounts to �nding the smallest positive integer m su
h

that

1

12m

2

(b� a)

3

M

2

� �;

where M

2

= max

x2[0;�=2℄

jf

00

(x)j = 1, b� a = �=2 � 0 = �=2. Thus we need to 
hoose m,

as small as possible, su
h that

1

12m

2

�

�

2

�

3

� 10

�2

:

The smallest integer m for whi
h this inequality holds is m = 6. Having determined the

required number of subdivisions, we 
al
ulate the approximation to I by the 
omposite

trapezium rule:

I �

�

12

�

1

2

sin 0 +

�

sin

�

12

+ sin

2�

12

+ sin

3�

12

+ sin

4�

12

+ sin

5�

12

�

+

1

2

sin

�

2

�

= 0:99429 :

b) For the 
omposite Simpson rule we pro
eed similarly as in part a): we require that

jE

2

(f)j � �, with as small a number of subdivisions as possible; namely, we want to �nd a

positive integer m, as small as possible, su
h that

1

2880m

4

(b� a)

5

M

4

� �;

where b� a = �=2, M

4

= 1 and � = 10

�2

. Thus we demand that

1

2880m

4

�

�

2

�

5

� 10

�2

:

The smallest positive integer m for whi
h this holds is m = 1. Having found m, we 
an


al
ulate the approximation to I by means of the 
omposite Simpson rule (whi
h in this


ase, with m = 1, is simply the basi
 Simpson rule):

I �

�

12

�

sin 0 + 4 sin

�

4

+ sin

�

2

�

= 1:00228:
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We note that the exa
t value of the integral is I = 1. Hen
e both approximations are

a

urate to within the required a

ura
y, as predi
ted. �

While this simple example is very spe
ial in the sense that in pra
ti
e one would

usually apply numeri
al quadrature rules to integrals whose exa
t value is unknown,

it is, nevertheless, instru
tive as it provides a re
ipe for 
al
ulating an integral to

within a pres
ribed a

ura
y, however small it may be, regardless of whether the

exa
t value is known.

3 Global polynomial approximation

In Se
tion 1 we 
onsidered the problem of interpolating a fun
tion by a polynomial of

a 
ertain degree. Here we shall dis
uss other types of approximation by polynomials,

the overall obje
tive being to �nd the polynomial of degree n whi
h provides the

`best approximation', from P

n

, to a given fun
tion f in a sense that will be made

pre
ise below.

3.1 Normed linear spa
es

In order to be able to talk about `best approximation' in a rigorous manner we shall

introdu
e the 
on
ept of norm; this will allow us to 
ompare various approximations

quantitatively and sele
t the one that has the smallest approximation error. Let V

denote a linear spa
e over R, the �eld of real numbers. A non-negative fun
tion

k � k de�ned on V whose value at f 2 V is denoted kfk is 
alled a norm on V if it

satis�es the following axioms:

� kfk = 0 if and only if f = 0;

� k�fk = j�jkfk for all � 2 R, and all f in V;

� kf + gk � kfk+ kgk for all f and g in V; (the triangle inequality).

A linear spa
e V, equipped with a norm, is 
alled a normed linear spa
e.

Example 1 The linear spa
e R

n

is a normed linear spa
e with norm k � k

�

, de�ned,

for x = (x

1

; :::; x

n

)

T

, by

kxk

�

= max

1�i�n

jx

i

j:

Example 2 The linear spa
e M

n

of all n � n matri
es is a normed linear spa
e

with the norm

kAk

?

= max

x2R

n

; x6=0

kAxk

�

kxk

�

;

where k � k

�

denotes the norm de�ned in Example 1; this matrix norm is said to be

indu
ed by the ve
tor norm kxk

�

.
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Example 3 The set C[a; b℄ of real-valued fun
tions f , de�ned and 
ontinuous on

the 
losed interval [a; b℄, is a normed linear spa
e with norm

kfk

1

= max

x2[a;b℄

jf(x)j:

The norm k � k

1

is 
alled the L

1

norm, the maximum norm or, simply, the

1-norm.

Example 4 Suppose that w is a real-valued fun
tion, de�ned and 
ontinuous on the


losed interval (a; b), and that w is positive on (a; b). The set L

2

w

(a; b) of real-valued

fun
tions f de�ned on (a; b) and su
h that w(x)jf(x)j

2

is integrable on (a; b) is a

normed linear spa
e, equipped with the norm

kfk

2

=

 

Z

b

a

w(x)jf(x)j

2

dx

!

1=2

;

(with the 
onvention that any two fun
tions that are equal on (a; b), ex
ept perhaps

on a set of measure zero

9

are identi�ed;

R

b

a

::: dx in the de�nition of the norm should

be understood as a Lebesgue integral). The norm k � k

2

is 
alled the L

2

norm or,

simply, the 2-norm. The fun
tion w is 
alled a weight fun
tion

10

. When w(x) � 1

on (a; b) we shall simply write L

2

(a; b) instead of L

2

w

(a; b).

In Se
tion 3.2 we shall 
onsider the question of 
onstru
ting the polynomial of

best approximation to a fun
tion f in the 1-norm, while Se
tion 3.3 is devoted to

best approximation in the 2-norm.

3.2 Approximation in the L

1

norm

In this se
tion we shall be dealing with the normed linear spa
e C[a; b℄ of 
ontinuous

real-valued fun
tions de�ned on the 
losed interval [a; b℄, equipped with the norm

k � k

1

(
.f. Example 3). We 
onsider the following approximation problem.

(A) Given that f 2 C[a; b℄, �nd p

n

2 P

n

su
h that

kf � p

n

k

1

= inf

q2P

n

kf � qk

1

;

su
h a polynomial p

n

is 
alled a polynomial of best approximation of

degree n to the fun
tion f in the 1-norm.

9

We say that a set S � [a; b℄ is of measure zero if for every � > 0 there exists a sequen
e of non-

empty 
losed intervals [�

i

; �

i

℄ � [a; b℄, i = 1; 2; :::, su
h that S �

S

i�1

[�

i

; �

i

℄ and

P

i�1

(�

i

��

i

) < �:

10

Our hypotheses on the weight fun
tion 
an be substantially relaxed: it suÆ
es to assume that

a) w(x) � 0 on the interval [a; b℄ and w(x) > 0 for all x 2 [a; b℄, ex
ept perhaps for a subset of

[a; b℄ of measure zero (e.g. w(x) > 0 for all x in (a; b));

b) w is integrable on [a; b℄; namely,

R

b

a

w(x)dx <1.
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The existen
e and uniqueness of a polynomial of best approximation for a fun
-

tion f 2 C[a; b℄ in the 1-norm is ensured by the next theorem.

Theorem 4 Given that f is a 
ontinuous real-valued fun
tion de�ned on the 
losed

interval [a; b℄, there exists a unique polynomial p

n

2 P

n

su
h that kf � p

n

k

1

=

inf

q2P

n

kf � qk

1

.

The uniqueness of the polynomial of best approximation will be proved later on in

the se
tion, as a 
onsequen
e of Theorem 6.

Proof (of Theorem 4): Existen
e. In order to prove the existen
e of a polyno-

mial of best approximation to a fun
tion f 2 C[a; b℄, let us de�ne d := inf

q2P

n

kf �

qk

1

. Sin
e 0 2 P

n

, d � kf � 0k

1

= kfk

1

. A

ording to the de�nition of d, for

every m � 1 there exists q

m

2 P

n

su
h that

kf � q

m

k

1

� d+ 1=m; (24)

thus, by the triangle inequality, kq

m

k

1

� 2kfk

1

+ 1, whi
h implies that jq

m

(x)j �

2kfk

1

+ 1 for ea
h x 2 [a; b℄ and, in parti
ular, 
hoosing (n+ 1) distin
t points x

i

,

i = 0; :::; n, with a � x

0

< x

1

< ::: < x

n

� b,

max

0�i�n

jq

m

(x

i

)j � 2kfk

1

+ 1: (25)

Let 


m

denote the 
olumn-ve
tor of 
oeÆ
ients of the polynomial q

m

, and 
onsider

the (n+ 1)� (n+ 1) matrix A = (x

j

i

), i; j = 0; :::; n. Then (25) 
an be rewritten as

kA


m

k

�

� 2kfk

1

+ 1;

where k � k

�

is the ve
tor norm de�ned in Example 1. Sin
e the points x

i

are

distin
t the matrix A is non-singular

11

with inverse matrix A

�1

; then
e, re
alling

the de�nition of the matrix norm k � k

?

from Example 2,

k


m

k

�

= kA

�1

A


m

k

�

� kA

�1

k

?

kA


m

k

�

� kA

�1

k

?

(2kfk

1

+ 1);

whi
h means that (


m

)

m�1

is a bounded sequen
e in R

n+1

. Consequently, by the

Bolzano{Weierstrass Theorem

12

, (


m

)

m�1

has a 
onvergent subsequen
e (


m

j

)

j�1

.

Let us de�ne 
̂ = lim

j!1




m

j

and 
onsider the polynomial q̂ in P

n

whose 
oeÆ
ients

are the entries of the ve
tor 
̂; then lim

j!1

kq

m

j

� q̂k

1

= 0. Passing to the limit in

(24) it follows that kf � q̂k

1

� d, when
e kf � q̂k

1

= d = inf

q2P

n

kf � qk

1

and q̂

is a best approximation p

n

. 2

11

The matrix A is 
alled the Vandermonde matrix; its determinant, the Vandermonde determi-

nant, det(A) =

Q

0�i<j�n

(x

j

� x

i

); sin
e, by assumption, x

i

6= x

j

for i 6= j, det(A) 6= 0.

12

Bolzano { Weierstrass Theorem (Bernhard Bolzano (1781{1848); Karl Theodor Wilhelm

Weierstrass (1815{1897)): Given that (


m

)

m�1

is a bounded sequen
e in R

n

, it has a subsequen
e

(


m

j

)

j�1


onvergent in R

n

.
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Theorem 4 implies that the in�mum over q 2 P

n

appearing in (A) is a
tu-

ally a
hieved and may be repla
ed by the minimum, min

q2P

n

. Thus, writing the

polynomial q 2 P

n

in the form

q(x) = 


n

x

n

+ ::: + 


0

;

we want to 
hoose the 
oeÆ
ients 


j

, j = 0; :::; n, to minimise the fun
tion

E(


0

; :::; 


n

) = kf � qk

1

= max

x2[a;b℄

jf(x)� 


n

x

n

� :::� 


0

j:

Sin
e the polynomial of best approximation is to minimise (over q 2 P

n

) the max-

imum absolute value of the error f(x) � q(x) (over x 2 [a; b℄) the polynomial of

best approximation in the maximum norm is often referred to as the the minimax

polynomial. We shall, too, adopt this terminology.

Let us 
onsider a simple example.

Example 5 Suppose that f 2 C[0; 1℄ and that f is stri
tly monotoni
 in
reasing

on [0; 1℄. We wish to �nd the minimax polynomial p

0

of degree zero for f on [0; 1℄.

This polynomial will be of the form p

0

(x) = 


0

, and we need to determine 


0

so that

kf � p

0

k

1

= max

x2[0;1℄

jf(x)� 


0

j

is minimal. Sin
e f is monotoni
 in
reasing f(x)� 


0

attains its minimum at x = 0

and its maximum at x = 1; therefore, jf(x)� 


0

j rea
hes its maximum value at one

of the end-points, i.e.

E(


0

) = max

x2[0;1℄

jf(x)� 


0

j = maxfjf(0)� 


0

j; jf(1)� 


0

jg:

Clearly,

E(


0

) =

(

f(1)� 


0

if 


0

<

1

2

[f(0) + f(1)℄




0

� f(0) if 


0

�

1

2

[f(0) + f(1)℄.

Drawing the graph of the fun
tion 


0

7! E(


0

) shows that the minimum is attained

when 


0

=

1

2

[f(0) + f(1)℄. Consequently, the minimax polynomial of degree zero to

the fun
tion f on the interval [0; 1℄ is

p

0

(x) �

1

2

[f(0) + f(1)℄:

This example shows that the minimax approximation of degree zero has the prop-

erty that it attains the maximum error at two points, with the error being negative

at one point and positive at the other. We shall prove that a property of this kind

holds in general: the pre
ise formulation of the general result is given in Theorem 6

whi
h is, due to the os
illating nature of the approximation error, usually referred

to as the Os
illation Theorem. This theorem gives a 
omplete 
hara
terisation of

the minimax polynomial and provides a method for its 
onstru
tion. We begin with

the following preliminary result.
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Theorem 5 (De la Val�ee Poussin's Theorem

13

) Let f 2 C[a; b℄ and r 2 P

n

.

Given (n+ 2) points x

0

< ::: < x

n+1

in the interval [a; b℄, suppose that

signf[f(x

i

)� r(x

i

)℄(�1)

i

; i = 0; :::; n+ 1g = 
onstant;

that is, in passing from a point x

i

to the next point x

i+1

the quantity f(x) � r(x)


hanges sign. Then

min

q2P

n

kf � qk

1

� � := min

i=0;:::;n+1

jf(x

i

)� r(x

i

)j: (26)

Proof: For the 
ase � = 0 the assertion of the theorem is obvious, so let us

assume that � > 0. Suppose that (26) is not true; then, for the minimax polynomial

approximation p

n

2 P

n

to the fun
tion f , we have that

kf � p

n

k

1

= min

q2P

n

kf � qk

1

< �:

Now

sign[r(x)� p

n

(x)℄ = signf[r(x)� f(x)℄� [p

n

(x)� f(x)℄g:

At the points x

i

, the �rst term ex
eeds in absolute value the se
ond; therefore

sign[r(x

i

)� p

n

(x

i

)℄ = sign[r(x

i

)� f(x

i

)℄. Hen
e the polynomial r � p

n

, of degree n

or less, 
hanges sign (n + 1) times. This is a 
ontradi
tion. 2

Now we are ready to state and prove the main result of this se
tion.

Theorem 6 (The Os
illation Theorem) Suppose that f 2 C[a; b℄. For r 2 P

n

to

be a minimax polynomial approximation to f over [a; b℄ it is ne
essary and suÆ
ient

that there exists a sequen
e of (n+2) points x

j

, where a � x

0

� ::: � x

n+1

� b, su
h

that

f(x

i

)� r(x

i

) = �(�1)

i

kf � rk

1

; i = 0; :::; n+ 1;

where � = 1 (or � = �1) simultaneously for all i.

The points x

0

; :::; x

n+1

whi
h satisfy the 
onditions of the theorem are 
alled


riti
al points.

Proof: SuÆ
ien
y. Let L denote the quantity kf � rk

1

, and de�ne E

n

(f) =

min

q2P

n

kf � qk

1

. Applying (26) it follows that L = � � E

n

(f). However, by the

de�nition of E

n

(f) we also have that E

n

(f) � kf � rk

1

= L. Hen
e E

n

(f) = L,

and the given polynomial r is a minimax polynomial.

Ne
essity. Suppose that the given polynomial r is a minimax polynomial. Let

us denote by y

1

the lower bound of points x 2 [a; b℄ at whi
h jf(x) � r(x)j = L;

the existen
e of su
h a point follows from the de�nition of L. Be
ause f � r is a


ontinuous fun
tion on [a; b℄, we have jf(y

1

)� r(y

1

)j = L. We 
an assume, without

restri
ting generality, that f(y

1

)� r(y

1

) = L. Let us denote by y

2

the lower bound

of all points x 2 (y

1

; b℄ at whi
h f(x) � r(x) = �L, and denote, in su

ession, by

13

Jean Charles de la Val�ee Poussin (1866{1962)

21



y

k+1

the lower bound of points x 2 (y

k

; b℄ at whi
h f(x)� r(x) = (�1)

k

L, et
. Due

to the 
ontinuity of the fun
tion f � r, we have, for ea
h k, that

f(y

k+1

)� r(y

k+1

) = (�1)

k

L:

Let us 
ontinue this pro
ess up to y

m

= b, or y

m

su
h that jf(x) � r(x)j < L for

y

m

< x � b. If m � n + 2, the proof is 
omplete. Let us therefore assume that

m < n+ 2 and show that this leads to 
ontradi
tion.

Sin
e f � r is 
ontinuous, for ea
h k, 1 < k � m, there exists a point z

k�1

su
h

that jf(x)� r(x)j < L for z

k�1

� x < y

k

. We de�ne z

0

= a and z

m

= b. A

ording

to our 
onstru
tion, there exist points in the intervals [z

i�1

; z

i

℄, i = 1; :::; m, at whi
h

f(x)� r(x) = (�1)

i�1

L (su
h are the points y

i

, for example), and there is no point

x in [z

i�1

; z

i

℄ where f(x)� r(x) = (�1)

i

L. We de�ne

v(x) =

m�1

Y

j=1

(z

j

� x); and r(x; �) = r(x) + � v(x); � > 0;

and 
onsider the behaviour of the di�eren
e

f(x)� r(x; �) = f(x)� r(x)� � v(x)

on the intervals [z

j�1

; z

j

℄. Take, for example, the interval [z

0

; z

1

℄. On [z

0

; z

1

) we have

v(x) > 0 and therefore

f(x)� r(x; �) � L� � v(x) < L:

At the same time, f(x)� r(x) > �L on [z

0

; z

1

℄, and so for � suÆ
iently small, say,

for

� < �

1

=

min

x2[z

0

;z

1

℄

jf(x)� r(x) + Lj

max

x2[z

0

;z

1

℄

jv(x)j

;

we have that f(x)� r(x; �) > �L for all x in [z

0

; z

1

). Furthermore,

jf(z

1

)� r(z

1

; �)j = jf(z

1

)� r(z

1

)j < L:

Therefore jf(x) � r(x; �)j < L for all x 2 [z

0

; z

1

℄, for � suÆ
iently small. Arguing

in the same manner on the other intervals [z

j�1

; z

j

℄, j = 2; :::; m, we 
an 
hoose �

0

su
h that

jf(x)� r(x; �

0

)j < L; for x 2

S

m

j=1

[z

j�1

; z

j

℄ = [a; b℄.

Sin
e, by hypothesis, m < n+2, it follows that m�1 < n+1, and therefore v 2 P

n

;


onsequently, r(x; �

0

) 2 P

n

. Thus we have 
onstru
ted a polynomial r(x; �

0

) 2 P

n

su
h that

kf � r(�; �

0

)k

1

< L = kf � rk

1

;

whi
h 
ontradi
ts the assumption that r is a polynomial of best approximation to

the fun
tion f on the interval [a; b℄ and, simultaneously, m < n + 2. Thus, to

summarise, assuming that m < n + 2 we arrived at a 
ontradi
tion, whi
h implies
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that m � n + 2. Hen
e we have proved the existen
e of m 
riti
al points y

1

,...,y

m

,

m � n + 2; 
hoosing n + 2 
onse
utive points from this set and naming them

x

0

,...,x

n+1

we obtain the desired result, and the proof is 
omplete. 2

Equipped with the Os
illation Theorem, we are now ready to 
omplete the proof

of Theorem 4 and to show the uniqueness of the minimax polynomial.

Proof of Theorem 4: Uniqueness. Suppose that there are two minimax poly-

nomials, p

n

and p̂

n

, to the fun
tion f 2 C[0; 1℄ on the interval [a; b℄:

p

n

6= p̂

n

; kf � p

n

k

1

= kf � p̂

n

k

1

= E

n

(f);

where, as in the proof of the Os
illation Theorem, we have used the notationE

n

(f) =

min

q2P

n

kf � qk

1

. This implies, by the triangle inequality, that

kf �

1

2

(p

n

+ p̂

n

)k

1

= k

1

2

(f � p

n

) +

1

2

(f � p̂

n

)k

1

�

1

2

kf � p

n

k

1

+

1

2

kf � p̂

n

k

1

= E

n

(f):

Therefore,

1

2

(p

n

+ p̂

n

) is also a minimax polynomial approximation to f on [a; b℄.

By the Os
illation Theorem, there exist (n + 2) 
riti
al points x

i

, i = 0; :::; n + 1,


orresponding to this polynomial at whi
h

�

�

�

�

f(x

i

)�

1

2

(p

n

(x

i

) + p̂

n

(x

i

))

�

�

�

�

= E

n

(f); i = 0; :::; n+ 1:

Equivalently,

j[f(x

i

)� p

n

(x

i

)℄ + [f(x

i

)� p̂

n

(x

i

)℄j = 2E

n

(f): (27)

Sin
e

jf(x

i

)� p

n

(x

i

)j � max

x2[a;b℄

jf(x)� p

n

(x)j = kf � p

n

k

1

= E

n

(f);

and, analogously,

jf(x

i

)� p̂

n

(x

i

)j � E

n

(f);

it follows from (27) that we must have

f(x

i

)� p

n

(x

i

) = f(x

i

)� p̂

n

(x

i

); i = 0; :::; n+ 1:

Thus (p

n

� p̂

n

)(x

i

) = 0, i = 0; :::; n + 1. Given that p

n

� p̂

n

is a polynomial of

degree n or less, it 
an have more than n zeros only if it is identi
ally zero, i.e.

p

n

(x) � p̂

n

(x). However this 
ontradi
ts our initial hypothesis that p

n

and p̂

n

are

distin
t. Hen
e there is a unique minimax polynomial approximation in P

n

to the

fun
tion f 2 C[a; b℄ on the interval [a; b℄. 2

In order to demonstrate the appli
ation of the Os
illation Theorem to a spe
i�


problem we 
onsider the following example.
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Exer
ise 5 Suppose that f 2 C[a; b℄ and that f is a 
onvex fun
tion on [a; b℄ su
h

that f

0

(x) exists at all x in (a; b). Des
ribe a method for 
onstru
ting the minimax

polynomial approximation p

1

2 P

1

of degree 1 to f on the interval [a; b℄.

Solution: We seek p

1

in the form p

1

(x) = 


1

x + 


0

. Due to the 
onvexity of f the

di�eren
e f(x) � (


1

x + 


0

) 
an only have one interior extremum point. Therefore the

end-points of the interval, a and b, are 
riti
al points. Let us denote by d the third 
riti
al

point whose lo
ation inside (a; b) remains to be determined. By the Os
illation Theorem

we have the equations:

f(a)� (


1

a+ 


0

) = �L;

f(d)� (


1

d+ 


0

) = ��L;

f(b)� (


1

b+ 


0

) = �L;

where L = max

x2[a;b℄

jf(x)� p

1

(x)j, and � = 1 or � = �1. We have a total of only three

equations to determine the unknowns d, 


1

, 


0

, L and �.

Subtra
ting the �rst equation from the third, we get f(b)� f(a) = 


1

(b� a), whereby




1

= [f(b) � f(a)℄=(b � a). In order to �nd the remaining unknowns it should be borne

in mind that the point d is an extremum point of the di�eren
e f(x) � (


1

x + 


0

). This

additional 
ondition supplies suÆ
ient information to enable us to determine d; in par-

ti
ular as f is di�erentiable on (a; b), we dedu
e that d 
an be found from the equation

f

0

(d) � 


1

= 0. Now 


0


an be determined by adding the se
ond equation to the �rst.

Having 
al
ulated both 


1

and 


0

we insert them into the �rst equation to obtain �L;

�nally, L = j�Lj, while � = sign(�L). �

Exer
ise 6 Constru
t the minimax polynomial approximation p

1

(x) of degree 1 for

f(x) = tan

�1

x on the interval [0; 1℄.

Solution: Noting that f : x 7! tan

�1

x is a 
ontinuous, 
onvex fun
tion on the interval

[0; 1℄, and f

0

(x) exists at all x 2 (0; 1), we seek p

1

(x) = 


1

x+ 


0

following the guidelines of

the previous exer
ise. The set of 
riti
al points is f0; d; 1g and, by the Os
illation Theorem,

f(0)� p

1

(0) = �L;

f(d)� p

1

(d) = ��L;

f(1)� p

1

(1) = �L;

where L = max

x2[0;1℄

jf(x)�p

1

(x)j and � = �1. Furthermore, sin
e d is a point of internal

extremum of f(x)� (


1

x+ 


0

), we also have that

f

0

(d)� 


1

= 0:

We solve this set of four equations for 


0

, 


1

, d and �L, and then take � = sign(�L).

Thus,




0

= ��L;




0

=

1

2

(tan

�1

d� 


1

d);




1

= tan

�1

1;




1

=

1

1 + d

2

:
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From the last two equations we have that




1

= 0:78540 and d = 0:52272:

Hen
e




0

= 0:03556;

and therefore

�L = �0:03556;

so that � = �1 and L = 0:03556. Consequently,

p

1

(x) = 0:78540x + 0:03556

is the minimax polynomial of degree 1 for the fun
tion f : x 7! tan

�1

x on the interval

[0; 1℄, and the error of the approximation is L = 0:03556. �

3.2.1 Minimax approximation to x

n+1

There are very few fun
tions for whi
h it is possible to write down in simple 
losed

form the polynomial of best approximation in the maximum norm. One su
h prob-

lem of pra
ti
al importan
e 
on
erns the approximation of a power of x by a poly-

nomial of lower degree. The minimax approximation in this 
ase is given in terms

of Chebyshev polynomials. The Chebyshev polynomial of degree n is de�ned by

T

n

(x) = 
os(n 
os

�1

x); n = 0; 1; :::

Despite its unusual form, T

n

is a polynomial in disguise: for example, T

0

(x) � 1,

T

1

(x) = x, and so on. In order to show that T

n

is a polynomial for all n � 0, let us

re
all the standard trigonometri
 identity


os (n+ 1)� + 
os (n� 1)� = 2 
os � 
osn�;

and set � = 
os

�1

x to obtain the re
urren
e relation

T

n+1

(x) = 2xT

n

(x)� T

n�1

(x); n = 1; 2; :::

Sin
e T

0

(x) and T

1

(x) have already been shown to be polynomials, we dedu
e from

this re
urren
e relation, by indu
tion, that T

n

(x) is a polynomial of degree n for

ea
h n � 0. A list of the �rst seven Chebyshev polynomials is given in Example 9

in Se
tion 3.3.3.

The proof of the next lemma is straightforward and is left as an exer
ise (see

also Exer
ise 2).

Lemma 3 The Chebyshev polynomials satisfy the following properties:

a) T

n

(x) is a polynomial of degree n, with leading 
oeÆ
ient 2

n�1

x

n

.

b) T

n

(x) is an even fun
tion if n is even, and an odd fun
tion if n is odd.

25




) The zeros of T

n

(x) are at

x

j

= 
os

(j �

1

2

)�

n

; j = 1; :::; n:

They are all real and distin
t, and lie in (�1; 1).

d) jT

n

(x)j � 1.

e) T

n

(x) = �1, alternately at the (n+ 1) points x

k

= 
os k�=n, k = 0; 1; :::; n.

A

ording to the Os
illation Theorem, the minimax polynomial approximation to

f(x) = x

n+1

over the interval [�1; 1℄ by a polynomial of degree n is the polynomial

p

n

(x) su
h that the di�eren
e f(x) � p

n

(x) attains its greatest magnitude with

alternating signs at a sequen
e of (n+ 2) points in [�1; 1℄. Let us de�ne

p

n

(x) = x

n+1

� 2

�n

T

n+1

(x);

we shall prove that p

n

(x) is the minimax approximation of degree n to x

n+1

on the

interval [�1; 1℄. Clearly p

n

2 P

n

. Sin
e

x

n+1

� p

n

(x) = 2

�n

T

n+1

(x);

the di�eren
e x

n+1

�p

n

(x) does not ex
eed 2

�n

in the interval [�1; 1℄, and attains this

value with alternating signs at the (n+2) points x

j

= 
os j�=(n+1), j = 0; :::; n+1.

Therefore, by the Os
illation Theorem, p

n

(x) is the (unique) minimax polynomial

approximation from P

n

to the fun
tion x

n+1

over [�1; 1℄.

3.3 Approximation in the L

2

norm

Best approximation in the 2-norm is 
losely related to the notion of orthogonality

and this in turn relies on the 
on
ept of inner produ
t.

3.3.1 Inner produ
t spa
es

Let V be a real linear spa
e. A real-valued fun
tion (�; �) de�ned on the 
artesian

produ
t V � V is 
alled an inner produ
t on V if it satis�es the following axioms:

� (f + g; h) = (f; h) + (g; h) for all f , g and h in V;

� (�f; g) = �(f; g) for all � in R, and f , g in V;

� (f; g) = (g; f) for all f and g in V;

� (f; f) > 0 if f 6= 0, f 2 V.
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A linear spa
e with an inner produ
t is 
alled an inner produ
t spa
e. If (f; g) = 0

for f and g in V, we say that f is orthogonal to g. For f in V, we de�ne

kfk := (f; f)

1=2

:

It is left to the reader to show that, with su
h a de�nition of k � k,

j(f; g)j � kfk kgk; f , g 2 V (the Cau
hy-S
hwarz inequality)

14

;

and, therefore,

kf + gk � kfk+ kgk; f , g 2 V.

Consequently k � k is a norm on V (indu
ed by the inner produ
t (�; �), and V is a

normed linear spa
e.

Example 6 The n-dimensional eu
lidean spa
e R

n

is an inner produ
t spa
e with

(x; y) =

n

X

i=1

x

i

y

i

;

where x = (x

1

; :::; x

n

) and y = (y

1

; :::; y

n

).

Example 7 The set C[a; b℄ of 
ontinuous real-valued fun
tions de�ned on the 
losed

interval [a; b℄ is an inner produ
t spa
e with

(f; g) =

Z

1

0

w(x)f(x) g(x) dx;

where w is a weight fun
tion, de�ned and 
ontinuous on [0; 1℄ and positive on (0; 1).

Clearly, this inner produ
t indu
es the 2-norm (see Example 4) in the sense that

kfk

2

= (f; f)

1=2

.

Having introdu
ed the 
on
ept of inner produ
t, we are now ready to 
onsider

best approximation in the 2-norm.

3.3.2 Best approximation in the L

2

norm

Let w be a real-valued fun
tion, de�ned and 
ontinuous on a 
losed interval [a; b℄,

and suppose that w is positive on (a; b); w will be referred to as a weight fun
tion.

Let L

2

w

(a; b) denote the set of all real-valued fun
tions f de�ned on (a; b) su
h that

w(x)jf(x)j

2

is integrable on (a; b); the set L

2

w

(a; b) is equipped with the 2-norm

de�ned, as in Example 4, by

kfk

2

=

 

Z

b

a

w(x)jf(x)j

2

dx

!

1=2

:

The problem of best approximation in the 2-norm 
an be formulated as follows:

14

Hint: 0 � k�f + gk

2

2

= �

2

kfk

2

2

+ 2�(f; g) + kgk

2

2

, for all � 2 R; the quadrati
 polynomial on

the right is non-negative for all real � if and only if (2(f; g))

2

� 4kfk

2

kgk

2

� 0.
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(B) Given that f 2 L

2

w

(a; b), �nd p

n

2 P

n

su
h that

kf � p

n

k

2

= inf

q2P

n

kf � qk

2

;

su
h p

n

is 
alled a polynomial of best approximation of degree n to the

fun
tion f in the 2-norm.

The next theorem ensures the existen
e and uniqueness of the polynomial of best

approximation to a fun
tion f of a given degree in the 2-norm.

Theorem 7 Given that f 2 L

2

w

(a; b), there exists a unique polynomial p

n

2 P

n

su
h

that kf � p

n

k

2

= inf

q2P

n

kf � qk

2

.

The proof of this result will be given in Se
tion 3.3.3. Let us illustrate the

general approa
h to problem (B) by a simple example. Suppose that we wish to


onstru
t the polynomial approximation p

n

2 P

n

to a fun
tion f on the interval

[0; 1℄; for simpli
ity, we shall assume that the weight fun
tion w(x) � 1. Writing

the polynomial

p

n

(x) = 


n

x

n

+ ::: + 


1

x + 


0

;

we want to 
hoose the 
oeÆ
ients 


j

so as to minimise the 2-norm of the error,

e

n

= f � p

n

,

ke

n

k

2

= kf � p

n

k

2

=

�

Z

1

0

jf(x)� p

n

(x)j

2

dx

�

1=2

:

Sin
e the 2-norm is positive, this problem is equivalent to the minimisation of the

square of the norm; thus we shall minimise the expression

E(


0

; 


1

; :::; 


n

) =

Z

1

0

[f(x)� p

n

(x)℄

2

dx

=

Z

1

0

[f(x)℄

2

dx� 2

n

X

j=0




j

Z

1

0

f(x)x

j

dx

+

n

X

j=0

n

X

k=0




j




k

Z

1

0

x

j+k

dx:

At the unique minimum, the partial derivatives of E with respe
t to the 


j

, j =

0; :::; n, are equal to zero. This leads to a system of (n+ 1) linear equations for the


oeÆ
ients 


0

,...,


n

:

n

X

k=0

M

jk




k

= b

j

; j = 0; :::; n; (28)

where

M

jk

=

Z

1

0

x

j+k

dx =

1

j + k + 1

;

b

j

=

Z

1

0

f(x)x

j

dx:
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Equivalently, re
alling that the inner produ
t asso
iated with the 2-norm (in the


ase of w(x) � 1) is de�ned by

(g; h) =

Z

1

0

g(x)h(x) dx;

M

jk

and b

j


an be written as

M

jk

= (x

k

; x

j

); b

j

= (f; x

j

): (29)

By solving the system of linear equations (28) we obtain the 
oeÆ
ients of the

polynomial of best approximation of degree n to the fun
tion f in the 2-norm on

the interval [0; 1℄. We 
an pro
eed in the same manner on any interval [a; b℄ and any

positive weight-fun
tion w.

Exer
ise 7 Given that f(x) = x

2

for x 2 [0; 1℄, �nd the polynomial p

1

of degree

1 of best approximation to f in the 2-norm on the interval [0; 1℄ assuming that the

weight fun
tion is w(x) � 1.

Solution: We seek p

1

(x) = 


1

x+ 


0

su
h that

E(


0

; 


1

) =

Z

1

0

[x

2

� (


1

x+ 


0

)℄

2

dx! minimum:

At the minimum, we have that

�E

�


0

= 0 and

�E

�


1

= 0; therefore,

Z

1

0

2(x

2

� (


1

x+ 


0

)) � (�1) dx = 0;

Z

1

0

2(x

2

� (


1

x+ 


0

)) � (�x) dx = 0:

Upon evaluating the integrals we arrive at the following system of linear equations:




0

+

1

2




1

=

1

3

1

2




0

+

1

3




1

=

1

4

:

Solving this gives 


0

= �

1

6

and 


1

= 1 and therefore,

p

1

(x) = x�

1

6

is the required polynomial of best approximation. �

Returning to the general dis
ussion 
on
erning the solution of the linear system

(28), we see that we have to invert the matrix M = (M

jk

) with (n + 1) rows and


olumns

15

; this is quite a simple task for small values of n (su
h as n = 1; 2; 3;

indeed, we en
ountered the 2 � 2 Hilbert matrix, 
orresponding to n = 1, in the

previous exer
ise), but for larger n we need a more e�e
tive approa
h: in the next

se
tion we shall dis
uss an alternative te
hnique, based on the use of orthogonal

polynomials.

15

The matrixM = (M

jk

) with M

jk

= 1=(j+k+1) is 
alled the Hilbert matrix. It is notoriously

diÆ
ult to invert be
ause it is 
lose to being singular. For example, for n = 10 when the matrix is

of size 11� 11, the smallest eigenvalue is approximately 1:9� 10

�13

.
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3.3.3 Orthogonal polynomials

In the previous se
tion we des
ribed a method for 
onstru
ting the polynomial of

best approximation p

n

2 P

n

to a fun
tion f in the 2-norm; it was based on seeking

p

n

as a linear 
ombination of the polynomials x

j

, j = 0; :::; n, whi
h form a basis for

the linear spa
e P

n

. The approa
h was not entirely satisfa
tory be
ause it gave rise

to a system of linear equations with a full matrix that was diÆ
ult to invert. The


entral idea of the alternative approa
h that will be des
ribed in this se
tion is to

expand p

n

in terms of a di�erent basis, 
hosen so that the resulting system of linear

equations has a diagonal matrix and solving this linear system is therefore a trivial

exer
ise. Of 
ourse, the non-trivial part of the problem is then to �nd a suitable

basis for P

n

that a
hieves this goal. The expression for M

jk

in (29) gives us a 
lue

how to pro
eed.

Suppose that �

j

(x), j = 0; :::; n, form a basis for P

n

; let us seek the polynomial

of best approximation as

p

n

(x) = 


0

�

0

(x) + ::: + 


n

�

n

(x):

Repeating the same pro
ess as in the previous se
tion, we arrive at a system of linear

equations of the form (22):

n

X

k=0

M

jk




k

= �

j

; j = 0; :::; n;

where now

M

jk

= (�

k

; �

j

); and �

j

= (f; �

j

):

Thus, M = (M

jk

) will be a diagonal matrix provided the basis fun
tions �

j

(x),

j = 0; :::; n, for the spa
e P

n

are 
hosen so that (�

k

; �

j

) = 0, for j 6= k; in other words,

using the terminology introdu
ed in Se
tion 3.3.1, �

k

is required to be orthogonal

to �

j

for j 6= k. This motivates the following de�nition.

De�nition 3 Given a weight fun
tion w, de�ned and 
ontinuous on the interval

[a; b℄ and positive on (a; b), we say that the sequen
e of polynomials �

j

(x), j = 0; 1; :::,

forms a system of orthogonal polynomials on the interval (a; b) with respe
t to

w, if ea
h �

j

(x) is of exa
t degree j, and if

Z

b

a

w(x)�

j

(x)�

k

(x) dx = 0 for all j 6= k,

6= 0 when j = k.

We show that a sequen
e of orthogonal polynomials exists on any interval (a; b)

and for any weight fun
tion w that is 
ontinuous on [a; b℄ and positive on (a; b), by

providing a method of 
onstru
tion.

Let �

0

(x) � 1, and suppose that �

j

(x) has already been 
onstru
ted for j =

0; :::; n. Then

Z

b

a

w(x)�

j

(x)�

k

(x) dx = 0; 0 � j < k � n:
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Now let us de�ne the polynomial

q(x) = x

n+1

� a

0

�

0

(x)� :::� a

n

�

n

(x);

where

a

j

=

R

b

a

w(x)x

n+1

�

j

(x) dx

R

b

a

w(x)[�

j

(x)℄

2

dx

:

Then it follows that

Z

b

a

w(x)q(x)�

j

(x) dx =

Z

b

a

w(x)x

n+1

�

j

(x) dx

�a

j

Z

b

a

w(x)[�

j

(x)℄

2

dx;

= 0 for 0 � j � n,

where we have used the orthogonality of the sequen
e for j = 0; 1; :::; n. Thus, with

this 
hoi
e of the numbers a

j

we have ensured that q(x) is orthogonal to all the

previous members of the sequen
e, and �

n+1

(x) 
an now be de�ned as any non-zero-


onstant multiple of q(x). This pro
edure for 
onstru
ting a system of orthogonal

polynomials is usually referrred to as Gram-S
hmidt orthogonalistion.

Exer
ise 8 Constru
t a system of orthogonal polynomials f 

0

;  

1

;  

2

g on the in-

terval (0; 1) with respe
t to the weight fun
tion w(x) � 1.

Solution: Given that w(x) � 1, the inner produ
t of L

2

w

(0; 1) is de�ned by

(u; v) =

Z

1

0

u(x)v(x) dx:

We put  

0

(x) � 1, and we seek  

1

in the form

 

1

(x) = x� 


0

 

0

(x)

su
h that ( 

1

;  

0

) = 0; namely,

(x;  

0

)� 


0

( 

0

;  

0

) = 0:

Hen
e,




0

=

(x;  

0

)

( 

0

;  

0

)

=

1=2

1

=

1

2

and therefore,

 

1

(x) = x�

1

2

 

0

(x) = x�

1

2

:

By 
onstru
tion, ( 

1

;  

0

) = ( 

0

;  

1

) = 0.

Now we seek  

2

in the form

 

2

(x) = x

2

� (d

1

 

1

(x) + d

0

 

0

(x))
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su
h that ( 

2

;  

1

) = 0 and ( 

2

;  

0

) = 0. Thus,

(x

2

;  

1

)� d

1

( 

1

;  

1

)� d

0

( 

0

;  

1

) = 0;

(x

2

;  

0

)� d

1

( 

1

;  

0

)� d

0

( 

0

;  

0

) = 0:

As ( 

0

;  

1

) = 0 and ( 

1

;  

0

) = 0, we have that

d

1

=

(x

2

;  

1

)

( 

1

;  

1

)

= 1;

d

0

=

(x

2

;  

0

)

( 

0

;  

0

)

=

1

3

;

and therefore

 

2

(x) = x

2

� x+

1

6

:

Clearly, ( 

j

;  

k

) = 0 for j 6= k, j; k 2 f0; 1; 2g, and  

k

is of exa
t degree k, k = 0; 1; 2, so

we have found the required system of orthogonal polynomials on the interval (0; 1). �

Example 8 (Legendre polynomials

16

) The polynomials

�

0

(x) = 1;

�

1

(x) = x;

�

2

(x) = x

2

�

1

3

;

�

3

(x) = x

3

�

3

5

x

are the �rst four elements of an orthogonal system on the interval (�1; 1) with respe
t

to the weight fun
tion w(x) � 1.

Example 9 (Chebyshev polynomials

17

) The polynomials

T

0

(x) = 1;

T

1

(x) = x;

T

2

(x) = 2x

2

� 1;

T

3

(x) = 4x

3

� 3x;

T

4

(x) = 8x

4

� 8x

2

+ 1;

T

5

(x) = 16x

5

� 20x

3

+ 5x;

T

6

(x) = 32x

6

� 48x

4

+ 18x

2

� 1

are the �rst seven elements of an orthogonal system on the interval (�1; 1) with

respe
t to the positive weight fun
tion w(x) = (1 � x

2

)

�1=2

, x 2 (�1; 1). (This

weight fun
tion is 
ontinuous on (�1; 1), but not on [�1; 1℄; see, however, Footnote

10 on page 18.)

16

Adrien-Marie Legendre (1752{1833)

17

P.L. Chebyshev (1821{1894)
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We are now ready to prove Theorem 7.

Proof (of Theorem 7): In order to simplify the notation, we re
all the de�nition

of the inner produ
t (�; �):

(g; h) =

Z

b

a

w(x)g(x)h(x) dx;

and note that the asso
iated 2-norm 
an be expressed as kgk

2

= (g; g)

1=2

. Let �

i

(x),

i = 0; 1; :::; n, be a system of orthogonal polynomials with respe
t to the weight

fun
tion w on (a; b). Let us normalise the polynomials �

i

by de�ning a new set of

orthogonal polynomials,

 

i

(x) =

�

i

(x)

k�

i

k

2

; i = 1; :::; n:

Then

( 

j

;  

k

) =

(

1; j = k

0; j 6= k:

The polynomials  

i

(x), i = 1; :::; n, are linearly independent and form a basis for

the linear spa
e P

n

; therefore, ea
h element q 2 P

n


an be expressed as their linear


ombination,

q(x) = �

0

 

0

(x) + :::+ �

n

 

n

(x):

Consider the fun
tion

E(�

0

; :::; �

n

) = kf � qk

2

2

= (f � q; f � q)

= (f; f)� 2(f; q) + (q; q)

= kfk

2

2

� 2

n

X

j=0

�

j

(f;  

j

) +

n

X

j=0

n

X

k=0

�

j

�

k

( 

j

;  

k

)

= kfk

2

2

� 2

n

X

j=0

�

j

(f;  

j

) +

n

X

j=0

�

2

j

:

Clearly E is a stri
tly 
on
ave quadrati
 fun
tion of its arguments �

0

,..., �

n

, and

therefore it has a unique minimum (�

�

0

; :::; �

�

n

) 2 R

n+1

. Hen
e p

n

2 P

n

, de�ned by

p

n

(x) = �

�

0

 

0

(x) + :::+ �

�

n

 

n

(x)

is the unique polynomial of best approximation of degree n to the fun
tion f 2

L

2

w

(a; b) in the 2 norm on the interval (a; b). 2

The next theorem, in 
onjun
tion with the use of orthogonal polynomials, is the

key tool for 
onstru
ting the polynomial of best approximation in the 2-norm.

Theorem 8 The polynomial p

n

2 P

n

is the polynomial of best approximation of

degree n to a fun
tion f 2 L

2

w

(a; b) in the 2-norm if and only if the di�eren
e f �p

n

is orthogonal to every element of P

n

, i.e.

Z

b

a

w(x)(f(x)� p

n

(x))q(x) dx = 0 for all q 2 P

n

.
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Proof: Using the same notation as in the proof of Theorem 7, we note that any

polynomial p

n

2 P

n

, 
an be written as

p

n

(x) = �

0

 

0

(x) + ::: + �

n

 

n

(x): (30)

Now p

n

is a polynomial of best approximation of degree n in the 2-norm to the

fun
tion f 2 L

2

w

(a; b) if and only if �

i

= �

�

i

, i = 0; :::; n, where (�

�

0

; :::; �

�

n

) is the

unique minimum of the fun
tion

E(�

0

; :::; �

n

) = kfk

2

2

� 2

n

X

j=0

�

j

(f;  

j

) +

n

X

j=0

�

2

j

:

But, at the minimum, the partial derivatives of E with respe
t to the �

i

, i = 0; :::; n,

are equal to 0; therefore,

�

�

i

= (f;  

i

):

Inserting these values into (30) we dedu
e that p

n

is the (unique) polynomial of best

approximation to f in the 2-norm if and only if it 
an be expressed as

p

n

(x) =

n

X

i=0

(f;  

i

) 

i

(x):

Thus if, p

n

is a polynomial of best approximation in the 2-norm then

(f � p

n

;  

j

) = (f �

n

X

i=0

(f;  

i

) 

i

;  

j

) = 0; j = 0; :::; n;

and therefore also

(f � p

n

; q) = 0 for all q 2 P

n

.

Conversely, if (f � p

n

; q) = 0 for all q in P

n

then also (f � p

n

;  

j

) = 0 for all

j = 0; :::; n. Writing p

n

as

p

n

(x) = �

0

 

0

(x) + ::: + �

n

 

n

(x):

it follows that �

i

= (f;  

i

) = �

�

i

, and therefore p

n

is the polynomial of best approx-

imation in the 2-norm. 2

Theorem 8 provides a simple method of determining the polynomial of best

approximation p

n

to a fun
tion f 2 L

2

w

(a; b) in the 2-norm. First, pro
eeding

as des
ribed in the dis
ussion following De�nition 3, we 
onstru
t the system of

orthogonal polynomials �

j

(x), j = 0; :::; n, on the interval (a; b) with respe
t to the

weight fun
tion w, if this system is not already known. Then we seek p

n

as the

linear 
ombination

p

n

(x) = 


0

�

0

(x) + ::: + 


n

�

n

(x):

By virtue of Theorem 8, the di�eren
e f�p

n

must be orthogonal to every polynomial

of degree n or less, and in parti
ular to ea
h polynomial �

j

, j = 0; :::; n. Thus

Z

b

a

w(x)

"

f(x)�

n

X

k=0




k

�

k

(x)

#

�

j

(x) dx = 0; j = 0; 1; :::; n:
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Exploiting the orthogonality of the polynomials �

j

, this gives




j

=

R

b

a

w(x)f(x)�

j

(x) dx

R

b

a

w(x)[�

j

(x)℄

2

dx

 

=

(f; �

j

)

k�

j

k

2

2

!

:

Thus, as indi
ated at the beginning of the se
tion, with this approa
h to the


onstru
tion of the polynomial of best approximation in the 2-norm, we obtain the


oeÆ
ients 


j

expli
itly and there is no need to solve a system of linear equations

with a full matrix.

Exer
ise 9 Constru
t the polynomial of best approximation of degree 2 in the 2-

norm to the fun
tion f : x 7! e

x

over [�1; 1℄ with weight fun
tion w(x) � 1.

Solution: We already know a set of orthogonal polynomials �

0

, �

1

, �

2

on this interval

from Example 8; thus we seek p

2

2 P

2

in the form

p

2

(x) = 


0

�

0

(x) + 


1

�

1

(x) + 


2

�

2

(x): (31)

Requiring that

f(x)� p

2

(x) = e

x

� (


0

�

0

(x) + 


1

�

1

(x) + 


2

�

2

(x))

be orthogonal to �

0

, �

1

and �

2

, i.e. that

Z

1

�1

[e

x

� (


0

�

0

(x) + 


1

�

1

(x) + 


2

�

2

(x))℄�

j

(x) dx = 0; j = 0; 1; 2;

we obtain the 
oeÆ
ients 


j

, j = 0; 1; 2:




0

=

R

1

�1

e

x

dx

2

=

e� 1=e

2

;




1

=

R

1

�1

e

x

xdx

2=3

=

3

e

;




2

=

R

1

�1

e

x

(x�

1

3

)

2

dx

8=45

=

45

8

�

2e

3

�

14

3e

�

:

Substituting the values of 


0

, 


1

and 


2

into (31) and re
alling the expressions for �

0

(x),

�

1

(x) and �

2

(x) from Example 8, we obtain the polynomial of best approximation of

degree 2 for the fun
tion f . �

We 
on
lude by stating a property of orthogonal polynomials that will be re-

quired in the next se
tion.

Theorem 9 Suppose that �

j

(x), j = 0; 1; :::, is a system of orthogonal polynomials

on the interval (a; b) with respe
t to the positive and 
ontinuous weight fun
tion

w(x). (It is understood that �

j

(x) is a polynomial of exa
t degree j.) Then, for

j � 1, the zeros of the polynomial �

j

(x) are real and distin
t, and lie in the interval

(a; b).
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Proof: Suppose that �

i

, i = 1; :::; k, are the points in the open interval (a; b) at

whi
h �

j

(x) 
hanges sign. Let us note that k � 1, be
ause for j � 1, by orthogonality

of �

j

(x) to �

0

(x) � 1, we have that

Z

b

a

w(x)�

j

(x) dx = 0:

Thus the integrand, being a 
ontinuous fun
tion that is not identi
ally zero on (a; b),

must 
hange sign on (a; b); however w is positive on (a; b), so �

j

must 
hange sign

at least on
e on (a; b). Therefore k � 1.

Let us de�ne

�

k

(x) = (x� �

1

):::(x� �

k

):

Now the fun
tion �

j

(x)�

k

(x) does not 
hange sign in the interval (a; b), sin
e at ea
h

point where �

j

(x) 
hanges sign �

k

(x) 
hanges sign also. Hen
e,

Z

b

a

w(x)�

j

(x)�

k

(x) dx 6= 0:

But �

j

is orthogonal to every polynomial of lower degree with respe
t to the weight

fun
tion w, so the degree of the polynomial �

k

must be at least j; thus k � j.

However, k 
annot be greater than j, sin
e a polynomial of degree j 
annot 
hange

sign more than j times. Therefore k = j; i.e. the points �

i

2 (a; b), i = 1; :::; j, are

the zeros (and all the zeros) of �

j

(x). 2

4 Numeri
al Integration - Part II

In Se
tion 2 we des
ribed the Newton-Cotes family of formulae for numeri
al inte-

gration. These were 
onstru
ted by repla
ing the integrand by its Lagrange inter-

polation polynomial with equally spa
ed interpolation points and integrating this

exa
tly. Here, we 
onsider another family of numeri
al integration rules, 
alled

Gauss quadrature formulae; these are based on repla
ing the integrand f by its

Hermite interpolation polynomial and 
hoosing the interpolation points x

j

in su
h a

way that, upon integrating the Hermite polynomial, the derivative values f

0

(x

j

) do

not enter the quadrature formula; it turns out that this 
an be a
hieved by requiring

that the x

j

are roots of a polynomial of a 
ertain degree from a system of orthogonal

polynomials.

4.1 Constru
tion of Gauss quadrature rules

Suppose that the fun
tion f is de�ned on the 
losed interval [a; b℄ and that it is


ontinuous and di�erentiable on this interval. Suppose, further, that w is a weight

fun
tion de�ned and 
ontinuous on [a; b℄ and positive on (a; b). We wish to 
onstru
t

quadrature formulae for the approximate evaluation of the integral

Z

b

a

w(x)f(x) dx:
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Given a non-negative integer n, let x

i

, i = 0; :::; n, be (n + 1) points in the interval

[a; b℄; the pre
ise lo
ation of these points will be determined later on. The Her-

mite interpolation polynomial of degree (2n + 1) for the fun
tion f is given by the

expression (see Se
tion 1.2):

p

2n+1

(x) =

n

X

k=0

H

k

(x)f(x

k

) +

n

X

k=0

K

k

(x)f

0

(x

k

);

where

H

k

(x) = [L

k

(x)℄

2

(1� 2L

0

k

(x

k

)(x� x

k

));

K

k

(x) = [L

k

(x)℄

2

(x� x

k

);

and

L

k

(x) =

n

Y

i=0;i 6=k

x� x

i

x

k

� x

i

:

Thus,

Z

b

a

w(x)f(x) dx �

Z

b

a

w(x)p

2n+1

(x) dx

=

n

X

k=0

W

k

f(x

k

) +

n

X

k=0

V

k

f

0

(x

k

);

where

W

k

=

Z

b

a

w(x)H

k

(x) dx; V

k

=

Z

b

a

w(x)K

k

(x) dx:

There is an obvious advantage in 
hoosing the points x

k

in su
h a way that all

the 
oeÆ
ients V

k

are zero, for then the derivative values f

0

(x

k

) would not be re-

quired. Re
alling the form of the polynomialK

k

(x) and inserting it into the de�ning

expression for V

k

, we have

V

k

=

Z

b

a

w(x)[L

k

(x)℄

2

(x� x

k

) dx

=

0

�

n

Y

i=0;i 6=k

(x

k

� x

i

)

�1

1

A

Z

b

a

w(x)�

n+1

(x)L

k

(x) dx;

where �

n+1

(x) = (x � x

0

):::(x � x

n

). Sin
e �

n+1

is of degree (n + 1) while L

k

(x)

is of degree n for ea
h k, 0 � k � n, ea
h V

k

will be zero if the polynomial �

n+1

is orthogonal to every polynomial of lower degree. We 
an therefore 
onstru
t the

required quadrature formula by 
hoosing the points x

k

, k = 0; :::; n, to be the zeros

of the polynomial of degree (n + 1) in the sequen
e of orthogonal polynomials over

the interval (a; b) with respe
t to the weight fun
tion w; we know from Theorem 9

that these zeros are real and distin
t, and all lie in the open interval (a; b).
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Having 
hosen the lo
ation of the points x

k

, we now 
onsider W

k

:

W

k

=

Z

b

a

w(x)H

k

(x) dx

=

Z

b

a

w(x)[L

k

(x)℄

2

(1� 2L

0

k

(x

k

)(x� x

k

)) dx

=

Z

b

a

w(x)[L

k

(x)℄

2

dx� 2L

0

k

(x

k

)V

k

:

Sin
e V

k

= 0, the se
ond term in the last line vanishes and thus we obtain the

following numeri
al integration formula, known as Gauss quadrature

18

rule:

Z

b

a

w(x)f(x) dx �

n

X

k=0

W

k

f(x

k

); (32)

where the quadrature weights are

W

k

=

Z

b

a

w(x)[L

k

(x)℄

2

dx; (33)

and the quadrature points x

k

, k = 0; :::; n, are 
hosen as the zeros of the poly-

nomial of degree (n+ 1) from a system of orthogonal polynomials over the interval

(a; b) with respe
t to the weight fun
tion w.

Exer
ise 10 Find a non-negative integer n, as large as possible, and real numbers

A

1

, A

2

, x

1

and x

2

su
h that the quadrature rule

Z

1

�1

f(x) dx � A

1

f(x

1

) + A

2

f(x

2

) (34)

is exa
t for all f 2 P

2n+1

.

Solution: We have to determine four unknowns A

1

, A

2

, x

1

and x

2

, so we need four

equations; thus we take, in turn, f(x) � 1, f(x) = x, f(x) = x

2

and f(x) = x

3

and

demand that the quadrature rule (34) is exa
t (namely, the integral of f is equal to the


orresponding approximation obtained by inserting f into the right-hand side of (34)).

Hen
e,

2 = A

1

+A

2

; (35)

0 = A

1

x

1

+A

2

x

2

; (36)

2

3

= A

1

x

2

1

+A

2

x

2

2

; (37)

0 = A

1

x

3

1

+A

2

x

3

2

: (38)

It remains to solve this system. To do so, we 
onsider the quadrati
 polynomial

�

2

(x) = (x� x

1

)(x� x

2

)

18

Carl Friedri
h Gauss (1777{1855)
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whose roots are the unknown quadrature points x

1

and x

2

. In expanded form, �

2

(x) 
an

be written as

�

2

(x) = x

2

+ px+ q:

First we shall determine p and q; then we shall �nd the roots x

1

and x

2

of �

2

. We

shall than insert the values of x

1

and x

2

into (36) and solve the linear system (35), (36)

for A

1

and A

2

.

To �nd p and q, we multiply (35) by q, (36) by p and (37) by 1, and we add up the

resulting equations to dedu
e that

2

3

+ 2q = A

1

(x

2

1

+ px

1

+ q) +A

2

(x

2

2

+ px

2

+ q)

= A

1

�

2

(x

1

) +A

2

�

2

(x

2

) = A

1

� 0 +A

2

� 0 = 0:

Therefore,

2

3

+ 2q = 0 i.e. q = �

1

3

:

Similarly, we multiply (36) by q, (37) by p and (38) by 1, and we add up the resulting

equations to obtain

2

3

p = A

1

x

1

(x

2

1

+ px

1

+ q) +A

2

x

2

(x

2

2

+ px

2

+ q)

= A

1

x

1

�

2

(x

1

) +A

2

x

2

�

2

(x

2

) = A

1

� 0 +A

2

� 0 = 0:

Thus,

2

3

p = 0 i.e. p = 0:

Having determined p and q, we see that

�

2

(x) = x

2

�

1

3

;

so that

x

1

= �

1

p

3

; x

2

=

1

p

3

:

With these values of x

1

and x

2

we �nd from (35) and (36) that

A

1

+A

2

= 2

A

1

�A

2

= 0;

and therefore A

1

= A

2

= 1. To summarise, the required quadrature rule is

Z

1

�1

f(x) dx � f(�

1

p

3

) + f(

1

p

3

);

it is exa
t for any f in P

3

(i.e. n = 1). A straightforward 
al
ulation shows that, in

general, this quadrature rule is not exa
t for polynomials of degree higher than 3 (take

f(x) = x

4

, for example). Finally, we note that x

1

and x

2

are the zeros of an orthogonal

polynomial, as predi
ted by the theory; indeed, we see from Example 8 that x

2

�

1

3

is the

Legendre polynomial of degree 2. �
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4.2 Error estimation for Gauss quadrature

The next theorem provides a bound on the error that has been 
ommitted by ap-

proximating the integral on the left-hand side of (32) by the quadrature rule on the

right.

Theorem 10 Suppose that w is a weight fun
tion, de�ned and 
ontinuous on the


losed interval [a; b℄ and positive on (a; b), and that f is de�ned and 
ontinuous on

[a; b℄; suppose further that f has a 
ontinuous derivative of order (2n+ 2) on [a; b℄.

Then, there exists a number � in (a; b) su
h that

Z

b

a

w(x)f(x) dx�

n

X

k=0

W

k

f(x

k

) =

f

(2n+2)

(�)

(2n+ 2)!

Z

b

a

w(x)[�

n+1

(x)℄

2

dx:

Consequently, the integration formula (32), (33) will give the exa
t result for every

polynomial of degree (2n+ 1).

Proof: Re
alling Theorem 2 and the de�nition of the Hermite interpolation poly-

nomial p

2n+1

(x) for the fun
tion f ,

Z

b

a

w(x)f(x) dx�

n

X

k=0

W

k

f(x

k

) =

Z

b

a

w(x)(f(x)� p

2n+1

(x)) dx

=

Z

b

a

w(x)

f

(2n+2)

(�(x))

(2n+ 2)!

[�

n+1

(x)℄

2

dx:

However, by the Integral Mean Value Theorem

19

, the last term is equal to

f

(2n+2)

(�)

(2n+ 2)!

Z

b

a

w(x)[�

n+1

(x)℄

2

dx;

for some � 2 (a; b), and hen
e the desired error estimate. 2

Note that, by virtue of Theorem 10, the Gauss quadrature rule gives the exa
t

value of the integral when f is a polynomial of degree (2n + 1) or less, whi
h is

the highest possible degree that one 
an hope for with the (2n+ 2) free parameters


onsisting of the quadrature weights W

k

, k = 0; :::; n, and the quadrature points x

k

,

k = 0; :::; n.

19

Integral Mean Value Theorem: Suppose that the fun
tions g and h are de�ned and


ontinuous on the 
losed interval [a; b℄, and that h does not 
hange sign in this interval. Then

there exists a number � in (a; b) su
h that

Z

b

a

g(x)h(x) dx = g(�)

Z

b

a

h(x) dx:
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5 Pie
ewise Polynomial Approximation

So far we have 
on
entrated on approximating a given fun
tion f de�ned on an

interval [a; b℄ by a polynomial on that interval either through (Lagrange or Hermite)

interpolation, or by seeking the polynomial of best approximation (in the L

1

or

L

2

norm). Ea
h of these 
onstru
tions is global in nature, in the sense that the

approximation is de�ned by the same analyti
al expression on the whole interval

[a; b℄; furthermore, if the de�nition of the fun
tion is altered lo
ally (at an interpola-

tion point in the 
ase of Lagrange and Hermite interpolation, or on a subinterval of

[a; b℄ in the 
ase of best approximation in the L

1

or L

2

norm), the de�nition of the

approximating polynomial 
hanges globally, on the whole interval, and it has to be

re
onstru
ted from s
rat
h. An alternative, and more 
exible, way of approximat-

ing a fun
tion f is to divide the interval [a; b℄ into a number of subintervals and to

look for a pie
ewise approximation by polynomials of low degree. Su
h pie
ewise-

polynomial approximations are 
alled splines. To give a 
avour of the theory of

splines we 
onsider some simple examples: linear splines and 
ubi
 splines.

5.1 Linear splines

De�nition 4 Suppose that f is a real-valued fun
tion, de�ned and 
ontinuous on

the 
losed interval [a; b℄. Further, let K = fz

0

; :::; z

m

g be a subset of [a; b℄, with

a = z

0

< z

1

< ::: < z

m�1

< z

m

= b. The linear spline s

L

(x), interpolating f at the

points z

i

, is de�ned by

s

L

(x) =

z

i

� x

z

i

� z

i�1

f(z

i�1

) +

x� z

i�1

z

i

� z

i�1

f(z

i

); x 2 [z

i�1

; z

i

℄; i = 1; :::; m:

The points z

i

, i = 0; :::; m, are 
alled the knots of the spline, and K is referred to

as the set of knots.

Clearly s

L

(z

i

) = f(z

i

), i = 0; :::; m, so s

L

is a pie
ewise linear fun
tion on the

interval [a; b℄ whi
h 
oin
ides with the fun
tion f at the knots.

Given a set of knots K = fz

0

; :::; z

m

g, we shall use the notation h

i

= z

i

� z

i�1

,

and let h = max

i

h

i

. Also, for a positive integer n, we denote by C

n

[a; b℄ the set of

all real-valued fun
tions, de�ned and 
ontinuous on the 
losed interval [a; b℄, su
h

that all derivatives, up to and in
luding order n, are de�ned and 
ontinuous on [a; b℄.

In order to highlight the a

ura
y of interpolation by linear splines we state the

following error bound in the L

1

norm.

Theorem 11 Suppose that f 2 C

2

[a; b℄ and let s

L

be the linear spline that interpo-

lates f at the knots a = z

0

< z

1

< ::: < z

m�1

< z

m

= b; then the following error

bound holds:

kf � s

L

k

1

�

1

8

h

2

kf

00

k

1

;

where h = max

i

h

i

= max

i

(z

i

�z

i�1

), and k�k

1

denotes the L

1

norm on the interval

[a; b℄ de�ned by kuk

1

:= max

x2[a;b℄

ju(x)j.
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Proof: Consider a subinterval [z

i�1

; z

i

℄, 1 � i � m. A

ording to Theorem 1,

applied on the interval [z

i�1

; z

i

℄,

f(x)� s

L

(x) =

1

2

f

00

(�)(x� z

i�1

)(x� z

i

); x 2 [z

i�1

; z

i

℄;

where � = �(x) 2 (z

i�1

; z

i

). Then
e

jf(x)� s

L

(x)j �

1

8

h

2

i

max

�2[z

i�1

;z

i

℄

jf

00

(�)j:

�

1

8

h

2

kf

00

k

1

;

for ea
h x 2 [z

i�1

; z

i

℄ and ea
h i = 1; :::; m. Hen
e the required error bound. 2

If the interpolation error is measured in the L

2

norm instead, we have an analo-

gous result. In order to state this, we de�ne the fun
tion spa
e H

1

(a; b) as the set of

all v 2 L

2

(a; b) that are di�erentiable everywhere on (a; b) ex
ept, perhaps, on a set

of measure zero, and v

0

2 L

2

(a; b). Let us note, for example, that a linear spline s

L

belongs to H

1

(a; b). Similarly, we de�ne the fun
tion spa
e H

2

(a; b) as the set of all

v in H

1

(a; b) su
h that v

0

is di�erentiable everywhere on (a; b), ex
ept perhaps on

a set of measure zero, and v

00

2 L

2

(a; b). The fun
tion spa
es H

1

(a; b) and H

2

(a; b)

are 
alled Sobolev spa
es.

Theorem 12 Suppose that f 2 H

2

(a; b) and let s

L

be the linear spline that inter-

polates f at the knots a = z

0

< z

1

< ::: < z

m�1

< z

m

= b; then the following error

bounds hold:

kf � s

L

k

2

�

 

h

�

!

2

kf

00

k

2

;

kf

0

� s

0

L

k

2

�

h

�

kf

00

k

2

;

where h = max

i

h

i

= max

i

(z

i

� z

i�1

), and k � k

2

denotes the L

2

norm on the interval

[a; b℄ de�ned by kuk

2

:=

�

R

b

a

ju(x)j

2

dx

�

1=2

.

Proof: Consider a subinterval [z

i�1

; z

i

℄, 1 � i � m, and de�ne e(x) = f(x)� s

L

(x)

for x 2 [z

i�1

; z

i

℄. Then e 2 H

2

(z

i�1

; z

i

) and e(z

i

) = e(z

i+1

) = 0. Therefore e 
an be

expanded into a 
onvergent Fourier sine-series,

e(x) =

1

X

k=1

a

k

sin

k�(x� z

i�1

)

h

i

:

Hen
e,

Z

z

i

z

i�1

[e(x)℄

2

dx =

h

i

2

1

X

k=1

ja

k

j

2

:
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Di�erentiating the Fourier sine-series for e twi
e, we dedu
e that the Fourier 
oeÆ-


ients of e

0

are (k�=h

i

)a

k

, while those of e

00

are �(k�=h

i

)

2

a

k

. Thus,

Z

z

i

z

i�1

[e

0

(x)℄

2

dx =

h

i

2

1

X

k=1

 

k�

h

i

!

2

ja

k

j

2

;

Z

z

i

z

i�1

[e

00

(x)℄

2

dx =

h

i

2

1

X

k=1

 

k�

h

i

!

4

ja

k

j

2

:

Be
ause k

4

� k

2

� 1, it follows that

Z

z

i

z

i�1

[e(x)℄

2

dx �

 

h

i

�

!

4

Z

z

i

z

i�1

[e

00

(x)℄

2

dx;

Z

z

i

z

i�1

[e

0

(x)℄

2

dx �

 

h

i

�

!

2

Z

z

i

z

i�1

[e

00

(x)℄

2

dx:

However e

00

(x) = f

00

(x) � s

00

L

(x) = f

00

(x) for x 2 (z

i�1

; z

i

) be
ause s

L

is a linear

fun
tion on this interval. Therefore, upon summation over i = 1; :::; m, and letting

h = max

i

h

i

, we obtain

kek

2

2

�

 

h

�

!

4

kf

00

k

2

2

;

ke

0

k

2

2

�

 

h

�

!

2

kf

00

k

2

2

:

Upon taking the square root and re
alling that e = f � s

L

these yield the desired

bounds on the interpolation error. 2

We 
on
lude this se
tion with a result that provides a 
hara
terisation of linear

splines from the point of view of Cal
ulus of Variations.

Theorem 13 Suppose that s

L

is a linear spline that interpolates f 2 C[a; b℄ at the

knots a = z

0

< z

1

< ::: < z

m�1

< z

m

= b. Then, for ea
h fun
tion v in H

1

(a; b)

whi
h also interpolates f at these knots,

ks

0

L

k

2

� kv

0

k

2

:

Proof: Let us observe that

kv

0

k

2

2

=

Z

b

a

(v

0

(x)� s

0

L

(x))

2

dx+

Z

b

a

js

0

L

(x)j

2

dx

+2

Z

b

a

(v

0

(x)� s

0

L

(x))s

0

L

(x) dx:

We shall now use integration by parts to show that the last term is equal to zero; the

desired inequality will then follow by noting that the �rst term on the right-hand
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side is non-negative. Clearly,

Z

b

a

(v

0

(x)� s

0

L

(x))s

0

L

(x) dx =

m

X

k=1

Z

z

k

z

k�1

(v

0

(x)� s

0

L

(x))s

0

L

(x) dx

=

m

X

k=1

[(v(z

k

)� s

L

(z

k

))s

0

L

(z

k

�)� (v(z

k�1

)� s

L

(z

k�1

))s

0

L

(z

k�1

+)

�

Z

z

k

z

k�1

(v(x)� s

L

(x))s

00

L

(x) dx℄: (39)

Now v(z

i

) � s

L

(z

i

) = f(z

i

) � f(z

i

) = 0 for i = 0; :::; m and, sin
e s

L

is a linear

polynomial on ea
h interval (z

k�1

; z

k

), k = 1; :::; m, it follows that s

00

L

is identi
ally

zero on ea
h of these intervals. Thus the expression in the square bra
ket in (39) is

equal to zero for ea
h k = 1; :::; m. 2

Remark 2 We note that, instead of looking at ea
h se
tion of the interval between

two knots, we 
an express s

L

in 
losed form as

s

L

(x) =

m

X

k=0

�

k

(x)f(x

k

);

where

�

k

(x) =

8

>

>

>

<

>

>

>

:

0 if x � z

k�1

(x� z

k�1

)=h

k

if z

k�1

� x � z

k

(z

k+1

� x)=h

k+1

if z

k

� x � z

k+1

0 if z

k+1

� x,

for k = 1; :::; m � 1, with �

0

and �

m

being de�ned analogously

20

. This follows by

observing that �

k

is a pie
ewise linear fun
tion on the interval [a; b℄ with

�

k

(x

l

) =

(

1; k = l

0; k 6= l:

Thus the linear spline s

L

with knots a = z

0

< z

1

< ::: < z

m�1

< z

m

= b 
an be

expressed as a linear 
ombination of the `basis splines' (or, brie
y, B-splines) �

k

.

The pre
ise de�nition of a B-spline will be given in Se
tion 5.4.

5.2 Cubi
 splines

Suppose that f 2 C[a; b℄ and let K = fz

0

; :::; z

m

g be a set of (m + 1) knots in the

interval [a; b℄, a = z

0

< z

1

< ::: < z

m�1

< z

m

= b. Consider the set S of all fun
tions

s 2 C

2

[a; b℄ su
h that:

20

For example,

�

0

=

�

(z

1

� x)=h

1

if a = z

0

� x � z

1

0 if z

1

� x.
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1) s(z

i

) = f(z

i

), i = 0; :::; m,

2) s is a 
ubi
 polynomial on [z

i�1

; z

i

℄, i = 1; :::; m.

Any element of S is 
alled a 
ubi
 spline. Note that, unlike linear splines whi
h are

uniquely determined by the interpolating 
onditions, there is more than one 
ubi


spline that satis�es the 
onditions 1) and 2); indeed, there are 4m 
oeÆ
ients of


ubi
 polynomials (4 on ea
h of the m subintervals), and only (m+1) interpolating


onditions and 3(m� 1) 
ontinuity 
onditions

21

, giving (4m� 2) 
onditions. Hen
e

S is a linear spa
e of dimension 2.

An important 
lass of 
ubi
 splines is singled out by the following de�nition.

De�nition 5 The natural 
ubi
 spline, denoted s

2

is the element of the set S

satisfying the 
onditions

s

00

2

(z

0

) = s

00

2

(z

m

) = 0:

We shall prove that this de�nition is 
orre
t in the sense that the two additional


onditions in De�nition 5 uniquely determine s

2

: this will be done by des
ribing an

algorithm for 
onstru
ting s

2

.

Constru
tion of the natural 
ubi
 spline. Let us de�ne �

i

= s

00

2

(z

i

), and

note that as s

00

2

is a linear fun
tion on ea
h subinterval [z

i�1

; z

i

℄; then s

2


an be

expressed as

s

00

2

(x) =

z

i

� x

h

i

�

i�1

+

x� z

i�1

h

i

�

i

; x 2 [z

i�1

; z

i

℄:

Integrating this twi
e we obtain

s

2

(x) =

(z

i

� x)

3

6h

i

�

i�1

+

(x� z

i�1

)

3

6h

i

�

i

+�

i

(x�z

i�1

)+�

i

(z

i

�x); x 2 [z

i�1

; z

i

℄; (40)

where �

i

and �

i

are 
onstants of integration. Equating s

2

with f at the knots z

i�1

,

z

i

yields

f(z

i�1

) =

1

6

�

i�1

h

2

i

+ h

i

�

i

;

f(z

i

) =

1

6

�

i

h

2

i

+ h

i

�

i

:

Determining �

i

and �

i

from these, inserting them into (40) and exploiting the 
on-

tinuity of s

0

2

at the internal knots, namely that s

0

2

(z

i

�) = s

0

2

(z

i

+), i = 1; :::; m� 1,

gives

h

i

�

i�1

+ 2(h

i+1

+ h

i

)�

i

+ h

i+1

�

i+1

= 6

 

f(z

i+1

)� f(z

i

)

h

i+1

�

f(z

i

)� f(z

i�1

)

h

i

!

21

Re
all that s 2 C

2

[a; b℄, so s, s

0

and s

00

are 
ontinuous at the internal knots z

1

; :::; z

m�1

.
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for i = 1; :::; m� 1, together with

�

0

= �

m

= 0;

whi
h is a system of linear equations for the �

i

; the matrix of the system is tri-

diagonal and non-singular. By solving this linear system we obtain the �

i

, i =

0; :::; m, and thereby all the �

i

, �

i

, i = 1; :::; m.

We have seen in the previous se
tion, in Theorem 13, that a linear spline 
an be


hara
terised as a minimiser of a 
ertain quadrati
 fun
tional. Natural 
ubi
 splines

have an analogous property.

Theorem 14 Suppose that s

2

is the natural 
ubi
 spline that interpolates a fun
tion

f 2 H

2

(a; b) at the knots a = z

0

< z

1

< ::: < z

m�1

< z

m

= b. Then, for ea
h

fun
tion v in H

2

(a; b) whi
h also interpolates f at the knots,

ks

00

2

k

2

� kv

00

k

2

:

The proof is analogous to that of Theorem 13 and is left as an exer
ise.

5.3 Hermite 
ubi
 splines

In the previous se
tion we took f 2 C[a; b℄; here we shall strengthen our requirements

on the smoothness of the fun
tion that we wish to interpolate and assume that

f 2 C

1

[a; b℄. Let K = fz

0

; :::; z

m

g be a set of knots in the interval [a; b℄, a = z

0

<

z

1

< ::: < z

m�1

< z

m

= b. We de�ne the Hermite 
ubi
 spline as a fun
tion

s 2 C

1

[a; b℄ su
h that

22

:

1) s(z

i

) = f(z

i

), s

0

(z

i

) = f

0

(z

i

), i = 0; :::; m,

2) s is a 
ubi
 polynomial of [z

i�1

; z

i

℄, i = 1; :::; m.

Writing the spline s on the interval [z

i�1

; z

i

℄ as

s(x) = 


0

+ 


1

(x� z

i�1

) + 


2

(x� z

i�1

)

2

+ 


3

(x� z

i�1

)

3

; x 2 [z

i�1

; z

i

℄;

we �nd that 


0

= f(z

i�1

), 


1

= f

0

(z

i�1

), and




2

= 3

f(z

i

)� f(z

i�1

)

h

2

i

�

f

0

(z

i

) + 2f

0

(z

i�1

)

h

i

;




3

=

f

0

(z

i

) + f

0

(z

i�1

)

h

2

i

� 2

f(z

i

)� f(z

i�1

)

h

3

i

:

Unlike natural 
ubi
 splines, the 
oeÆ
ients of a Hermite 
ubi
 spline on ea
h

subinterval 
an be written down expli
itly without the need to solve a tri-diagonal

system.

Con
erning the size of the interpolation error, we have the following result.

22

Note that, stri
tly speaking, a Hermite 
ubi
 spline is not a 
ubi
 spline in the sense of the

de�nition from the previous se
tion be
ause it is not ne
essarily an element of C

2

[a; b℄.
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Figure 1: The spline �

k

(x).

Theorem 15 Suppose that f 2 C

4

[a; b℄ and let s be the Hermite 
ubi
 spline that

interpolates f at the knots a = z

0

< z

1

< ::: < z

m�1

< z

m

= b; then the following

error bound holds:

kf � sk

1

�

1

384

h

4

kf

(4)

k

1

;

where h = max

i

h

i

= max

i

(z

i

�z

i�1

), and k�k

1

denotes the L

1

norm on the interval

[a; b℄.

The proof is analogous to that of Theorem 11, ex
ept that Theorem 2 is used instead

of Theorem 1.

5.4 B-splines

In Se
tion 5.1, Remark 2, we saw that any linear spline s

L

with knots a = z

0

< z

1

<

::: < z

m�1

< z

m

= b 
an be expressed as a linear 
ombination of `basis splines', �

k

,

k = 0; :::; m. Ea
h �

k

is a non-negative fun
tion that is identi
ally zero outside the

interval [z

k�1

; z

k+1

℄, k = 1; :::; m� 1, as depi
ted in Figure 1, while �

0

and �

m

are

identi
ally zero outside [a; z

1

℄ and [z

m�1

; b℄, respe
tively. In this se
tion we generalise

this idea and 
onstru
t pie
ewise polynomials of higher degree that have these same

properties. In order to pro
eed, we need the 
on
ept of divided di�eren
e.

De�nition 6 Given that f 2 C[a; b℄, and a � x

0

< x

1

< ::: < x

n�1

< x

n

� b,


onsider the Lagrange interpolation polynomial p

n

of degree n with interpolation

points x

i

, i = 0; :::; n, for the fun
tion f . The nth divided di�eren
e of f , written

[x

0

; :::; x

n

℄f , is de�ned as the 
oeÆ
ient of x

n

in the polynomial p

n

(x). We de�ne

[x

i

℄f to be just f(x

i

).
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From the de�nition of the Lagrange interpolation polynomial for the fun
tion f we

dedu
e that, for n � 1,

[x

0

; :::; x

n

℄f =

n

X

k=0

f(x

k

)

Q

n

i=0; i 6=k

(x

k

� x

i

)

:

Before we state the formal de�nition of a B-spline, let us 
onsider, for n � 1, the

fun
tion

g

n

(z; x) := [(z � x)

+

℄

n�1

;

where, for a real number x, x

+

denotes the positive part of x, i.e. x

+

= x if x > 0,

and equal to zero otherwise. We take the nth divided di�eren
e of g

n

with respe
t

to z over a set of n+ 1 
onse
utive knots and de�ne:

M

n;i

(x) = [z

i�n

; :::; z

i

℄g

n

(�; x); n � i � m:

In parti
ular,

M

1;i

(x) =

(

(z

i

� z

i�1

)

�1

for z

i�1

� x < z

i

0 otherwise:

Ea
h M

n;i

is a linear 
ombination of the trun
ated powers (z

j

� x)

n�1

+

and is

therefore a 
ontinuous pie
ewise polynomial fun
tion: between two 
onse
utive knots

M

n;i

(x) is a polynomial of degree n�1. The fun
tionM

n;i

is 
alled an unnormalised

B-spline.

Theorem 16 The unnormalised B-spline, M

n;i

(x) = 0 for x outside the interval

[z

i�n

; z

i

℄.

In fa
t, it 
an be also shown that M

ni

is a non-negative fun
tion, but the proof

of this is more te
hni
al and will not be given here (see, for example, J. Stoer &

R. Bulirs
h, Introdu
tion to Numeri
al Analysis, Se
ond Edition, Texts in Applied

Mathemati
s, 12; Springer-Verlag, 1993).

Proof: For x < z

i�n

� z � z

i

, g

n

(z; x) = (z�x)

n�1

is a polynomial of degree n�1

in z, and therefore it has a vanishing nth divided di�eren
e:

[z

i�n

; :::; z

i

℄g

n

(�; x) � 0:

Therefore, M

n;i

(x) � 0 for x < z

i�n

. On the other hand, if z

i�n

� z � z

i

� x, then

g

n

(z; x) = [(z � x)

+

℄

n�1

� 0 is trivially true, so that again M

i;n

(x) � 0. 2

Sometimes it is 
onvenient to res
ale the unnormalised B-spline so that its values

lie in the interval [0; 1℄; this leads to the so-
alled normalised B-spline,

N

n;i

(x) := (z

i

� z

i�n

)M

n;i

(x):

B-splines are simple and easy to manipulate, whi
h makes them parti
ularly at-

tra
tive in appli
ation areas su
h as 
omputer aided design and 
omputer graphi
s

where fast and stable interpolation pro
esses are of fundamental importan
e.
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6 Approximation of Initial Value Problems for

ODEs

Ordinary di�erential equations frequently o

ur in mathemati
al models that arise in

many bran
hes of s
ien
e, engineering and e
onomy. Unfortunately it is seldom that

these equations have solutions that 
an be expressed in 
losed form, so it is 
ommon

to seek approximate solutions by means of numeri
al methods; nowadays this 
an

usually be a
hieved very inexpensively to high a

ura
y and with a reliable bound on

the error between the analyti
al solution and its numeri
al approximation. In this

se
tion we shall be 
on
erned with the 
onstru
tion and the analysis of numeri
al

methods for �rst-order di�erential equations of the form

y

0

= f(x; y) (41)

for the real-valued fun
tion y of the real variable x, where y

0

�

dy

dx

. In order to sele
t

a parti
ular integral from the in�nite family of solution 
urves that 
onstitute the

general solution to (41), the di�erential equation will be 
onsidered in tandem with

an initial 
ondition: given two real numbers x

0

and y

0

, we seek a solution to (41)

for x > x

0

su
h that

y(x

0

) = y

0

: (42)

The di�erential equation (41) together with the initial 
ondition (42) is 
alled an

initial value problem.

In general, even if f(�; �) is a 
ontinuous fun
tion, there is no guarantee that the

initial value problem (41), (42) possesses a unique solution

23

. Fortunately, under a

further mild 
ondition on the fun
tion f , the existen
e and uniqueness of a solution

to (41), (42) 
an be ensured: the result is en
apsulated in the next theorem; for a

proof, see, for example, P. J. Collins, Di�erential and Integral Equations, Part I,

Mathemati
al Insitute Oxford, 1988 (reprinted 1990).

Theorem 17 (Pi
ard's Theorem

24

.) Suppose that f(�; �) is a 
ontinuous fun
tion

of its arguments in a region U of the (x; y) plane whi
h 
ontains the re
tangle

R = f(x; y) : x

0

� x � X

M

; jy � y

0

j � Y

M

g;

where X

M

> x

0

and Y

M

> 0 are 
onstants. Suppose also, that there exists a positive


onstant L su
h that

jf(x; y)� f(x; z)j � Ljy � zj (43)

holds whenever (x; y) and (x; z) lie in the re
tangle R. Finally, letting

M = supfjf(x; y)j : (x; y) 2 Rg;

23

Consider, for example, the initial value problem y

0

= y

2=3

, y(0) = 0; this has two solutions:

y(x) � 0 and y(x) = x

3

=27.

24

Emile Pi
ard (1856{1941)

49



suppose that M(X

M

� x

0

) � Y

M

. Then there exists a unique 
ontinuously di�er-

entiable fun
tion x 7! y(x), de�ned on the 
losed interval [x

0

; X

M

℄, whi
h satis�es

(41) and (42).

The 
ondition (43) is 
alled a Lips
hitz 
ondition

25

, and L is 
alled the Lip-

s
hitz 
onstant for f .

In the rest of this se
tion we shall 
onsider numeri
al methods for the approxi-

mate solution of the initial value problem (41), (42). We shall suppose throughout

that the fun
tion f satis�es the 
onditions of Pi
ard's Theorem on the re
tangle

R and that the initial value problem has a unique solution de�ned on the interval

[x

0

; X

M

℄. We begin by dis
ussing one-step methods; this will be followed by the

study of linear multi-step methods.

6.1 One-step methods

The simplest example of a one-step method for the numeri
al solution of the initial

value problem (41), (42) is Euler's method

26

.

Euler's method. Suppose that the initial value problem (41), (42) is to be

solved on the interval [x

0

; X

M

℄. We divide this interval by the mesh-points x

n

=

x

0

+ nh, n = 0; :::; N , where h = (X

M

� x

0

)=N and N is a positive integer. The

positive real number h is 
alled the step size. Now let us suppose that, for ea
h n,

we seek a numeri
al approximation y

n

to y(x

n

), the value of the analyti
al solution

at the mesh point x

n

. Given that y(x

0

) = y

0

, let us suppose that we have already


al
ulated y

n

, up to some n, 0 � n � N � 1; we de�ne

y

n+1

= y

n

+ hf(x

n

; y

n

):

Thus taking in su

ession n = 0; 1; :::; N � 1, one step at a time, the approximate

values y

n

at the mesh points x

n


an be easily obtained. This numeri
al method is

known as Euler's method. A general one-step method may be written in the form:

y

n+1

= y

n

+ h�(x

n

; y

n

; h); n = 0; :::; N � 1; y(x

0

) = y

0

; (44)

where �(�; �; �) is a 
ontinuous fun
tion of its variables. For example, in the 
ase of

Euler's method, �(x

n

; y

n

; h) = f(x

n

; y

n

).

In order to assess the a

ura
y of the numeri
al method (44), we de�ne the

global error, e

n

, by

e

n

= y(x

n

)� y

n

:

We also need the 
on
ept of trun
ation error, T

n

, de�ned by

T

n

=

y(x

n+1

)� y(x

n

)

h

� �(x

n

; y(x

n

); h): (45)

The next theorem provides a bound on the magnitude of the global error in terms

of the trun
ation error.

25

Rudolf Lips
hitz (1832{1903)

26

Leonard Euler (1707{1783)
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Theorem 18 Consider the general one-step method (44) where, in addition to being

a 
ontinuous fun
tion of its arguments, � is assumed to satisfy a Lips
hitz 
ondition

with respe
t to its se
ond argument; namely, there exists a positive 
onstant L

�

su
h

that, for 0 � h � h

0

and for the same region R as in Pi
ard's theorem,

j�(x; y; h)� �(x; z; h)j � L

�

jy � zj; for (x; y), (x; z) in R. (46)

Then, assuming that jy

n

� y

0

j � Y

M

, it follows that

je

n

j � e

L

�

(x

n

�x

0

)

je

0

j+

"

e

L

�

(x

n

�x

0

)

� 1

L

�

#

T; n = 0; :::; N; (47)

where T = max

0�n�N�1

jT

n

j.

Proof: Subtra
ting (44) from (45) we obtain:

e

n+1

= e

n

+ h[�(x

n

; y(x

n

); h)� �(x

n

; y

n

; h)℄ + hT

n

:

Then, sin
e (x

n

; y(x

n

)) and (x

n

; y

n

) belong to R, the Lips
hitz 
ondition (46) implies

that

je

n+1

j � je

n

j+ hL

�

je

n

j+ hjT

n

j; n = 0; :::; N � 1:

That is,

je

n+1

j � (1 + hL

�

)je

n

j+ hjT

n

j; n = 0; :::; N � 1:

Hen
e

je

1

j � (1 + hL

�

)je

0

j+ hT;

je

2

j � (1 + hL

�

)

2

je

0

j+ h[1 + (1 + hL

�

)℄T;

je

3

j � (1 + hL

�

)

3

je

0

j+ h[1 + (1 + hL

�

) + (1 + hL

�

)

2

℄T;

et
.

je

n

j � (1 + hL

�

)

n

je

0

j+ [(1 + hL

�

)

n

� 1℄T=L

�

:

Observing that 1 + hL

�

� exp(hL

�

), we obtain (47). 2

Let us apply this general result in order to obtain a bound on the global error

in Euler's method. The trun
ation error for Euler's method is given by

T

n

=

y(x

n+1

)� y(x

n

)

h

� f(x

n

; y(x

n

))

=

y(x

n+1

)� y(x

n

)

h

� y

0

(x

n

): (48)

Assuming that y 2 C

2

[x

0

; X

M

℄ and expanding y(x

n+1

) about the point x

n

into a

Taylor series with remainder, we have that

y(x

n+1

) = y(x

n

) + hy

0

(x

n

) +

h

2

2!

y

00

(�); x

n

< � < x

n+1

:
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Substituting this expansion into (48) gives

T

n

=

1

2

hy

00

(�):

Let M

2

= max

�2[x

0

;X

M

℄

jy

00

(�)j. Then jT

n

j � T , n = 0; :::; N � 1, where T =

1

2

hM

2

.

Inserting this into (47) and noting that for Euler's method �(x

n

; y

n

; h) � f(x

n

; y

n

)

and therefore L

�

= L where L is the Lips
hitz 
onstant for f (
f. (43)), we have

that

je

n

j � e

L(x

n

�x

0

)

je

0

j+

1

2

M

2

"

e

L(x

n

�x

0

)

� 1

L

#

h; n = 0; :::; N: (49)

Let us highlight the pra
ti
al relevan
e of our error analysis by fo
using on a

parti
ular example.

Example 10 Consider the initial value problem y

0

= tan

�1

y, y(0) = y

0

. We need

to �nd L and M

2

. Here f(x; y) = tan

�1

y; so, by the Mean Value Theorem,

jf(x; y)� f(x; z)j =

�

�

�

�

�

�f

�y

(x; �) (y � z)

�

�

�

�

�

;

where � lies between y and z. In our 
ase

�

�

�

�

�

�f

�y

�

�

�

�

�

= j(1 + y

2

)

�1

j � 1;

and therefore L = 1. To �nd M

2

we need to obtain a bound on jy

00

j (without a
tually

solving the initial value problem!). This is easily a
hieved by di�erentiating both

sides of the di�erential equation with respe
t to x:

y

00

=

d

dx

(tan

�1

y) = (1 + y

2

)

�1

dy

dx

= (1 + y

2

)

�1

tan

�1

y:

Therefore jy

00

(x)j �M

2

=

1

2

�. Inserting the values of L and M

2

into (49),

je

n

j � e

x

n

je

0

j+

1

4

� (e

x

n

� 1)h; n = 0; :::; N:

In parti
ular if we assume that no error has been 
ommitted initially (i.e. e

0

= 0),

we have that

je

n

j �

1

4

� (e

x

n

� 1)h; n = 0; :::; N:

Thus, given a toleran
e TOL, spe
i�ed beforehand, we 
an ensure that the error

between the (unknown) analyti
al solution and its numeri
al approximation does not

ex
eed this toleran
e by 
hoosing a positive step size h su
h that

h �

4

�

(e

X

M

� 1)

�1

TOL;
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For su
h h we shall have jy(x

n

) � y

n

j = je

n

j � TOL for ea
h n = 0; :::; N , as

required. Thus, at least in prin
iple, we 
an 
al
ulate the numeri
al solution to

arbitrarily high a

ura
y by 
hoosing a suÆ
iently small step size. Unfortunately,

this is virtually impossible to a
hieve in pra
ti
e be
ause digital 
omputers use �nite-

pre
ision arithmeti
 and there will always be small (but not in�nitely small) pollution

e�e
ts due to rounding errors; however, these 
an also be bounded by performing an

analysis similar to the one above where f(x

n

; y

n

) is repla
ed by its �nite-pre
ision

representation.

Returning to the general one-step method (44), we 
onsider the 
hoi
e of the

fun
tion �. Theorem 18 suggests that if the trun
ation error `approa
hes zero' as

h ! 0 then the global error `
onverges to zero' also (as long as je

0

j ! 0 when

h! 0). This observation motivates the following de�nition.

De�nition 7 The numeri
al method (44) is 
onsistent with the di�erential equa-

tion (41) if the trun
ation error, de�ned by (45) is su
h that for any � > 0, there

exists a positive h(�) for whi
h jT

n

j < � for 0 < h < h(�) and any pair of points

(x

n

; y(x

n

)), (x

n+1

; y(x

n+1

)) on any solution 
urve in R.

For the general one-step method (44) we have assumed that the fun
tion �(�; �; �)

is 
ontinuous; also y

0

is a 
ontinuous fun
tion on [x

0

; X

M

℄. Therefore, from (45),

lim

h!0

T

n

= y

0

(x

n

)� �(x

n

; y(x

n

); 0):

This implies that the one-step method (44) is 
onsistent if and only if

�(x; y; 0) � f(x; y): (50)

We shall hen
eforth always assume that this 
ondition holds.

Now we are ready to state a 
onvergen
e theorem for the general one-step method

(44).

Theorem 19 Suppose that the solution of the initial value problem (41), (42) lies

in R as does its approximation generated from (44) when h � h

0

. Suppose also

that the fun
tion �(�; �; �) is uniformly 
ontinuous on R � [0; h

0

℄ and satis�es the


onsisten
y 
ondition (50) and the Lips
hitz 
ondition

j�(x; y; h)� �(x; z; h)j � L

�

jy � zj on R� [0; h

0

℄. (51)

Then, if su

essive approximation sequen
es (y

n

), generated for x

n

= x

0

+ nh, n =

1; 2; :::; N , are obtained from (44) with su

essively smaller values of h, ea
h less

than h

0

, we have 
onvergen
e of the numeri
al solution to the solution of the initial

value problem in the sense that

jy(x

n

)� y

n

j ! 0 as h! 0, x

n

! x 2 [x

0

; X

M

℄.
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Proof: Suppose that h = (X

M

� x

0

)=N , where N is a positive integer. We shall

assume that N is suÆ
iently large so that h � h

0

. Sin
e y(x

0

) = y

0

and therefore

e

0

= 0, Theorem 18 implies that

jy(x

n

)� y

n

j �

"

e

L

�

(X

M

�x

0

)

� 1

L

�

#

max

0�m�n�1

jT

m

j; n = 1; :::; N: (52)

From the 
onsisten
y 
ondition (50) we have

T

n

=

"

y(x

n+1

)� y(x

n

)

h

� f(x

n

; y(x

n

))

#

+ [�(x

n

; y(x

n

); 0)� �(x

n

; y(x

n

); h)℄:

A

ording to the Mean Value Theorem the expression in the �rst bra
ket is equal to

y

0

(�)�y

0

(x

n

), where � 2 [x

n

; x

n+1

℄. Sin
e y

0

(�) = f(�; y(�)) = �(�; y(�); 0) and �(�; �; �)

is uniformly 
ontinuous on R� [0; h

0

℄, it follows that y

0

is uniformly 
ontinuous on

[x

0

; X

M

℄. Thus, for ea
h � > 0 there exists h

1

(�) su
h that

jy

0

(�)� y

0

(x

n

)j �

1

2

� for h < h

1

(�), n = 0; 1; :::; N � 1.

Also, by the uniform 
ontinuity of � with respe
t to its third argument, there exists

h

2

(�) su
h that

j�(x

n

; y(x

n

); 0)� �(x

n

; y(x

n

); h)j �

1

2

� for h < h

2

(�), n = 0; 1; :::; N � 1.

Thus, de�ning h(�) = min(h

1

(�); h

2

(�)), we have

jT

n

j � � for h < h(�), n = 0; 1; :::; N � 1.

Inserting this into (52) we dedu
e that jy(x

n

)� y

n

j ! 0 as h! 0; sin
e

jy(x)� y

n

j � jy(x)� y(x

n

)j+ jy(x

n

)� y

n

j;

and the �rst term on the right also 
onverges to zero as h ! 0 by the uniform


ontinuity of y on the interval [x

0

; X

M

℄, the proof is 
omplete. 2

We saw earlier that for Euler's method the magnitude of the trun
ation error T

n

is bounded above by a 
onstant multiple of the step size h, that is

jT

n

j � Kh for 0 < h � h

0

,

where K is a positive 
onstant, independent of h. However there are other one-step

methods (a 
lass of whi
h, 
alled Runge-Kutta methods, will be 
onsidered below)

for whi
h we 
an do better. Thus, in order to quantify the asymptoti
 rate of de
ay

of the trun
ation error as the step size h 
onverges to zero, we introdu
e the following

de�nition.
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De�nition 8 The numeri
al method (44) is said to have order of a

ura
y p, if

p is the largest positive integer su
h that, for any suÆ
iently smooth solution 
urve

(x; y(x)) in R of the initial value problem (41), (42), there exist 
onstants K and

h

0

su
h that

jT

n

j � Kh

p

for 0 < h � h

0

for any pair of points (x

n

; y(x

n

)), (x

n+1

; y(x

n+1

)) on the solution 
urve.

Runge-Kutta methods. In the sense of this de�nition, Euler's method is

only �rst-order a

urate; nevertheless, it is simple and 
heap to implement be
ause,

to obtain y

n+1

from y

n

, we only require a single evaluation of the fun
tion f , at

(x

n

; y

n

). Runge-Kutta methods aim to a
hieve higher a

ura
y by sa
ri�
ing the

eÆ
ien
y of Euler's method through re-evaluating f(�; �) at points intermediate be-

tween (x

n

; y(x

n

)) and (x

n+1

; y(x

n+1

)). Consider, for example, the following family

of methods:

y

n+1

= y

n

+ h(ak

1

+ bk

2

); (53)

where

k

1

= f(x

n

; y

n

); (54)

k

2

= f(x

n

+ �h; y

n

+ �hk

1

); (55)

and where the parameters a, b, � and � are to be determined.

27

Clearly (53) { (55)


an be rewritten in the form (44) and therefore it is a family of one step methods.

By the 
ondition (50), a method from this family will be 
onsistent if and only if

a+ b = 1:

Further 
onditions on the parameters are obtained by attempting to maximise the

order of a

ura
y of the method. Indeed, expanding the trun
ation error of (53) {

(55) in powers of h, after some algebra we obtain

T

n

=

1

2

hy

00

(x

n

) +

1

6

h

2

y

000

(x

n

)

�bh[�f

x

+ �f

y

f ℄� bh

2

�

1

2

�

2

f

xx

+ ��f

xy

f +

1

2

�

2

f

yy

f

2

�

+O(h

3

):

Here we have used the abbreviations f = f(x

n

; y(x

n

)), f

x

=

�f

�x

(x

n

; y(x

n

)), et
. On

noting that y

00

= f

x

+ f

y

f , it follows that T

n

= O(h

2

) for any f , provided

�b = �b =

1

2

;

whi
h implies that if � = �, b =

1

2�

and a = 1 �

1

2�

then the method is se
ond-

order a

urate; while this still leaves one free parameter, �, it is easy to see that

27

We note in passing that Euler's method is a member of this family of methods, 
orresponding

to a = 1 and b = 0. However we are now seeking methods that are at least se
ond-order a

urate.
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no 
hoi
e of the parameters will make the method generally third-order a

urate.

There are two well-known examples of se
ond-order Runge-Kutta methods of the

form (53){(55):

a) The modi�ed Euler method: In this 
ase we take � =

1

2

to obtain

y

n+1

= y

n

+ h f

�

x

n

+

1

2

h; y

n

+

1

2

hf(x

n

; y

n

)

�

;

b) The improved Euler method: This is arrived at by 
hoosing � = 1 whi
h

gives

y

n+1

= y

n

+

1

2

h [f(x

n

; y

n

) + f(x

n

+ h; y

n

+ hf(x

n

; y

n

))℄ :

For these two methods it is easily veri�ed by Taylor series expansion that the trun-


ation error is of the form, respe
tively,

T

n

=

1

6

h

2

�

f

y

(f

x

+ f

y

f) +

1

4

(f

xx

+ 2f

xy

f + f

yy

f

2

)

�

+O(h

3

);

T

n

=

1

6

h

2

�

f

y

(f

x

+ f

y

f)�

1

2

(f

xx

+ 2f

xy

f + f

yy

f

2

)

�

+O(h

3

):

A parti
ularly popular example of a Runge-Kutta method is the fourth-order

method:

y

n+1

= y

n

+

1

6

h (k

1

+ 2k

2

+ 2k

3

+ k

4

) ;

where

k

1

= f(x

n

; y

n

)

k

2

= f

�

x

n

+

1

2

h; y

n

+

1

2

hk

1

�

k

3

= f

�

x

n

+

1

2

h; y

n

+

1

2

hk

2

�

k

4

= f(x

n

+ h; y

n

+ hk

3

):

Here k

2

and k

3

represent approximations to the derivative y

0

(�) at points on the so-

lution 
urve, intermediate between (x

n

; y(x

n

)) and (x

n+1

; y(x

n+1

)), and �(x

n

; y

n

; h)

is a weighted average of the k

i

, i = 1; :::; 4, the weights 
orresponding to those

of Simpson's rule (to whi
h the fourth-order Runge-Kutta method redu
es when

�f

�y

� 0).

Exer
ise 11 (Oxford Finals, 1992) Let � be a non-zero real number and let x

n

=

a + nh, n = 0; : : : ; N , be a uniform mesh on the interval [a; b℄ of step size h =

(b � a)=N . Consider the expli
it one-step method for the numeri
al solution of the

initial value problem y

0

= f(x; y), y(a) = y

0

, whi
h determines approximations y

n

to the values y(x

n

) from the re
urren
e relation

y

n+1

= y

n

+ h(1� �)f(x

n

; y

n

) + h�f

 

x

n

+

h

2�

; y

n

+

h

2�

f(x

n

; y

n

)

!

:
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Show that this method is 
onsistent and that its trun
ation error, T

n

(h; �), 
an

be expressed as

T

n

(h; �) =

h

2

8�

"

�

4

3

�� 1

�

y

000

(x

n

) + y

00

(x

n

)

�f

�y

(x

n

; y(x

n

))

#

+O(h

3

):

This numeri
al method is applied to the initial value problem y

0

= �y

p

, y(0) = 1,

where p is a positive integer. Show that if p = 1 then T

n

(h; �) = O(h

2

) for every

non-zero real number �. Show also that if p � 2 then there exists a non-zero real

number �

0

su
h that T

n

(h; �

0

) = O(h

3

).

Solution: Let us de�ne

�(x; y;h) = (1� �)f(x; y) + �f

�

x+

h

2�

; y +

h

2�

f(x; y)

�

:

Then the numeri
al method 
an be rewritten as

y

n+1

= y

n

+ h�(x

n

; y

n

;h):

Sin
e

�(x; y; 0) = f(x; y);

the method is 
onsistent. By de�nition, the trun
ation error is

T

n

(h; �) =

y(x

n+1

)� y(x

n

)

h

��(x

n

; y(x

n

);h):

We shall perform a Taylor expansion of T

n

(h; �) to show that it 
an be expressed in the

desired form. Indeed,

T

n

(h; �) = y

0

(x

n

) +

h

2

y

00

(x

n

) +

h

2

6

y

000

(x

n

)

�(1� �)y

0

(x

n

)� �f(x

n

+

h

2�

; y(x

n

) +

h

2�

y

0

(x

n

)) +O(h

3

)

= y

0

(x

n

) +

h

2

y

00

(x

n

) +

h

2

6

y

000

(x

n

)� (1� �)y

0

(x

n

)

��

�

f(x

n

; y(x

n

)) +

h

2�

f

x

(x

n

; y(x

n

)) +

h

2�

f

y

(x

n

; y(x

n

))y

0

(x

n

)

�

�

�

2

"

�

h

2�

�

2

f

xx

(x

n

; y(x

n

)) + 2

�

h

2�

�

2

f

xy

(x

n

; y(x

n

))y

0

(x

n

)

+

�

h

2�

�

2

f

yy

(x

n

; y(x

n

))[y

0

(x

n

)℄

2

#

+O(h

3

)

= y

0

(x

n

)� (1� �)y

0

(x

n

)� �y

0

(x

n

)

+

h

2

y

00

(x

n

)�

h

2

�

f

x

(x

n

; y(x

n

)) + f

y

(x

n

; y(x

n

))y

0

(x

n

)

�

+

h

2

6

y

000

(x

n

)�

h

2

8�

�

f

xx

(x

n

; y(x

n

)) + 2f

xy

(x

n

; y(x

n

))y

0

(x

n

)

57



+ f

yy

(x

n

; y(x

n

))[y

0

(x

n

)℄

2

i

+O(h

3

)

=

h

2

6

y

000

(x

n

)�

h

2

8�

�

y

000

(x

n

)� y

00

(x

n

)f

y

(x

n

; y(x

n

))

�

+O(h

3

)

=

h

2

8�

��

4

3

�� 1

�

y

000

(x

n

) + y

00

(x

n

)

�f

�y

(x

n

; y(x

n

))

�

+O(h

3

);

as required.

Now let us apply the method to y

0

= �y

p

, with p � 1. If p = 1, then y

000

= �y

00

=

y

0

= �y, so that

T

n

(h; �) = �

h

2

6

y(x

n

) +O(h

3

):

As y(x

n

) = e

�x

n

6= 0, it follows that

T

n

(h; �) = O(h

2

)

for all (non-zero) �.

Finally, suppose that p � 2. Then

y

00

= �py

p�1

y

0

= py

2p�1

and

y

000

= p(2p� 1)y

2p�2

y

0

= �p(2p� 1)y

3p�2

;

and therefore

T

n

(h; �) = �

h

2

8�

��

4

3

�� 1

�

p(2p� 1) + p

2

�

y

3p�2

(x

n

) +O(h

3

):

Choosing � su
h that

�

4

3

�� 1

�

p(2p� 1) + p

2

= 0;

namely

� = �

0

=

3p� 3

8p� 4

;

gives

T

n

(h; �

0

) = O(h

3

):

We note in passing that for p > 1 the exa
t solution of the initial value problem

y

0

= �y

p

, y(0) = 1, is y(x) = [(p� 1)x+ 1℄

1=(1�p)

. �

6.2 Linear multi-step methods

While Runge-Kutta methods present an improvement over Euler's method in terms

of a

ura
y, this is a
hieved by investing additional 
omputational e�ort; in fa
t,

Runge-Kutta methods require more evaluations of f(�; �) than would seem ne
essary.

For example, the fourth-order method involves four fun
tion evaluations per step.

For 
omparison, by 
onsidering three 
onse
utive points x

n�1

, x

n

= x

n�1

+h, x

n+1

=
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x

n�1

+2h, integrating the di�erential equation between x

n�1

and x

n+1

, and applying

Simpson's rule to approximate the resulting integral yields

y(x

n+1

) = y(x

n�1

) +

Z

x

n+1

x

n�1

f(x; y(x)) dx

� y(x

n�1

) +

1

3

h [f(x

n�1

; y(x

n�1

)) + 4f(x

n

; y(x

n

)) + f(x

n+1

; y(x

n+1

))℄

whi
h leads to the method

y

n+1

= y

n�1

+

1

3

h [f(x

n�1

; y

n�1

) + 4f(x

n

; y

n

) + f(x

n+1

; y

n+1

)℄ : (56)

In 
ontrast with the one-step methods 
onsidered in the previous se
tion where only

a single value y

n

was required to 
ompute the next approximation y

n+1

, here we

need two pre
eding values, y

n

and y

n�1

to be able to 
al
ulate y

n+1

, and therefore

(56) is not a one-step method.

In this se
tion we 
onsider a 
lass of methods of the type (56) for the numeri
al

solution of the initial value problem (41), (42), 
alled linear multi-step methods.

Given a sequen
e of equally spa
ed mesh points (x

n

) with step size h, we 
onsider

the general linear k-step method

k

X

j=0

�

j

y

n+j

= h

k

X

j=0

�

j

f(x

n+j

; y

n+j

); (57)

where the 
oeÆ
ients �

0

,...,�

k

and �

0

,...,�

k

are real 
onstants. In order to avoid

degenerate 
ases, we shall assume that �

k

6= 0 and that �

0

and �

0

are not both

equal to zero. If �

k

= 0 then y

n+k

is obtained expli
itly from previous values of

y

j

and f(x

j

; y

j

), and the k-step method is then said to be expli
it. On the other

hand, if �

k

6= 0 then y

n+k

appears not only on the left-hand side but also on the

right, within f(x

n+k

; y

n+k

); due to this impli
it dependen
e on y

n+k

the method is

then 
alled impli
it. The numeri
al method (57) is 
alled linear be
ause it involves

only linear 
ombinations of the fy

n

g and the ff(x

n

; y

n

)g; for the sake of notational

simpli
ity, hen
eforth we shall write f

n

instead of f(x

n

; y

n

).

Example 11 We have already seen an example of a linear 2-step method in (56);

here we present further examples of linear multi-step methods.

a) Euler's method is a trivial 
ase: it is an expli
it linear one-step method. The

impli
it Euler method

y

n+1

= y

n

+ hf(x

n+1

; y

n+1

)

is an impli
it linear one-step method.

b) The trapezium method, given by

y

n+1

= y

n

+

1

2

h[f

n+1

+ f

n

℄

is also an impli
it linear one-step method.
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) The Adams

28

- Bashforth method

y

n+4

= y

n+3

+

1

24

h[55f

n+3

� 59f

n+2

+ 37f

n+1

� 9f

n

℄

is an example of an expli
it linear four-step method; the Adams - Moulton

method

y

n+4

= y

n+3

+

1

24

h[9f

n+4

+ 19f

n+3

� 5f

n+2

� 9f

n+1

℄

is an impli
it linear four-step method.

There are systemati
 ways of generating linear multi-step methods, but these


onstru
tions will not be dis
ussed here. Instead, we turn our attention to the anal-

ysis of linear multi-step methods and introdu
e the 
on
epts of stability, 
onsisten
y

and 
onvergen
e.

6.2.1 Zero stability

As is 
lear from (57) we need k starting values, y

0

; : : : ; y

k�1

, before we 
an apply a

linear k-step method to the initial value problem (41), (42): of these, y

0

is given by

the initial 
ondition (42), but the others, y

1

; : : : ; y

k�1

, have to be 
omputed by other

means: say, by using a suitable Runge-Kutta method. At any rate, the starting

values will 
ontain numeri
al errors and it is important to know how these will

a�e
t further approximations y

n

, n � k, whi
h are 
al
ulated by means of (57).

Thus, we wish to 
onsider the `stability' of the numeri
al method with respe
t to

`small perturbations' in the starting 
onditions.

De�nition 9 A linear k-step method (for the ordinary di�erential equation y

0

=

f(x; y)) is said to be zero-stable if there exists a 
onstant K su
h that, for any two

sequen
es (y

n

) and (ŷ

n

) that have been generated by the same formulae but di�erent

initial data y

0

; y

1

; :::; y

k�1

and ŷ

0

; ŷ

1

; :::; ŷ

k�1

, respe
tively, we have

jy

n

� ŷ

n

j � Kmaxfjy

0

� ŷ

0

j; jy

1

� ŷ

1

j; :::; jy

k�1

� ŷ

k�1

jg (58)

for x

n

� X

M

, and as h tends to 0.

We shall prove later on that whether or not a method is zero stable 
an be de-

termined by merely 
onsidering its behaviour when applied to the trivial di�erential

equation y

0

= 0, 
orresponding to (41) with f(x; y) � 0; it is for this reason that the

kind of stability expressed in De�nition 9 is 
alled zero stability. While De�nition

9 is expressive in the sense that it 
onforms with the intuitive notion of stability

whereby \small perturbations at input give rise to small perturbations at output",

it would be a very tedious exer
ise to verify the zero-stability of a linear multi-step

method using De�nition 9 only; thus we shall next formulate an algebrai
 equivalent

28

J. C. Adams (1819{1892)
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of zero stability, known as the root 
ondition, whi
h will simplify this task. Before

doing so we introdu
e some notation.

Given the linear k-step method (57) we 
onsider its �rst and se
ond 
hara
-

teristi
 polynomial, respe
tively

�(z) =

k

X

j=0

�

j

z

j

;

�(z) =

k

X

j=0

�

j

z

j

;

where, as before, we assume that

�

k

6= 0; �

2

0

+ �

2

0

6= 0:

Now we are ready to state the main result of this se
tion.

Theorem 20 A linear multi-step method is zero stable for any ordinary di�erential

equation of the form (41) where f satis�es the Lips
hitz 
ondition (43), if and only

if its �rst 
hara
teristi
 polynomial has zeros inside the 
losed unit dis
, with any

whi
h lie on the unit 
ir
le being simple.

The algebrai
 stability 
ondition 
ontained in this theorem, namely that the

roots of the �rst 
hara
teristi
 polynomial lie in the 
losed unit dis
 and those on

the unit 
ir
le are simple, is often 
alled the root 
ondition.

Proof: Ne
essity. Consider the linear k-step method, applied to y

0

= 0:

�

k

y

n+k

+ �

k�1

y

n+k�1

+ ::: + �

1

y

n+1

+ �

0

y

n

= 0: (59)

The general solution of this kth order linear di�eren
e equation has the form

y

n

=

X

s

p

s

(n)z

n

s

; (60)

where z

s

is a zero of the �rst 
hara
teristi
 polynomial �(z) and the polynomial

p

s

(�) has degree one less than the multipli
ity of the zero. Clearly, if jz

s

j > 1 then

there are starting values for whi
h the 
orresponding solutions grow like jz

s

j

n

and if

jz

s

j = 1 and its multipli
ity is m

s

> 1 then there are solutions growing like n

m

s

�1

.

In either 
ase there are solutions that grow unboundedly as n ! 1, i.e. as h ! 0

with nh �xed. Considering starting data y

0

; y

1

; :::; y

k�1

whi
h give rise to su
h an

unbounded solution (y

n

), and starting data ŷ

0

= ŷ

1

= ::: = ŷ

k�1

= 0 for whi
h the


orresponding solution of (59) is (ŷ

n

) with ŷ

n

= 0 for all n, we see that (58) 
annot

hold. To summarise, if the root 
ondition is violated then the method is not zero

stable.

SuÆ
ien
y. The proof that the root 
ondition is suÆ
ient for zero stability is

long and te
hni
al, and will be omitted here. For details, see, for example, K.W.

Morton, Numeri
al Solution of Ordinary Di�erential Equations, Oxford University

Computing Laboratory, 1987, or P. Henri
i, Dis
rete Variable Methods in Ordinary

Di�erential Equations, Wiley, New York, 1962. 2
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Example 12 We shall 
onsider the methods from Example 11.

a) The expli
it and impli
it Euler methods have �rst 
hara
teristi
 polynomial

�(z) = z�1 with simple root z = 1, so both methods are zero stable. The same

is true of the trapezium method.

b) The Adams-Bashforth and Adams-Moulton methods 
onsidered in Example 11

have the same �rst 
hara
teristi
 polynomial, �(z) = z

3

(z � 1), and therefore

both methods are zero stable.


) The three-step (sixth order a

urate) linear multi-step method

11y

n+3

+ 27y

n+2

� 27y

n+1

� 11y

n

= 3h[f

n+3

+ 9f

n+2

+ 9f

n+1

+ f

n

℄

is not zero-stable. Indeed, the asso
iated �rst 
hara
teristi
 polynomial �(z) =

11z

3

+ 27z

2

� 27z � 11 has roots at z

1

= 1, z

2

� �0:3189, z

3

� �3:1356, so

jz

3

j > 1.

6.2.2 Consisten
y

In this se
tion we 
onsider the a

ura
y of the linear k-step method (57). For this

purpose, as in the 
ase of one-step methods, we introdu
e the notion of trun
ation

error. Thus, suppose that y(x) is a solution of the ordinary di�erential equation

(41). Then the trun
ation error of (57) is de�ned as follows:

T

n

=

P

k

j=0

[�

j

y(x

n+j

)� h�

j

y

0

(x

n+j

)℄

h

P

k

j=0

�

j

: (61)

Of 
ourse, the de�nition requires impli
itly that �(1) =

P

k

j=0

�

j

6= 0. Again, as in the


ase of one-step methods, the trun
ation error 
an be thought of as the residual that

is obtained by inserting the solution of the di�erential equation into the formula (57)

and s
aling this residual appropriately (in this 
ase dividing through by h

P

k

j=0

�

j

),

so that T

n

resembles y

0

� f(x; y(x)).

De�nition 10 The numeri
al s
heme (57) is said to be 
onsistent with the dif-

ferential equation (41) if the trun
ation error de�ned by (61) is su
h that for any

� > 0, there exists an h(�) for whi
h

jT

n

j < � for 0 < h < h(�)

and any (k + 1) points (x

n

; y(x

n

)),...,(x

n+k

; y(x

n+k

)) on any solution 
urve in R of

the initial value problem (41), (42).

Now let us suppose that the solution to the di�erential equation is suÆ
iently

smooth, and let us expand y(x

n+j

) and y

0

(x

n+j

) into a Taylor series about the point

x

n

and substitute these expansions into the numerator in (61) to obtain

T

n

=

1

h�(1)

[C

0

y(x

n

) + C

1

hy

0

(x

n

) + C

2

h

2

y

00

(x

n

) + ::: ℄ (62)
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where

C

0

=

k

X

j=0

�

j

C

1

=

k

X

j=1

j�

j

�

k

X

j=0

�

j

C

2

=

k

X

j=1

j

2

2!

�

j

�

k

X

j=1

j�

j

et
.

C

q

=

k

X

j=1

j

q

q!

�

j

�

k

X

j=1

j

q�1

(q � 1)!

�

j

:

For 
onsisten
y we need that T

n

! 0 as h ! 0 and this requires that C

0

= 0 and

C

1

= 0; in terms of the 
hara
teristi
 polynomials this 
onsisten
y requirement 
an

be restated in 
ompa
t form as

�(1) = 0 and �

0

(1) = �(1) 6= 0:

Let us observe that, a

ording to this 
ondition, if a linear multi-step method is


onsistent then it has a simple root on the unit 
ir
le at z = 1; thus the root


ondition is not violated by this zero.

De�nition 11 The numeri
al method (57) is said to have order of a

ura
y p, if

p is the largest positive integer su
h that, for any suÆ
iently smooth solution 
urve

in R of the initial value problem (41), (42), there exist 
onstants K and h

0

su
h that

jT

n

j � Kh

p

for 0 < h � h

0

for any (k + 1) points (x

n

; y(x

n

)),...,(x

n+k

; y(x

n+k

)) on the solution 
urve.

Thus we dedu
e from (62) that the method is of order of a

ura
y p if and only

if

C

0

= C

1

= ::: = C

p

= 0 and C

p+1

6= 0:

In this 
ase,

T

n

=

C

p+1

�(1)

h

p

y

(p+1)

(x

n

) +O(h

p+1

):

Exer
ise 12 (Oxford Finals, 1992) Determine all values of the real parameter b

for whi
h the linear multi-step method

y

n+3

+ (2b� 3)(y

n+2

� y

n+1

)� y

n

= hb(f

n+2

+ f

n+1

)

is zero-stable. Show that there exists a value of b for whi
h the order of the method

is 4. Is the method 
onvergent for this value of b? Show further that if the method

is zero-stable than its order 
annot ex
eed 2.
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Solution: A

ording to the root 
ondition, this linear multi-step method is zero-stable

if and only if all roots of its �rst 
hara
teristi
 polynomial

�(z) = z

3

+ (2b� 3)(z

2

� z)� 1

belong to the 
losed unit dis
, and those on the unit 
ir
le are simple.

Clearly, �(1) = 0; upon dividing �(z) by z � 1 we see that �(z) 
an be written in the

following fa
torised form:

�(z) = (z � 1)

�

z

2

� 2(1� b)z + 1

�

� (z � 1)�

1

(z):

Thus the method is zero stable if and only if all roots of the polynomial �

1

(z) belong to

the 
losed unit dis
, and those on the unit 
ir
le are simple and di�er from 1. Suppose

that the method is zero-stable. Then, it follows that b 6= 0 and b 6= 2, sin
e these values

of b 
orrespond to double roots of �

1

(z) on the unit 
ir
le, respe
tively, z = 1 and z = �1.

Sin
e the produ
t of the two roots of �

1

(z) is equal to 1 and neither of them is equal to

�1, it follows that they must be stri
tly 
omplex; hen
e the dis
riminant of the quadrati


polynomial �

1

(z) must be negative. Namely,

4(1� b)

2

� 4 < 0:

In other words, b 2 (0; 2).

Conversely, suppose that b 2 (0; 2). Then the roots of �(z) are

z

1

= 1; z

2=3

= 1� b+ {

q

1� (b� 1)

2

:

Sin
e jz

2=3

j = 1, z

2=3

6= 1 and z

2

6= z

3

, all roots of �(z) lie on the unit 
ir
le and they are

simple. Hen
e the method is zero-stable.

To summarise, the method is zero-stable if and only if b 2 (0; 2).

In order to analyse the order of a

ura
y of the method, we note that, upon Taylor

series expansion, its trun
ation error 
an be written in the form

T

n

=

�

1�

b

6

�

h

2

y

000

(x

n

) +

1

4

(6� b)h

3

y

IV

(x

n

) +

1

120

(150 � 23b)h

4

y

V

(x

n

) +O(h

5

):

If b = 6, then T

n

= O(h

4

) and so the method is of order 4. As b = 6 does not belong

to the interval (0; 2), we dedu
e that the method is not zero-stable for b = 6.

Sin
e zero-stability requires b 2 (0; 2), in whi
h 
ase 1 �

b

6

6= 0, it follows that if the

method is zero stable then T

n

= O(h

2

). �

We 
on
lude this se
tion with a 
onvergen
e result for linear multi-step methods;

this fundamental theorem was proved by the Swedish mathemati
ian G. Dahlquist.

Theorem 21 (Dahlquist) For a linear multi-step method that is 
onsistent with

the ordinary di�erential equation (41) where f is assumed to satisfy a Lips
hitz


ondition, and starting with 
onsistent initial data, zero stability is ne
essary and

suÆ
ient for 
onvergen
e. Moreover if the solution y(x) has 
ontinuous derivative

of order (p+1) and trun
ation error O(h

p

), then the global error e

n

= y(x

n

)� y

n

is

also O(h

p

).
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For a proof of this result, see K.W. Morton, Numeri
al Solution of Ordinary Dif-

ferential Equations, Oxford University Computing Laboratory, 1987, or P. Henri
i,

Dis
rete Variable Methods in Ordinary Di�erential Equations, Wiley, New York,

1962. By virtue of Dahlquist's theorem, if a linear multi-step method is not zero

stable its global error 
annot be made arbitrarily small by taking the mesh size h

suÆ
iently small for any suÆ
iently a

urate initial data. In fa
t, if the root 
on-

dition is violated then there exists a solution to the linear multi-step method whi
h

will grow by an arbitrarily large fa
tor in a �xed interval of x, however a

urate

the starting 
onditions are. This result highlights the importan
e of the 
on
ept of

zero-stability and indi
ates its relevan
e in pra
ti
al 
omputations.
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Further exer
ises

1. The values y

k

of a 
ubi
 polynomial at the points x

k

= k, k = 0; :::; 5, are

given in the table below

k = x

k

0 1 2 3 4 5 6 7

y

k

1 2 4 8 15 26

Find the two missing values of y

k

by 
onstru
ting the Lagrange interpolation

polynomial p

3

(x).

2. a) Show that the sequen
e (a

n

)

n�1

, where

a

n

=

 

2n

n

!

1

2

2n+1

(n+ 1)

;

is monotoni
 de
reasing. Show further, using Stirling's formula, that lim

n!1

a

n

=

0.

b) Suppose that the fun
tion f : x 7!

p

x has been tabulated on the interval

[1; 2℄ at equally spa
ed points x

k

= 1 + kh, k = 0; :::; n, where h = 1=n. Show

that

max

x2[1;2℄

jf(x)� p

n

(x)j � a

n

; for n � 1,

where p

n

(x) is the Lagrange interpolation polynomial of degree n for f with

interpolation points x

k

, k = 0; :::; n. Dedu
e that lim

n!1

jf(x) � p

n

(x)j = 0

for ea
h x in [1; 2℄.

Find n

0

� 1 su
h that

max

x2[1;2℄

jf(x)� p

n

(x)j < 2� 10

�2

for all n � n

0

.

3. A swit
hing path between parallel railway tra
ks 
an be des
ribed as a 
ubi


polynomial joining (0; 0) and (4; 2) and tangent to the lines y = 0 and y = 2.

Apply Hermite interpolation to 
onstru
t this polynomial.

4. a) Show that

I =

Z

1

0

1

1 + x

2

dx =

1

4

� (� 0:78539816):

b) Cal
ulate the integral approximately, by subdividing the integral [0; 1℄ into

10 sub-intervals, using a) the 
omposite trapezium rule, b) the 
omposite

Simpson rule, and estimate the 
orresponding approximation errors.

5. Cal
ulate the integral

Z

1:5

1

1

1 + x

3

dx;

with error less then 10

�4

, using the 
omposite trapezium rule.
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6. Suppose that

F (y) =

Z

1

0

tan

�1

e

x

2

+y

2

+y

dx:

Find min

y>0

F (y) with a

ura
y � = 10

�6

.

7. Suppose that

F (y) =

Z

y

0

sin x

x(2� � x)

dx:

Find max

y2[0;3�℄

F (y) with a

ura
y � = 10

�4

.

8. Find the smallest positive solution of the equation

Z

x

1

t

sin t

dt = 2

with a

ura
y � = 10

�3

.

9. Evaluate the integral

Z

3�=4

�=4

sinx

x

dx

with a

ura
y � = 10

�5

.

10. Evaluate the integral

Z

5

1

q

1 +

p

x� 1 dx

with a

ura
y � =

1

2

10

�2

:

11. (Oxford Finals, 1997) Suppose that f is a real-valued fun
tion, de�ned and


ontinuous on the 
losed real interval [a; b℄. Write down the 
omposite trapez-

ium rule approximation I

m

(f), with m + 1 quadrature points in the interval

[a; b℄, to the de�nite integral

Z

b

a

f(x) dx;

assuming that the spa
ing between 
onse
utive quadrature points is (b�a)=m.

Suppose, further, that f has 
ontinuous se
ond derivative f

00

on the interval

[a; b℄. Show that

�

�

�

�

�

Z

b

a

f(x) dx� I

m

(f)

�

�

�

�

�

�

1

12m

2

(b� a)

3

max

x2[a;b℄

jf

00

(x)j:

Given that � = 0:05 and f(x) = tan

�1

x, for x in [0; 1℄, �nd m, as small as

possible, su
h that

�

�

�

�

Z

1

0

f(x) dx� I

m

(f)

�

�

�

�

� �;

and 
ompute I

m

(f) for this value of m.
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12. a) Constru
t the minimax polynomial of degree 1 for the fun
tion f(x) =

log

2

(1 + x) on the interval [0; 1℄.

b) Constru
t the minimax polynomial p

1

2 P

1

for the fun
tion g(x) =

sin(�x) on the interval [�1; 1℄. Prove that p

1

is, simultaneously, the

minimax polynomial from P

2

for the fun
tion g.

13. Suppose that f 2 C[�1; 1℄ and let f(�x) = �f(x) (respe
tively f(�x) =

f(x)) for all x in [�1; 1℄. Further, let p

n

be the minimax polynomial from

P

n

for the fun
tion f on the interval [�1; 1℄. Show that p

n

(�x) = �p

n

(x)

(respe
tively p

n

(�x) = p

n

(x)) for all x 2 [�1; 1℄.

Let g(x) = sin x for x 2 [�1; 1℄. Find the minimax polynomial p

2

2 P

2

for g

on the interval [�1; 1℄.

Let h(x) = 
os x

2

for x 2 [�1; 1℄. Find the minimax polynomial p

3

2 P

3

for h

on the interval [�1; 1℄.

14. Among all polynomials of the form

p

n

(x) = Ax

n

+

n�1

X

k=0

a

k

x

k

;

where A 6= 0 is a �xed real number, �nd the polynomial of best approximation

to the fun
tion f(x) � 0 on the interval [�1; 1℄.

15. Find the minimax polynomial p

n

2 P

n

for the fun
tion

f(x) = P

n+1

(x) �

n+1

X

k=0

a

k

x

k

; a

n+1

6= 0;

on the interval [�1; 1℄.

16. Suppose that f is a 
ontinuous real-valued fun
tion on the 
losed interval [a; b℄

of the real line. Suppose, further, that

f(x)� f(a)

x� a

�

f(b)� f(a)

b� a

for all x in (a; b℄. Show that there exists a set of 
riti
al points of the form

fa; d; bg, with d 2 (a; b), for the minimax approximation of f by polynomials

from P

1

.

17. Constru
t an example of a 
ontinuous fun
tion f de�ned on a 
losed interval

[a; b℄ su
h that the set of 
riti
al points for the minimax approximation of f

by polynomials from P

1

does not 
ontain the points a and b.

18. Let f(x) = jxj for x 2 [�1; 2℄. Constru
t the minimax polynomial p

1

from P

1

for f on the interval [�1; 2℄.
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19. a) Prove Lemma 3 in the Le
ture Notes.

b) Find the minimax polynomial p

5

2 P

5

for the fun
tion f(x) = x

6

on the

interval [�1; 1℄.

20. Constru
t the polynomial p

3

2 P

3

of best approximation in the 2-norm for the

fun
tion x 7! sin x on the interval [��; �℄, assuming that the weight fun
tion

is w(x) � 1.

21. Constru
t a system of orthogonal polynomials f 

0

(x);  

1

(x);  

2

(x)g on the

interval [�1; 1℄ with respe
t to the weight fun
tion w(x) = x

2

. Determine the

polynomial p

2

2 P

2

of best approximation for the fun
tion f(x) = x

4

in the

2-norm k � k

2

de�ned by

kgk

2

=

�

Z

1

�1

w(x)jg(x)j

2

dx

�

1=2

:

22. Suppose that f(x) = e

x

for x 2 [0; 1℄. Find the polynomial p

2

2 P

2

of best

approximation for f in the 2-norm on the interval [0; 1℄ with weight fun
tion

w(x) � 1.

23. (Oxford Finals, 1997) Given thatm is a non-negative integer, let P

m

denote the

set of all polynomials of degree less than or equal tom. Constru
t the following

polynomial approximations to the fun
tion f : x 7! x

4

on the interval [�1; 1℄:

a) the Hermite polynomial p in P

3

, whi
h interpolates f at the points �1

and 1;

b) the minimax polynomial q in P

3

for f on the interval [�1; 1℄;


) the best least-squares approximation r in P

3

for f on the interval [�1; 1℄,

with respe
t to the weight fun
tion w(x) � 1.

Whi
h of the three polynomials p, q, r is the least a

urate approximation to

f in the norm k � k

1

, de�ned by kfk

1

= max

x2[�1;1℄

jf(x)j?

24. a) Find a non-negative integer n, as large as possible, and real numbers x

0

and A

0

su
h that

Z

1

�1

x

2

f(x)dx = A

0

f(x

0

)

whenever f 2 P

2n+1

.

b) Find a non-negative integer n, as large as possible, and real numbers x

1

,

x

2

, A

1

and A

2

su
h that

Z

1

�1

x

2

f(x)dx = A

1

f(x

1

) + A

2

f(x

2

)

whenever f 2 P

2n+1

.
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) With x

i

and A

i

, i = 0; 1; 2, as in a) and b), 
onsider the Gauss quadrature

rules

Z

1

�1

x

2

f(x)dx � A

0

f(x

0

);

Z

1

�1

x

2

f(x)dx � A

1

f(x

1

) + A

2

f(x

2

):

Apply Theorem 10 from the Le
ture Notes to estimate the size of the

error for ea
h of these quadrature rules.

25. On the interval [0; 1℄ integrals of the form

Z

1

0

f(x)

r

x

a

dx; a > 0;

are approximated by the expression

Af(0) +Bf(1) + f(�);

where � 2 (0; 1). For what values of a is it possible to ensure that this approx-

imation is exa
t for all polynomials from P

2

? Determine A, B and � in terms

of a.

26. a) Consider the fun
tion f(x) = sin�x, x 2 [0; 1℄, and suppose that z

i

= ih,

i = 0; :::; m, are equally spa
ed knots in [0; 1℄, with h = 1=m, m � 1.

Constru
t the linear spline s

L

(x) that interpolates the fun
tion f at these

knots. Find m, as small as possible, su
h that

kf � s

L

k

1

� 0:1:

b) Now suppose that f(x) = sin�x, x 2 [0; 1℄ is interpolated by a Hermite


ubi
 spline s(x) with the same knots as in part a). How large should m

be to ensure that

kf � sk

1

� 10

�5

?

27. Write down Euler's method for the numeri
al solution of the initial value

problem y

0

+5y = xe

�5x

, y(0) = 0, on the interval [0; 1℄ with step size h = 1=N ,

N � 1. Denoting by y

N

the Euler approxiation to y(1) at x = 1, show that

lim

N!1

y

N

= y(1). Find an integer N

0

su
h that

jy(1)� y

N

j � 10

�5

; for all N � N

0

:

28. Consider the following one-step method for the numeri
al solution of the initial

value problem y

0

= f(x; y), y(x

0

) = y

0

:

y

n+1

= y

n

+

1

2

h(k

1

+ k

2

);
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where

k

1

= f(x

n

; y

n

); k

2

= f(x

n

+ h; y

n

+ hk

1

):

Show that the method is 
onsistent and has trun
ation error

T

n

=

1

6

h

2

�

f

y

(f

x

+ f

y

f)�

1

2

(f

xx

+ 2f

xy

f + f

yy

f

2

)

�

+O(h

3

):

29. Consider the one-step method

y

n+1

= y

n

+ h(a k

1

+ b k

2

);

where

k

1

= f(x

n

; y

n

);

k

2

= f(x

n

+ �h; y

n

+ �hk

1

);

and where a, b, �, � are real parameters. Show that there is a 
hoi
e of these

parameters su
h that the order of the method is 2. Is there a 
hoi
e of the

parameters for whi
h the order ex
eeds 2?

30. Consider the one-step method

y

n+1

= y

n

+ �hf(x

n

; y

n

) + �hf(x

n

+ 
h; y

n

+ 
hf(x

n

; y

n

));

where �, � and 
 are real parameters. Show that the method is 
onsistent if

and only if �+ � = 1. Show also that the order of the method 
annot ex
eed

2. Suppose that a se
ond-order method of the above form is applied to the

initial value problem y

0

= ��y, y(0) = 1, where � is a positive real number.

Show that the sequen
e (y

n

)

n�0

is bounded if and only if h �

2

�

. Show further

that, for su
h �,

jy(x

n

)� y

n

j �

1

6

�

3

h

2

x

n

; n � 0:

31. Consider the linear two-step method

y

n+2

� y

n

=

h

3

(f

n+2

+ 4f

n+1

+ f

n

):

Show that the method is zero stable; show further that it is third-order a

u-

rate, namely, T

n

= O(h

3

).

32. Show that the linear three-step method

11y

n+3

+ 27y

n+2

� 27y

n+1

� 11y

n

= 3h[f

n+3

+ 9f

n+2

+ 9f

n+1

+ f

n

℄

is sixth order a

urate. Find the roots of the �rst 
hara
teristi
 polynomial

and dedu
e that the method is not zero-stable.
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33. (Oxford Finals, 1997) Write down the general form of a linear multi-step

method for the numeri
al solution of the initial value problem

y

0

= f(x; y); y(x

0

) = y

0

;

on the 
losed real interval [x

0

; x

N

℄, where f is a 
ontinuous fun
tion of its

arguments and y

0

is a given real number. What is meant by saying that the

method is zero-stable? De�ne the trun
ation error of the method. What does

it mean to say that the method has order of a

ura
y p?

Given that � is a positive real number, 
onsider the linear two-step method

y

n+2

� �y

n

=

h

3

[f(x

n+2

; y

n+2

) + 4f(x

n+1

; y

n+1

) + f(x

n

; y

n

)℄ ;

on the mesh fx

n

: x

n

= x

0

+ nh; n = 1; :::; Ng of spa
ing h, h > 0. Determine

the set of all � su
h that the method is zero-stable. Find � su
h that the order

of a

ura
y is as high as possible; is the method 
onvergent for this value of

�?
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