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Preface. These lecture notes provide an introduction to computational methods
for the approximation of functions on an interval of the real line. Only minimal pre-
requisites in differential and integral calculus, differential equation theory and linear
algebra are necessary. The approach is aimed at giving an understanding of the
construction of numerical algorithms and the analysis of their behaviour. The notes
cover the material that appears in the first part of the course Numerical Computa-
tion, in Michaelmas Term. We begin with a study of methods and errors associated
with the interpolation of functions by polynomials of given degree. We then use
these techniques, in Section 2, for the derivation of numerical integration rules and
their error analysis. Section 3 is devoted to the question of best approximation
of a function by polynomials in the L> and the L? norm; in particular, we shall
describe the use of orthogonal polynomials for the construction of polynomials of
best approximation in the L? norm, as well as their relevance in deriving Gauss-type
numerical integration rules. In Section 4 we shall turn our attention to interpolation
by piecewise polynomials of low degree — such objects are called splines. We con-
clude, in Section 5, with a brief overview of techniques for the numerical solution of
initial value problems for ordinary differential equations.

SYLLABUS: - NUMERICAL COMPUTATION [ (12 LECTURES).
Interpolation of functions: Lagrange and Hermite interpolation, applications to
quadrature, error analysis. Global polynomial approximation in the L* and L?
norm: inner product spaces; orthogonal polynomials, Gauss quadrature. Piecewise
polynomial approximation: linear and Hermite cubic splines, B-splines.
Approximation of initial value problems for ordinary differential equations: one-
step methods including Euler and Runge-Kutta methods; linear multi-step methods.
Consistency, stability and convergence.
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1 Interpolation of Functions

In this section we consider the problem of polynomial interpolation; this involves
finding a polynomial that agrees exactly with some information that we have about
the values of the function under consideration. The information may be in the form
of values of the function at some set of points, and the corresponding polynomial
is then called the Lagrange interpolation polynomial, or may include values of the
derivatives of that function, in which case the associated polynomial is referred to
as a Hermite interpolation polynomial.

1.1 Lagrange interpolation

Given that n is a non-negative integer, let P, denote the set of polynomials of degree
< n. The basic interpolation problem can be formulated as follows:

(L) Suppose that z;, i =0, ...,n, are distinct real numbers (i.e. z; # x; for i # j),
and let y;, i = 0,...,n, be real numbers; find p, € P, such that p,(z;) = y;,
1=0,...,n.

We shall prove that problem (L) has a unique solution.

Uniqueness. Let us begin by showing that there is at most one polynomial p,,
that satisfies the conditions formulated in (L). For suppose, otherwise, that there
exists ¢, € P,, different from p,, such that ¢,(z;) = y;, i = 0,...,n. Then p, — g, €
P, and p,, — ¢, has (n+1) distinct roots, x;, i = 0, ..., n; therefore p,(z) — g, (x) = 0,
which contradicts our assumption that p, and ¢, are distinct. Consequently, there
is at most one polynomial that solves problem (L).

Existence. Now we turn to showing the existence of a polynomial that satisfies
the conditions in (L). The next lemma will be helpful.

Lemma 1 Let Ly € P,, k =0,...,n, be such that

e ={ o 58

Then .
pu(z) = kZ_: Li(2)y (1)

satisfies the conditions formulated in (L), i.e. p, € Pn and pp(x;) = y;, i =0, ..., n.

Remark 1 By virtue of this lemma the existence of the polynomial p, hinges on
the existence of the Ly. In order to proceed we shall suppose for a moment that the
polynomials Ly, satisfying the conditions of Lemma 1, exist: we shall prove later
that this is indeed the case.



PROOF (OF LEMMA 1): Since, by hypothesis, Ly € P,, k = 0,...,n, the linear
combination of these polynomials, p,, is also an element of P,; furthermore,

Pn(2i) = ki Ly (z:)yr = vi, (2)

and that completes the proof. O

As indicated in Remark 1, we still have to show that the polynomials L;, k =
0,...,n, exist. This is easily accomplished by explicitly constructing them. For each
fixed k, 0 < k < n, Ly is required to have n zeros, x;, i = 0,...,n, i # k; thus Ly(z)

is of the form .

i=0,i£k

where C} is a constant. It is easy to determine the value of Cj by recalling that
Li(xy) = 1; this yields

n

Ck = H (xk — xi)_l.

i=0,i£k

Inserting this into (3) we obtain

Loy = [ =% (4)

i=0,itk Tk — Ti

Thus, to summarise, the (unique) polynomial that solves problem (L) is given by
(1) where the Ly, k =0, ...,n, are defined by (4).

Definition 1 Let n be a non-negative integer, let x;, © = 0,...,n, be distinct real
numbers, and y;, 1 = 0, ...,n, real numbers. The polynomial

palz) = ,; Lu(@)ys,

with Ly(x) defined by (4), is called the Lagrange interpolation polynomial' of
degree n for the set of points {(x;,y;) : ¢ = 0,...,n}. The numbers x;, i =0, ...,n,
are called the interpolation points.

Frequently the real numbers y; are given as the values of a real-valued function f,
defined on a closed real interval [a, b], at the (distinct) interpolation points z; € [a, ],
i = 0,...,n; in this case, y; = f(x;), i = 0,...,n, and the corresponding Lagrange
interpolation polynomial has the form

pulz) = 2 Le()f (0):

! Joseph-Louis Lagrange (1736-1813): Lecons élémentaires sur les mathématiques, Paris, 1795;
Edward Warring (1734-1798) discovered the same interpolation formula in 1776.



the polynomial p, is referred to as the Lagrange interpolation polynomial of degree
n (with interpolation points z;, i = 0, ..., n,) for the function f.

Although the values of the function f and those of its Lagrange interpolation
polynomial coincide at the interpolation points, f(x) may be quite different from
pn(x) when z is not an interpolation point. Thus it is natural to ask just how
large the difference f(z) — p,(z) is when = # x;, i = 0,...,n. Assuming that the
function f is sufficiently smooth, an estimate of the size of the interpolation error
f(z) — pu(z) is given in the next theorem.

Theorem 1 (A. L. Cauchy? (1840)) Suppose that f is a real-valued function
defined on the closed real interval [a,b] and such that the derivative of f of order
(n + 1) is continuous on [a,b]. Suppose further that z;, i = 0,...,n, are distinct
points in [a,b]. Then, given that x € [a, ],

7
f(x) = pn(z) = mﬁnﬂ(l‘), (5)
where £ = &(x) € (a,b) and m,41(z) = (x — zp)...(x — x,). Moreover,
Mn+1
| () = pa(7)] < mmﬂ(l‘)h (6)

where My, 1 = maXce[q) If(”“)(C)|-

PROOF: When x = z; for some i, i = 0, ..., n, both sides in (5) are equal to zero, and
the equality is then trivially satisfied. Let us deal with the non-trivial case when
x € [a,b] and x # 24,1 = 0, ...,n. For such z, let us consider the auxiliary function
t +— ¢(t), defined on the interval [a, b] by

f(x) = pa(2)

Tn41 (SL‘)

Clearly, ¢(x;) =0,i=0,...,n, and ¢(x) = 0. Thus ¢ vanishes at (n+2) points which
are all distinct in [a, b]. Consequently, by Rolle’s Theorem?, ¢'(#), the first derivative
of ¢ with repect to t, vanishes at (n + 1) points in (a,b), one point between each
pair of consecutive points at which ¢ vanishes. Applying Rolle’s Theorem again, we
see that ¢” vanishes at n distinct points, and so on. Our assumptions about f are
sufficient to apply Rolle’s Theorem (n + 1) times in succession, showing that ¢™+"
vanishes at some point & € (a,b), the exact location of £ being dependent on the
position of x in (a,b). By differentiating (n + 1) times the function ¢ with respect
to t, and noting that p, is a polynomial of degree n, it follows that

f(x) — pu(z)

T4 (x)

o(t) = f(t) — pn(t) —

Tn+1 (t)

0= " (E) = f"() -

2 Augustin-Louis Cauchy (1789-1857)

*Rolle’s Theorem (M. Rolle (1652-1719)): Suppose that the function f is defined and con-
tinuous on the closed real interval [a,b], has a finite derivative f'(z) at each point z in the open
interval (a,b), and f(a) = f(b). Then there exists at least one point & in (a,b) such that f'(¢) = 0.

(n+ 1)l




Thus,
F(g)
(n+1)!

In order to prove (6) let us note that since f(™*!) is a continuous function on [a, b]
the same is true of |f™+1|; therefore | f*1)| is bounded on [a,b] and achieves its
maximum there. Denoting M, 1 = maxcefy | (¢)], the inequality (6) follows
from (5). O

It is perhaps worth noting that, since the location of £ in the interval [a, b] is not
known, (5) is of little practical value; on the other hand, given the function f, an
upper bound on the maximum value of f(®*1) is, at least in principle, possible to
obtain, and thereby we can provide an upper bound on the size of the interpolation
error by means of the inequality (6).

Tnt1 ().

Exercise 1 Let f(z) = e” for x € [—1,1]. Write down the Lagrange interpolation
polynomial py(x) of degree 2 with interpolation points —1, 0, 1 for the function f.
Show further that

F() = po(a)] < glal (1 = o)

for all x in [—1,1].

SoOLUTION: Letting zo = —1, 1 = 0, 2 = 1, the Lagrange interpolation polynomial of
degree n = 2 for the function f is

(= m)(r —x9) . (x — o) (z — z2) .
p2(7) = (w0 —21) (70 — xQ)f( 0) + (o1 —20) (1 — xQ)f( 1)
(x — o) (x — 1)
+ (9 — 20) (23 — 1) f(z2).
Thus, .
po(x) = 2—e:1:($ —D+ 1 -2+ gflf(I +1),

or, upon rearrangement,
pa(z) = z?(cosh1 — 1) + zsinh1 + 1.
Now to prove the desired error bound, let us note that

- " -
My = max [f7(Q)] =e

and 7m3(z) = (z — 70)(z — 71)(z — 72) = z(2? — 1). Thus, from (6) we have that
£(@) = po(a)| < glal (1 = a?),

as required. ¢



Exercise 2 (Oxford Finals, 1992) For a non-negative n, and x in [—1,1], let
Tn(x) = cos(ncos ' x). Deduce the recurrence relation

Toi1(z) — 22T, (z) + Ty—1(x) =0, n>1.

Hence show that T, is a polynomial of degree n and that, for n > 1, the leading
term of T,(x) is 2" 'z". Let f : [-1,1] — R be a continuous function and let x;,
i=0,...,n, denote the zeros of T,,+1(x). Prove that there exists a unique polynomial
pn of degree n such that p,(x;) = f(x;), i =10,...,n.

Show that if f"V) exists and is a continuous function on the interval [—1,1]
then

Mn-H
— Pn < )
e, @) =@ < 5007

where M,y = maxeer_1,11 | f"T)(€)].
SOLUTION: Let ¢ = cos™' z; then, for n > 1,

Tnt1(x) + Tho1(x) = cos(n + 1)¢ + cos(n — 1)

= 2cosng - cos ¢ = 2z cos(ncos™ ' z) = 22T, (z),
which is the required recurrence. Writing
Thi1(z) = 22Ty (z) — Tp—1(7),

and noting that To(z) = 1, Ty (x) = z, it follows by induction that 7}, is a polynomial of
degree n. Indeed, this is true for n = 0 and n = 1; let us suppose that T}, is a polynomial
of degree n for all n, n < k; then, by the recurrence relation, T} is a polynomial and

degree of Ty, = degree of (22T}, — Ty 1) =k + 1.

That completes the induction.

Also, by induction, the leading term of T}, (z) is 2" ~'z". Indeed, this is true for n = 1
as z = 2'71x: let us suppose that the leading term of T (z) is 28~ 'z* for some k, k& > 1;
then

leading term of Ty, (z) = leading term of 22T} (x)

= 2z(leading term of Ty (z)) = 2~zF+L,
and that completes the induction.
Let z;, 9 =0,...,n, denote the zeros of T}, 11(z):
2+ 1
xizcos%, 1=0,...,n.

These are distinct real numbers in the closed interval [—1, 1] because

(20 + 1)m

0 . =0,...
2n+2 E[aﬂ']a ? ) y T,



and cos is strictly monotonic decreasing on the interval [0, 7].

Now letting y; = f(z;), i = 0,...,n, and repeating the argument from the beginning
of the section it follows that there exists a unique polynomial p, of degree n such that
pn(z;) = y; = f(x;). Further, from (6) it follows that

My
,ax [f(z) = pu(z)] < (ot 1)1 |7n+1(7)]|
As

Tnii(x) =2"(x —xz0) ... (x — zp) = 2" 41 (2),

and maxge(_1,1) [Tnt1(7)| = 1, we have that

,ax [Tpa (@) =27" jdhax Tt ()| =277,
and hence the required inequality. ¢
We note here that T, () is called a Chebyshev polynomial of degree n. Chebyshev
polynomials play an important role in approximation theory; we shall return to the
study of their properties later on in these notes when we discuss the problem of best
approximation.

1.2 Hermite interpolation

The idea of Lagrange interpolation can be generalised in various ways; we shall con-
sider here one simple extension where a polynomial p is required to take given values
and derivative values at the interpolation points. Let us formalise this interpolation
problem.

(H) Suppose that n is a non-negative integer and let z;, i = 0, ..., n, be distinct real
numbers. Given two sets of real numbers y;, i = 0,...,n, and z;, 7 = 0,...,n,
find a polynomial py, 11 € Poyyq such that

p2n—|—1(1‘i) = Yi, pl2n+1(xz) = Zi, = 07 ey 1.

As in the case of Lagrange interpolation, we begin by showing that problem (H)
has a unique solution.

Uniqueness. First we shall prove that there is at most one polynomial that
satisfies the conditions formulated in (H). Suppose otherwise: then there exists
a polynomial ¢o,11 € Papi1, distinct from po,yq, such that ¢oniq1(z;) = y; and
Qpi1(2:) = 2, 1 = 0,...,n. Consequently, ps i1 — gonsq has (n + 1) distinct zeros;
thus Rolle’s Theorem implies that, in addition to the (n + 1) zeros z;, i = 0,...,n,
Pony1 — Qonyq Vanishes at another n points which interlace the x;. Hence ph, ., —
@541 € Popn has (2n+1) zeros, which means that pj, ., —¢5,, is identically zero, so
that po,11 —qony1 is a constant function; but ps, 1 —qo,1 vanishes at z;, i = 0, ..., n,
and therefore po, 11 —q2,+1 = 0, contradicting to the hypothesis that py, 1 and gy
are distinct. Thus, if it exists, po,y1 is unique.

6



Existence. Let us consider the polynomials Hy and Ky, k = 0, ..., n, defined by

Hy(r) = [Li(@)] (1 = 2L5(zx) (x — ) (7)
Ki(z) = [Li(x)(z — ap), (8)
where .
Lw)= J[ —-.
i=0,izk Tk — Ti

Clearly Hy and Ky, k = 0,...,n, are polynomials of degree (2n + 1); moreover, a
straightforward calculation shows that

mug:{é;;f Hi(z) =0, i k=0,..n,
Kie) =0, Ko ={ 0 28 b=

Thus, the polynomial
Pon+1(z) = > Hy(@)yr + Ki(z) 2
k=0
satisfies the conditions formulated in (H); furthermore, by what has been proved

above, it is the unique such polynomial.

Definition 2 Let n be a non-negative integer, let x;, © = 0,...,n, be distinct real
numbers, and 1y;, z;, © = 0,...,n, real numbers. The polynomial

pons1(z) = > Hy(x)yr + Ki(z)2s,
k=0

where Hy(x) and Ki(z) are defined by (7), (8) respectively, is called the Hermite
interpolation polynomial® of degree (2n + 1) for the set of points {(z;,y;) @ i =
0,...,n}, {(x;,2) : i=0,..,n}.

Exercise 3 Find a cubic polynomial p3 such that p3(0) = 0, p3(1) =1, p4(0) = 1,
p5(1) = 0.

SOLUTION: Lettingn =1, 20 =0,21 =1,y =0,y1 =1, 20 = 1, 21 = 0, we seek p3(z),
following Definition 2, as

p3(z) =0 x Hyo(z) +1 x Hi(z) + 1 x Ko(z) + 0 x Ky(z).

Thus
p3(z) = Hi(z) + Ko(z).

*Charles Hermite (1822-1901)



Now, with zg = 0 and z; = 1, we have that

Hi(z) = [Li(2)]*(1 2L} (21)(z — z1)),
Ko(z) = [Lo(2)*(z — o).

It remains to determine Lo (z) and L;(z). Clearly,

T — X rz—1

L = = =1-
T — X z—0
L = = = .
1(x) 1 — X0 1-0 o
Therefore,
Hi(z) =2?(3—2z) and Ky(z) = (1 — z)%,
so that

p3(z) = -2 +2* +

is the required Hermite interpolation polynomial. <

Suppose that f is a real-valued function that is defined on the closed interval
[a, b] and is continuous and differentiable on this interval; suppose, further, that x;,
1 = 0,...,n, are distinct points in this interval. We can use Hermite interpolation
to construct a polynomial py, 11 € Pa,11 which takes the same function values and
derivative values as f. To do so it suffices to choose y; = f(x;) and z; = f'(x;),
1 =0,...,n, which yields

Ponsr () = kz Hy() f (o) + K() /()

the polynomial ps), 1 is referred to as the Hermite interpolation polynomial of degree
2n + 1 (with interpolation points z;, ¢ = 0,...,n,) for f. Pictorially, the graph of
Pan+1 touches the graph of the function f at the points x;, 1 =0, ..., n.

To conclude this section we state a result, analogous to Theorem 1, concerning
the error in Hermite interpolation.

Theorem 2 Suppose that f is a real-valued function defined on the closed interval
[a,b] and such that fC"*2) is continuous on [a,b]. Suppose further that x;, i =
0,...,n, are distinct points in [a,b]. Then, given that x € |a,b],

o)

m[wn+1(x)]2, (9)

f(@) = popsa (@) =
where £ = £(x) € (a,b) and m,41(z) = (z — p)...(x — x,). Moreover,
£ (@) = pona (0)] < Z==5[mn s (2], (10)

where Mayyo = maxceqay | f@ 2 (C)].



PROOF: The inequality (10) is a straightforward consequence of (9). In order to
prove (9) let us observe that it is trivially true if x = z; for some i, i = 0, ..., n; thus
it suffices to consider = € [a,b] such that x # x;, i = 0,...,n. For such z, let us
define the function ¢ — 1 (t) by

() = 1(0) — ponpa(t) = LE TPt @) e

[T ()2

Then ¢(z;) =0 for i =0, ...,n, and also ¢(z) = 0. Hence, by Rolle’s Theorem, ¢’ ()
vanishes at (n + 1) points which lie strictly between each pair of consecutive points
from the set {zg, ..., zn, x}. Also, ¢¥'(x;) =0, 1 =0, ...,n; hence ¢’ vanishes at a total
of (2n + 2) distinct points in [a, b]. Applying Rolle’s Theorem in succession, we find
eventually that ¢(?"*?) vanishes at some point ¢ in (a,b), the location of & being
dependent on the position of x. This gives the required result since pgﬁ:f) (x) =0.
O

2 Numerical Integration - Part 1

In this section we apply the results of Section 1.1 to derive formulae for numerical
integration (also called numerical quadrature rules) and estimate the associated
approximation error.

2.1 Newton-Cotes formulae

Let f be a real-valued function, defined and continuous on a closed real interval
[a,b], and suppose that we have to evaluate the integral

/abf(x) dz.

Since polynomials are easy to integrate, the idea, roughly speaking, is to approximate
the function f by its Lagrange interpolation polynomial p,, of degree n, and integrate
pn instead. Thus,

b

/abf(:r) dz ~ / pn(x) dz. (11)

a
For a positive integer n, let x;, i« = 0,...,n, denote the interpolation points;
for the sake of simplicity, we shall assume that these are equally spaced, namely,
zi = a+ih fori = 0,..,n, where h = (b — a)/n. The Lagrange interpolation
polynomial of degree n for the function f, with these interpolation points, is of the
form

o) = kg Li()f (z).



Inserting this into the right-hand side of (11) yields

[ f@ar = 3w, (12)

where ,
wk:/ Li(x)dx, k=0,...n

are referred to as the quadrature weights, while the interpolation points zy, k =
0,...,n, are called the quadrature points. Numerical quadrature rules of this form,
with equally spaced quadrature points, are called Newton® — Cotes formulae. In
order to illustrate the general idea, we consider two simple examples.

Trapezium rule. In this case we take n =1, £y = a and z; = b; the Lagrange
interpolation polynomial of degree 1 for the function f is simply

pi(z) = Lo(x)f(xo) + Li(z) f (1)

o =0 f(a)

= f(ﬂ?o) +
= L - @) + (@ a)f0).

To — 1 1 — Zo
b—a

Integrating p;(x) from a to b yields

b—a
2

[ Fwyde xS0 ) + £,

This numerical integration formula is called the trapezium rule.

Simpson’s rule®. A slightly more sophisticated quadrature rule is obtained
by taking n = 2. In this case xy = a, x; = (a + b)/2 and z, = b; the Lagrange
polynomial of degree 2, with these interpolation points, for the function f is:

p2(z) = Lo(x)f(20) + Li() f(21) + La(z) f(2)

(= x)(r—22) N ( — 20)(z — ) )

= (-770 - .771)(5170 - ng)f( 0) + (.73 — 370)(371 — xZ)f( 1)
(. — 20)(x — 1)

+(SL‘2 ~ o) (s — :L‘l)f(xZ)

°Tsaac Newton (1643-1727)
6A straighforward calculation shows that the area under the arc of a parabola f(z) = Az +
Bz + C in an interval [a, b] is given by the Cavalieri-Gregory formula:

Avea =252 (o) 41 (“57) + 1)

This formula was stated in geometric terms by B. Cavalieri (Centuria di varii problemi, Bologna
1639); it was independently discovered by J. Gregory (Exercitationes geometricae, London 1668),
and Th. Simpson (Mathematical dissertations on a variety of physical and analytical subjects,
London 1743). Surprisingly, the Cavalieri-Gregory formula is valid even for a cubic polynomial
f(x) = Az® + B2® + Cz + D — the explanation is supplied by Lemma 2 below.

10



Integrating ps(x) from a to b gives

[ s~ 50 @ ar () 450

This numerical integration formula is known as Simpson’s rule.

Our next task is to estimate the size of the error in the numerical integration
formula (12), that is, the error that has been committed by integrating the Lagrange
interpolation polynomial of f instead of the function f itself. The error in (12) is
defined by

E) = [[ £ de = S wf ).

The next theorem provides a useful bound on E,,(f) under the additional hypothesis
that the function f is sufficiently smooth.

Theorem 3 Suppose that [ is a real-valued function defined on the interval |a, b],
and let f"V be continuous on [a,b]. Then,

Fu < ety [ (@)l (13)

where My, 11 = maxcepoy [T ()] and w1 () = (v — 39)...(x — 25).

PROOF: Recalling the definition of the weights wy in (12), we can rewrite F,(f) as
follows:

E (f) = /abf dx—/a (ZLk )dx
= [~ pate) d.

Thus,
< [(17@) - @) d

The desired error estimate (13) follows by inserting (6) into the right-hand side of
this inequality. O

Let us apply Theorem 3 to estimate the size of the error that has been committed
by applying the trapezium rule to the integral [7 f(z)dz. In this case (13) reduces
to

B S 30 [ - a@-ylds

- %MQ/ab(b—x)(x—a)dx
- 11—2(17—@)31\42. (14)

11



An analogous but slightly more tedious calculation shows that, for Simpson’s
rule,

B < oMy [ 1= a)e - ) )l
1 4
= 155 M- a)" (15)

Unfortunately, (15) gives a very pessimistic estimate of the error in Simpson’s rule;
indeed, it is easy to verify that, whenever f is a polynomial of degree 3 we have
Ey(f) = 0 while the right-hand side of (15) is a positive real number. The next
lemma will allow us to sharpen this crude bound.

Lemma 2 Suppose that f is a real-valued function defined on the interval [a,b] and
f® is a continuous function on [a,b]. Then

/abf(x) dx — b_Ta [f(a) + f (a —2i_ b) * f(b)] - _(b2;86(§)5f(4)(§)a (16)

for some & in (a,b).

PROOF: Performing the change of variables

a+b+b—a
2 2

T = t, te[-1,1],

and defining the function ¢t — F(t) by F(t) = f(x), we have that

a+b

/abf(l") dz — bTa lf(a) +4f <?> + f(b)]

=2 </_1F(t)dt—%[F(—1)+4F(0)+F(1)]>. (17)

Let us introduce

G = [ Fr)dr — LF(-0) + 4FO) + F(9], 1€ [-11];

—t

then the right-hand side of (17) is simply 5(b — a)G(1).
The remainder of the proof is devoted to showing that (b — a)G(1) is, in turn,
equal to the right-hand side of (16) for some £ in (a,b). For this purpose, we define

H(t) = G(t) — t°G(1), te[—1,1].

We shall apply Rolle’s Theorem four times to the function H. Noting that H(0) =
H(1) = 0, we deduce that there exists ¢; € (0,1) such that H'((;) = 0. However,
also, H'(0) = 0, so there exists ¢, € (0,¢;) such that H"(¢;) = 0; but, H"(0) = 0,

12



so there is (3 € (0,(s) such that H"({3) = 0. Finally, noting that H"(0) = 0, it
follows that there is (4 € (0,(3) such that H®*(¢;) = 0. Thus,

W (¢y) = GW(¢) — 120¢,G(1) = 0.
Now 1 ;
GO (1) =~ (") = F"(~1)) = S(FO (1) + FO (1))
and therefore

GI(1) = — g5 (F"(G) = F"(=G) = 365(F"

'(Ca) + FO (=)

Applying Lagrange’s Mean Value Theorem” to the first term on the right, we deduce
that

G(1) =~ FO(G) — 25 (FO(G) + FO(-¢y))
for some (5 € (—(4, (4). Equivalently,
1 V(=) 4+ 2FD(G) + FO(()
G(1) = - ( . )

Since, by our hypothesis on f, F*) is a continuous function on [~1,1] and —1 <

—(4 < (5 < ¢4 < 1, it follows that there exists € in [—(y, (4] such that

D (=C) + 2FD(G) + FD(¢)

= FO(0);

consequently,

G(1) = ~ g5 FO0) = 155 (b~ ) FV(O) (18)

where £ = 2(a+b) + 3(b — a)f. Finally, (16) is obtained by inserting (18) into (17).
|
Now Lemma 2 yields the following bound on the error in Simpson’s rule:

|E>(f)] < === (b — a)®M,. (19)

= 2880
This is a considerable improvement over (15) in the sense that if f € P; then the
right-hand side of (19) is equal to zero and thereby E,(f) = 0 which now correctly
reflects the fact that polynomials of degree three are integrated by Simpson’s rule

"Mean Value Theorem: Suppose that the function f is defined and continuous on the closed
real interval [a,b] and that f has finite derivative f'(z) at each point z of the open interval (a,b).
Then, there exists ¢ in (a,b) such that

f) = f(a) = f(O)(b - a).
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without error. (As remarked earlier, this property was not borne out by our initial
crude bound (15).)

By considering the right-hand side of the error bound in Theorem 3 we may
be led to believe that by increasing n, that is by approximating the integrand by
Lagrange polynomials of increasing degree and integrating these exactly, we shall
be reducing the size of the quadrature error E,(f). It is easy to find examples
which show that this is not always the case®. A better approach is to divide the
interval [a, b] into an increasing number of subintervals (of decreasing size) and use a
numerical integration formula of fixed order on each of the subintervals. Quadrature
rules based on this approach are called composite formulae, and will be described
in detail in the next section.

2.2 Composite formulae

We shall consider only some very simple composite quadrature rules: the composite
trapezium rule, and the composite Simpson rule.

Composite trapezium rule. This is obtained by dividing the interval [a, b]
into m equal subintervals, each of width h = (b — a)/m, so that

Lmezif“mMa

Ti—1
where )
1
ri=a+ih=a+ —(b—a), i=0,..,m.
m
Each of the integrals is then evaluated by the trapezium rule, namely,

/:; f(x)dz ~ %h[f(xi—ﬁ + f(zy)],

giving the complete approximation

1

[ F@) e = S f ) + S+t ) + 30l (20)

called the composite trapezium rule.

The error in the composite trapezium rule can be estimated by using the error
bound (14) for the trapezium rule on each individual subinterval [z;_1,x;], i =
1,...,m. Indeed,

E(F) = [ Fa)de — IS F0) + () + o flom) + 37 ()]

= g [/:1 f(z)dx — %h[f(xi—l) + f(24)]

8Consider, for example, [ 35 1/(142?) dz, and use Newton-Cotes formulae for higher and higher
values of n on the interval [—5,5]. This pathological example was discovered by the German
mathematician Karl Runge.
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Applying (14) to each of the terms under the summation sign,

a0 < 53 (s 17

Ce Ti—1,T;
1

12m?2

< — (b —a)'My, (21)
where My = maxcepy | f"(C)]-

Composite Simpson’s rule. Let us suppose that the interval [a,b] has been
divided into 2m subintervals by the points x; = a +1¢h, i« = 0,...,2m, where h =
(b —a)/(2m), and let us apply Simpson’s rule on each of the intervals [zy; o, T2,
1 =1,...,m, giving

/abf(x)dx = i f(z)dx

[f(@2i—2) +4f(22i1) + f(z2)] -

Q
1 Ms

Equivalently,

[f(zo) +4f(z1) + 2f (x2) + 4f (x3) +
+ 2f (Tom—2) + 4f (T2m—1) + f(T2m)] .- (22)

/abf(x)dx ~ g

The numerical integration formula (22) is called the composite Simpson rule.
In order to estimate the error in the composite Simpson rule, we proceed in the
same way as for the composite trapezium rule:

E(f) = /ab i f(woi2) +4f(x2i-1) + f(225)]

_ i[/ f(:v)dfr—ﬁ[f(:rzifz)+4f(xzif1)+f($2i)] -

i=1 2i—2 3
Applying (19) to each individual term under the summation sign and recalling that
b — a = 2mh, we obtain the following error bound:

1E(f)] < (b— a)’Mj. (23)

< 2880m*

The composite rules (20) and (22) provide greater accuracy than the basic for-
mulae considered in Section 2.1; this is clearly seen by comparing the error bounds
(21) and (23) for the two composite rules with (14) and (19), the error estimates
for the basic trapezium— and Simpson formula, respectively. The inequalities (21)
and (23) indicate that, as long as the function f is sufficiently smooth, the errors
in the composite rules can be made arbitrarily small by choosing a sufficiently large
number of subintervals.
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Exercise 4 Calculate the integral
w/2
I = / sinz dx
0

with accuracy € = 1072 using:
a) the composite trapezium rule;

b) the composite Simpson rule.

SOLUTION: a) In order to approximate the integral I to within the given accuracy e by
means of the composite trapezium rule, we have to find a positive integer m (the number
of subdivisions of the interval [0,7/2]), as small as possible, such that

|51(f)| <e

where f(z) = sinz with z € [0,7/2] and € = 1072, Recalling the error bound for the
composite trapezium rule, this amounts to finding the smallest positive integer m such

that
1

12m?
where My = max,¢(o -9 |f"(2)| =1, b —a =7/2 — 0 = 7/2. Thus we need to choose m,
as small as possible, such that
1 \3
—— (=) <102
12m?2 <2> -

The smallest integer m for which this inequality holds is m = 6. Having determined the
required number of subdivisions, we calculate the approximation to I by the composite
trapezium rule:

(b—a)’M, <e,

I~ [ laino+ (sin® +sin2® 4 sin T 4 sinoF 4 sin 2% ) + Lgin T
~ 12 92 mn 1n 12 mn 12 mn 12 mn 12 1n 12 9 1n2
= 0.99429 .

b) For the composite Simpson rule we proceed similarly as in part a): we require that
|€2(f)| <€, with as small a number of subdivisions as possible; namely, we want to find a
positive integer m, as small as possible, such that

1
2880m*

where b —a = 7/2, My = 1 and ¢ = 1072. Thus we demand that

1 m\° 9
— (=) <102
2880m* <2> =10

The smallest positive integer m for which this holds is m = 1. Having found m, we can
calculate the approximation to I by means of the composite Simpson rule (which in this
case, with m = 1, is simply the basic Simpson rule):

(b—a)’ My <e,

T [, LT LT
I~ 12 {sm()-l-élsmz + sin 5} = 1.00228.
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We note that the exact value of the integral is I = 1. Hence both approximations are
accurate to within the required accuracy, as predicted. ¢

While this simple example is very special in the sense that in practice one would
usually apply numerical quadrature rules to integrals whose exact value is unknown,
it is, nevertheless, instructive as it provides a recipe for calculating an integral to
within a prescribed accuracy, however small it may be, regardless of whether the
exact value is known.

3 Global polynomial approximation

In Section 1 we considered the problem of interpolating a function by a polynomial of
a certain degree. Here we shall discuss other types of approximation by polynomials,
the overall objective being to find the polynomial of degree n which provides the
‘best, approximation’, from P,, to a given function f in a sense that will be made
precise below.

3.1 Normed linear spaces

In order to be able to talk about ‘best approximation’ in a rigorous manner we shall
introduce the concept of norm; this will allow us to compare various approximations
quantitatively and select the one that has the smallest approximation error. Let V
denote a linear space over R, the field of real numbers. A non-negative function
|| - || defined on V whose value at f € V is denoted ||f|| is called a norm on V if it
satisfies the following axioms:

e ||f|| =0 if and only if f = 0;
e ||Af]| = |Alllf]] for all A € R, and all f in V;
o [|F+gll <IIfll+ llgll for all f and g in V; (the triangle inequality).

A linear space V, equipped with a norm, is called a normed linear space.

Example 1 The linear space R™ is a normed linear space with norm || - ||., defined,
for x = (z1,...,2,)T, by

2]l = max |24].
Example 2 The linear space M,, of all n x n matrices is a normed linear space
with the norm

A
z€R", 17#£0 ||.’L’||*
where || - ||« denotes the norm defined in Example 1; this matriz norm is said to be

induced by the vector norm ||z||..
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Example 3 The set Cla,b] of real-valued functions f, defined and continuous on
the closed interval [a,b), is a normed linear space with norm

| f1]o zxrrel[gfg]lf(fr)l-

The norm || - || is called the L™ norm, the maximum norm or, simply, the
oo-norm.

Example 4 Suppose that w is a real-valued function, defined and continuous on the
closed interval (a,b), and that w is positive on (a,b). The set L2 (a,b) of real-valued
functions f defined on (a,b) and such that w(x)|f(z)|* is integrable on (a,b) is a
normed linear space, equipped with the norm

o= ([ wierspas)

(with the convention that any two functions that are equal on (a,b), except perhaps
on a set of measure zero® are identified; fab ... dx in the definition of the norm should
be understood as a Lebesgue integral). The norm || - ||2 is called the L? norm or,
simply, the 2-norm. The function w is called a weight function'®. When w(z) =1
on (a,b) we shall simply write L*(a,b) instead of L?(a,b).

In Section 3.2 we shall consider the question of constructing the polynomial of
best approximation to a function f in the co-norm, while Section 3.3 is devoted to
best approximation in the 2-norm.

3.2 Approximation in the L>* norm

In this section we shall be dealing with the normed linear space Cla, b] of continuous
real-valued functions defined on the closed interval [a, b], equipped with the norm
| oo (c.f. Example 3). We consider the following approximation problem.

(A) Given that f € Cla,b], find p, € P, such that
1f = Pallo = inf [1f = qlloo;

such a polynomial p, is called a polynomial of best approximation of
degree n to the function f in the oo-norm.

9We say that a set S C [a, b] is of measure zero if for every € > 0 there exists a sequence of non-
empty closed intervals [a;, 3;] C [a,b], i = 1,2,...,such that S C |J,>[ai, Bi] and Y-, (Bi—a;) < €.
19Qur hypotheses on the weight function can be substantially relaxed: it suffices to assume that

a) w(z) > 0 on the interval [a,b] and w(z) > 0 for all z € [a, b], except perhaps for a subset of
[a,b] of measure zero (e.g. w(z) > 0 for all z in (a,b));

b) w is integrable on [a, b]; namely, f:w(ac)dx < 00.
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The existence and uniqueness of a polynomial of best approximation for a func-
tion f € Cla,b] in the co-norm is ensured by the next theorem.

Theorem 4 Given that f is a continuous real-valued function defined on the closed
interval [a,b], there exists a unique polynomial p, € P, such that ||f — pulleo =

infoep, ||f = qlfoo-

The uniqueness of the polynomial of best approximation will be proved later on in
the section, as a consequence of Theorem 6.
PROOF (OF THEOREM 4): Eristence. In order to prove the existence of a polyno-
mial of best approximation to a function f € C|a, b], let us define d := infcp, || f —
q||so- Since 0 € Py, d < [|f = 0]loc = ||f|lso- According to the definition of d, for
every m > 1 there exists ¢, € P, such that

1f = mlloo < d+1/m; (24)

2|| flloo + 1 for each x € [a,b] and, in particular, choosing (n + 1) distinct points z;,
1=0,...,n,witha<zy<z <..<ux, <b,

thus, by the triangle inequality, ||gm|lcc < 2||f||oc + 1, which implies that |g,,(z)] <

max [gn (37)] < 20|flloo + 1. (25)

Let ¢, denote the column-vector of coefficients of the polynomial ¢y,, and consider
the (n+ 1) x (n+ 1) matrix A = (27), 4,7 = 0,...,n. Then (25) can be rewritten as

[Acmlls < 2[| flloo +1,

where || - ||« is the vector norm defined in Example 1. Since the points z; are
distinct the matrix A is non-singular ' with inverse matrix A~!; thence, recalling
the definition of the matrix norm || - ||, from Example 2,

lemlle = 1A Acalle < AT Wl Acmlle < TAT (2] flloe + 1),

which means that (¢p,)m>1 is a bounded sequence in R"**. Consequently, by the
Bolzano—Weierstrass Theorem', (¢,,),m>1 has a convergent subsequence (Cm; )j>1-
Let us define ¢ = lim;_,, ¢,,,, and consider the polynomial ¢ in P, whose coefficients
are the entries of the vector ¢; then lim;_, ||gm; — ¢||cc = 0. Passing to the limit in
(24) it follows that ||f — || < d, whence ||f — §||oc = d = infyep, ||f — q||l and ¢
is a best approximation p,. O

"' The matrix A is called the Vandermonde matrix; its determinant, the Vandermonde determi-
nant, det(A) = [[o<;c;j<,(zj — :); since, by assumption, z; # x; for i # j, det(4) # 0.

12Bolzano — Weierstrass Theorem (Bernhard Bolzano (1781-1848); Karl Theodor Wilhelm
Weierstrass (1815-1897)): Given that (¢, )m>1 is a bounded sequence in R, it has a subsequence
(€m;)j>1 convergent in R™. -
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Theorem 4 implies that the infimum over ¢ € P, appearing in (A) is actu-
ally achieved and may be replaced by the minimum, mingep,. Thus, writing the
polynomial ¢ € P, in the form

q(x) = cpx" + ... + ¢,
we want to choose the coefficients ¢;, j = 0, ..., n, to minimise the function

E(007 ey Cn) - ||f - qnoo
= max |f(z) — cpz" — ... — ¢l
z€[a,b]
Since the polynomial of best approximation is to minimise (over ¢ € P,) the maz-
imum absolute value of the error f(x) — g(z) (over x € [a,b]) the polynomial of
best approximation in the maximum norm is often referred to as the the minimax
polynomial. We shall, too, adopt this terminology.
Let us consider a simple example.

Example 5 Suppose that f € C[0,1] and that f is strictly monotonic increasing
on [0,1]. We wish to find the minimax polynomial py of degree zero for f on [0,1].
This polynomial will be of the form po(x) = ¢y, and we need to determine ¢y so that

If = pollo = nax |f(z) — co

is minimal. Since f is monotonic increasing f(x) — ¢y attains its minimum at x = 0
and its mazimum at x = 1; therefore, |f(x) — co| reaches its mazximum value at one
of the end-points, i.e.

E(eo) = max |f(x) = co| = max{[/(0) = cof [f(1) = col}-

z€[0,1

Clearly,
E(Cg):{ f(l)_CU Zf00<%[f(0)+f(1)]
co— f(0)  ifco > 5[f(0)+ F(D)].
Drawing the graph of the function ¢y — E(cq) shows that the minimum is attained

when ¢y = %[f(()) + f(1)]. Consequently, the minimaz polynomial of degree zero to
the function f on the interval [0, 1] is

[£(0) + £ (1)].

This example shows that the minimax approximation of degree zero has the prop-
erty that it attains the maximum error at two points, with the error being negative
at one point and positive at the other. We shall prove that a property of this kind
holds in general: the precise formulation of the general result is given in Theorem 6
which is, due to the oscillating nature of the approximation error, usually referred
to as the Oscillation Theorem. This theorem gives a complete characterisation of
the minimax polynomial and provides a method for its construction. We begin with
the following preliminary result.

NN

po(z) =
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Theorem 5 (De la Valée Poussin’s Theorem!'?) Let f € Cla,b] and r € P,.
Given (n+2) points xg < ... < Tny1 in the interval [a,b], suppose that

sign{[f(z;) — r(z:)](—1)", i=0,...,n+ 1} = constant,

that is, in passing from a point x; to the next point x;y1 the quantity f(x) — r(x)
changes sign. Then

min [[f = gllee 2 po=_min [ f(2:) —r(zi)]. (26)
PrOOF: For the case p = 0 the assertion of the theorem is obvious, so let us

assume that p > 0. Suppose that (26) is not true; then, for the minimax polynomial
approximation p, € P, to the function f, we have that

If = Pnllso = min If = qlloe < p-

Now
signr(z) — pn(2)] = sign{[r(z) — f(2)] = [pa(z) — f(2)]}.
At the points z;, the first term exceeds in absolute value the second; therefore
sign[r(z;) — pn(z;)] = sign[r(x;) — f(x;)]. Hence the polynomial r — p,,, of degree n
or less, changes sign (n + 1) times. This is a contradiction. O
Now we are ready to state and prove the main result of this section.

Theorem 6 (The Oscillation Theorem) Suppose that f € Cla,b]. Forr € P, to
be a minimax polynomial approzimation to f over [a,b] it is necessary and sufficient
that there exists a sequence of (n+2) points xj, where a < xg < ... < xpyq < b, such
that

fzi) —r(x) = a(=1)"f = 7|, i=0,...,n+1,

where o =1 (or a = —1) simultaneously for all i.

The points zy, ..., z,+; which satisfy the conditions of the theorem are called
critical points.
PROOF: Sufficiency. Let L denote the quantity ||f — 7||~, and define E,(f) =
mingep, ||f — ¢l|~- Applying (26) it follows that L = p < E,(f). However, by the
definition of E,(f) we also have that E,(f) < ||f — 7|l = L. Hence E,(f) = L,
and the given polynomial r is a minimax polynomial.

Necessity. Suppose that the given polynomial r is a minimax polynomial. Let
us denote by y; the lower bound of points x € [a,b] at which |f(z) — r(z)| = L;
the existence of such a point follows from the definition of L. Because f — r is a
continuous function on [a, b], we have |f(y1) — r(y1)| = L. We can assume, without
restricting generality, that f(y;) — r(y1) = L. Let us denote by ys the lower bound
of all points x € (y1,b] at which f(x) — r(x) = —L, and denote, in succession, by

13 Jean Charles de la Valée Poussin (1866-1962)
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yr11 the lower bound of points = € (yg,b] at which f(z) —r(z) = (—=1)*L, etc. Due
to the continuity of the function f — r, we have, for each k, that

Fes1) = r(Yrsr) = (=1)"L.

Let us continue this process up to y,, = b, or y,, such that |f(z) — r(z)| < L for
Ym < x < b. If m > n + 2, the proof is complete. Let us therefore assume that
m < n + 2 and show that this leads to contradiction.

Since f — r is continuous, for each k, 1 < k < m, there exists a point z;_; such
that |f(z) —r(x)| < L for 2z <z < yg. We define 2y = a and z,, = b. According
to our construction, there exist points in the intervals [2; 1, 2], i = 1, ..., m, at which
f(x) —r(z) = (=1)" 'L (such are the points y;, for example), and there is no point
T in [2_1, 2] where f(z) —r(z) = (—1)'L. We define

v(z) = ni:Il (zj —x), and r(z;e) =r(z)+ev(z), €>0,

and consider the behaviour of the difference

f(z) —r(z;€) = f(x) —r(z) — ev(x)

on the intervals [z;_, z;]. Take, for example, the interval [2g, 21]. On [z, 21) we have
v(x) > 0 and therefore

f(z) —r(x;e) < L —ev(x) < L.

At the same time, f(z) — r(z) > —L on [z, 21, and so for € sufficiently small, say,
for
MiNgels ) [ f(2) = r(2) + L

€E< € =
! MaXge[zg,21] |U(Q§)|

we have that f(z) — r(x;€e) > —L for all = in [2g, 21). Furthermore,

[f(z1) = r(zi56)| = | f(21) = r(21)| < L.

Therefore |f(x) — r(z;€)| < L for all = € [z, 21], for € sufficiently small. Arguing
in the same manner on the other intervals [2;_1, 2], j = 2,...,m, we can choose ¢
such that

|f(z) —r(x;€e)| < L, for z € UL [2j-1, 2] = [a, b].
Since, by hypothesis, m < n+2, it follows that m —1 < n+1, and therefore v € P,;

consequently, r(z;€y) € P,. Thus we have constructed a polynomial r(x;€y) € P,
such that

1f =rCeo)llec <L =If = 7llo,

which contradicts the assumption that r is a polynomial of best approximation to
the function f on the interval [a,b] and, simultaneously, m < n + 2. Thus, to
summarise, assuming that m < n 4 2 we arrived at a contradiction, which implies
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that m > n + 2. Hence we have proved the existence of m critical points y1,...,%m,
m > n + 2; choosing n + 2 consecutive points from this set and naming them
Xg,---,Tny1 We obtain the desired result, and the proof is complete. O

Equipped with the Oscillation Theorem, we are now ready to complete the proof
of Theorem 4 and to show the uniqueness of the minimax polynomial.

PROOF OF THEOREM 4: Uniqueness. Suppose that there are two minimax poly-
nomials, p, and p,, to the function f € C]0,1] on the interval [a, b]:

Pn 7 P, ||f _anoo = ||f _ﬁn“oo = En(f)a

where, as in the proof of the Oscillation Theorem, we have used the notation E,(f) =
mingep, ||f — ¢||oo. This implies, by the triangle inequality, that

1 1 1
£ = 5n+)llee = N50F =)+ 5(F = Pl

2
1 1 .
S §||f_pn||oo+§||f_pn“oo :En(f)

Therefore, %(pn + p,) is also a minimax polynomial approximation to f on [a,b].
By the Oscillation Theorem, there exist (n + 2) critical points z;, i = 0,...,n + 1,
corresponding to this polynomial at which

F) — 2 (ou(e) +pue))| = B, i=0nt L

Equivalently,
|[f (i) = pul@a)] + [f (i) — Pu(@)]| = 2En(f). (27)
Since
[F(22) = pu()| < max [£(z) = pu(2)] = lf = Palloe = En(f),

and, analogously,
|f (i) = Pn(2i)| < En(f),

it follows from (27) that we must have

f(x;) — pu(z:) = f(2i) — Pulxi), i=0,..,n+1.

Thus (p, — pn)(x;) = 0, ¢ = 0,...,n+ 1. Given that p, — p, is a polynomial of
degree n or less, it can have more than n zeros only if it is identically zero, i.e.
pn(x) = pp(x). However this contradicts our initial hypothesis that p, and p, are
distinct. Hence there is a unique minimax polynomial approximation in P, to the
function f € Cla,b] on the interval [a,b]. O

In order to demonstrate the application of the Oscillation Theorem to a specific
problem we consider the following example.
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Exercise 5 Suppose that f € Cla,b] and that f is a convex function on [a,b] such
that f'(x) exists at all x in (a,b). Describe a method for constructing the minimaz
polynomial approximation p; € Py of degree 1 to f on the interval [a,b).

SOLUTION: We seek p; in the form pi(z) = c1z + ¢g. Due to the convexity of f the
difference f(z) — (c1z + ¢p) can only have one interior extremum point. Therefore the
end-points of the interval, a and b, are critical points. Let us denote by d the third critical
point whose location inside (a,b) remains to be determined. By the Oscillation Theorem
we have the equations:

fla) = (cia+ ) = al,
f(d)—(cid+cy) = —al,
f(b) —(cib+c)) = oL,
where L = max,c(o 4 |f(2) — p1(z)|, and a = 1 or o = —1. We have a total of only three

equations to determine the unknowns d, cq, ¢y, L and «.

Subtracting the first equation from the third, we get f(b) — f(a) = ¢1(b— a), whereby
¢ = [f(b) — f(a)]/(b —a). In order to find the remaining unknowns it should be borne
in mind that the point d is an extremum point of the difference f(z) — (c1z + ¢p). This
additional condition supplies sufficient information to enable us to determine d; in par-
ticular as f is differentiable on (a,b), we deduce that d can be found from the equation
f'(d) —e¢1 = 0. Now ¢g can be determined by adding the second equation to the first.
Having calculated both ¢; and ¢y we insert them into the first equation to obtain al;
finally, L = |aL|, while « = sign(aL). ¢

Exercise 6 Construct the minimaxz polynomial approximation pi(x) of degree 1 for
f(x) =tan™'z on the interval [0,1].

SoLuUTION: Noting that f : = ~ tan~ !z is a continuous, convex function on the interval
[0,1], and f'(z) exists at all z € (0,1), we seek p;(z) = c12 + ¢y following the guidelines of
the previous exercise. The set of critical points is {0,d, 1} and, by the Oscillation Theorem,

f(0)=p(0) = o,
fld)=pi(d) = —al,
f)=m@) = o,

where L = max,¢(o 1] |f(z) —p1(z)| and o = £1. Furthermore, since d is a point of internal
extremum of f(z) — (c1z + cp), we also have that

f’(d) —C1 = 0.

We solve this set of four equations for ¢y, ¢i, d and «L, and then take a = sign(aL).
Thus,

c = —al,
1
cp = §(talrf1 d — c1d),
ci = tan '1,
_ 1
c1 = 1+ d2 .
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From the last two equations we have that
c1 = 0.78540 and d = 0.52272.

Hence
co = 0.03556,

and therefore
aL = —0.03556,

so that @« = —1 and L = 0.03556. Consequently,

p1(z) = 0.78540x + 0.03556

is the minimax polynomial of degree 1 for the function f : z + tan 'z on the interval
[0,1], and the error of the approximation is L = 0.03556. <

3.2.1 Minimax approximation to z"*!

There are very few functions for which it is possible to write down in simple closed
form the polynomial of best approximation in the maximum norm. One such prob-
lem of practical importance concerns the approximation of a power of x by a poly-
nomial of lower degree. The minimax approximation in this case is given in terms
of Chebyshev polynomials. The Chebyshev polynomial of degree n is defined by

T, (z) = cos(ncos ' 1), n=0,1,..

Despite its unusual form, 7, is a polynomial in disguise: for example, Ty(z) = 1,
Ti(x) = x, and so on. In order to show that T, is a polynomial for all n > 0, let us
recall the standard trigonometric identity

cos (n 4+ 1)0 + cos (n — 1) = 2 cosf cos nb,

1

and set § = cos™" x to obtain the recurrence relation

Toii(x) = 22T, (x) — Tyy (), n=1,2,..

Since Ty(x) and Ti(z) have already been shown to be polynomials, we deduce from
this recurrence relation, by induction, that 7,(x) is a polynomial of degree n for
each n > 0. A list of the first seven Chebyshev polynomials is given in Example 9
in Section 3.3.3.

The proof of the next lemma is straightforward and is left as an exercise (see
also Exercise 2).

Lemma 3 The Chebyshev polynomials satisfy the following properties:
a) Tn(x) is a polynomial of degree n, with leading coefficient 2" 1x™.

b) Tn(x) is an even function if n is even, and an odd function if n is odd.
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¢) The zeros of T,(x) are at

. J 1
Tj = €COS ——F—, j=1,...,n.

They are all real and distinct, and lie in (—1,1).
d) |T,(z)| < 1.

e) T,(x) = £1, alternately at the (n + 1) points xy, = coskn/n, k=0,1,...,n

According to the Oscillation Theorem, the minimax polynomial approximation to
f(x) = 2" over the interval [—1,1] by a polynomial of degree n is the polynomial
pn(x) such that the difference f(x) — p,(z) attains its greatest magnitude with
alternating signs at a sequence of (n + 2) points in [—1,1]. Let us define

pu(z) = 2" — 27T, 1 (2);

we shall prove that p,(z) is the minimax approximation of degree n to z"*! on the
interval [—1, 1]. Clearly p, € P,. Since

2" = pa(2) = 2 " T (@),

the difference 2" —p,, (x) does not exceed 27" in the interval [—1, 1], and attains this
value with alternating signs at the (n+2) points z; = cos jw/(n+1), j =0,...,n+1.
Therefore, by the Oscillation Theorem, p,(x) is the (unique) minimax polynomial
approximation from P, to the function z"** over [—1,1].

3.3 Approximation in the L? norm

Best approximation in the 2-norm is closely related to the notion of orthogonality
and this in turn relies on the concept of inner product.

3.3.1 Inner product spaces

Let V be a real linear space. A real-valued function (-,-) defined on the cartesian
product ¥V x V is called an inner product on V if it satisfies the following axioms:

e (f+g,h)=(f,h)+ (g,h) for all f, g and h in V;

Af,9) = A(f,g) for all A in R, and f, g in V;

(
(Af
(f,g9) = (g, f) for all f and g in V;
(

o (f,f)>0if f#0, feV.
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A linear space with an inner product is called an inner product space. If (f,g) =0
for f and ¢ in V, we say that f is orthogonal to g. For f in V', we define

IF1ls= (F, 2.
It is left to the reader to show that, with such a definition of || - ||,
[(f. o)l < I fllgll, f, g €V (the Cauchy-Schwarz inequality)*?,

and, therefore,
If+gll < fI1+llgll, £, g€V

Consequently || - || is a norm on V (induced by the inner product (-,-), and V is a
normed linear space.

Example 6 The n-dimensional euclidean space R™ is an inner product space with
n
(ZL’, y) - szyu
i=1

where © = (1, ..., Ty) and y = (Y1, .-, Yn)-

Example 7 The set Cla,b] of continuous real-valued functions defined on the closed
interval [a,b] is an inner product space with

(,9) = [ w(@) () gla) .

where w s a weight function, defined and continuous on [0, 1] and positive on (0, 1).
Clearly, this inner product induces the 2-norm (see Example 4) in the sense that

£l = (f, )2

Having introduced the concept of inner product, we are now ready to consider
best approximation in the 2-norm.

3.3.2 Best approximation in the L? norm

Let w be a real-valued function, defined and continuous on a closed interval [a, b],
and suppose that w is positive on (a, b); w will be referred to as a weight function.
Let L2 (a,b) denote the set of all real-valued functions f defined on (a,b) such that
w(z)|f(x)|* is integrable on (a,b); the set L2 (a,b) is equipped with the 2-norm
defined, as in Example 4, by

7]l = ( / bw<x>|f<x>|2dx) .

The problem of best approximation in the 2-norm can be formulated as follows:

YHint: 0 < ||IAf + glI3 = N2||fII3 + 2A(f, 9) + ||9]|3, for all X € R,; the quadratic polynomial on
the right is non-negative for all real X if and only if (2(f, g))* — 4/ f|l2/lgll= < 0.
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(B) Given that f € L% (a,b), find p, € P, such that
If = pall = inf [If = allz;

such p, is called a polynomial of best approximation of degree n to the
function f in the 2-norm.

The next theorem ensures the existence and uniqueness of the polynomial of best
approximation to a function f of a given degree in the 2-norm.

Theorem 7 Given that f € L? (a,b), there exists a unique polynomial p, € P, such
that || f = pall2 = infeep, [[f — qll2-

The proof of this result will be given in Section 3.3.3. Let us illustrate the
general approach to problem (B) by a simple example. Suppose that we wish to
construct the polynomial approximation p, € P, to a function f on the interval
[0, 1]; for simplicity, we shall assume that the weight function w(x) = 1. Writing
the polynomial

Pn(T) = cuz”™ + ...+ 1 + ¢,

we want to choose the coefficients c; so as to minimise the 2-norm of the error,
en = f - pna

ool = 15 = pule = ([ 19 -l ar)

Since the 2-norm is positive, this problem is equivalent to the minimisation of the
square of the norm; thus we shall minimise the expression

Bleo crooncn) = /Ol[f(x)—pn(x)]de
_ /Ol[f(x)]zdx—zécj /Olf(x)xj da

n n 1
+3 3 e / R da.
=0 k=0 0
At the unique minimum, the partial derivatives of I/ with respect to the ¢;, j =

0,...,n, are equal to zero. This leads to a system of (n + 1) linear equations for the
coefficients cy,...,cp:

ZM]kck :bja ] :07"'7n7 (28)
k=0
where
! Jj+k 1
My = [l =

by = /Olf(:r)xj dx.
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Equivalently, recalling that the inner product associated with the 2-norm (in the
case of w(x) = 1) is defined by

1
(9:1) = [ g@)h(z)da,
M, and b; can be written as

By solving the system of linear equations (28) we obtain the coefficients of the
polynomial of best approximation of degree n to the function f in the 2-norm on
the interval [0, 1]. We can proceed in the same manner on any interval [a, b] and any
positive weight-function w.

Exercise 7 Given that f(x) = 2? for x € [0,1], find the polynomial p; of degree
1 of best approzimation to f in the 2-norm on the interval [0,1] assuming that the
weight function is w(zr) = 1.

SoLuTION: We seek pi(z) = ¢z + ¢o such that

1
E(co,c1) = /0 [2® — (e12 + ¢)]? dz — minimum.

At the minimum, we have that g—f; =0 and g—g = 0; therefore,
1
/ 2(z* — (c1x + ) - (~1)dz = 0,
0

/01 2(z* — (12 + ) - (—z)dz = 0.

Upon evaluating the integrals we arrive at the following system of linear equations:

1 1
co + 501 = g
1
500 + 501 = Z
Solving this gives ¢y = —% and ¢; =1 and therefore,
1
pi(z) =z — 6

is the required polynomial of best approximation. ¢
Returning to the general discussion concerning the solution of the linear system
(28), we see that we have to invert the matrix M = (M;;) with (n + 1) rows and
columns'®; this is quite a simple task for small values of n (such as n = 1,2, 3;
indeed, we encountered the 2 x 2 Hilbert matrix, corresponding to n = 1, in the
previous exercise), but for larger n we need a more effective approach: in the next
section we shall discuss an alternative technique, based on the use of orthogonal
polynomials.
15The matrix M = (M;;) with My, = 1/(j + k+1) is called the Hilbert matrix. It is notoriously

difficult to invert because it is close to being singular. For example, for n = 10 when the matrix is
of size 11 x 11, the smallest eigenvalue is approximately 1.9 x 10713,
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3.3.3 Orthogonal polynomials

In the previous section we described a method for constructing the polynomial of
best approximation p, € P, to a function f in the 2-norm; it was based on seeking
pn as a linear combination of the polynomials 27, j = 0, ..., n, which form a basis for
the linear space P,. The approach was not entirely satisfactory because it gave rise
to a system of linear equations with a full matrix that was difficult to invert. The
central idea of the alternative approach that will be described in this section is to
expand p,, in terms of a different basis, chosen so that the resulting system of linear
equations has a diagonal matrix and solving this linear system is therefore a trivial
exercise. Of course, the non-trivial part of the problem is then to find a suitable
basis for P, that achieves this goal. The expression for M;; in (29) gives us a clue
how to proceed.

Suppose that ¢;(x), j =0,...,n, form a basis for P,; let us seek the polynomial
of best approximation as

Pn(x) = Yo0o(2) + ... + V().

Repeating the same process as in the previous section, we arrive at a system of linear
equations of the form (22):

ZMjk’Ykzﬁja j:()a"'ana
k=0

where now

Mjr = (¢x, ¢5), and ;= (f, ¢;).
Thus, M = (M,)) will be a diagonal matrix provided the basis functions ¢;(z),
j =0,...,n, for the space P, are chosen so that (¢, ¢;) = 0, for j # k; in other words,
using the terminology introduced in Section 3.3.1, ¢, is required to be orthogonal
to ¢, for j # k. This motivates the following definition.

Definition 3 Given a weight function w, defined and continuous on the interval
[a, b] and positive on (a,b), we say that the sequence of polynomials ¢;(x), j = 0,1, ...,
forms a system of orthogonal polynomials on the interval (a,b) with respect to
w, if each ¢j(x) is of exact degree j, and if

b
[ w@)oi@)ou(e)de = 0 for all j £k,
# 0 when j = k.
We show that a sequence of orthogonal polynomials exists on any interval (a, b)
and for any weight function w that is continuous on [a, b] and positive on (a,b), by
providing a method of construction.

Let ¢o(z) = 1, and suppose that ¢;(x) has already been constructed for j =
0,...,n. Then

/bw(x)qﬁj(:r)m(:r) dz =0, 0<j<k<n.
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Now let, us define the polynomial

q(ﬂ?) = xn-}-l - a0¢0($) e T and)n(‘r)a
where
Y JPw(z)e™ ¢ (x) do
T Rw(@)(x)Pde
Then it follows that
b b )
/a w(z)q(z)p;(r)ds = /a w(z)x" i (x) dz
b
—a; [ w(@)o; ()] dr,
=0 for0 <j <mn,

where we have used the orthogonality of the sequence for j = 0,1, ...,n. Thus, with
this choice of the numbers a; we have ensured that ¢(x) is orthogonal to all the
previous members of the sequence, and ¢, () can now be defined as any non-zero-
constant multiple of ¢(z). This procedure for constructing a system of orthogonal
polynomials is usually referrred to as Gram-Schmidt orthogonalistion.

Exercise 8 Construct a system of orthogonal polynomials {1y, 11,102} on the in-
terval (0,1) with respect to the weight function w(zx) = 1.

SoLuTION: Given that w(z) = 1, the inner product of L2 (0, 1) is defined by

(u,v) = /01 u(z)v(z) dz.

We put ¢p(z) = 1, and we seek 11 in the form

P1(7) = 7 — cotho(z)

such that (11,10) = 0; namely,

(z,%0) — co(%0,%0) = 0.

Hence,

(l‘,z,bo) _

[

(4o, %0)

and therefore,

P(#) =2 Siho(e) =2

By construction, (1,0) = (10, %1) = 0.
Now we seek 15 in the form

12 1

1 2

1
5

o (x) = 2% — (dish1 (2) + dotbo ()
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such that (12,11) = 0 and (12,10) = 0. Thus,

(I27¢1) _dl(zplaz/)l)_dO(wOai/)l) = 07
(z%,40) — d1 (11, %0) — do(ho, o) = 0.

As (vo,11) = 0 and (1)1,1p) = 0, we have that

_ ($27¢1)_
R R
dO — ($27¢0)=1

(Yo,¢0) 3’

and therefore

P9 (x) :I2—I+%.

Clearly, (1j,vr) = 0 for j # k, j,k € {0,1,2}, and ¢, is of exact degree k, k =0,1,2, so
we have found the required system of orthogonal polynomials on the interval (0,1). ¢

Example 8 (Legendre polynomials'®) The polynomials

¢0(.ﬁ1§') - 17
¢i(z) = z,
¢2(x) = xQ - %7
ps3(z) = 2° — %:1:

are the first four elements of an orthogonal system on the interval (—1,1) with respect
to the weight function w(z) = 1.

Example 9 (Chebyshev polynomials!”) The polynomials

To() 1,

Ti(r) = =,

Ty(z) = 22°—1,

Ts(x) = 42° — 3z,

Ty(z) = 82" —8x* +1,

Ts(r) = 162° — 202° + 5z,
Ts(z) = 3225 — 482" + 1822 — 1

are the first seven elements of an orthogonal system on the interval (—1,1) with
respect to the positive weight function w(z) = (1 — 22)~'2, 2 € (=1,1). (This
weight function is continuous on (—1,1), but not on [—1,1]; see, however, Footnote
10 on page 18.)

16 Adrien-Marie Legendre (1752-1833)
7P L. Chebyshev (1821-1894)
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We are now ready to prove Theorem 7.
PROOF (OF THEOREM 7): In order to simplify the notation, we recall the definition
of the inner product (-,-):

(6:1) = [ wlag(o)hia) .

and note that the associated 2-norm can be expressed as ||g||2 = (g, 9)"/2. Let ¢;(z),
t = 0,1,...,n, be a system of orthogonal polynomials with respect to the weight
function w on (a,b). Let us normalise the polynomials ¢; by defining a new set of
orthogonal polynomials,

oi(z) .
= =1....
ol

Yi(z)

Then '
weo={ g 1Zf

The polynomials ¢;(z), i = 1,...,n, are linearly independent and form a basis for
the linear space P, ; therefore, each element ¢ € P, can be expressed as their linear
combination,

q(af) = 50¢0(x) + ...+ 5n¢n(x)

Consider the function

E(Bo, ) = IIf—dl3=(—a.f—0q)
= (f,.f)=2(f,9) +(g,9)

= |IFII3=2D_B8;(F,05) + D5 BiBk(¥y, vn)

J=0 §=0k=0
= |If1I3—2>_B;(f.¢;) +Zﬁf.
Jj=0 j=0

Clearly FE is a strictly concave quadratic function of its arguments (y,..., 3,, and
therefore it has a unique minimum (43, ..., ;) € R"*'. Hence p, € P,, defined by

pn(7) = Botho(z) + ... + Brihn()

is the unique polynomial of best approximation of degree n to the function f €
L2 (a,b) in the 2 norm on the interval (a,b). O

The next theorem, in conjunction with the use of orthogonal polynomials, is the
key tool for constructing the polynomial of best approximation in the 2-norm.

Theorem 8 The polynomial p, € P, is the polynomial of best approximation of
degree n to a function f € L% (a,b) in the 2-norm if and only if the difference f —py,
s orthogonal to every element of P,, i.e.

/ab w(z)(f(x) —pu(x))g(x)de =0 for all g € Py.
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ProOF: Using the same notation as in the proof of Theorem 7, we note that any
polynomial p, € P,, can be written as

pu(x) = Botbo(x) + ... + Buthn (). (30)

Now p, is a polynomial of best approximation of degree n in the 2-norm to the
function f € L2(a,b) if and only if §; = 3f, i = 0,...,n, where (5, ..., 3%) is the
unique minimum of the function

n n
E (o, v ) = £ I3 = 23 Bi(f.w5) + 3 B

j=0 J=0
But, at the minimum, the partial derivatives of E with respect to the 3;, 7 =0, ..., n,
are equal to 0; therefore,

87 = (f, i)

Inserting these values into (30) we deduce that p,, is the (unique) polynomial of best
approximation to f in the 2-norm if and only if it can be expressed as

n

pn(r) = Z(fa Vi)i(z).
i=0
Thus if, p, is a polynomial of best approximation in the 2-norm then

n

(f _pnaw]) = (f - Z(fa wz)w’ww]) = 07 .7 = 07 w1y
i=0
and therefore also
(f —pn,q) =0 for all ¢ € P,.

Conversely, if (f — pn,q) = 0 for all ¢ in P, then also (f — pn, ;) = 0 for all
j =0,...,n. Writing p,, as

pn(‘r) = 6077/}0(33) + ...+ ﬁn"l}n(x)

it follows that 3; = (f, ;) = 3F, and therefore p, is the polynomial of best approx-
imation in the 2-norm. 0O

Theorem 8 provides a simple method of determining the polynomial of best
approximation p, to a function f € L2(a,b) in the 2-norm. First, proceeding
as described in the discussion following Definition 3, we construct the system of
orthogonal polynomials ¢;(x), j =0, ...,n, on the interval (a,b) with respect to the
weight function w, if this system is not already known. Then we seek p, as the
linear combination

o) = %000(2) + . + ndn ().

By virtue of Theorem 8, the difference f—p, must be orthogonal to every polynomial
of degree n or less, and in particular to each polynomial ¢;, 7 =0, ...,n. Thus

/abw(:r) lf(:z:) - kz_j yedu(@)| ¢;(2)dz =0,  j=0,1,...n.

34



Exploiting the orthogonality of the polynomials ¢;, this gives

@) @) dn [ (f6)

T (@) 6 (@)]? da (‘ ||¢j||%>'

Thus, as indicated at the beginning of the section, with this approach to the
construction of the polynomial of best approximation in the 2-norm, we obtain the
coefficients «y; explicitly and there is no need to solve a system of linear equations
with a full matrix.

Exercise 9 Construct the polynomial of best approrimation of degree 2 in the 2-
norm to the function f : x> e* over [—1, 1] with weight function w(x) = 1.

SOLUTION: We already know a set of orthogonal polynomials ¢g, ¢1, ¢o on this interval
from Example 8; thus we seek po € Py in the form

p2(z) = yodo(7) + 191(x) + y2h2(z). (31)

Requiring that
f(z) —pa(z) = €" — (vodo(x) + Y1h1(x) + y202(7))
be orthogonal to ¢g, ¢1 and ¢o, i.e. that
[ 1~ (ool +161(0) + @y ar =0, =012,
we obtain the coefficients v;, j = 0,1, 2:

f_llezdl' . 6—]_/6

Y = D) = 5

[t efzdr 3
Y

I e’ (z—$)?dz 45 (2¢ 14
2= 8/45 :§<?_§>'

Substituting the values of 7y, 71 and 2 into (31) and recalling the expressions for ¢g(z),
¢1(z) and ¢o(x) from Example 8, we obtain the polynomial of best approximation of
degree 2 for the function f. ¢

We conclude by stating a property of orthogonal polynomials that will be re-
quired in the next section.

Theorem 9 Suppose that ¢;(x), j =0,1,..., is a system of orthogonal polynomials
on the interval (a,b) with respect to the positive and continuous weight function
w(zx). (It is understood that ¢j(x) is a polynomial of exact degree j.) Then, for
j > 1, the zeros of the polynomial ¢;(x) are real and distinct, and lie in the interval

(a,b).
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PROOF: Suppose that &, i = 1,...,k, are the points in the open interval (a,b) at
which ¢;(x) changes sign. Let us note that £ > 1, because for j > 1, by orthogonality
of ¢j(x) to ¢o(x) =1, we have that

/abw(x)qﬁj(:r) dz = 0.

Thus the integrand, being a continuous function that is not identically zero on (a, b),
must change sign on (a, b); however w is positive on (a,b), so ¢; must change sign
at least once on (a,b). Therefore k > 1.

Let us define

(z) = (x — &)... (2 — &).
Now the function ¢;(x)m;(x) does not change sign in the interval (a, ), since at each
point where ¢;(z) changes sign m;(x) changes sign also. Hence,

/ab w(l’)¢j ($)7rk(g;) dz # 0.

But ¢; is orthogonal to every polynomial of lower degree with respect to the weight
function w, so the degree of the polynomial 7, must be at least j; thus & > j.
However, k cannot be greater than j, since a polynomial of degree j cannot change
sign more than j times. Therefore k = j; i.e. the points &; € (a,b), i =1, ..., 7, are
the zeros (and all the zeros) of ¢;(x). O

4 Numerical Integration - Part 11

In Section 2 we described the Newton-Cotes family of formulae for numerical inte-
gration. These were constructed by replacing the integrand by its Lagrange inter-
polation polynomial with equally spaced interpolation points and integrating this
exactly. Here, we consider another family of numerical integration rules, called
Gauss quadrature formulae; these are based on replacing the integrand f by its
Hermite interpolation polynomial and choosing the interpolation points z; in such a
way that, upon integrating the Hermite polynomial, the derivative values f'(z;) do
not enter the quadrature formula; it turns out that this can be achieved by requiring
that the x; are roots of a polynomial of a certain degree from a system of orthogonal
polynomials.

4.1 Construction of Gauss quadrature rules

Suppose that the function f is defined on the closed interval [a,b] and that it is
continuous and differentiable on this interval. Suppose, further, that w is a weight
function defined and continuous on [a, b] and positive on (a, b). We wish to construct
quadrature formulae for the approximate evaluation of the integral

/abw(:r)f(:r) dz.
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Given a non-negative integer n, let z;, i = 0,...,n, be (n + 1) points in the interval
[a,b]; the precise location of these points will be determined later on. The Her-
mite interpolation polynomial of degree (2n + 1) for the function f is given by the
expression (see Section 1.2):

Ponsa () = kg Ho(@) flan) + 3 Kilw) f'(2),

where

Hy(w) = [La(e)P(1 = 2L () (& = ),

Ki(z) = [L(@)]*(x — =),
and )

i=0,i#k Tk — Ti
Thus,
/abw(x)f(x) dr =~ /‘;bw(x)an_'_l("L‘) dr
= ika(fEk)-F i Vief (1),

where

Wy = /abw(x)Hk(x) dz, Vi = /abw(x)Kk(x) dz.

There is an obvious advantage in choosing the points x; in such a way that all
the coefficients Vj, are zero, for then the derivative values f’(z)) would not be re-
quired. Recalling the form of the polynomial K (z) and inserting it into the defining
expression for Vj, we have

Ve = [ L) Pe - o) o

- ( 11 (xk—ml) [ 0@ @) L) dr,

i=0,ik

where m,.1(z) = (x — z¢)...(x — x,). Since 7,1 is of degree (n + 1) while Ly (z)
is of degree n for each k, 0 < k < n, each V; will be zero if the polynomial 7,
is orthogonal to every polynomial of lower degree. We can therefore construct the
required quadrature formula by choosing the points x;, £ = 0, ..., n, to be the zeros
of the polynomial of degree (n 4 1) in the sequence of orthogonal polynomials over
the interval (a,b) with respect to the weight function w; we know from Theorem 9
that these zeros are real and distinct, and all lie in the open interval (a, b).
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Having chosen the location of the points 7, we now consider Wj:
W, = /abw(:r)Hk(:r) dz
= [ PO~ 2L ()~ )
= [ ) L) dr — 2L (Vi

Since V;, = 0, the second term in the last line vanishes and thus we obtain the
following numerical integration formula, known as Gauss quadrature'® rule:

[ vy~ S W), (32)

where the quadrature weights are

W, = / " () L ()] da, (33)

and the quadrature points x;, £ = 0,...,n, are chosen as the zeros of the poly-
nomial of degree (n + 1) from a system of orthogonal polynomials over the interval
(a,b) with respect to the weight function w.

Exercise 10 Find a non-negative integer n, as large as possible, and real numbers
Ay, Ao, 11 and x5 such that the quadrature rule

[ @) e m Af(e) + Asf () (39

s exact for all f € Popiq.

SOLUTION: We have to determine four unknowns A, Ao, 1 and x5, so we need four
equations; thus we take, in turn, f(z) = 1, f(z) = =, f(z) = 2% and f(z) = 23 and
demand that the quadrature rule (34) is exact (namely, the integral of f is equal to the
corresponding approximation obtained by inserting f into the right-hand side of (34)).
Hence,

2 = A1 + AQ, (35)
0 = Ajz + Asxo, (36)
2

3 = Azt + Agxl, (37)
0 = All‘% + Agl‘%. (38)

It remains to solve this system. To do so, we consider the quadratic polynomial

mo(z) = (x — 21)(z — 22)

18Carl Friedrich Gauss (1777-1855)
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whose roots are the unknown quadrature points z; and z9. In expanded form, my(z) can
be written as
mo(z) = 22 + pz +q.

First we shall determine p and ¢; then we shall find the roots z1 and zy of m. We
shall than insert the values of z1 and x5 into (36) and solve the linear system (35), (36)
for A1 and A2.

To find p and ¢, we multiply (35) by ¢, (36) by p and (37) by 1, and we add up the
resulting equations to deduce that

2
§+2q = Ai(a7 + pr1 + q) + Ao(z5 + pr2 + Q)
= A17T2($1)+A27T2($2) =A;-0+A45-0=0.

Therefore,

2 1
-+2¢=0 ie. q=-3

3
Similarly, we multiply (36) by ¢, (37) by p and (38) by 1, and we add up the resulting
equations to obtain
2

3P = Arz1 (27 + pr1 + q) + Aswo (75 + pr2 + q)

= A1I17T2(£l?1) + A2$27T2(£l?2) = A1 -0+ A2 -0=0.
Thus,
2 0 i 0
—_p= ie. =0.
3p p
Having determined p and ¢, we see that

ma(z) = 2% — 3
so that
1 1
Ir1 = —%, Tro = %

With these values of 21 and x5 we find from (35) and (36) that

A1+ 4, =
A — Ay = 0,

and therefore A1 = As = 1. To summarise, the required quadrature rule is

1 1
B

it is exact for any f in P3 (i.e. n = 1). A straightforward calculation shows that, in
general, this quadrature rule is not exact for polynomials of degree higher than 3 (take
f(x) = z*, for example). Finally, we note that z; and x5 are the zeros of an orthogonal
polynomial, as predicted by the theory; indeed, we see from Example 8 that 22 — % is the
Legendre polynomial of degree 2. ¢

[ i s- )
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4.2 Error estimation for Gauss quadrature

The next theorem provides a bound on the error that has been committed by ap-
proximating the integral on the left-hand side of (32) by the quadrature rule on the
right.

Theorem 10 Suppose that w is a weight function, defined and continuous on the
closed interval [a,b] and positive on (a,b), and that f is defined and continuous on
[a,b]; suppose further that f has a continuous derivative of order (2n + 2) on [a, b].
Then, there ezists a number 1 in (a,b) such that

FEm 2 ()
(2n +2)!

[ vy de - 3 Wasm) = [ 0@ in(w) i

Consequently, the integration formula (32), (33) will give the exact result for every
polynomial of degree (2n + 1).

PRrROOF: Recalling Theorem 2 and the definition of the Hermite interpolation poly-
nomial py, () for the function f,

[ 0@ @) dr =S W) = [ 0@ (@)~ ponia(a) do

B b (2n+2) T
_ / w(z) L E@))

(2n +2)! [T ()] do.

However, by the Integral Mean Value Theorem!?, the last term is equal to

()
(2n +2)!

[ w)m @) a,

for some n € (a,b), and hence the desired error estimate. O

Note that, by virtue of Theorem 10, the Gauss quadrature rule gives the exact
value of the integral when f is a polynomial of degree (2n + 1) or less, which is
the highest possible degree that one can hope for with the (2n + 2) free parameters
consisting of the quadrature weights Wy, k = 0, ..., n, and the quadrature points xy,
k=0,..n.

YIntegral Mean Value Theorem: Suppose that the functions g and h are defined and
continuous on the closed interval [a,b], and that h does not change sign in this interval. Then
there exists a number 7 in (a,b) such that

/ " y(@)h) dz = gln) / e da.
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5 Piecewise Polynomial Approximation

So far we have concentrated on approximating a given function f defined on an
interval [a, b] by a polynomial on that interval either through (Lagrange or Hermite)
interpolation, or by seeking the polynomial of best approximation (in the L* or
L? norm). Each of these constructions is global in nature, in the sense that the
approximation is defined by the same analytical expression on the whole interval
[a, b]; furthermore, if the definition of the function is altered locally (at an interpola-
tion point in the case of Lagrange and Hermite interpolation, or on a subinterval of
[a,b] in the case of best approximation in the L> or L? norm), the definition of the
approximating polynomial changes globally, on the whole interval, and it has to be
reconstructed from scratch. An alternative, and more flexible, way of approximat-
ing a function f is to divide the interval [a, b] into a number of subintervals and to
look for a piecewise approximation by polynomials of low degree. Such piecewise-
polynomial approximations are called splines. To give a flavour of the theory of
splines we consider some simple examples: linear splines and cubic splines.

5.1 Linear splines

Definition 4 Suppose that [ is a real-valued function, defined and continuous on
the closed interval [a,b]. Further, let K = {2y,...,2m} be a subset of [a,b], with
a=2y<21 <..<2Zy1<2y=>b. Thelinear spline sy (z), interpolating f at the
points z;, is defined by

Z;i — X

SL(x) - 2 — Ziflf(Ziil) - 2 T Zi—1

T — 2 ,
——f(z), z€luaul, i=1,.,m

The points z;, © = 0,...,m, are called the knots of the spline, and K 1is referred to
as the set of knots.

Clearly sp(z;) = f(2), i = 0,...,m, so sy, is a piecewise linear function on the
interval [a, b] which coincides with the function f at the knots.

Given a set of knots K = {zp, ..., 2, }, we shall use the notation h; = 2z; — z;_1,
and let h = max; h;. Also, for a positive integer n, we denote by C"[a, b] the set of
all real-valued functions, defined and continuous on the closed interval [a, b], such
that all derivatives, up to and including order n, are defined and continuous on [a, b].

In order to highlight the accuracy of interpolation by linear splines we state the
following error bound in the L*> norm.

Theorem 11 Suppose that f € C?[a,b] and let sy, be the linear spline that interpo-
lates f at the knots a = 29 < z1 < ... < Zm_1 < Zm = b; then the following error
bound holds:

1
IF = stlloe < 217" e

where h = max; h; = max;(z;—2;_1), and ||+ || denotes the L™ norm on the interval
[a,b] defined by ||ul|s := maxzep [u(z)].
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PROOF: Consider a subinterval [z;_1, 2], 1 < i < m. According to Theorem 1,
applied on the interval [z;_1, 2],

f@) = s0la) = 5O — 5 )@ -2, z€lmal

where £ = £(z) € (2-1, 2;). Thence

f@) = si@)] < gh? max (7O

1
< —h2 " .
< Pl

for each x € [z;_1, 2;] and each i = 1,...,m. Hence the required error bound. O

If the interpolation error is measured in the L? norm instead, we have an analo-
gous result. In order to state this, we define the function space H'(a,b) as the set of
all v € L*(a,b) that are differentiable everywhere on (a, b) except, perhaps, on a set
of measure zero, and v' € L?(a,b). Let us note, for example, that a linear spline s,
belongs to H'(a,b). Similarly, we define the function space H?(a,b) as the set of all
v in H'(a,b) such that v’ is differentiable everywhere on (a,b), except perhaps on
a set of measure zero, and v” € L?(a,b). The function spaces H'(a,b) and H?(a,b)
are called Sobolev spaces.

Theorem 12 Suppose that f € H?*(a,b) and let sy, be the linear spline that inter-
polates f at the knots a = zp < 21 < oo. < Zm—1 < Zm = b; then the following error

bounds hold:
h, 2
1 =sulls < ( ) Tan

™
h
1F7 = sulle < Il

where h = max; h; = max;(z; — z;_1), and || - ||» denotes the L? norm on the interval
1/2
[a,b] defined by ||ul|s := (f; lu(x)[? dx)

PRroOOF: Consider a subinterval [z; 1, 2;], 1 < i < m, and define e(z) = f(z) — s (x)
for x € [2;_1,2]. Then e € H?*(2;_1, 2) and e(z;) = e(2;41) = 0. Therefore e can be
expanded into a convergent Fourier sine-series,

> k — 2z
e(x) = 3 aysin M
k=1 hi
Hence,

2 hz 0
[ e@Pde =33 il
Zim1 k=1
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Differentiating the Fourier sine-series for e twice, we deduce that the Fourier coeffi-
cients of ¢’ are (km/h;)ay, while those of " are —(kw/h;)?a;. Thus,

[ F@ra = %i( >2|ak|2
/Zil[e"(x)]de _ %g( >4|ak|2

Because k* > k? > 1, it follows that

/z j_il[e(x)]de < (%)4 /Zil[e”(x)]de,

[ ¢@re < (h;) [ @k,

However ¢"(z) = f"(z) — s (x) = f"(z) for x € (2;_1,2;) because sy is a linear
function on this interval. Therefore, upon summation over i = 1, ..., m, and letting

h = max; h;, we obtain
4
h
g < (2) 18

h 2
g < (2) 1

Upon taking the square root and recalling that e = f — sy, these yield the desired
bounds on the interpolation error. O

We conclude this section with a result that provides a characterisation of linear
splines from the point of view of Calculus of Variations.

Theorem 13 Suppose that sy, is a linear spline that interpolates f € Cla,b] at the
knots a = 29 < 21 < ... < 21 < 2m = b. Then, for each function v in H'(a,b)
which also interpolates f at these knots,

IsZllz < V']l

PROOF: Let us observe that

W = [~ @) e+ [P da

We shall now use integration by parts to show that the last term is equal to zero; the
desired inequality will then follow by noting that the first term on the right-hand
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side is non-negative. Clearly,

[ @)~ @Dl dr =3 [ 07(0) s ) o) d

Zk—1

= S21(0(20) = (0o 51) = (0(eicr) = 53 (1)) )
[ @) — (@) () da, (39)

Now v(z;) — sp(2) = f(zi) — f(z) = 0 for i = 0,...,m and, since s is a linear
polynomial on each interval (z; 1, 2x), k = 1,...,m, it follows that s7 is identically
zero on each of these intervals. Thus the expression in the square bracket in (39) is
equal to zero for each k =1, ..., m. O

Remark 2 We note that, instead of looking at each section of the interval between
two knots, we can express sy, in closed form as

s1(x) = i Bi() f (20),

where
0 if x < zp_1

(= zp—1)/le if zp <2 < 2
(zker — ) /P if 2 <@ < 2
0 Zf k41 S xz,
for k =1,...m — 1, with ®; and ®,, being defined analogously®®. This follows by
observing that @y is a piecewise linear function on the interval [a,b] with

1, k=1
‘I”“(xl):{ 0, k#L

Thus the linear spline sy with knots a = zp < 21 < ... < Zmo1 < Zm = b can be
expressed as a linear combination of the ‘basis splines’ (or, briefly, B-splines) ®y.
The precise definition of a B-spline will be given in Section 5.4.

5.2 Cubic splines

Suppose that f € Cla,b] and let K = {2, ..., 2} be a set of (m + 1) knots in the
interval [a,b], a = 29 < 21 < ... < zZm_1 < 2y, = b. Consider the set S of all functions
s € C?[a, ] such that:

20For example,

B — (z1 —x)/hy fa=2<z<2z
0= 0 if 21 <.
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1) s(z) = f(z),i=0,...,m,
2) sis a cubic polynomial on [2; 1, 2], i = 1,...,m.

Any element of § is called a cubic spline. Note that, unlike linear splines which are
uniquely determined by the interpolating conditions, there is more than one cubic
spline that satisfies the conditions 1) and 2); indeed, there are 4m coefficients of
cubic polynomials (4 on each of the m subintervals), and only (m + 1) interpolating
conditions and 3(m — 1) continuity conditions?!, giving (4m — 2) conditions. Hence
S is a linear space of dimension 2.

An important class of cubic splines is singled out by the following definition.

Definition 5 The natural cubic spline, denoted sy is the element of the set S
satisfying the conditions
$5(20) = s3(2m) = 0.

We shall prove that this definition is correct in the sense that the two additional
conditions in Definition 5 uniquely determine s,: this will be done by describing an
algorithm for constructing s,.

Construction of the natural cubic spline. Let us define 0; = s5(2;), and
note that as s is a linear function on each subinterval [z;_1, z;]; then s, can be
expressed as

P T — 2
Sy(x) = lTai,l + %ai, T € [z 1, 2]
A A

Integrating this twice we obtain

(2 — x)? (r —2_1)?

61, o1+ 6h, oi+a;(r—2z1)+Bi(zi—x), x € [zi_1, 2], (40)

s2(x) =
where ; and (3; are constants of integration. Equating s, with f at the knots z; 1,
z; yields

1
f(zic1) = 601'71}%2 + hif3;,

1
Determining a; and (; from these, inserting them into (40) and exploiting the con-
tinuity of s} at the internal knots, namely that sh(z;—) = sh(z;+), i =1,....m — 1,
gives

f(zi1) — f(2) _ flz) — f(Zz'1)>
hia hi

21Recall that s € C?[a,b], so s, s' and s" are continuous at the internal knots 2y, ...,z 1.

hioi—1 + 2(hiz1 + hi)o; + hip10i41 = 6 (
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forv=1,...,m — 1, together with
0p=0m = 07

which is a system of linear equations for the o;; the matrix of the system is tri-
diagonal and non-singular. By solving this linear system we obtain the o;, i =
0,...,m, and thereby all the «;, 3;, i =1, ..., m.

We have seen in the previous section, in Theorem 13, that a linear spline can be
characterised as a minimiser of a certain quadratic functional. Natural cubic splines
have an analogous property.

Theorem 14 Suppose that sy is the natural cubic spline that interpolates a function
f € H?(a,b) at the knots a = 2 < 21 < ... < Zm1 < Zm = b. Then, for each
function v in H?(a,b) which also interpolates f at the knots,

[I55]]2 < flo"l2-

The proof is analogous to that of Theorem 13 and is left as an exercise.

5.3 Hermite cubic splines

In the previous section we took f € Cla, b]; here we shall strengthen our requirements
on the smoothness of the function that we wish to interpolate and assume that
f € CYa,b). Let K = {2,...,2m} be a set of knots in the interval [a,b], a = 25 <
21 < oo < Zmo1 < Zm = b. We define the Hermite cubic spline as a function
s € C''[a, b] such that®*:

1) s(z) = f(z), §'(zi) = f'(zi), i=0,...,m,
2) sis a cubic polynomial of [z; 1, z],i=1,...,m.

Writing the spline s on the interval [2; 1, z;] as

s(z) =co+ei(x—zi1)+ear—zi1)? + ezl — 2 1), T € [z 1, 2],

we find that ¢y = f(2z; 1), &1 = f'(2:-1), and
f(z) = flzi)  fl(z) +2f (2 1)

C2:3 - )

h? h;
f'(z) + f(zic1) L f(z) — f(zH)_

Cc3 = h? -2 hf’

Unlike natural cubic splines, the coefficients of a Hermite cubic spline on each
subinterval can be written down explicitly without the need to solve a tri-diagonal
system.

Concerning the size of the interpolation error, we have the following result.

22Note that, strictly speaking, a Hermite cubic spline is not a cubic spline in the sense of the
definition from the previous section because it is not necessarily an element of C*[a, b].
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Zk—1 2k Zk+1

Figure 1: The spline &, (z).

Theorem 15 Suppose that f € C*[a,b] and let s be the Hermite cubic spline that
interpolates f at the knots a = 2y < 2y < ... < Zpm—1 < 2y, = b; then the following
error bound holds:

1
1f = slleo < @h‘lllf“)lloo,

where h = max; h; = max;(z;— 2;_1), and ||- || denotes the L™ norm on the interval
[a, b].

The proof is analogous to that of Theorem 11, except that Theorem 2 is used instead
of Theorem 1.

5.4 B-splines

In Section 5.1, Remark 2, we saw that any linear spline s;, with knots a = 2y < 21 <
e < Zm—1 < zm = b can be expressed as a linear combination of ‘basis splines’, ®,
k=0,..,m. Each ®, is a non-negative function that is identically zero outside the
interval [z; 1, 2k41], K = 1,...,m — 1, as depicted in Figure 1, while &, and ®,,, are
identically zero outside [a, 2] and [z,,_1, b], respectively. In this section we generalise
this idea and construct piecewise polynomials of higher degree that have these same
properties. In order to proceed, we need the concept of divided difference.

Definition 6 Given that f € Cla,b], and a < o < x1 < ... < Tp 1 < x, < b,
consider the Lagrange interpolation polynomial p, of degree m with interpolation
points x;, i = 0, ...,n, for the function f. The nth divided difference of f, written
[0, ..., u]f, is defined as the coefficient of x™ in the polynomial p,(x). We define

[2;]f to be just f(x;).
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From the definition of the Lagrange interpolation polynomial for the function f we
deduce that, for n > 1,

[xg,...,xn]f:ki _ ien

=0 i:O,i;ék(xk - xz)

Before we state the formal definition of a B-spline, let us consider, for n > 1, the
function

gn(2,7) = [(z = 2) ",

where, for a real number x, x, denotes the positive part of z, i.e. z, =z if x > 0,
and equal to zero otherwise. We take the nth divided difference of ¢, with respect
to z over a set of n + 1 consecutive knots and define:

Mn,z(x) - [Zifn; LS Z’i]gn('ax)a n S { S m.
In particular,

v (mim )Tt forzig <w <z
M () = { 0 otherwise.

Each M, is a linear combination of the truncated powers (z; — )% ! and is

therefore a continuous piecewise polynomial function: between two consecutive knots
M,, ;(x) is a polynomial of degree n—1. The function M, is called an unnormalised
B-spline.

Theorem 16 The unnormalised B-spline, M, ;(x) = 0 for x outside the interval
[2i—n, 2i].

In fact, it can be also shown that M,; is a non-negative function, but the proof
of this is more technical and will not be given here (see, for example, J. Stoer &
R. Bulirsch, Introduction to Numerical Analysis, Second Edition, Texts in Applied
Mathematics, 12; Springer-Verlag, 1993).

PROOF: Forx < z; , < 2 < z;, gu(2,7) = (2 — )" ! is a polynomial of degree n — 1
in z, and therefore it has a vanishing nth divided difference:

(Ziny oo 2i] g (-, ) = 0.

Therefore, M, ;(x) =0 for x < z;_,. On the other hand, if z;_,, < 2z < 2z; < x, then
gn(z,2) = [(z — ), |*~" = 0 is trivially true, so that again M;,(z) =0. O

Sometimes it is convenient to rescale the unnormalised B-spline so that its values
lie in the interval [0, 1]; this leads to the so-called normalised B-spline,

Nnyl([l,’) = (ZZ — Zi,n)Mn’i(ZIﬁ).

B-splines are simple and easy to manipulate, which makes them particularly at-
tractive in application areas such as computer aided design and computer graphics
where fast and stable interpolation processes are of fundamental importance.
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6 Approximation of Initial Value Problems for
ODEs

Ordinary differential equations frequently occur in mathematical models that arise in
many branches of science, engineering and economy. Unfortunately it is seldom that
these equations have solutions that can be expressed in closed form, so it is common
to seek approximate solutions by means of numerical methods; nowadays this can
usually be achieved very inexpensively to high accuracy and with a reliable bound on
the error between the analytical solution and its numerical approximation. In this
section we shall be concerned with the construction and the analysis of numerical
methods for first-order differential equations of the form

y' = f(z,y) (41)

for the real-valued function y of the real variable x, where ¢’ = Z—Z. In order to select
a particular integral from the infinite family of solution curves that constitute the
general solution to (41), the differential equation will be considered in tandem with
an initial condition: given two real numbers x, and y,, we seek a solution to (41)
for x > xq such that

y(x0) = Yo (42)

The differential equation (41) together with the initial condition (42) is called an
initial value problem.

In general, even if f(-,-) is a continuous function, there is no guarantee that the
initial value problem (41), (42) possesses a unique solution®. Fortunately, under a
further mild condition on the function f, the existence and uniqueness of a solution
to (41), (42) can be ensured: the result is encapsulated in the next theorem; for a
proof, see, for example, P. J. Collins, Differential and Integral Equations, Part I,
Mathematical Insitute Oxford, 1988 (reprinted 1990).

Theorem 17 (Picard’s Theorem?'.) Suppose that f(-,-) is a continuous function
of its arguments in a region U of the (x,y) plane which contains the rectangle

R={(v,y) : zo <2< Xu, |y—1vol<Yul,

where Xy > x9 and Yy > 0 are constants. Suppose also, that there exists a positive
constant L such that

|f(x,y)—f(:r,z)|§L|y—z| (43)
holds whenever (x,y) and (z,z) lie in the rectangle R. Finally, letting

M = sup{|f(x,y)| : (:r,y) € R}a
23 Consider, for example, the initial value problem 3’ = y%/3, y(0) = 0; this has two solutions:
y(z) =0 and y(z) = 2%/27.
2*Emile Picard (1856-1941)
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suppose that M(Xy — xg) < Yyr. Then there exists a unique continuously differ-
entiable function x — y(x), defined on the closed interval [xq, X ], which satisfies

(41) and (42).

The condition (43) is called a Lipschitz condition®®, and L is called the Lip-
schitz constant for f.

In the rest of this section we shall consider numerical methods for the approxi-
mate solution of the initial value problem (41), (42). We shall suppose throughout
that the function f satisfies the conditions of Picard’s Theorem on the rectangle
R and that the initial value problem has a unique solution defined on the interval
[z0, Xar]. We begin by discussing one-step methods; this will be followed by the
study of linear multi-step methods.

6.1 One-step methods

The simplest example of a one-step method for the numerical solution of the initial
value problem (41), (42) is Euler’s method?.

Euler’s method. Suppose that the initial value problem (41), (42) is to be
solved on the interval [xg, X3/]. We divide this interval by the mesh-points z,, =
xo +nh, n =0,..,N, where h = (X); — z9)/N and N is a positive integer. The
positive real number h is called the step size. Now let us suppose that, for each n,
we seek a numerical approximation y, to y(z,), the value of the analytical solution
at the mesh point x,. Given that y(z¢) = yo, let us suppose that we have already
calculated y,, up to some n, 0 < n < N — 1; we define

Ynt1 = Yn + hf(!L‘n, yn)

Thus taking in succession n = 0,1,..., N — 1, one step at a time, the approximate
values 1, at the mesh points z,, can be easily obtained. This numerical method is
known as Euler’s method. A general one-step method may be written in the form:

Yn+1 :yn+h®(xnaynah)a ’I’L:O,...,N— ]-7 y(l‘o) = Yo, (44)

where ®(-, ;) is a continuous function of its variables. For example, in the case of
Euler’s method, ®(x,, yn; h) = f(2n, yn)-

In order to assess the accuracy of the numerical method (44), we define the
global error, ¢,, by

en = Y(xn) — Yn.
We also need the concept of truncation error, 7,,, defined by
Y(@ni1) — y(@a)
h

The next theorem provides a bound on the magnitude of the global error in terms

of the truncation error.

25 Rudolf Lipschitz (1832-1903)
%6Leonard Euler (1707-1783)
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Theorem 18 Consider the general one-step method (44) where, in addition to being
a continuous function of its arqguments, ® is assumed to satisfy a Lipschitz condition
with respect to its second argument; namely, there exists a positive constant Lg such
that, for 0 < h < hgy and for the same region R as in Picard’s theorem,

|®(x,y; h) — P(z,2;h)| < Lely — 2|, for (z,y), (x,z) in R. (46)
Then, assuming that |y, — yo| < Y, it follows that

eLQ(xn_xO) -1

len] < eFeEnm0)feg| + l La

]T, n=0,..N, (47)

where T = maxo<n<nN-1 |Tn|
PROOF: Subtracting (44) from (45) we obtain:
eni1 = €y + h[P(Tn, y(2,); h) — ®(xn, yn; h)] + hT,,.

Then, since (z,, y(x,)) and (z,, y,) belong to R, the Lipschitz condition (46) implies
that

leni1| < len| + hLalen| + h|T,|, n=0,.,N-1
That is,
leni1] < (1+ hLls)|en| + h|Th|, n=0,..,N—1.
Hence
il < (14 hLa)les| + AT,
lea] < (14 hLe)*leo| + A1l + (14 hig)|T,
les] < (1+hLs)eo| +h[l + (1 +hLs)+ (1+hLs)*T,
etc.
len] < (14 hLg)"|eo| + [(1+hLls)" —1]T/Ls.

Observing that 1 + hLe < exp(hLe), we obtain (47). O
Let us apply this general result in order to obtain a bound on the global error
in Euler’s method. The truncation error for Euler’s method is given by

Tn — y(anrl)h_ y(xﬂ) _f(xn;y(xn))

(48)

Assuming that y € C?[zg, X)/] and expanding y(z,y1) about the point z, into a
Taylor series with remainder, we have that

2
y(xn-l-l) = y(xn) + hy,(xn) + gy"(f), Ty < f < Tpgi-
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Substituting this expansion into (48) gives

T, = Shy' ().

2
Let My = maxcezy,x, 19" (C)|- Then |T,,| < T, n=0,..,N —1, where T = %h]\/[g.
Inserting this into (47) and noting that for Euler’s method ®(z,, yn; h) = f(zn, Yn)
and therefore Ly = L where L is the Lipschitz constant for f (cf. (43)), we have

that . :
1. [ell#n—20) 1
n| < ell@n—wo) My |—————

len] <e leo| + 5 V2 i

Let us highlight the practical relevance of our error analysis by focusing on a
particular example.

]h, n=0,..,N. (49)

Example 10 Consider the initial value problem y' = tan"ty, y(0) = yo. We need
to find L and M,. Here f(x,y) = tan~'y; so, by the Mean Value Theorem,

@) — (o, 2)] = ‘%(x,m (-2

)

where n lies between y and z. In our case

and therefore L = 1. To find My we need to obtain a bound on |y"| (without actually
solving the initial value problem!). This is easily achieved by differentiating both
sides of the differential equation with respect to x:

dy

o= (14+y%) ttan ty.

d, .
y' = (tanty) = (1447

Therefore |y"(x)] < My = im. Inserting the values of L and M, into (49),
1
len] < e™eg] + ZT((GI“ —1)h, n=0,..,N.

In particular if we assume that no error has been committed initially (i.e. eg = 0),
we have that

1
len| < e (e —1)h, n=0,..,N.

Thus, given a tolerance TOL, specified beforehand, we can ensure that the error
between the (unknown) analytical solution and its numerical approzimation does not
exceed this tolerance by choosing a positive step size h such that

h <

4
—(e* —1)"'TOL;
™
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For such h we shall have |y(z,) — yn| = |en| < TOL for each n = 0,...,N, as
required. Thus, at least in principle, we can calculate the numerical solution to
arbitrarily high accuracy by choosing a sufficiently small step size. Unfortunately,
this is virtually impossible to achieve in practice because digital computers use finite-
precision arithmetic and there will always be small (but not infinitely small) pollution
effects due to rounding errors; however, these can also be bounded by performing an
analysis similar to the one above where f(xy,,yy) is replaced by its finite-precision
representation.

Returning to the general one-step method (44), we consider the choice of the
function ®. Theorem 18 suggests that if the truncation error ‘approaches zero’ as
h — 0 then the global error ‘converges to zero’ also (as long as |eg] — 0 when
h — 0). This observation motivates the following definition.

Definition 7 The numerical method (44) is consistent with the differential equa-
tion (41) if the truncation error, defined by (45) is such that for any € > 0, there
exists a positive h(e) for which |T,| < € for 0 < h < h(e) and any pair of points
(Tny y(x0)), (Tna1, Y(Tny1)) on any solution curve in R.

For the general one-step method (44) we have assumed that the function ®(-,-; )
is continuous; also 3’ is a continuous function on [zg, Xjs]. Therefore, from (45),

. o - .
im T, = o' (25) = ®(2n, y(2); 0).
This implies that the one-step method (44) is consistent if and only if

®(z,y;0) = f(z,y). (50)

We shall henceforth always assume that this condition holds.

Now we are ready to state a convergence theorem for the general one-step method
(44).

Theorem 19 Suppose that the solution of the initial value problem (41), (42) lies
in R as does its approzimation generated from (44) when h < hy. Suppose also
that the function ®(-,-;-) is uniformly continuous on R x [0, hg] and satisfies the
consistency condition (50) and the Lipschitz condition

|®(z,y; h) — ®(x,z;h)| < Loly — 2| on R x [0, ho). (51)

Then, if successive approzimation sequences (yy,), generated for x, = xo+ nh, n =
1,2,..., N, are obtained from (44) with successively smaller values of h, each less
than hgy, we have convergence of the numerical solution to the solution of the initial
value problem in the sense that

|y(xn)_yn|_>0 aSh_>07 an—)l'E[lL‘g,XM]-
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PROOF: Suppose that h = (X — 20)/N, where N is a positive integer. We shall
assume that N is sufficiently large so that h < hgy. Since y(xy) = yo and therefore
eg = 0, Theorem 18 implies that

max |T,,], n=1,..,N. (52)

y(2n) = ynl < o 03X

eL¢(XMfzo) - 1‘|

Ly

From the consistency condition (50) we have

T, = [?J(xnﬂ)h_ y(n) f(xn,y(xn))] + [®(2n, y(20); 0) — @(zn, y(25); h)].

According to the Mean Value Theorem the expression in the first bracket is equal to

y'(&)—y'(z,), where & € [z, T 41]. Since v'(-) = f(-,y(-)) = (-, y(-); 0) and P(-, ;)
is uniformly continuous on R X [0, hgl, it follows that 3’ is uniformly continuous on
[0, Xas]. Thus, for each € > 0 there exists hy(e) such that

1
1Y (&) — ¢ (2] < 3¢ for h < hi(e),n=0,1,...., N — 1.

Also, by the uniform continuity of ® with respect to its third argument, there exists
ha(€) such that

1
|® (20, y(21,); 0) — P(, y(20); h)| < 7€ for h < he(e),n=0,1,...., N — 1.

Thus, defining h(e) = min(hq(€), ho(€)), we have
T, <e  for h <h(e),n=0,1,..., N —1.
Inserting this into (52) we deduce that |y(x,) — y,| — 0 as h — 0; since

[y (z) = ynl < |y(@) —y(2n)] + [y(20) — Ynl,

and the first term on the right also converges to zero as h — 0 by the uniform
continuity of y on the interval [xg, X)], the proof is complete. O

We saw earlier that for Euler’s method the magnitude of the truncation error 7,
is bounded above by a constant multiple of the step size h, that is

IT.| < Kh for 0 < h < hy,

where K is a positive constant, independent of h. However there are other one-step
methods (a class of which, called Runge-Kutta methods, will be considered below)
for which we can do better. Thus, in order to quantify the asymptotic rate of decay
of the truncation error as the step size h converges to zero, we introduce the following
definition.
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Definition 8 The numerical method (44) is said to have order of accuracy p, if
p is the largest positive integer such that, for any sufficiently smooth solution curve
(x,y(z)) in R of the initial value problem (41), (42), there exist constants K and
ho such that

|T,| < Kh? for 0 < h < hg

for any pair of points (x,, y(,)), (Tni1, Y(Tni1)) on the solution curve.

Runge-Kutta methods. In the sense of this definition, Euler’s method is
only first-order accurate; nevertheless, it is simple and cheap to implement because,
to obtain y,, from y,, we only require a single evaluation of the function f, at
(%n, yn). Runge-Kutta methods aim to achieve higher accuracy by sacrificing the
efficiency of Euler’s method through re-evaluating f(-,-) at points intermediate be-
tween (x,,y(z,)) and (2,41, y(Tne1)). Consider, for example, the following family
of methods:

Ynt1 = Yn + h(aky + bky), (53)
where

kl - f(xna yn)a (54)

k2 — f(xn + ah’a Yn + ﬂhkl)a (55)

and where the parameters a, b, a and /3 are to be determined.?” Clearly (53) — (55)
can be rewritten in the form (44) and therefore it is a family of one step methods.
By the condition (50), a method from this family will be consistent if and only if

a+b=1.

Further conditions on the parameters are obtained by attempting to maximise the
order of accuracy of the method. Indeed, expanding the truncation error of (53) —
(55) in powers of h, after some algebra we obtain

1 1
Tn — 5hyl/(xn) + 6thIII(xn)
—bhlaf, + Bf,f] — bh? %anm +affoyf + %Bnyny +O(h%).

Here we have used the abbreviations f = f(z,,y(zs)), fo = %ﬁ(xn,y(xn)), etc. On
noting that y” = f, + f,f, it follows that 7,, = O(h?) for any f, provided

1

b= b= -
ab=fb=g,
which implies that if 3 = «a, b = i and a = 1 — i then the method is second-

order accurate; while this still leaves one free parameter, «, it is easy to see that

2"We note in passing that Euler’s method is a member of this family of methods, corresponding
to a =1 and b = 0. However we are now seeking methods that are at least second-order accurate.
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no choice of the parameters will make the method generally third-order accurate.
There are two well-known examples of second-order Runge-Kutta methods of the
form (53)—(55):

a) The modified Euler method: In this case we take o = % to obtain

1 1
Yntl = Yn + hf (xn + §ha Yn + th(xm yn)) )

b) The improved Euler method: This is arrived at by choosing o = 1 which
gives

For these two methods it is easily verified by Taylor series expansion that the trun-
cation error is of the form, respectively,

Ty = o [t £u) e+ 2fuf + Fuf)] + O0),

1 1
Ty = oh* [+ 1) = 5Un + 2hof + ff)] + 00,
A particularly popular example of a Runge-Kutta method is the fourth-order

method: )
Yn+1 = Yn + gh (kl + 2:162 + 2k3 + k4) y

where
kl — f(xnayn)
by = f( + 1 +1hk>
2 = Tn 9 » Yn 5 1

1 1
kg = f<$n+§h;yn+§hk2>
ky = f(xn+ h,y, + hks).

Here ks and kj represent approximations to the derivative 3'(-) at points on the so-
lution curve, intermediate between (2, y(x,)) and (zn11, y(2ni1)), and @(xy,, yu; h)
is a weighted average of the k;, i = 1,...,4, the weights corresponding to those
of Simpson’s rule (to which the fourth-order Runge-Kutta method reduces when
g—i = 0).

Exercise 11 (Oxford Finals, 1992) Let « be a non-zero real number and let x,, =
a+nh, n =0,...,N, be a uniform mesh on the interval [a,b] of step size h =
(b —a)/N. Consider the explicit one-step method for the numerical solution of the
initial value problem y' = f(x,y), y(a) = yo, which determines approzimations y,
to the values y(x,) from the recurrence relation

h h
= 1— - - _
Yni1 = Yn + (1 — @) f (2, yn) + haf (xn o 2O[f(:rm yn)>
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Show that this method is consistent and that its truncation error, T,(h,«), can
be expressed as

i) = g | (50 1) 07 + ) I o) + 00

This numerical method is applied to the initial value problem y' = —y?, y(0) =1,
where p is a positive integer. Show that if p = 1 then T,(h,a) = O(h?) for every
non-zero real number a. Show also that if p > 2 then there exists a non-zero real
number o such that T, (h, ag) = O(h?).

SOLUTION: Let us define

Ba,ysh) = (1 =) () +af (24 50y + 5 f(50)

Then the numerical method can be rewritten as
Yn+1 = Yn + h@(xn,yn; h)-

Since
®(z,y;0) = f(z,y),

the method is consistent. By definition, the truncation error is

Tp(h, @) = y(xn-l-l)h_ y(zn) — B(z, y(z0); h).

We shall perform a Taylor expansion of T}, (h,a) to show that it can be expressed in the
desired form. Indeed,
h h?

—(1 = a)y'(zn) — af (zn +

ylll (l'n)

o) + 5t/ () + OUY)
2

=V (on) + () + ey () — (1 )y (zn)

0 [ £ uln) + o folin ) + 5 ol o)

2a 2a

a 2 2

-2 [(%) fon(onylen)) +2 (52 ) Sou(onsulen))y (on)
2
+(52) Fulonsye)ly/ @R | +0()
= y'(zn) — (1 — @)y (zn) — ay'(2)

P () = 2 e y(en) + fyanylan) (20)]

h? h?
+Fym($n) - 8_0[ [f:rz(xnay(xn)) + 2fmy($nay($n))y,($n)
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+ fyy (@ y(@)) ' (20)]F] + O(B?)

h? K2
= n ///(In) - 2 [y'"(%z) _ y”(il?n)fy@my(fn))] + O(h3)
2
= g—a {(ga - 1) y”’(l‘n) + y”(xn)g_z(xmy(xn)) T O(h3),

as required.
Now let us apply the method to 3y = —y?, with p > 1. If p = 1, then ¢y = —y" =

y' = —y, so that
2

h
To(h,0) = " y(a) + O(R).
As y(z,) = e " #0, it follows that
To(h, @) = O(h?)

for all (non-zero) a.
Finally, suppose that p > 2. Then

and

and therefore

Choosing « such that

namely

gives

T, (h, o) = O(h).

We note in passing that for p > 1 the exact solution of the initial value problem
Y =y, y(0) =1, is y(z) = [(p — Dz +1]/0P. o

6.2 Linear multi-step methods

While Runge-Kutta methods present an improvement over Euler’s method in terms
of accuracy, this is achieved by investing additional computational effort; in fact,
Runge-Kutta methods require more evaluations of f(-,-) than would seem necessary.
For example, the fourth-order method involves four function evaluations per step.
For comparison, by considering three consecutive points z,, 1, T, = x,_1+h, Tpr1 =
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Tn—1+2h, integrating the differential equation between z,_; and z,,, and applying
Simpson’s rule to approximate the resulting integral yields

Vns) =y + [ f@ () do

Y1) + 3517t 9 n) + 4F G 5 n)) + s i)

which leads to the method

Yn+1 = Yn—1 + %h [f(xnfla ynfl) + 4f(xna yn) + f(anrla yn+1)] . (56)

In contrast with the one-step methods considered in the previous section where only
a single value 1, was required to compute the next approximation y,.1, here we
need two preceding values, y, and y, 1 to be able to calculate y,,;, and therefore
(56) is not a one-step method.

In this section we consider a class of methods of the type (56) for the numerical
solution of the initial value problem (41), (42), called linear multi-step methods.

Given a sequence of equally spaced mesh points (z,,) with step size h, we consider
the general linear k-step method

k k
> @yt = DY Bif (Tugjs Yntj)s (57)
=0

J=0

where the coefficients «y,...,a and fy,...,0, are real constants. In order to avoid
degenerate cases, we shall assume that ap # 0 and that o and [y are not both
equal to zero. If B, = 0 then y,,, is obtained explicitly from previous values of
y; and f(z;,y;), and the k-step method is then said to be explicit. On the other
hand, if 8y # 0 then y,, appears not only on the left-hand side but also on the
right, within f(x,.x, Ynsk); due to this implicit dependence on y, . the method is
then called implicit. The numerical method (57) is called linear because it involves
only linear combinations of the {y,} and the {f(z,,y,)}; for the sake of notational
simplicity, henceforth we shall write f, instead of f(x,,y,).

Example 11 We have already seen an example of a linear 2-step method in (56);
here we present further examples of linear multi-step methods.

a) Euler’s method is a trivial case: it is an explicit linear one-step method. The
implicit Euler method

Yn+1 = Yn + hf(xn—l—la yn+1)

1s an implicit linear one-step method.

b) The trapezium method, given by

1
Yn+1 = Yn + §h[fn+1 + fn]

18 also an implicit linear one-step method.
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¢) The Adams*- Bashforth method

1
Yn+4 = Ynt3 + ﬁh[55fn+3 =99 fnto + 37 fni1 — 9fn]
s an example of an explicit linear four-step method; the Adams - Moulton
method

1
Yntd = Ynt3 + ﬁh[9fn+4 +19fn43 — 5fnse — 9fnt1]

s an implicit linear four-step method.

There are systematic ways of generating linear multi-step methods, but these
constructions will not be discussed here. Instead, we turn our attention to the anal-
ysis of linear multi-step methods and introduce the concepts of stability, consistency
and convergence.

6.2.1 Zero stability

As is clear from (57) we need k starting values, yo, ...,y 1, before we can apply a
linear k-step method to the initial value problem (41), (42): of these, yp is given by
the initial condition (42), but the others, yi, ..., yx_1, have to be computed by other
means: say, by using a suitable Runge-Kutta method. At any rate, the starting
values will contain numerical errors and it is important to know how these will
affect further approximations y,, n > k, which are calculated by means of (57).
Thus, we wish to consider the ‘stability’ of the numerical method with respect to
‘small perturbations’ in the starting conditions.

Definition 9 A linear k-step method (for the ordinary differential equation y' =
f(xz,y)) is said to be zero-stable if there exists a constant K such that, for any two
sequences (yn) and (§,) that have been generated by the same formulae but different
wmitial data yo, Y1, ..., Ye—1 and Yo, Y1, ..., Yp_1, respectively, we have

Yn — Ul < Kmax{|yo — Jol, [y1 — 1, s [Ye—1 — Gr—1]} (58)
for x, < X, and as h tends to 0.

We shall prove later on that whether or not a method is zero stable can be de-
termined by merely considering its behaviour when applied to the trivial differential
equation 3’ = 0, corresponding to (41) with f(x,y) = 0; it is for this reason that the
kind of stability expressed in Definition 9 is called zero stability. While Definition
9 is expressive in the sense that it conforms with the intuitive notion of stability
whereby “small perturbations at input give rise to small perturbations at output”,
it would be a very tedious exercise to verify the zero-stability of a linear multi-step
method using Definition 9 only; thus we shall next formulate an algebraic equivalent

28], C. Adams (1819-1892)
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of zero stability, known as the root condition, which will simplify this task. Before
doing so we introduce some notation.

Given the linear k-step method (57) we consider its first and second charac-
teristic polynomial, respectively

k .
> 57,
=0

k .

o
Z Bz
=0
where, as before, we assume that

ar 70, ag+ 65 #0.
Now we are ready to state the main result of this section.

Theorem 20 A linear multi-step method is zero stable for any ordinary differential
equation of the form (41) where f satisfies the Lipschitz condition (43), if and only
iof its first characteristic polynomial has zeros inside the closed unit disc, with any
which lie on the unit circle being simple.

The algebraic stability condition contained in this theorem, namely that the
roots of the first characteristic polynomial lie in the closed unit disc and those on
the unit circle are simple, is often called the root condition.

PROOF: Necessity. Consider the linear k-step method, applied to ¢ = 0:

OpYntk + Ok 1Ynik—1 + oo + Q1Yni1 + agyn = 0. (59)

The general solution of this kth order linear difference equation has the form
Yn = > ps(n)zy, (60)

where zg is a zero of the first characteristic polynomial p(z) and the polynomial
ps(-) has degree one less than the multiplicity of the zero. Clearly, if |z5| > 1 then
there are starting values for which the corresponding solutions grow like |z,|™ and if
|zs] = 1 and its multiplicity is ms > 1 then there are solutions growing like n™s~".
In either case there are solutions that grow unboundedly as n — oo, i.e. as h — 0
with nh fixed. Considering starting data yg, y1, ..., yx—1 which give rise to such an
unbounded solution (y,), and starting data gy = 93 = ... = g1 = 0 for which the
corresponding solution of (59) is (,) with g, = 0 for all n, we see that (58) cannot
hold. To summarise, if the root condition is violated then the method is not zero
stable.

Sufficiency. The proof that the root condition is sufficient for zero stability is
long and technical, and will be omitted here. For details, see, for example, K.W.
Morton, Numerical Solution of Ordinary Differential Fquations, Oxford University
Computing Laboratory, 1987, or P. Henrici, Discrete Variable Methods in Ordinary
Differential Equations, Wiley, New York, 1962. O
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Example 12 We shall consider the methods from Ezample 11.

a) The explicit and implicit Euler methods have first characteristic polynomial
p(z) = z—1 with simple root z = 1, so both methods are zero stable. The same
is true of the trapezium method.

b) The Adams-Bashforth and Adams-Moulton methods considered in Example 11
have the same first characteristic polynomial, p(z) = 23(z — 1), and therefore
both methods are zero stable.

c¢) The three-step (sizth order accurate) linear multi-step method

1ynys + 27Ynt2 — 27Ynt1 — 11yn = 3h[fats + Ifnto + Ofns1 + ful

is not zero-stable. Indeed, the associated first characteristic polynomial p(z) =
1123 42722 — 272 — 11 has roots at z; = 1, 2o =~ —0.3189, 23 ~ —3.1356, so
|,2’3| > 1.

6.2.2 Consistency

In this section we consider the accuracy of the linear k-step method (57). For this
purpose, as in the case of one-step methods, we introduce the notion of truncation
error. Thus, suppose that y(z) is a solution of the ordinary differential equation
(41). Then the truncation error of (57) is defined as follows:

Yo [@y(nty) = DBy (2045)]
h Z;?:o B;

Of course, the definition requires implicitly that o (1) = Z?:o B; # 0. Again, as in the
case of one-step methods, the truncation error can be thought of as the residual that
is obtained by inserting the solution of the differential equation into the formula (57)
and scaling this residual appropriately (in this case dividing through by h Z?:o G;),
so that T,, resembles y' — f(z,y(x)).

T, = . (61)

Definition 10 The numerical scheme (57) is said to be consistent with the dif-
ferential equation (41) if the truncation error defined by (61) is such that for any
€ > 0, there exists an h(e) for which

T, <€ for0<h< h(e)

and any (k + 1) points (zn,y(xn)),-,(Tnik, Y(Tnik)) on any solution curve in R of
the initial value problem (41), (42).

Now let us suppose that the solution to the differential equation is sufficiently
smooth, and let us expand y(z,4;) and y'(zy4;) into a Taylor series about the point
x, and substitute these expansions into the numerator in (61) to obtain

T, = %(I)[Coy(xn) + Gy (@) + Coly" () + . (62)
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For consistency we need that 7,, — 0 as h — 0 and this requires that Cy = 0 and
C:7 = 0; in terms of the characteristic polynomials this consistency requirement can
be restated in compact form as

p(1)=0 and p'(1)=0(1) #0.

Let us observe that, according to this condition, if a linear multi-step method is
consistent then it has a simple root on the unit circle at z = 1; thus the root
condition is not violated by this zero.

Definition 11 The numerical method (57) is said to have order of accuracy p, if
p is the largest positive integer such that, for any sufficiently smooth solution curve
in R of the initial value problem (41), (42), there exist constants K and hg such that

|T.] < Kh?  for0 < h < hy
for any (k+ 1) points (xn, y(n)),-- s (Tnak, Y(Tnak)) on the solution curve.

Thus we deduce from (62) that the method is of order of accuracy p if and only

if
00201 ::szo and Cp+17£0.

In this case,
%hpy(p*'l)(xn) + O(hPHY).
o(1)
Exercise 12 (Oxford Finals, 1992) Determine all values of the real parameter b
for which the linear multi-step method

T, =

Yn+3 T (2b - 3) (yn+2 - yn+1) —Yn = hb(fn+2 + fn+1)

s zero-stable. Show that there exists a value of b for which the order of the method
s 4. Is the method convergent for this value of b? Show further that if the method
18 zero-stable than its order cannot exceed 2.

63



SOLUTION: According to the root condition, this linear multi-step method is zero-stable
if and only if all roots of its first characteristic polynomial

p(z) =23+ (20— 3)(2* —2) — 1

belong to the closed unit disc, and those on the unit circle are simple.
Clearly, p(1) = 0; upon dividing p(z) by z — 1 we see that p(z) can be written in the
following factorised form:

p(z) =(2—-1) (z2 —2(1=b)z+ 1) = (z — 1)pi(2).

Thus the method is zero stable if and only if all roots of the polynomial p;(z) belong to
the closed unit disc, and those on the unit circle are simple and differ from 1. Suppose
that the method is zero-stable. Then, it follows that b # 0 and b # 2, since these values
of b correspond to double roots of p1(z) on the unit circle, respectively, z =1 and z = —1.
Since the product of the two roots of pi(z) is equal to 1 and neither of them is equal to
+1, it follows that they must be strictly complex; hence the discriminant of the quadratic
polynomial p;(z) must be negative. Namely,

4(1 -b)? -4 <0.

In other words, b € (0,2).
Conversely, suppose that b € (0,2). Then the roots of p(z) are

lel, 2'2/321—1)4-74/1—(1)—1)2.

Since |zy/3| =1, 293 # 1 and 22 # 23, all roots of p(z) lie on the unit circle and they are
simple. Hence the method is zero-stable.

To summarise, the method is zero-stable if and only if b € (0, 2).

In order to analyse the order of accuracy of the method, we note that, upon Taylor
series expansion, its truncation error can be written in the form

T, = (1 — g) B2y () + 3(6 —b)R3y"V () + %(150 —23b)htyY (z,) + O(hP).

If b = 6, then T}, = O(h*) and so the method is of order 4. As b= 6 does not belong
to the interval (0,2), we deduce that the method is not zero-stable for b = 6.

Since zero-stability requires b € (0,2), in which case 1 — g # 0, it follows that if the
method is zero stable then T, = O(h?). o

We conclude this section with a convergence result for linear multi-step methods;
this fundamental theorem was proved by the Swedish mathematician G. Dahlquist.

Theorem 21 (Dahlquist) For a linear multi-step method that is consistent with
the ordinary differential equation (/1) where [ is assumed to satisfy a Lipschitz
condition, and starting with consistent initial data, zero stability is necessary and
sufficient for convergence. Moreover if the solution y(x) has continuous derivative
of order (p+1) and truncation error O(hP), then the global error e, = y(z,) — yn is
also O(hP).

64



For a proof of this result, see K.W. Morton, Numerical Solution of Ordinary Dif-
ferential Equations, Oxford University Computing Laboratory, 1987, or P. Henrici,
Discrete Variable Methods in Ordinary Differential Equations, Wiley, New York,
1962. By virtue of Dahlquist’s theorem, if a linear multi-step method is not zero
stable its global error cannot be made arbitrarily small by taking the mesh size h
sufficiently small for any sufficiently accurate initial data. In fact, if the root con-
dition is violated then there exists a solution to the linear multi-step method which
will grow by an arbitrarily large factor in a fixed interval of x, however accurate
the starting conditions are. This result highlights the importance of the concept of
zero-stability and indicates its relevance in practical computations.
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FURTHER EXERCISES

1. The values y, of a cubic polynomial at the points z, = k, £k = 0,...,5, are
given in the table below

4 5 6 7
15 26

k:!L‘k 0
1

1 2 3

Find the two missing values of y; by constructing the Lagrange interpolation
polynomial p3(x).

2. a) Show that the sequence (ay),>1, where

[ 2n 1
In = n 22n+l(p 4 1)

is monotonic decreasing. Show further, using Stirling’s formula, that nh_)rrolo ap =
0.

b) Suppose that the function f : z +— /z has been tabulated on the interval
[1,2] at equally spaced points zy, = 1+ kh, k=0, ...,n, where h = 1/n. Show
that

max |f(x) — pp(x)| < ap, for n > 1,
z€[1,2]

where p,(z) is the Lagrange interpolation polynomial of degree n for f with
interpolation points x, k = 0,...,n. Deduce that lim, , |[f(x) — pn(x)] = 0
for each x in [1,2].

Find ng > 1 such that

—pu(z)] <2 x 1072
max |f(z) = pal)] <2

for all n > ny.

3. A switching path between parallel railway tracks can be described as a cubic
polynomial joining (0,0) and (4, 2) and tangent to the lines y = 0 and y = 2.
Apply Hermite interpolation to construct this polynomial.

4. a) Show that
L1 1
I=| ——dr=-7 (=~0.78539816).
o Tr =g )
b) Calculate the integral approximately, by subdividing the integral [0, 1] into
10 sub-intervals, using a) the composite trapezium rule, b) the composite

Simpson rule, and estimate the corresponding approximation errors.

15 1
/ dx,
1 1423

with error less then 10~*, using the composite trapezium rule.

5. Calculate the integral
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10.

11.

Suppose that
1
F(y) = / tan ' e” TV dg.
0
Find min, o F(y) with accuracy € = 10°.

Suppose that
sinz

y
P - [ =0T,
) 0o z(2m — x) v

Find maxycp3r F(y) with accuracy e = 107

Find the smallest positive solution of the equation

T
/ L ar=2
1 sint
with accuracy € = 1073,

Evaluate the integral

37/4 sin x
/ dz
Vs

with accuracy € = 107°.

Evaluate the integral
5
[ Vi+ve=Tds
1

with accuracy € = $1072.

(Oxford Finals, 1997) Suppose that f is a real-valued function, defined and
continuous on the closed real interval [a, b]. Write down the composite trapez-
ium rule approximation Z,,(f), with m + 1 quadrature points in the interval
[a, b], to the definite integral

b
| fla)dz,
a
assuming that the spacing between consecutive quadrature points is (b—a)/m.

Suppose, further, that f has continuous second derivative f” on the interval
[a,b]. Show that

<1 (b= a) max |f"(a)].

b
/a f@)de =In(f)| < 5,3 R

Given that € = 0.05 and f(z) = tan 'z, for x in [0,1], find m, as small as
possible, such that

[} farar = Zo(5)] <

and compute Z,,(f) for this value of m.
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12.

13.

14.

15.

16.

17.

18.

a) Construct the minimax polynomial of degree 1 for the function f(x) =
log,(1 + ) on the interval [0, 1].

b) Construct the minimax polynomial p; € P; for the function g(z) =
sin(rx) on the interval [—1,1]. Prove that p; is, simultaneously, the
minimax polynomial from P, for the function g.

Suppose that f € C[—1,1] and let f(—x) = —f(x) (respectively f(—x) =
f(z)) for all x in [—1,1]. Further, let p, be the minimax polynomial from
P,, for the function f on the interval [—1,1]. Show that p,(—z) = —p,(z)
(respectively p,(—z) = p,(x)) for all z € [—-1,1].

Let g(z) = sinz for x € [—1,1]. Find the minimax polynomial p, € P, for g
on the interval [—1, 1].

Let h(x) = cosz? for x € [—1,1]. Find the minimax polynomial p3 € P; for h
on the interval [—1, 1].

Among all polynomials of the form
n—1
pn(x) = Ax™ + Z arzk,
k=0

where A # 0 is a fixed real number, find the polynomial of best approximation
to the function f(z) = 0 on the interval [—1,1].

Find the minimax polynomial p, € P, for the function

n+1

f(fl?) — Pn+1(517) = Z akxk; Ap+1 7£ 07
k=0

on the interval [—1,1].

Suppose that f is a continuous real-valued function on the closed interval [a, b]
of the real line. Suppose, further, that

fx) = f(a) < f(b) — f(a)

T —a b—a

for all x in (a,b]. Show that there exists a set of critical points of the form
{a,d, b}, with d € (a,b), for the minimax approximation of f by polynomials
from P;.

Construct an example of a continuous function f defined on a closed interval
[a, b] such that the set of critical points for the minimax approximation of f
by polynomials from P; does not contain the points a and b.

Let f(z) = |z| for z € [—1,2]. Construct the minimax polynomial p; from P,
for f on the interval [—1,2].
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19.

20.

21.

22.

23.

24.

a) Prove Lemma 3 in the Lecture Notes.
b) Find the minimax polynomial ps € Ps for the function f(z) = 2° on the
interval [—1,1].

Construct the polynomial p3 € P3 of best approximation in the 2-norm for the
function = +— sinz on the interval [—7, 7], assuming that the weight function
is w(z) = 1.

Construct a system of orthogonal polynomials {¢y(z), 11 (z),¢2(x)} on the
interval [—1, 1] with respect to the weight function w(z) = 2. Determine the
polynomial p, € Py of best approximation for the function f(z) = z* in the
2-norm || - ||2 defined by

o= (/| w@ls(@par)

Suppose that f(z) = e® for z € [0,1]. Find the polynomial p, € Py of best
approximation for f in the 2-norm on the interval [0, 1] with weight function
w(x) = 1.

(Oxford Finals, 1997) Given that m is a non-negative integer, let P, denote the
set of all polynomials of degree less than or equal to m. Construct the following
polynomial approximations to the function f : z — 2 on the interval [—1, 1]:

a) the Hermite polynomial p in P3, which interpolates f at the points —1
and 1;

b) the minimax polynomial ¢ in P; for f on the interval [—1,1];

c¢) the best least-squares approximation r in Ps for f on the interval [—1, 1],

with respect to the weight function w(x) = 1.

Which of the three polynomials p, ¢, r is the least accurate approximation to
f in the norm || - ||, defined by || f||lsc = maxgei—117[f(2)]?

a) Find a non-negative integer n, as large as possible, and real numbers
and Ay such that

/11 22 f(x)da = Agf(x)

whenever f € Py, 1.

b) Find a non-negative integer n, as large as possible, and real numbers z,
To, A1 and A, such that

[ @)de = A f(@) + Ao ()

whenever f € Py, 1.
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25.

26.

27.

28.

¢) With z; and A;,7 =0,1,2, as in a) and b), consider the Gauss quadrature
rules

/1 2’ f(z)dr ~ Aof(zo),

-1

[ #5de & Af) + Af ),

Apply Theorem 10 from the Lecture Notes to estimate the size of the
error for each of these quadrature rules.

On the interval [0, 1] integrals of the form

/Olf(x)\/gdx, a >0,

are approximated by the expression

Af(0)+Bf(1) + f(5),

where £ € (0,1). For what values of a is it possible to ensure that this approx-
imation is exact for all polynomials from P57 Determine A, B and £ in terms
of a.

a) Consider the function f(z) = sinmz, x € [0, 1], and suppose that z; = ih,
i = 0,...,m, are equally spaced knots in [0,1], with h = 1/m, m > 1.
Construct the linear spline sy, (x) that interpolates the function f at these
knots. Find m, as small as possible, such that

1/ — splloo < 0.1.

b) Now suppose that f(x) = sin7z, = € [0,1] is interpolated by a Hermite
cubic spline s(x) with the same knots as in part a). How large should m
be to ensure that

If = slloo < 10777

Write down Euler’s method for the numerical solution of the initial value
problem y'+5y = xe™5%, y(0) = 0, on the interval [0, 1] with step size h = 1/N,
N > 1. Denoting by yx the Euler approxiation to y(1) at 2z = 1, show that
limy 0 yny = y(1). Find an integer Ny such that

ly(1) — yn| < 1077, for all N > Nj.

Consider the following one-step method for the numerical solution of the initial
value problem ¢’ = f(x,y), y(xo) = yo:

1
Ynil = Yn + §h(’f1 + ks),
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29.

30.

31.

32.

where

ki = f(xnayn)a ko = f(xn + h,yn + hkl)

Show that the method is consistent and has truncation error
1 1
TnzéhQ fy(fx+fyf)_§(fxx+2facyf+fyyf2) +O(h3)-

Consider the one-step method
Ynt1l = Yn + h(a kl + bk2)a

where

kl - f(xnayn)a
k2 - f(xn+ahayn+ﬂhkl)a

and where a, b, , 0 are real parameters. Show that there is a choice of these
parameters such that the order of the method is 2. Is there a choice of the
parameters for which the order exceeds 27

Consider the one-step method

Ynt1 = Yn + Oéhf(fL‘n, yn) + ﬂh'f(xn + ’Yha Yn + ’Yhf(xm yn))a

where o, # and v are real parameters. Show that the method is consistent if
and only if a4+ = 1. Show also that the order of the method cannot exceed
2. Suppose that a second-order method of the above form is applied to the
initial value problem 3" = —Ay, y(0) = 1, where \ is a positive real number.
Show that the sequence (y,,)n>0 is bounded if and only if A < % Show further
that, for such A,

1
ly(xs) — yn| < EA?’h%n, n > 0.

Consider the linear two-step method

h
Yn+2 — Yn = 5(fn+2 + 4fn+1 + fn)

Show that the method is zero stable; show further that it is third-order accu-
rate, namely, T;, = O(h?).

Show that the linear three-step method
11yn+3 + 27yn+2 - 27yn+1 - 11yn — 3h[fn+3 + 9fn+2 + 9fn+1 + fn]

is sixth order accurate. Find the roots of the first characteristic polynomial
and deduce that the method is not zero-stable.
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33. (Oxford Finals, 1997) Write down the general form of a linear multi-step
method for the numerical solution of the initial value problem

yl = f(xay)a y(!L‘g) = Yo,

on the closed real interval [zq,zy], where f is a continuous function of its
arguments and 7, is a given real number. What is meant by saying that the
method is zero-stable? Define the truncation error of the method. What does
it mean to say that the method has order of accuracy p?

Given that « is a positive real number, consider the linear two-step method

h

Ynt2 — QYn = g [f(anrZa yn+2) + 4f(33n+1; yn+1) + f(xna yn)] )

on the mesh {z, : z, = xo+nh,n=1,..., N} of spacing h, h > 0. Determine
the set of all a such that the method is zero-stable. Find « such that the order
of accuracy is as high as possible; is the method convergent for this value of
a?
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