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olrjecks in R+ !

h—_-—-———_————-—-—-————- —————

one per vertex - V(G) — »C
v —> £ (v)
such dhat there s an eAeQ uv € E(&L)

&S £(w) and £(V) .mte:(ad: W Q sPec.\{-\c. -
| sepme-\mc way |



A:L --------- | represen{-.a-\:ton O'f a qraF‘n o
consists of a collection € of
e m e e

one pexr vertex £ V(G) — »C
v —> £ (v)
such dhat there s an e.c\ee uv € E(&L)
& £(w) and £V T H



| inteviov- disjoint Ualls  (disks) in ® ]

h—-———-—-———————-—-————--—-—-

one pexr vertex £ V(G) — »C
v —> £ (v)

such dhat there s an e.o\ee uv € E(&L)

@ ‘G(“) GV\A ‘G(V) g W»\ :.



(" vevior - dwjot balls (dses) m B
one pexr vertex £ V(G) — »C

v —> £ (v)
such dhat there s an e.o\ee uv € E(&L)
& £(w) and £V T T e

Thm (Koele 1936): A graph is plavar ff & has a

CIN ve.?nsev\ta-hion .



A -ﬁe;\-v:g - -} representation O'f a %raP\n G
consists of a collection € of
T L

one pexr vertex £ V(G) — »C
v —> £ (v)

such dhat there s an e.o\ae. uv € E(&L)

&S L(w) and £(V) frouch o




A :f :f.-f{l:e.:: :j represenba-\:'ton Of a qraPln G
consists of a collection € of
[ deddson acvdle
one pexr vertex £ V(G) — »C
v —> £ (v)

such that there is an e.o\ae. uv € E(&L)

& £(w) and £(V) | kersect



A n 'm-kewa\.} Y'epresenha-\:'tcm O'f a %raF‘n G

'
8
b cccaa=—=-

consists of a collection € of
T iterwvals wm R ]
one pexr vertex f: v(0) —» €
v —> £ (v)

such dhat there s an e.o\ae. uv € E(&L)

&S £(vW) and £(V) | ivtersect




one pexr vertex £ V(G) — »C
v —> £ (v)
such dhat there s an e.o\ae. uv € E(&L)
& 40 and £0) [ meerset 1




= oxis-oligned \oxes v RY |
one pexr vertex £ V(G) — »C
v —> £ (v)

such dhat there s an e.o\ae. uv € E(&L)
&S £(vW) and £(V) | ivtersect

Def® : The \rox."c.itts of aq W G s the wivimum d st
G has & nvvesev\ta’c'aon oxes W |P~" .



A :ft;;ci{v%-\-m?] represenha-\:'ton O'f a %raF\n o

h———_--—_-————-— - o ep Gm» GED aup 6 D qp ™ =

one pexr vertex £ V(G) — »C
v —> £ (v)

such dhat there s an e.c\ee uv € E(&L)

S ‘G(“) and {(\I) ! inkevseckt ( touch)




A E%.‘.V:—S: g represen{:a-\:'ton O'f a %raF\n o

consists of a collection € of

[-— -1:\:ev'\ov'- disjovt axis- a.\i%\_n d \toaceS_ v llt o _:!
one pexr vertex f: V(L) —» €

v —> £ (v)

such dhat there s an e.o\ee uv € E(&L)

S ‘G(“) and {(\I) ! inkevseckt ( touch)

Thm (Thomascen [(9€6): Every plavar graph has a -bou:.lnius
) . 3
vepresentatiown \nﬁ loxes im R



|-_ inkexioy cl'\sjg'\wl' - c;u\_lef _W_l _W:s _________ —_
one pexr vertex £ V(G) — »C
v — { (V)

such dhat there s an e.o\ee uv € E(&L)
@ -G(“) GV\A ‘G(V) 0 *O\&Ch :.



______________________________ -
[- nkexioyry J\s:)g'\vrl' C;\)\-lef _i: IP:s _________ !
one pexr vertex £ V(G) — »C

v —> £ (v)

such dhat there s an e.o\ee. uv € E(&L)

&S L(uw) and ‘G(V) ! touch

Thm (Felsner & Frawncis 201): Every planar graph has a cube
vepresentation .
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What mokes ant interestinq* vepresentation 7

Con vepYesevt spavse @m?\'\s



W\nad: mqkes avi 'w\‘cexesh'ma* V'e,\bve.sewta-t'\on ?

Can vepYesevit spavse grphs

Conviot vepvesemt \avge clques

A vepresewrmtiew of & gqvagh s c-thwn
% evevy poivrt M dwe space W com’tq‘\v\ed W

S ¢ oljects.
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Can vepYesevit spavse gphs

Conviot vepvesemt \avge clques

A ve\bnsew\uho'vx of & gvaph s ¢ FTPNTVN
it evevy point WMme space wniqived w

S c oljects.

Tre dass of vepresentalle gwophs has
some wice Mex'h
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What mokes ant interestinq* vepresentotion 7

Ax‘cs-a\isv\ed oxces w R“

i.e. Covtesiavn Fme\ue-l- of closed
ntevvolt wWitln viow- eevo \,e.vwgt\/\ .

—
Touc\a’mg represevkation \r3 compavalle roxes




What mokes ant 'mbexesk‘mg* vepreserkation 7

Ax‘cs-a\isﬂec‘ oxces w (R“

intersecring 'mnar‘tw-el'\téo'm'\' .e. Covtesiawn vet of closed
oLjesrs owespcmd to edges vtevvolt it vion-eevo Levgth.
/) O dhivvess

-
Touc\hivn q_ vepresevkation \r3 compavalle roxes



Whoat makes an 'mhexe.sh'mg* vepyresentation ¥

Ax’-s-a\is\ned losxces w R“

intersecring \mm\w-el'\téomt i.e. Covtesiavn vet of closed
oljed oovvespond 4o edqes vtevvolt it vion-eevo Levgth.
/ O dnivvess
N\

Touc\hivn q_ vepresevkation \r3 compavalle roxes

Koo vepresented
Vosces W *




Whoat makes an 'm‘cexe.st'mg* vepyresentaton v

Ax'.s-a\is\ned losces w (Rd

intersecring \um\w-d'\téo\w\' i.e. Coviesiawn vet of closed
oljean cpwespaml o ea‘ges intevvolt  LWitin viow- eevo \g,vost\n.
/ 9 dhimess
~.
Touchw q_ vepresevitation \rg compavalle oxes
_J
f

If B, s a sUlset of a translate of R,, then R.EB,
We say g, and R, ave compovalle & ,ER, ov B, £8,4.

£

C——€E

Nor umHe



Whoat makes an 'mhexe.sk'mg* vepyresentotion ¥

Ax’-s-a\is\ned loxces w R“

intersecring \mm\w-el'\téomt .e. Covtesiav vet of closed
oljess cpwespand ‘o ed ges intevvolt  Witin viow-eevo Lg,mﬂg\n.
/ O dhivmess
~
Touchiv q. vepresentation \r3 compavalle roxes
_J
f

If R4 is a sUlset of a tvanslate of R, , +hen R.EB,
We say R, and, R: ave c.ovnPo.va\/\e ‘¢ g,=R, or B, 284.

£

C—E€

No+ aompmlrle

2 d‘Mc‘,(G)
De&”‘ : The compavalle lox dimension of_a gqreph_G is the smallest d
$t. G has a toudivg representation \r\j mpavalr\e loxes n RY.




Whoat makes an 'mhexesh‘mg* vepyresentation 7

Ax'ss-a\is\nec‘ loxces w R“

intersecring ‘mm‘tw-el'\tée'm\' .e. Covtesiav vet of closed
oljed oovvespond o ed ges tevwolt Wit viow-eero levgth.
/) O dhivmess
~
Touchiv q. vepresentation \r3 compavalle roxes
_J
f

It B4 is a sUlset of a tvanslate of R,, +hen R.EB,
We say R, awnd R: ave Cso\mpavo\/\e ‘¢ g,=R, or B, 284.

E

C—€E

No+ aompm!rle.

2 dimc‘,(ﬁ)
Dep" : The gom?cv'a‘r\e box dimension of a gqreph_G is the smallest d
$t. G has a toudivg vepresentation "‘5 eompava‘l\e loxes n R*.

For a class of qraphs C we let Jﬁng‘,(c)‘ sup S,A.“”‘cb (6): CGeC)
(caw e o0)
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o can ve presevt spavse grep\s

VM Covmot  vepvesent \ave  c\ques
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pvo?e.ﬂ:‘\es oQ classes

with \roxm ded c.oquva\r\e \ox. dimension

. Po\\jnom'\ak s’cwrov\s c.olowr'ms num\revs



pYoPe.ﬂ:ies of classes

with Lounded c.oquva\r\e o dimension

. Po\\jnom'\ak s’cwrov\s c.olowr'ms num\revs

l

. Stvong\g sV\\ineav sepovatovs



pYoPexk'\es o(- classes
with Lounded c.oquYa\!\e \ox. dimension

( Dvo¥él , MC(.ovdg, Novin 2020)

. Pol\jnom'\a\. s’c\rong oolow(\\ns nuwm\revs
- Stvo\ng\g sV\\ineav sepovatovs

( DVOY(O’k-, ?e ké’(e'k ¢ Uec.ke\rolk.: \,UA“QS‘C% 2021)

. dm, =3 = exponential weak c.olouv’ms numlrers



pvo‘)ex-ﬁes o(- classes
with Lounded c.oquYa\!\e \ox. dimension

( Dvo¥éle , McCoarty, Novin 2020)

. Pol\jnom'\q\. s’c\ro\na c.o\ow(\\na num\revs
- Stvoﬂg\g sV\\ineavr sepovatovs

( Dvovék, Pekavek , yYeckevdt . "uol'v(-.sktj 2021)

. dm, =3 = exponential weak c.olouv’ms numlrers

( Ovovak , Goncalves, Lowivi, T., veckerdt 2021)

- Frad:io\na\l\J treewidih - Qvugi\.e
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Which cdasses avxe ve?vesen'\:a\ﬂe. v

Eas\.} : Eve.v\j %vap\f\ G has A.‘W\c.\,(r") < |v(a)l.



Which cdasses avxe vepve.se.n"ca\l\e V

Easy : Every graph G has  dwmg, (&) = V@],

we're nterested w classes wiha finite Compam\r\e Lox

dimension



Which cdasses avxe vepvese.n*ca\l{e. L

Easy : Every graph G has  dimg, (&) = |Veal.

we’vre interested w classes wn finite Compam\r\e \lox

dimension *

Thm ( {rom Thowaxen or Feltver& Frawvels )
I C is twe class of plaviar gvaphs, then



Which cdasses avxe ’(e‘we.sex\"cq\l{e. L

Eas\.s . Evenj %YOP\'\ G has d\mc_‘,(&) < |v(a)l.

wle‘ryre wnkere s’cecl w classes wwa {—'\v\‘\\:e. Compava\\r\e Lrox

dimension \

Thm ( {vom Thomaxen or Feltver& Fravds )
I C is the class of plavar graphs, tvew

dme (C) =3 .

Thm (Dvovak . Gongalves, Lawvi, T., veckerdt 2021)

The compavalle lox dimeunsion of every proper miver - closed
class of graphs is fivite.



Which cdasses avxe vepvese.n*ca\l{e. L

Easy : Every graph G has  dimg, (&) = |Veal.

we’vre interested w classes wn finite Compam\r\e \lox

dimension *

Thm ( {rom Thowaxen or Feltver& Frawvels )
I C is twe class of plaviar gvaphs, then

Oux maw vesult

I_Thm (Dvovak . Gongalves, Lowri, T., veckerdt 2021)

|
|
| The compavalle lox dimeunsion of every proper wmvier- closed I'
| class of graphs is finite. |

;———_———_—
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o\im ch, VS some \ra:'\c pavamekev's

® C\iq’ue num\rer w(&) & 2_‘““‘:0-(6‘)



o\im ch, VS some \ra:'\c pawrameke.vs

® Clhque numlirev w(t) = 9_6““" e (&)




d\\M c\s ve Some \TQ‘O\C Pa'( ametexs

® CQuque numlier w(a) « 2% ev (C)

@ (SfW\ CV\YOW\O*.\C V\\M\R\" X ( C‘\ e 3 ouMcb- (Cc)



o\'\m ch, VS some \ras’\c pavrawme kers

©O CQuque numlier w(a) « 2% ev (C)

@ (SfW\ CV\YOW\O*.\C V\\M\R\" X ( c‘\ e 3 ouMcb- (Cc)

el'tw‘c.\r (&)
let £ e o vepretertaton of G W wwpovalde \oxces iwn r&‘l

key idea: cslovy cgme\'*\ﬂ w decveasing oder of Lo voluwe.



d\\M c\s ve Sowme \TQ‘.\C Pa'( ametexs

® ClWque number w(a) & 25" erld)

ouMc\r ( G )

® (stovr) davomotic nuwmler xX(G) =3 dimey, ()
[ |

let £ e o vepretertaton of G W wwpovalde \oxces iwn l'&""l
vey idea: cslowr qreedily i decveasing oder of \oe voluwme.

rreyy B

Re X QN(’



d\m c\s ve Sowme \TQ‘.\C Pa'( ametexs

® Clique numirev

® (stov) davomotic numler X (G) £ 3

w(t) & 295" erll)

A‘Mcv ( G )

dimey, (&)
|

let £ e o vepretertaton of G W wwpovalde \oxces iwn I'&""l

vey idea: cslowr qreedily i decveasing oder of \oe voluwme.

rreyy B

Be 3% £0¥%)

£CV0)

worst case



o\im ch, VS some \ms'\c pawramekex's

® C\\que V\\WV\\IQY‘ w(&) & ZJKMC".(&)

@ (stw\ C.\I\YOW\O*'\C v\UW\\m X ( Q\ ] oliMc\,- (C-)

el't'“c:r (&)
let £ e o vepresertatowni of G W wwpovalle \ooces n l'll""t

key idea: Cslour qme\i\ﬁ w decveasing order of o veluwwe.

rreyy B

£CW0)

Be 3% £ worst cose
So # vertices v; with (<t st £(v;) touches £0v:)
(30 £(v) S £v))

e WWB) _, _ 4.4,
vol £(va))

Hence ot wmost 3“ co\lows ave m.e.cleol .



o\im ch, VS some \ras'\c pavamekev's

® C\iq’ue num\rer W ( &) & 2_‘““‘ e\r (&)
Xi(L) € 2 .q"“““‘"(c‘)

Def? : A proper star colowing of a qraph G it a propev-
colowwing of G k. every path on 4 vertices has

ot leost 3 colours.



d\m c\s ve Sowme \TQ‘.\C Pa'( ametexs

©O CQuque numlier w(t) = g 4™ oy (C)
Le(a) & 2.-q4™er Q)

Def

n

: A proper stev colowing of a qraph G it a propev-

co\nmr\wa of G s.&. every path on 4 yerkiees thas
ot leost 3 colours.



dim ch, VS some \ra:'\c pavamekex‘s

® C\\q,ue num\rer w ( &) & 2_‘“"“ e\r (&)
Xi(L) € 2 .c("“““"(c‘)

Def? : A proper star colowing of a qraph G it a propev-
colowwing of G s.k. every path on 4 vertices has

ot leost 3 colours.

s (G) = fewest # colows needed n a proper stav colouwrivyg of G.



dlm c\, VS some \rasic pmramehex's

® C\Kque V'\\)W\\te’(' W(Cc) & z‘r‘w‘ c\r(c‘)

dimey, (G)

® (stov) davomatic nuwmler x(c) =3 .
dim ey (G )

Xi(h) € 2-9
® Treeuvidinn dim ¢, (G) £ 4w (G) +1



d\m c, VS some \TQS'\C Ovemt'\ov\s




o\'\m c\s ve Sowme \rac’\c OPevat'\o\ns

® Vevtex oddikion



d\m c, VS some \TQS'\C Ovevat'\ons

(O Vevtiex oddition
For any G and veVv(d), dme, (G) s dme, (G-v) +1



o\lm e, VS some \ras'\c OPevat'\ons

® Vevtex oddikion
For any G and veVvih), dme.(6)= dw ¢, (G-v) +1

RPN



d\m c\s vS Sowme \ras'\c OPeY'a‘\..\oV\S

O Vevkex oddikion
For oy G and veVvew), dme, (0) s dm, (G-v)+1

RPN

A /

//




o\'\m e, VS some \ra:’\c ovevat'\ons

(O Vevtiex oddition

® Induced su\s %Y'o‘)\l\s



d\m c, VS some \TQS'\C OPQYO‘E\QV\S

(O Vevtiex oddition
For oy G and veVv(d), dme, (6) = dme, (G-v) +1

® nduced su\l%Y'aP\f\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .



o\'\m e, VS some \rqs’\c ovevcrt.'\ons

(O Vevtiex oddition

® Induced su\l%vou?\l\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .

® Suigraphs



Pside ow su\rcsxap\n&

WARNING

When HS06L, & s pessille
thot &.\\N\d‘.( H) > dwm C\,CC!)




PAside ow s“‘“’ﬁ"“?ﬁ WARN\NG @ When HEL6L, it 3 pessille
thot d.\wc\,( H) > dwm (_‘,(.C.)

An expovential increosse s Possib\e
q

&mgv(KzJ _Pl) = Q_J-



PAside ow su\qxap\ns WARN\NG @ When HEL6L, it 3 pessille
thot ol'\w\c\,.( H) > dwm C\,CC!)

An expovential increosse s Pos:ib\e
q

&NQV(KZJ -Pi) = Q_d-

We shows W REG, ithen cliw\,,‘,(H)i a\;mcv(c‘),‘.()"scc‘))

2
S o Wovie dhawn expowe.uk}q\ N crease



PAside ow su\q’(ap\ns WARN\NG @ When H S0, & W pessille
thot &.\\N\c\r( \-\) > dwm C\,CC\)

An expovential increosse s Possib\e
‘

&;mgv (\(24 -Pi) = 7_4-

G
We thout B HEG, dhen dimg(H) € dimg, (6) + (¥5€ ))
K‘ © wo wovie dhawn expome.wk}q\ N crease

P - WMA W s spavw\iug.
Take a stor colouvdng of G with ¢ colours

For oany two cdlowrs i €i1,.-, ¢} /h ve deleted

et Aj £V(Q) 4 e tve wertices of sloww L st o—-=--0



PAside ow su\:qxap\ns WARN\NG @ When H S0, & W pessille
thot  dimmg, (H) > dim e (G)

Awn expoviential increose i Possib\e
dva ¢y (Kz“‘) = d %
1

dimev (Kpd -pom-) = 297

G
We show: H HSG, then &W‘w(H) s A;W‘cv((“) +()LSZC ))
k So wo Wovie thanm expovewntial inerease

Pf - WMA W s spavwﬂug.
Take a stor colouving of & with ¢ colours

For any two coowrs i €4, .-, ¢} e e deteted
Kt A.‘.; € Vv(a) © \r e vertices of olow U s.t. .‘o—----o.
d
d+ (€)

Defive a vepresewtation W in R qven vep § of G with dim d -
. Add a dim el{.s for eacl paiee of clowws (%)
C5.4] ¢ veAs;
W) Ceis] = { C3-31 4 ven.

[-3/57  otherwise.



PAside ow su\rqxap\ns WARN\NG @ When H S0, & W pessille
thot  dimmg, (H) > dim e (G)

Awn expoviential increose i Possib\e
dva ¢y (sz) = d @
1

dimev (Kpd -pom-) = 297

G
We thent B HEG, dhen dimg(HD € dimg, () + (¥ CY)
K‘ So wo Wovie thanm expovewntial inerease

Pf - WMA W s spavwﬂug.
Take a stor colouvdng of G with ¢ colours

For any two coowrs i €4, .-, ¢} e e deteted
et A.‘.; € v(a) b \r e vertices of lowr L. s.t. .‘o—----o.
d
d+ (€)

Defive a vepresevtation W in R qven vep § of G with dim d -
c Add a dwm  dij for eadr pair of wlowws (<]
C5.41 € veAy;
w(v)Cdisl = { F$-31 & veA;. S S R
[-3/51  otherwite.



o\'\m c\s ve Sowme \rac’\c OPevat'\o\ns

(O Vevtiex oddition

® nduced su\l%Y'oP\l\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .

® Suigraphs
K REG, then dim(H) & dimg, (&) + L% (G)



o\lm e, VS some \ras'\c OPevat'\ons

® Vevtex oddikion
For any G and veVvih), dme.(6)= dw ¢, (G-v) +1

® nduced swiqraphs
Yor any G avd WHE G wndyeed, o‘.iwud,.(l-\) & dwey (G) .

® Suigraphs
K REG, then dim(H) & dimg, (&) + L% (G)

® Strong pvoo\uct'

b B

C & O




o\'\m e, VS some \ras’\c ovemt'\ons

(O Vevtiex oddition

® Induced su\t%*(o‘*\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .

® Suigraphs
K REG, then dim(H) & dimg, (&) + L% (G)

® Strong pmo\uct

P B E




d\m c, VS some \TQS'\C OPQYO‘E\QV\S

(O Vevtiex oddition
For oy G and veVv(d), dme, (6) = dme, (G-v) +1

® nduced su\l%Y'aP\f\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .

® Suigraphs
K REG, then dim(H) & dimg, (&) + L% (G)

® Stvong product
sp R has a vepresentation |y toudhing uwit hyperaules in 'R“
Thew £°" any G, dwmg (LB H) & A'M\c\r(&)‘\- du -



o\'\m e, VS some \ra:’\c ovevat'\ons

(O Vevtiex oddition

® Induced su\l%vou?\l\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .

® Suigraphs
K REG, then dim(H) & dimg, (&) + L% (G)

® Stvong product
Sp R hwas a vepvesenkak'ccm Wy twd.\'ms unit \Mj‘,wwm " 'RJ“
Thew ‘§°" any G, dwmg (LB H) & d'swc\r(&)‘\- du -

@ C\\q'\ne UM




d\m c, VS some \TQS'\C Ovevat'\ons

(O Vevtiex oddition
For any G and veVv(d), dme, (G) s dme, (G-v) +1

® nduced su\l%*r'a‘)\f\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .

® Suigraphs
K REG, then dim(H) & dimg, (&) + L% (G)

® Stvong product
Sp R hwas a ve‘)vesev\&ak'cov\ vy h“d".“"ﬂ umt Vgpevcu\res " R‘“
Thew {ov any G, dwmg (LB H) & A'M\c_\r(c.)‘\- du -

® Clique gum
let C Le a class of qrophs with X alk. I§ C is the class
of gvophs olramed by (il cliqre sums fowm C . then
dime, (C') £ dime, (C) + 2k
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extendalle L :
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(O Vevtiex oddition
For any G and veVv(d), dme, (G) s dme, (G-v) +1

® nduced su\l%*r'a‘)\f\s
For any G avd HE U wndyeed, dim, (W) = diw ey (G .

® Suigraphs
K REG, then dim(H) & dimg, (&) + L% (G)

® Stvong product
Sp R hwas a ve‘)vesev\&ak'cov\ vy h“d".“"ﬂ umt Vgpevcu\res " R‘“
Thew {ov any G, dwmg (LB H) & A'M\c_\r(c.)‘\- du -

® Clique gum
let C Le a class of qrophs with X alk. I§ C is the class
of gvophs olramed by (il cliqre sums fowm C . then
dime, (C') £ dime, (C) + 2k



Minoy - closed classes

Thm (Dvovak , Gongalves, LoWwvri, T., Veckerdt 2021)

The compavalle lox dimension of every proper wiver- closed
class of qraphs is finite.



Minoy - closed dasses

Thm (Dvovak , Gongalves, Lawvri, T., veckerdt 2021)

The compavalle box dimeusion of every proper miwer-closed
class of graphs is fivite.

Thm (Dujmovic, Jovet, Micek , Movin, Ueckevrdt, Wood 2020)

Fovxr every ¢, 1 integer k. £t. any K- wminor-free graph
G is o sugroph of a ng\n oltaivied lrg ve?cqteol clique-gums
£rom (k-&ve.e. = Pa‘t\n) + up to 7 apex vevtices .
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