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Overview of research in PDE

(according to MathSciNet the area in which
the largest number of mathematicians work,
and one which uses many different parts of
mathematics, algebra, analysis, geometry,
topology, numerical analysis ... as well as
having connections with all branches of

science)



Examples of PDE (deterministic)

1. Laplace’s equation for u = u(x), where
r € 2 C R™,

Au = 0,

where Au = zyzlg%g. If €2 is bounded we

typically want to solveZ the equation subject to
boundary conditions such as

ulg = 9,

where g is a given function. If €2 = R", say, we
instead need conditions at infinity. This is the
prototypical elliptic equation.



2. The heat or diffusion equation for

v = u(zxz,t)
ur = Au.

Here as well as boundary conditions we need
to prescribe an initial condition

u(x,0) = upg(x), = € Q2.

This is the prototypical parabolic equation.



3. The wave equation for u = u(x,t)

ur = Au,

for which we need two initial conditions

u(z,0) = uo(x),

ut(x,0) = uq(x), = € Q2.

This is the prototype hyperbolic equation.

These are linear PD

= which can be solved by

writing down their solutions.



But most PDE arising in applications to
science and other branches of mathematics are
nonlinear. Linear PDE usually arise from more
fundamental nonlinear PDE by linearization.

While there are a number of general methods
for handling nonlinear PDE (e.g. the calculus
of variations, weak convergence, integral
estimates, degree theory ...) there is no

general theory and each equation has to be
treated individually.



4. Navier-Stokes equations

vi+ (v-V)v
V.v

VAV — Vp,
O,

where the kinematic viscosity v > 0.

($1 million for proving — or disproving — that
solutions are smooth for all time.)



5. Elastodynamics

Py = DivDAW (Dy),

where y = y(z,t) is the deformed position of
a material point z, p Iis the density and W =

W (A) is the free-energy function of the mate-
rial.

e.g. for rubber a simplified model is

W(A) = pul|A|* + h(det A),

with h convex.



6. Ricci flow
Otgi; = Rij,

where g;; Is the metric tensor of a
Riemannian manifold and R;; is the Ricci
tensor (the trace of the Riemann curvature
tensor). The study of solutions of this
equation was a key tool in the 2006 proof by
Perelman of the Poincaré conjecture.



7. Einstein equations

1 S8tz
R;j — Egin + gii/\ = C—4T’ij7

where A is the cosmological constant and T
the energy-momentum tensor.



Generic questions

1. How to define solutions (including choice of

function space).

2. Do solutions exist?

3. Are they smooth, or do they have
singularities?

4. How do they depend on parameters?

5. Asymptotic limits (as t — oo, |z| = oo, pa-
rameters tend to special values).

A cautionary tale is the zero dispersion limit
e — 0 of KdV

U + g + eugrr = 0

which was shown by Lax/Levermore 1979 NOT
to be uw + uuy = 0.



Singularities and defects



Examples of defects in materials

Fluids

NASA

Shock waves - discontinuities in
fluid velocity and other quantities



Vortices



Cavitation

16.5 28.5 36.5

Nicolas Bremond, ESPCI, Paris



Solids

Cracks and fracture



Staffa,
[ Scotland

Giant’'s Causeway
Northern Ireland

Columnar jointing
IN basalt



Cavitation

in TIAIV alloy

Petrinic,N., Curiel Soza,J.L.,
Siviour,C.R., Elliott,B.C.F.:
J. Phys. IV France 134 (2006)

! 40pm

in rubber

South et al, Mechanics of Materials 2002




Dislocations
In crystals

edge



Phase boundaries in crystals
and related microstructure

By vy iy

RLRS
\111.'41'0.1-'\'."I"‘l

s ARRAND gy

1)

-

'Inf.ll-:lp-lh
EIYI IR

-
-
pe
-
-
[
-
-
0
. -

NiMn, Baele, van Tenderloo, Amelinckx el B




CuAlINi, chu & James CuZnAl Morin

77 Zn,cAu;,Cu,.

RICHARD D JAMES GROUP




Liquid crystals
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Black holes

All of these defects can be described by

nonlinear PDE




For most of them there is a choice between
‘rougher’ models, in which the defects are
described by singular solutions, in which state
variables are discontinuous at points, lines,
surfaces or patches, and ‘smoother’ models, in
which the defect is endowed with more
structure and ‘smoothed out’ (and thus the
location of the defect is less easy to identify).



The UK PDE scene

Centres for Doctoral Training

Oxford: Partial Differential Equations: Anal-
ysis and Applications

Cambridge: Cambridge Centre for Analysis
Maxwell Institute (Edinburgh 4+ Heriot-Watt):
Mathematical Analysis and its Applications
Warwick: Mathematics and Statistics (MAS-
DOC)



Other good groups and individuals at Bath,
Bristol, Cardiff, Glasgow, Imperial, King's
College London, Nottingham, Reading,
Strathclyde, Surrey, Sussex, Swansea, UCL ...



