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Leitmotif = Understanding Manifolds
1. Classical Cobordism Theory (Thom, ...)
2. Topological Field Theory (Witten, Atiyah, Segal, ...)
3. Cobordism Hypothesis (Baez-Dolan, Lurie, ...)

4. Classifying spaces of cobordism categories
classifying space of cobordism categories

. (Galatius—Madsen—Tillmann—Weiss)
—— the cobordism hypothesis for invertible TQFTSs
—— filtration of the classical theory

5. Extracting information on Diff(M)

Mumford conjecture (Madsen—Weiss, ...)

— higher dimensional analogues
(Galatius—Randal-Williams, ...)




Manifolds

W is a manifold of dimension d if locally it is diffeo-
morphic to

R?  or Rio.

W is closed if it is compact and has no boundary.

Fundamental problem:

— classify compact smooth manifolds W of dim d

— understand their groups of diffeomorphisms Diff(1W)
— understand the topology of MP(W) = BDiff(W)

— understand characteristic classes H*(MP(W))



Topological moduli space

W closed of dimension d

MP(W) 1= Emb(W, R>®) /Diff(W)
By Whitney, Emb(W,R*°) ~ x and hence

MPP(W) ~ BDIiff(W)

e when W is oriented, the diffeomorphisms preserve the
orientation.

e when 9OW # (), the diffeomorphisms fix a collar of the
boundary.



Example 0: d =0, W = n pts

MPP(W) = Emb(n pts, R®)/~, ~ B¥,

This is the configuration space of n unordered points
in R°°.
Example 1: d=1, W = §!

Note that DiffT(S1) ~ S1 so that

mtor(shy ~ sl ~ cp>



Example 2: d =2
Compare with the moduli spaces of Riemann surfaces:

Mg =Ty/T g =R°/,
Note, for g > 1,
Diff T (F,) — mo(DIifft (F,) =: I,
Hence, the forgetful map
MIP(Fy) — My

IS a rational equivalence and

H*(MPP(Fy); Q) = H*(Mgy; Q)



Characteristic classes

There is a universal W-bundle on M®P(W), and any
family E of manifolds diffeomorphic to W and parametrized
by a space X is given by a map

bp: X — MPOP(W)
Hence, the characteristic classes for W bundles are

given by

H*(MPP(W)) = H*(BDIff(W))



Construction of characteristic classes

Given a smooth orientable W-bundle
wit s pepDL X
consider the vertical tangent bundle
R —» T'E := [[ TE: — E
reX
It is classified by a map

ngvE B — BSO(d)
For every c € H"(BSO(d)) consider
ke(E) = m(¢p(c)) € H"4(X)
Here m is the Gysin map. So
ke € H" UMW) = H"4(BDIff(W))



Example 2: d =2
H*(BSO(2)) = H*(CP®) = Z|e]

For ¢ = e'1T1 ¢ H21+2(CP>®), k. corresponds to the ith
Morita-Mumford-Miller class

Ki = Kgi+1 € H?'(Mg; Q)



Example 2: d =2
H*(BSO(2)) = H*(CP®®) = Z]|e]

For ¢ = eit1 € H2i+2(CP>), k. corresponds to the ith
Morita-Mumford-Miller class

Ri '= K_i+1 € H%(Mg; Q)

Homology stability
For x < 2g/3, H«(BI 4n) is independent of g and n.

Mumford conjecture: For x < (29 —2)/3

H*(Mg; Q) = Q[K}17/{27 < ]

early 1980s



4. Classifying space of cobordism categories
The enriched cobordism category Cob,:
Objects: R X [[;;a-1 M(M) ~ [1,,q-1 BDIiff(M)

Morphisms:
mOI’CObd(Mo, Ml) ~ HWd M(W) ~ HWd BDIﬂ:(W, 8)




Example: d =0
Objects: Ras M 1=

Morphisms:

moreep,(ag, a1) = || Emb(n pts, [ag, a1] x R®) /%,
n



Classifying space functor

B : Topological Categories — Spaces, C — BC

c
of

a a f b
f

b

BC := (] &% x {(f1,-., fx)lcomposable morphs})/ ~
k>0

For every object a in C, the adjoint of
Al x more(a,a) — BC
gives rise to a characteristic map

a : morg(a,a) — maps([0,1],9; BC,a) = QBC



Theorem
+\ ~ O BT d+n 1 e
QB(Cobd ) ~ QMTSO(d) = n||_>m00§2 ((Udm) )
where an is the orthogonal complement of the univer-

sal bundle Uy, — GrT(d,n).

Note: G’I“_I_(d, n) < G’l“+(dan+ 1) and UdLn XR — Udin—l—l
Hence Z(Uj‘n)c — (Uj‘n_|_1)c



Theorem
+\ ~ O© BT d4+n 1L \e
QB(Cobd ) ~ QMTSO(d) = nl|_>mOOQ ((Udm) )
where Ud%n IS the orthogonal complement of the univer-

sal bundle Uy, — GrT(d,n).

Note: G’I“_I_(d, n) < GT—I_(dan_I_ 1) and Udln XR — UdLn—l—l
Hence (Uz, )¢ = (Uz,41)°

Examples:

QB(Cobg) = QS



T heorem
QB(Cob}) ~ QFMTSO(d) = lim QUF"((U#,)%)

where an IS the orthogonal complement of the univer-
sal bundle Uy, — GrT(d,n).

Note: GrT(d,n) — GrT(d,n+1) and Uj_n XR — Uj—n—l—l
Hence Z(UZ,)¢ — (Ug,41)°

Examples:
QB(Cobg) = Q°°S™
QB(Cobd) = Q5% x QX85>

QB(CobT) = QXT1g>



A similar theorem holds for any tangential structure 0!



Excursion: tangential structures

Vect (W) = [W, BO(d)] = [W, Gr(d, 50)]

E(—)ng

Definition: Let 6 : X — BO(d) be a fiber bundle. A
on W is a lift of ¢y : W — BO(d) to X

Oriented +:  Z/27Z — BSO(d) — BO(d)
Framed fr: O(d) - EO(d) — BO(d)
Background X: X — BO(d) x X — BO(d)
Connected < k>: BO(d) < k >— BO(d)

QPMTO = lim Q"(0*(UF,)°)

n—oo



Example: 0 : BO(d) x X — BO(d)

QB(Coby ) ~ Q®°MTSO()AX4 = lim QI"((Uz,)°AX )

n—oo

A O-structureon Wisamap f: W — X.

For d = 2, this gives a topological version of
Gromov-Witten theory

Note: the cobordism category of manifolds in a back-
ground space X gives rise to a generalised cohomology!



Lemma: H*(QFMTSO(d), Q) ~ A*(H*>2(BSO(d); Q)[—d])



Lemma: H*(QFFMTSO(d),Q) ~ A*(H*>9(BSO(d); Q)[—d])

Proof: For fixed x> 0 and large n,

T (QFMTSO(d)) ® Q = m( lim maps,(S™", (Uz,))) @ Q
= me(maps, (ST (UL,)9) ® Q
= Mt dtn((Ug) ) ®Q
— H>:<—|—d—|—n(<UC_ZI:n)C> ®Q by Serre
= H*_|_d(Gr+(d, n))®Q by Thom
= H,;1 4(BSO(d)) ®Q

Now apply a theorem by Milnor-Moore on structure of
commutative Hopf algebras and take duals.



Lemma: H*(QFMTSO(d),Q) ~ A*(H*>O(BSO(d); Q)[—d])

For any closed d-dimensional manifold W

a : MPP(W) C morgep, (0,0) — Q2BCobg ~ Q°MTSO(d)

For every ¢ € H*T4(BSO(d))

a*(c) = ke € H*(MPP(W): Q)

Example: For d = 2,
H*(BSO(2)) = H*(CP*®) = Zle], deg(e) =2
So
H*(Q3MTSO0(2),Q) = Q[k1,k2,...], deg(k;) = 2i



Fibration sequence
QPMTSO(d) = Q¥EZ*°(BSO(d)1) — Q®MTSO(d—1).

w IS induced by
Ugn = Udin X ot (amy Udin = G (d,n) x RIF"

proves that this corresponds to natural maps
of cobordism categories:

Coby: d-dim cobordisms in [ag,a1] x R¥T7—1 x (0, 00)
N
& — Coby: d-dim cobordisms in [ag, a1] x RET—1 x [0, 00)

1

Coby_1: d— 1-dim cobordisms in [ag, a1] x R&~1T7 x {0}



7



Application
Suppose W9 is an oriented manifold with boundary.
Then restriction defines a map

r . BDiff(W) — BDIiff(0W)
Let

c=pil.. . pfre’ € H(BSO(d);Z) r=d/2 or (d+1)/2

Corollary
r*(kc) = 0 when d even, or when d odd and s even.

In particular, ko;41 9goes to zero when restricted to the
handlebody subgroup Hg C I'y.



Sketch of proof
Starting with - the proof has been con-
tinuously simplified and the theorem generalised

space of all embedded d-manifolds without bound-
ary which are closed as a subset in R4+7: o
topologized so that manifolds can at infinity.

subspace of manifolds embedded in R¥x (0, 1) +d—k,

q>dn:q>§:|7;”3---DCDS,RD---DCD%R: H BDiff(W)

W, 0=

Y

k-fold cobordisms category of d-manifolds em-

bedded in R4t™
iMoo Cobclln = Coby and limp—co Cobgn = exCob,.



Step 1: (Uf, )¢~ &4t"
tangential information: (P,v) — v — P.

Step 2: ®k = Qi for k>0
adjoint of Rx®k = — CDS;,';l, (t, W) — W4+(O0,...,t,...,0)

Step 3: B(Cobf )~ &k



g\
¥

CH — Ng(P) = Ng(Cobg.p)

The fiber of the left arrow at W is the poset of regular
values of the projection onto R; its nerve is contractible.



Step 1: (Ug,)° ~ @51
tangential mformatlon. (P,v) —v— P.

Step 2: <D"“ =, ch’“rl for k> 0
adjoint of Rxcbk N cl>§j;1, (t, W) — W(0,...,t,...,0)

Step 3: B(Cobk )~ &k
— B(Cob’;’n) ~ Cblcin ~ Q‘H'”_kcbg;n ~ Q‘H‘"_k(Ud%n)C

for k=1 and n — oo, B(Coby) ~ Q>®°~IMTSO(d)
for k=d-+n and n — oo, B(exCoby) ~ Q®°~¢MTSO(d)



An even finer filtration

QCMSO ~ lim lim Q"(U, 4)°

n—00 d—00

~ i : nerrl \c
_dll_>rr;onll_>m00§2 (Uan)

T : d
~ dl|_>nr;O lim_B(Cobg,,)

M7\
0. o8

S

A 2-morphism in Cob3 ;.



5. Unstable information

Question: Given W% with #-structure, how close to an
iIsomorphism in homology is a7

o MPP(W) = BDIff(W) — Q®MTI(d)



5. Unstable information

Question: Given W% with #-structure, how close to an
isomorphism in homology is a7

o MPP(W) = BDIiff(W) — QPMTI(d)

T heorem
For d = 0: BX, - Q®°MTO(0) ~ Q%5 ijs a homol-
ogy isomorphism in degrees x < n/2.



T heorem
QB(Cob?) ~ QB(Coby) ~ QXMTSO(d)

Cob9 contains only cobordisms W with
mo(W) — mg(M7) surjective



T heorem

QB(Cob?9) ~ QB(Coby) ~ QXMTSO(d)
d

Cob9 contains only cobordisms W with
mo(W) — mg(Mq) surjective

Previous result:
Theorem QB(Cob)) ~ Z x BIL;

By homology stability, for « < (29 — 2)/3

H«(BrL) = Ho(Bloo) = Hy(Bly)



Together these theorems imply

Theorem
For d = 2: BDIff(Fy) — Q8MTSO(2) is a homology
isomorphism in degrees x < (2g — 2)/3.

— Mumford’s Conjecture:

H*(My; Q)) ~ H*(BDIff(Fy),Q) ~ Q[r1, ko, . . .]



Let Wy, = #,5% x S and d > 2. As W, is (d — 1)-
connected, it has a 0 structure for

0 : BO(2d) < d > — BO(d)

Theorem
For « < (g —4)/2,

H.(BDiff(Wg; D?%)) ~ H.(BDIiff(W,y1; D%

Theorem
a 1 hocolimg—soo BDIff(Wg; D2%) — QMTH(d)
IS @ homology equivalence

Similar results hold for more general simply connected
manifolds of



There are problems in odd dimensions!

Note
For d = 1: BDIff(S!) ~ CP® = QFMTSO(1) ~
Qoot19% js trivial in rational homology fro any W3.



There are problems in !

Note
For d = 1. BDIff(S!) ~ CP>® = QMTSO(1) ~
Qoot+18%0 is trivial in rational homology fro any W3.

T heorem
For d = 3: BDIiff(W3) -% Q®°MTSO(3) is trivial in
rational homology.

More generally, there are rational cohomology classes
in the cohomology of Q*°MTSO(2n + 1) that are not
detected by any 2n + 1-dimensional manifold.



Qg = tgS? x STl

T heorem
For x < (g —3)/2,

H.(BDIff(Qq; D?**1) ~ H.(BDIff(Q,41; D** 1)

construct a variant of the cobordism category that has

a good chance to play the role of Cob; in the odd di-
mensional case.

Also true for other product of spheres.



General scheme of proof

1. Homology stability with respect to connected sum
with a suitable basic manifolds, e.g. S¢ x S¢

2. Group completion argument to identify the ho-
mology of the limit with the classifying space of a
subcatgory of an appropriate cobordism category, e.d.
img—o00 Hx BDIff(Fy, D?) ~ H.QBCob3

3. Parametrised surgery to show that the subcate-
gory has a classifying space that is homotopic to the
whole category, e.g. BCob9 ~ BCob,

4. Identify the homotopy type of the classifying space
of the whole category, e.g. Q2BCob; ~ Q*°MTSO(d)



Multiplicative structure

Diff(F, 1) x Diff(F}, 1) — Diff(F,qp1)

Autkyp X Autly — AutF, 4,
AutF, ~ HtEq(V,S1)



Products

induce a monoid structure on

n>0
If products are commutative upto conjugation by an
element in G4,

then the induced product on H.«(M) is commutative



Group completion

Algebraic: M — G(M) = Grothendieck group of M
Example: N — G(N) =7Z

Homotopy theoretic:
M — QBM = map,(S1,BM) = loop space of BM

o M =G a group — Q2BG ~ G
e M discrete =— QBM ~ G(M)

Group Completion Theorem:
Let M = |_|n20 M, be a topological monoid such that
the multiplication on H.«(M) is commutative. Then

H(QBM) =7 x lim Ho(My) =7 x He(Moso)

n—oo



Whn H.-stab. | QB(UpM(Wy))

n pts n/2 Q50 Barratt-Eccles-Priddy

Sg.1 29/3 QCMTSO(2) Madsen-Weiss

Ny 1 ag/3 QCMTO(2) Madsen-Weiss & Wah!

VSl n/2 Q0,50 Galatius
#4(5% x S 1 | (g-4)/2 | Q®°MTSO(2d)(d) Galatius-Randal-William:
(5% x D), | (g-4)/2 | Q(BO(2d 4+ 1)(d))  Botvinnik-Perimutter

discrete (g-4)/2 QX7 Nariman

(84 x Sat1y; | (g-3)/2 candidate Perimutter




