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Abstract

For any smooth compact manifold W of dimension of at least two we prove that the
classifying spaces of its group of diffeomorphisms which fix a set of k points or k embedded
disks (up to permutation) satisfy homology stability. The same is true for so-called sym-
metric diffeomorphisms of W connected sum with k copies of an arbitrary compact smooth
manifold Q of the same dimension. The analogues for mapping class groups as well as other
generalisations will also be proved.

1 Introduction

Compact smooth manifolds and their diffeomorphism groups are fundamental objects in ge-
ometry and topology. If one wants to understand diffeomorphic families of a given compact
manifold W one is led to study the associated topological moduli space

M(W ) := lim
N→∞

Emb(W ;RN )/Diff(W ),

the orbit space of the group of diffeomorphisms of W acting on the space of smooth embeddings
of W into larger and larger Euclidean space. This is also a model for the classifying space of
Diff(W ) and hence its cohomology is the set of characteristic classes for smooth W -bundles. To
understand the topology of M(W ) ' BDiff(W ) is a difficult problem and only a few special
cases are fully understood.

Stabilisations:

To simplify the problem one might consider to study an associated stabilised problem. One way
to stabilise that has played an important role in the past is to thicken the manifold by taking the
cross product with the unit interval I = [0, 1] and to consider the pseudo-isotopies P (W ), which
are diffeomorphisms of W ×I which fix W ×{0} and ∂W ×I point-wise. Repeating the process,
the stable pseudo-isotopy group is then defined as the limit space P(W ) := limk→∞ P (W × Ik).
It can be studied via K-theory. Indeed, in the late 1970s Waldhausen [W] proved that his
K-theory A(W ) is a double deloop of P(W ) times the well-understood free infinite loop space
on W . That is to say, he proved that

A(W ) 'Wh(W )× Ω∞Σ∞(W+)

where Wh(W ) is the smooth Whitehead space of W and Ω2Wh(W ) ' P(W ). The crucial fact
that allows one to deduce in principle something for P (M × Ik) from the K-theory A(W ) is
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Igusa’s stability theorem [I]. It says that the maps P (M × Ik)→ P (M × Ik+1) are c-connected
for dimW + k ≥ max(2c+ 7, 3c+ 4). Though Waldhausen K-theory is well studied, it remains
however difficult to deduce concrete information for specific manifolds.

More recently, another stabilisation process has been considered and its study has proved very
fruitful. Rather than increasing the dimension of the manifold we increase its complexity in the
following sense. Let Q be a manifold of the same dimension as W and consider the connected
sum W]kQ of W with k copies of Q. So far the most important example is when W is the
sphere and Q is the two-dimensional torus in which case W]kQ is a surface of genus k. As k goes
to infinity, the cohomology of the classifying space of its diffeomorphism group is understood
by the Madsen-Weiss theorem [MW], see also [GMTW]. In this case it is Harer’s homology
stability theorem for the mapping class group of surfaces that allows us to deduce information
for a compact surface. These theorems have recently been generalised by Galatius and Randal-
Williams [GRW1], [GRW2] to manifolds W of even dimensions 2d for d > 2 and with Q =
Sd × Sd, and by Perlmutter [Pe] in cases which include also some odd-dimension manifolds.

Homology stability:

Motivated by the second approach to stabilisation, we look at the question of homology sta-
bility for diffeomorphisms groups of manifolds more generally. Until the recent paper [GRW2],
homology stability for (classifying spaces of) diffeomorphism groups was only known in the case
of surfaces, and here only through the homology stability of the associated discrete groups,
the mapping class groups – the mapping class groups are homotopy equivalent to the diffeo-
morphism groups for surfaces of negative Euler characteristic. The purpose of this paper is to
show that homology stability holds quite broadly for certain diffeomorphisms groups involving
arbitrary manifolds W and Q of both odd and even dimensions. The point of view taken is that
the homology stability of the symmetric groups, and more generally of configuration spaces, is
fundamental. The stability theorems we prove here are derived from this basic example.

Main results:

Throughout this paper, let W be a smooth, compact, path-connected manifold of dimension
d ≥ 2 with a (parametrised) closed (d− 1)-dimensional disk ∂0 in its boundary ∂W . Let

Diff(W ) := Diff(W ; rel ∂0)

denote its group of smooth diffeomorphisms that fix ∂0 point-wise. More precisely, we will
assume that any diffeomorphism ψ fixes a collar of a small neighbourhood of ∂0 in ∂W and
furthermore that restricted to a fixed collar of ∂W it is of the form 1×ψ|∂W . Note, as they fix
∂0 point-wise, the diffeomorphisms will automatically be orientation preserving if W is oriented!

Let W k denote the manifold W with k distinct marked points w1, . . . , wk in its interior. Consider
the subgroup Diffk(W ) of Diff(W ) consisting of those diffeomorphisms that permute the marked
points.

Theorem 1.1. There are maps H∗(BDiffk(W ))→ H∗(BDiffk+1(W )) which are split injections
for all degrees ∗ and isomorphisms in degrees ∗ ≤ k/2.

Now fix k closed disjoint disks in W \ ∂W and parametrisations φ1, . . . , φk : Dk → ∂W \ ∂W
which are compatible with the orientation of W if it is oriented. Then consider the group
Diffk(W ) of diffeomorphisms ψ ∈ Diff(W ) which commute with these parametrisations in the
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sense that for some permutation σ ∈ Σk depending on ψ we have

ψ ◦ φi = φσ(i) for all i = 1, . . . , k.

Theorem 1.2. There are maps H∗(BDiffk(W ))→ H∗(BDiffk+1(W )) which are split injections
for all degrees ∗ and isomorphisms in degrees ∗ ≤ k/2.

Denote by Wk the manifold W with the interior of the k parametrised disks removed. Let Q be
another smooth, connected manifold of dimension d. Remove an open disk and glue k copies
of it to Wk to form the connected sum W]kQ. We will be interested in those diffeomorphisms
that map Wk (and hence the disjoint union of the k copies of Q1) onto themselves. More
precisely, let G ⊂ O(d) ⊂ Diff(Sd−1) be a closed subgroup. When W is orientable we assume
that G ⊂ SO(d). Let ΣG Diff(W]kQ) denote the diffeomorphisms of W]kQ that map Wk onto
itself and restrict to an element of the wreath product Σk oG on the k boundary spheres.

Theorem 1.3. There are maps H∗(BΣG Diff(W]kQ)) → H∗(BΣG Diff(W]k+1Q)) which are
split injections for all degrees ∗ and isomorphisms in degrees ∗ ≤ k/2.

We will prove a more general result, Theorem 3.4, which may be thought of as a homology
stability theorem for diffeomorphisms of Wk with decorations given by some subgroup of the
diffeomorphisms of Q or indeed any other group. For all three theorems we will also prove the
stronger statement that the maps of the underlying spaces are stable split injections (in the
sense of stable homotopy theory). This uses the results in [MT]. The other basic ingredients
are a generalisation of what is known in dimension two as the Birman exact sequence and
repeated spectral sequence arguments building on the homology stability of configuration spaces
with labels in a fibre bundle. After collecting some preliminary results in section 2, the three
theorems above are proved sequentially in section 3.

There are also analogues of these results for mapping class groups, see Theorems 5.1, 5.2,
and 5.3. Theorem 5.1 had previously been proved by Hatcher and Wahl [HW]. Theorem 5.2
seems to be new even in the case of surfaces. After establishing the homology stability of the
fundamental group of configuration spaces with twisted labels in section 4, the mapping class
group analogues of the above theorems are stated and proved in section 5.

In section 6 we collect some variations, generalisations and consequences of our results.

2 Preliminary results

In this section we will recall the homology stability and the stable splitting theorems for con-
figuration spaces with twisted labels. We will also recall some basic results relating to the
diffeomorphism groups and describe the spectral sequence argument that we will use repeat-
edly.

2.1 Homology stability and stable splittings for configuration spaces

Let W be a smooth, compact, path-connected manifold with non-empty boundary ∂W of di-
mension d ≥ 2. We fix a collar of ∂W and a (d− 1)-dimensional disk ∂0 in ∂W . Furthermore,
let π : E → W be a fibre bundle and assume that for each w ∈ W , the fibre Ew over w is
path-connected. We define the configuration space of k ordered particles in W with twisted
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labels in π as

C̃k(W ;π) ..= {(w,x) ∈ int(W )k × Ek : π(xi) = wi, wi 6= wj for i 6= j, 1 ≤ i, j,≤ k}.

and denote by Ck(W ;π) its orbit space under the natural action by the symmetric group Σk

by permutations. Here int(W ) denotes the interior of W . When E = W × X for some space
X and π is the projection onto W , this is the more familiar space of configurations of W with
labels in X which we also denote by Ck(W ;X). When X is a point we use the notation Ck(W ).
The twisted labels we will primarily be interested in are the tangent bundle τ : TW → W and
its associated frame bundle Fr.

We now define inclusion maps that allow us to think of the configurations of k points as a
subspace of the configuration space of k+1 points. Define W+ := W ∪∂W × [0, 1] to be W with
a collar glued to its boundary, and extend π to a bundle π+ : E+ → W+ by pull back along
the natural projection W+ → W . Fix points w0 ∈ int(∂0 × [0, 1]) and x0 ∈ E+

w0
. We define a

stabilisation map
Ck(W ;π)

σ−→ Ck+1(W+;π+) −→ Ck+1(W ;π) (2.1)

where the first map adds the particle (w0, x0) to any configuration and the second map is a
homeomorphism induced by a map that isotopes W+ into W mapping ∂W × [0, 1] into a collar
of ∂W in W while at the same time leaving the complement of the collar in W fixed. We will
generally suppress this map and identify W+ with W .

Let Diff(W ;π) denote the group of automorphims of π that cover a diffeomorphism β ∈ Diff(W )
with β∗(π) and π isomorphic as bundles over W . When π is a trivial bundle or the tangent
bundle of W then Diff(W ;π) contains Diff(W ). Note that because of our assumption on the
restriction of a diffeomorphism to a collar of ∂W there is a natural extension map Diff(W ;π)→
Diff(W+;π+) mapping ψ to ψ+ which is defined on the extension by ψ+|∂W×[0,1] = ψ∂W × 1.
In particular, ψ+ fixes π+|∂0×[0,1]. With these definitions it is easy to check that the inclusion
σ is Diff(W ;π)-equivariant.

We will need the following two theorems.

Theorem 2.1. The stabilisation map σ : Ck(W ;π) → Ck+1(W ;π) is Diff(W ;π)-equivariantly
stably split injective.

This is well-known in the non-equivariant setting by the Snaith splitting theorem when W is
Euclidean space and by a theorem of Bödigheimer [B] for general W . That these splittings are
Diff(W ;π)-equivariant was proved in [MT].

The following is a generalisation of the standard homology stability for configurations spaces in
a manifold, see [Se], [McD], [RW1], to configuration spaces with labels in a bundle. Indeed, the
proof in [RW1] can be generalised to this case. For details of this proof and alternative proofs
we refer to [CP] and [KM].

Theorem 2.2. The stabilisation map σ : Ck(W ;π)→ Ck+1(W ;π) induces an isomorphism on
homology in degrees ∗ ≤ k/2.

2.2 Some lemmata concerning diffeomorphism groups

We will need the following well-known transitivity properties of the diffeomorphism groups.
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Lemma 2.3. (i) Given any two sets {x1, . . . , xk} and {w1, . . . , wk} of k points in the interior
of the connected manifold W there is a diffeomorphism ψ ∈ Diff(W ; ∂0) such that ψ(xi) = wi
for all i = 1, . . . , k.

(ii) Furthermore, when W is not orientable, given any linear maps Li : TxiW → TwiW , ψ may
be chosen so that Dxiψ = Li. When W is orientable the same is true as long as the Li are all
orientation preserving.

Proof. For (i) choose paths connecting xi to wi and consider the associated slides. As d ≥ 2,
the paths and slides can be chosen so as to avoid any of the other points xj and wj for j 6= i.
Performing one slide after the other defines a diffeomorphism ψ with the required properties.

For (ii) first note that by part (i) we may assume that xi = wi. Next note that if W is
non-orientable we can choose a path connecting xi to itself along which the slide induces an
orientation reversing map of tangent spaces. This corresponds to an element in π1(W ;xi)
mapping to the non-trivial element in Z/2Z = π1(BGLd(R)) via the map induced by the
classifying map of the tangent bundle. Thus, it is enough to construct for any orientation
preserving linear map Li from TxiW to itself, a diffeomorphism αi with Dxiαi = Li that is the
identity outside a small neighbourhood of xi.

1

To do so, choose a metric on W and ε > 0 small enough so that the exponential map exp :
TxiW →W is injective on the ε-ball around zero and the closure of its image does not contain
xj for i 6= j. Define αi : W →W to be the identity outside this image and otherwise by

αi(x) := (exp ◦Φ ◦ exp−1)(x)

for some diffeomorphisms Φ of TxiW satisfying D0Φ = Li and Φ(v) = v for |v| ≥ ε. Then in
particular Dxiαi = Li. It remains to prove Φ exists, and we now sketch the construction of such
a Φ.

As Li is orientable, we may choose a smooth path A(t) in GL+
d (R) from Li to the identity which

is defined for t ∈ [ε/2, ε] and constant near the boundary. For |v| ∈ [ε/2, ε] define

Φ(v) := A(|v|)(v)(|v|/|A(|v|)(v)|).

The multiplication by the scalar |v|/|A(|v|)(v)| ensures that the sphere of radius |v| is mapped
to itself. Thus Φ is a diffeomorphism on its domain of definition and we can extend it by the
identity for v with |v| ≥ ε. For |v| ≤ ε/2 define

Φ(v) = (ρ ◦ Li)(v)

where ρ is a suitable diffeomorphisms of TxiW that maps the convex image under Li of the ε/2-
ball back to itself, for example by using a radial contraction/expansion map which is constant
around 0. Then Φ is also a diffeomorphism on the ε/2-ball and satisfies D0Φ = Li.

The group Diff1(W ) can be identified with the group Diff(W ;D
∐
∂0) of diffeomorphisms of

W that fix an embedded closed disk D point-wise in addition to ∂0, and Diff1(W ) can be
identified with the group Diff(W ;w1 ∪ ∂0) of diffeomorphisms that fix the additional point w1.
Let Diff(W ;w1 ∪∂0;Tw1W ) denote the group of diffeomorphisms which fix the point w1 and its
tangent space. With these identifications there are canonical injective homomorphisms

Diff1(W )
ι−→ Diff(W ;w1 ∪ ∂0;Tw1W ) −→ Diff1(W )

1The existence of such maps can also be deduced from (2.2) below with W = M and K the union of k closed
disks centered at x1, . . . , xk.
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connecting these three groups, each forgetting some of the structure.

Lemma 2.4. The map Diff1(W )
ι−→ Diff(W ;w1 ∪ ∂0;Tw1W ) is a homotopy equivalence.

In the proof we will repeatedly use the following result, see [Pal]. Let K be a compact sub-
manifold of W and M be another smooth manifold. Then the restriction map from the space of
smooth embeddings of W into M to the space of smooth embeddings of K into M is a locally
trivial fibre bundle:

Emb (W,M) −→ Emb (K,M). (2.2)

WhenW = M the space of embeddings Emb (W,M) may be replaced by the space of (compactly
supported) diffeomorphisms Diff(W ), see [L].

Proof. Using (2.2) with K = D, we can show that the following are maps of (horizontal) fibre
bundles

Diff1(W )

'
��

// Diff(W )

=

��

// Emb(D,W )

'
��

Diff1(W ;w1 ∪ ∂0;Tw1W )

��

// Diff(W )

=

��

// Fr

��

Diff1(W ) // Diff(W ) //W

where the right horizontal maps are the restriction maps to D, Iso(T0D,Tw1W ) and w1. Fur-
thermore, evaluation at 0 ∈ D and projection from the frame bundle toW give rise to compatible
fiber bundles

Emb(D, 0;W,w1)

'
��

// Emb(D,W )

'
��

//W

=

��

GLd(R) // Fr //W.

We will now argue that the left arrow is a homotopy equivalence, hence so is the middle one,
and therefore also the two arrows in the previous diagram which are labelled as homotopy
equivalences.

The space of collars for the image of D in W is contractible for any embedding. Hence,

Emb(N(D), 0;W,w1) ' Emb(D, 0;W,w1) (2.3)

where N(D) is an open disk containing D. The fiber over the identity of the forgetful map

Emb(N(D), 0;W,w1) −→ Fr |w1 ' GLd(R) (2.4)

is the space of tubular neighborhoods of w1 in W and hence is contractible. (The intuition is that
by combing from the origin w0 any diffeomorphism fixing its tangent space can be homotoped
to the identity in some neighbourhood of w0.)

We will be interested in a variation of this lemma. Fix G ⊂ O(d) and denote by DiffG(W1)
the group of diffeomorphisms of W1 = W \ int(D) that restrict on (a neighbourhood of) the
boundary sphere to an element in G. There are canonical injective homomorphisms

Diff1(W ) −→ DiffG(W1)
ι−→ Diff1(W )
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where the left map is the inclusion, which is defined for all G, and the right map is defined
by extending the diffeomorphisms canonically from the boundary sphere Sd−1 to the disk Dd.
This is where we use the condition that G ⊂ O(d). Note that the midpoint w1 of Dd is fixed
and the induced map on its tangent space is the same element of O(d) as that defining the map
on Sd−1. Let Diff1

G(W ) denote the subgroup of Diff1(W ) consisting of those diffeomorphisms
whose induced map on the tangent space Tw1W is an element in G.

Lemma 2.5. The map DiffG(W1)
ι−→ Diff1

G(W ) is a homotopy equivalence. In particular, the
map DiffO(d)(W1)

ι−→ Diff1(W ) is a homotopy equivalence.

Proof. Consider the following commutative diagram of fibre bundles

Diff1(W )

'
��

// DiffG(W1)

ι
��

// G

=

��

Diff(W ;w1 ∪ ∂0;Tw1W ) // Diff1
G(W ) // G,

where the vertical arrows are the canonical inclusion maps and the right horizontal arrows are
given by restriction to the boundary and the tangent space at w1 respectively. Indeed, the top
row is the part of the bundle

Diff(W1) −→ Diff(∂W1 \ ∂W )

lying over the subgroup G. Similarly, the bottom row is the part of the bundle

Diff1(W ) −→ GLdR

lying over the subgroup G. As the map on the base spaces is the identity and the map on
the fibre spaces is a homotopy equivalence by Lemma 2.4, it follows that also the map of
total spaces is a homotopy equivalence. The second statement in the lemma follows from the
homotopy equivalence O(d) ' GLd(R).

We finish this section with some remarks that put our choices of groups above into context.
Taking W = M = Sd and K = Dd in (2.2) we get a fibre bundle

Diff(Dd; rel ∂) −→ Diff(Sd) −→ Emb (Dd, Sd) (2.5)

for all d > 0. The orthogonal group O(d+ 1) injects via Diff(Sd) into Emb (Dd, Sd). Following
this by the evaluation map at the origin 0 ∈ Dd gives rise to a map of fibre bundles

O(d)

'
��

// O(d+ 1)

'
��

// Sd

=
��

Emb (Dd, 0;Sd, w1) // Emb (Dd, Sd) // Sd

where all vertical maps are homotopy equivalences by (2.3) and (2.4). We thus have a homotopy
equivalence of spaces

Diff(Sd) ' O(d+ 1)×Diff(Dd; rel ∂). (2.6)

Note that here Diff(Sd) includes the orientation reversing diffeomorphisms. Restricting to the
orientation preserving diffeomorphisms this is Proposition 4 of [C1], page 127.
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Remark 2.6. By theorems of Smale [Sm1] and Hatcher [H] the group Diff(Dd, rel ∂) is con-
tractible for d = 2, 3. For d ≥ 5, the mapping class group π0(Diff(Dd, rel ∂)) is known to be
isomorphic to the group Θd+1 of exotic spheres in dimension d+ 1 by theorems of Smale [Sm2]
and Cerf [C2]. The exotic spheres are constructed by a clutching construction that glues two
disks Dd+1 together using elements in Diff(Dd; rel ∂) ⊂ Diff(Sd).

The question arises in our context which diffeomorphism of the k boundary spheres is the
restriction of some symmetric diffeomorphism of W]kQ. First note, that if α ∈ Diff0(Sd−1) is
an element in the identity component, then it is such a restriction as any path to the identity
defines a diffeomorphisms α̂ of Sd−1 × [−1, 1] with α̂|Sd−1×{0} = α and α̂|∂ = 1 which can be
extended to the whole of W]kQ by the identity. By the Lemma 2.3 then also any element in
the wreath product Σk o Diff0(W]kQ) is in the image of the restriction map. When W is not
orientable, this holds also if the −1 component defined by the non-zero element in π0(GLd(R))
is included. Our methods here however force us to restrict ourselves to the case when G ⊂ O(d)
is a closed subgroup.

2.3 Spectral sequence arguments and stable splittings

We will use the following well-known spectral sequence arguments repeatedly.

Lemma 2.7. Let f : E•p,q → Ẽ•p,q be a map of homological first quadrant spectral sequences.
Assume that

f : E2
p,q

'−→ Ẽ2
p,q for 0 ≤ p <∞ and 0 ≤ q ≤ l.

Then f induces an isomorphism on the abutments in degrees ∗ ≤ l.

Proof. The fact that f is an isomorphism on E2
p,q for all p allows us to control higher differentials

with targets of bidegree (p, q) with p+ q ≤ l. Also note that that r-th differential has bi-degree
(−p, q − 1). So the differentials from terms with bidegree (p, q) and p+ q ≤ l have targets with
total degree no greater than l. The details are left to the reader.

We can improve the situation when we have further constraints. Consider the following abstract
version of the situation described in Theorem 2.1. For k ≥ 1, let G be a topological group and
Ck be G-spaces with G-equivariant maps Ck → Ck+1 for k ≥ 0 that are stably G-equivariantly
split injective. Consider the map induced on Borel constructions

fk : EG×G Ck −→ EG×G Ck+1.

We have the following helpful tool.

Lemma 2.8. If Ck → Ck+1 is stably G-equivariantly split injective, then so is fk. In particular
fk is split injective in homology.

Proof. The assumptions on the Ck imply that it is G-equivariantly stably homotopy equivalent
to Vk =

∨k
j=0Dj with Dj = Cj/Cj−1. The maps Ck → Ck+1 correspond G-equivariantly

to the split injective maps Vk → Vk+1. These also induce split injective maps on the Borel
constructions as

EG×G Vk '
k∨
j=0

EGnG Dj

where X n Y denotes the half-smash X × Y/X × ∗.
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3 Proofs of the main theorems

We will first define explicit stabilisation maps and then prove the theorems in sequence using
the results of the previous section.

3.1 Definition of stabilisation maps

We will construct maps of the diffeomorphisms groups that will induce the maps claimed in the
three theorems of the introduction. They correspond on the underlying manifolds to connected
sum but more precisely will be constructed by extending diffeomorphisms from W to W+ as
encountered in section 2.1.

As before, let ∂0 be an embedded (d − 1)-dimensional disk in the boundary ∂W and Q be
another d-dimensional manifold. Let D be a parametrised closed disk in Q and D0 be a closed
disk with centre z0 contained in ∂0 × [0, 1] ⊂ ∂W × [0, 1]. Remove the two disks and identify
their boundary to form a new manifold Q′. To form the connected sum we take the union of W
and Q′ and identify ∂W in W with ∂W ×{0}. Note that the resulting manifold W]Q is indeed
diffeomorphic to the usual connected sum of W and Q. It comes equipped with the embedded
disk ∂+

0 = ∂0 ×{1} in its boundary, and we may thus repeat the process to form the connected
sum W]kQ as illustrated in Figure 3.1.

W Q’ Q’

Figure 3.1: The connected sum of W with copies of Q.

The k-fold connected sumW]kQ contains k copies ofQ1 = Q\int(D). The group ΣG Diff(W]kQ)
of the introduction consists of the elements in the group Diff(W]kQ;

∐
kQ1; ∂0) of diffeomor-

phisms that fix ∂0 point-wise, map
∐
kQ1 to itself and restrict on each boundary component to

an element in G ⊂ O(d). Let G ⊂ SO(d) when W is orientable, or G ⊂ O(d) when not. When
G is the trivial group e, this group is simply the wreath product

Diffk(W ) oDiff1(Q) = Diffk(W ) n (Diff1(Q))k.

The diffeomorphisms of W]kQ that fix ∂0 point-wise can be extended to diffeomorphisms of
W]k+1Q using the identity on the additional copy of Q1. We have thus well-defined homomor-
phisms σ : Diff(W]kQ)→ Diff(W]k+1Q) that restrict to homomorphisms

σ : ΣG Diff(W]kQ) −→ ΣG Diff(W]k+1Q).

Note that when Q1 = D0 \ z0 is a disk with a puncture, W]kQ ' W k, and when Q1 =
D0 \ int(D) is a disk without its interior, W]kQ ' Wk. By abuse of notation we will suppress
this diffeomorphism and write

σ : Diffk(W ) −→ Diffk+1(W ) and σ : Diffk(W ) −→ Diffk+1(W )
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for the resulting stabilisation maps. The iterated stabilisation maps σk : Diff(W ) → Diffk(W )
and σk : Diff(W ) → Diffk(W ) have homotopy left inverses. To define these, identify Diffk(W )
and Diffk(W ) with diffeomorphisms that fix a set of k points respectively of k parametrised
disks. The left inverse is given by the forgetful maps:

Diffk(W ) −→ Diff(W ) and Diffk(W ) −→ Diff(W ). (3.1)

We note here that by Remark 2.6, Theorem 1.1 and Theorem 1.2 are not special instances of
Theorem 1.3. In particular, Σe Diff(W]kD

d) is homotopy equivalent to Diffk(W ) when d = 2
or 3 but not in general. Nevertheless, all three are special cases of Theorem 3.4 below.

We will prove the three theorems of the introduction in sequential order in the next sections.

3.2 Proof of Theorem 1.1

We will prove the following slightly stronger statement in which the split injection of homology
groups is promoted to a stable (in the sense of stable homotopy theory) split injection of spaces.

Theorem 3.1. The stabilisation map σ : BDiffk(W ) → BDiffk+1(W ) is stably split injective
and a homology isomorphism in degrees ∗ ≤ k/2.

Proof. Fix k points x1, . . . , xk in the interior of W and consider the evaluation map

Ek : Diff(W ) −→ Ck(W )

which maps a diffeomorphism ψ to ψ(x1), . . . , ψ(xk). Note that this map is surjective as by
Lemma 2.4 (i) the diffeomorphism group of W is k-transitive. It is a fibre bundle with fibre
Diffk(W ) by [Pal]; see (2.2). Extending this fibration twice to the right we get a new fibration

Ck(W ) −→ BDiffk(W ) −→ BDiff(W ). (3.2)

This fibration can be constructed geometrically as follows. Fix an embedding ∂0 → {0} × R∞
and consider the space of smooth embeddings

EDiff(W ; ) := Emb∂0(W ; (∞, 0]× R∞)

extending it and which furthermore are of the form 1 × h|∂W near (−ε, 0] × R∞. This is a
contractible space by the Whitney embedding theorem and the diffeomorphism group Diff(W )
acts freely on it. The orbit space, the space of embedded manifolds W ′ diffeomorphic to W ,
is a model for BDiff(W ). Similarly, the orbit space for the restricted action of Diffk(W ), the
space of embedded manifolds W ′ with k marked points, gives a model for BDiffk(W ). With
these models the right hand map in the above fibration (3.2) is the map that forgets the marked
points on the embedded manifold and the fibre over W ′ is its k-fold configuration space.

The fibration is compatible with stabilisation in the sense that we have maps of fibrations

Ck(W ) //

σ

��

BDiffk(W ) //

σ
��

BDiff(W )

σ

��

Ck+1(W ) // BDiffk+1(W ) // BDiff(W )

10



with a homotopy equivalence of the base spaces. This gives rise to a map of spectral sequences

E2
∗∗ = H∗(BDiff(W );H∗(Ck(W )))

σ

��

=⇒ H∗(BDiffk(W ))

σ
��

E2
∗∗ = H∗(BDiff(W );H∗(Ck+1(W ))) =⇒ H∗(BDiffk+1(W ))

By Theorem 2.2, the map of E2
pq-terms is an isomorphism for q ≤ k/2 and all p. Hence, by

Lemma 2.7, it is also an isomorphism of the total spaces in degrees ∗ ≤ k/2 and the homological
statement Theorem 1.1 follows.

Our geometric model for the fibration (3.2) identifies

BDiffk(W ) ' EDiff(W )×Diff(W ) Ck(W ).

Thus Theorem 2.1 and Lemma 2.8 imply furthermore that the stabilisation map σ is stably
split injective.

3.3 Proof of Theorem 1.2

We will prove the following slightly stronger statement.

Theorem 3.2. The stabilisation map σ : BDiffk(W ) → BDiffk+1(W ) is stably split injective
and a homology isomorphism in degrees ∗ ≤ k/2.

Proof. As in the proof of Theorem 3.1, we fix k points x = (x1, . . . , xk) in the interior of
W . We modify the evaluation map to also record the map of tangent spaces at these points.
Thus a diffeomorphism ψ is mapped to (ψ(x1), . . . , ψ(xk);Dx1ψ, . . . ,Dxkψ) with each Dxiψ ∈
Iso(TxiW,Tψ(xi)W ). After fixing an isomorphism TxiW ' Rd for each i this defines a map

ETk : Diff(W ) −→ Ck(W ; Fr),

to the twisted configuration space where Fr : Iso(Rd,−)→W is the frame bundle of the tangent
bundle of W with fibre Iso(Rd;TwW ) over w. It is understood here that in the case when W
is oriented, the linear isomorphisms preserve the orientation and the fibre is isomorphic to the
group of orientation preserving invertible matrices GL+

d (R). Otherwise it is isomorphic to the
whole linear group GLd(R). By Lemma 2.3.(ii) the evaluation map ETk is surjective and its fibre
over x and the identity linear transformations is

Diff(W ; {x1, . . . , xk, Tx1W, . . . , TxkW}; ∂0),

the group of diffeomorphisms that fix ∂0 point-wise, fix the points {x1, . . . , xk} as a set and
their tangent spaces point-wise up to permutation. By an obvious extension of Lemma 2.4, this
group is homotopic to Diffk(W ).

The remainder of the proof follows now the pattern of the proof of Theorem 1.1. We consider
the associated fibre bundle

Ck(W ; Fr) −→ BDiffk(W ) −→ BDiff(W ). (3.3)

The stabilisation maps commute with all maps in the fibre sequence and hence induce a map
of associated Serre spectral sequences with E2-term

E2
∗∗ = H∗(BDiff(W );H∗(Ck(W ; Fr))).

11



By Theorem 2.2 with twisted labels in the frame bundle Fr, the stabilisation map induces an
isomorphism on homology groups H∗(Ck(W ; Fr)) in degrees ∗ ≤ k/2, thus on the E2-term of
the Serre spectral sequence and the abutment by Lemma 2.7, which proves the homological
statement Theorem 1.2.

A geometric model for the total space is given by the space of embedded manifolds in infinite
Euclidean space with k marked points and framings for their tangent spaces, that is

BDiffk(W ) ' Emb∂0(W ; (∞, 0]× R∞))×Diff(W ) Ck(W ; Fr).

Recall that it is understood that if W is oriented then the framings are compatible with the
orientation. We note here that the action of the diffeomorphism group on the label space is
non-trivial. The full strength of Theorem 2.1 and Lemma 2.8 imply the stable splitting.

3.4 Proof of Theorem 1.3

To prove Theorem 1.3 we will consider two fibration sequences. Recall from the previous section
that the evaluation map gives rise to a fibration (up to homotopy)

Diffk(W ) −→ Diff(W )
ET

k−→ Ck(W ; Fr).

The second fibration is
P Diffk(W ) −→ PG Diff(Wk) −→ Gk

where the right map sends a diffeomorphism to its restriction to the boundary spheres; P Diffk(W )
and PG Diff(Wk) denote the subgroups of Diffk(W ) and ΣG Diff(Wk) that do not permute the
boundary spheres. Extending the fibrations twice to the right and dividing out by the (free)
symmetric group action on base and total space, we can combine them into the following dia-
gram where each column and row is a fibration (up to homotopy):

Gk //

=
��

Ck(W ; Fr) //

��

Ck(W ; Fr /G)

��

Gk //

��

BDiffk(W ) //

��

BΣG Diff(Wk)

��

∗ // BDiff(W )
= // BDiff(W ).

Here the bundle Fr /G over W is the fibrewise quotient space of the frame bundle Fr by the
natural action of G. Note that the right column is associated to the evaluation fibration

EGk : Diff(W ) −→ Ck(W ; Fr /G)

which is ETk from (3.3) composed with the quotient map. As in the proof of Theorem 3.2, we can
now apply Theorem 2.2 and Lemma 2.7 as well as Theorem 2.1 and Lemma 2.8 to the fibration
of the right column to prove the following proposition which generalises both Theorems 3.1 and
3.2.

Theorem 3.3. For G ⊂ O(d) a closed subgroup, the map σ : BΣG Diff(Wk)→ BΣG Diff(Wk+1)
is a stably split injection and induces an isomorphism in homology of degrees ∗ ≤ k/2.

12



We will now ‘decorate’ the diffeomorphism group ofWk at the embedded parametrised disks with
a label group H which comes equipped with a continuous surjective homomorphism ρ : H → G.
Define ΣH

G Diffk(W ) to be the pullback under the induced map on wreath products and the
natural restriction map ΣG Diffk(W )→ Σk oG:

ΣH
G Diffk(W )

��

// ΣG Diffk(W )

��

Σk oH
ρ

// Σk oG.

Write H1 for the kernel of ρ. Then there is a fibration sequence

BH1 −→ O(d)×G BH1 −→ O(d)/G

where we take BH1 = EH/H1 so that it has a free G action. Combining this with the diagram
above we have the following (up to homotopy) commutative diagram with fibrations in each
column and row

BHk
1

//

=

��

Ck(W ; Fr×GBH1) //

��

Ck(W ; Fr /G)

��

BHk
1

//

��

BΣH
G Diffk(W ) //

��

BΣG Diff(Wk)

��

∗ // BDiff(W )
= // BDiff(W ).

(3.4)

Thus we have a description of BΣH
G Diffk(W ) as a fibre bundle over BDiff(W ) with fibre the

configuration space Ck(W ; Fr×GBH1). As in the proof of Theorem 3.2, an application of
Theorem 2.2 and Lemma 2.7 and invoking the full strength of Theorem 2.1 and Lemma 2.8
gives the following most general statement.

Theorem 3.4. The stabilisation map σ : BΣH
G Diffk(W ) → BΣH

G Diffk+1(W ) is a stably split
injection and an isomorphism in homology of degrees ∗ ≤ k/2.

It is now easy to see that our previous results are special cases of this. Let H = DiffG(Q1) be
the group of diffeomorphisms of Q1 that restrict to an element of G on the spherical boundary
component created by deleting a disk from Q. Then

ΣH
G Diffk(W ) = ΣG Diff(W]kQ).

Thus Theorem 3.4 specialises to Theorem 1.3. When H = {e} = G is the trivial group, then

ΣH
G Diffk(W ) = Diffk(W )

and Theorem 3.4 gives Theorems 1.2 and 3.2. To recover Theorems 1.1 and 3.1 put H = G =
O(n) respectively H = G = SO(n) in the orientable case with ρ the identity homomorphisms.
Then, by Lemma 2.5, we have a homotopy equivalence

ΣH
G Diffk(W ) ' Diffk(W ).
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4 Fundamental groups of configuration spaces

In order to prove the mapping class group analogues of our main results we will need the
analogues of Theorem 2.1 and 2.2. The role of the configuration spaces will be taken by their
fundamental groups which we will now compute first.

Lemma 4.1. Assume dim(W ) ≥ 3 and let π : E → W be a fibre bundle on W with path-
connected fibre F . Then

π1(Ck(W ;π)) = Σk o π1(E).

For π = id : W →W this is the braid group of W and the result is well-known. For completeness
we include here a proof of the more general case.

Proof. Consider the fibre bundle for the ordered configuration spaces

E \ E|w −→ C̃k+1(W ;π)
eval1,...,k−→ C̃k(W ;π) (4.1)

where the map eval1,...,k remembers the first k points of the ordered configurations and forgets

the last one. The fibre over the configuration x = {x1, . . . , xk} with π(x) = w in C̃k(W ) is
a point in E which is not in any of the fibres E|w over w. The stabilisation map for ordered
configuration spaces σ̃ : C̃k(W ;π)→ C̃k+1(W ;π) defines a section (up to isotopy) of the above
fibre bundle. Hence there is a split exact sequence of fundamental groups

0 −→ π1(E \ E|w) −→ π1(C̃k+1(W ;π))
eval1,...,k−→ π1(C̃k(W ;π)) −→ 0. (4.2)

The natural inclusion incl : E \ E|w ↪→ E factors as the composition of the inclusion of the
fibre in (4.1) and the map evalk+1 : C̃k+1(W ;π) → E that maps an ordered configuration
x = {x1, . . . , xk, xk+1} to its last point xk+1.

Claim. The inclusion incl : E \ E|w ↪→ E induces an isomorphism on fundamental groups.

Proof of claim. Note that incl defines a map of fibre bundles covering the inclusion inclW :
W \w ↪→W . We thus have a map of exact sequences of homotopy groups

π2(W \w) //

inclW
��

π1(F ) //

=

��

π1(E \ E|w) //

��

π1(W \w) //

inclW
��

π0(F )

=

��

π2(W ) // π1(F ) // π1(E) // π1(W ) // π0(F ).

As dim(W ) ≥ 3, inclW induces an isomorphism on fundamental groups and a surjection on
second homotopy groups. An application of the Five Lemma finishes the proof of the claim.

Using the claim we see that the group extension (4.2) is doubly split and thus trivial:

π1(C̃k+1(W ;π)) ' π1(E)× π1(C̃k(W ;π)).

Hence, by induction, starting with C̃1(W ;π) = π1(E), we get π1(C̃k(W ;π)) ' π1(E)k.

To deduce the result we want for unordered configurations spaces consider the fibre bundle

Σk −→ C̃k(W ;π) −→ Ck(W ;π)

and the associated short exact sequence of groups

π1(C̃k(W ;π)) −→ π1(Ck(W ;π)) −→ Σk. (4.3)
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Let D ⊂W be an embedded disk of codimension zero. The restricted bundle π|D is trivialisable
and hence in particular has a section. We can thus define inclusions Ck(D) ↪→ Ck(D;π|D) ↪→
Ck(W ;π). As dim(W ) ≥ 3, π1(Ck(D)) = Σk and the inclusion gives a splitting of the short
exact sequence (4.3). By definition Σk acts by permuting the k points in E and we can deduce
that the fundamental group of Ck(W ;π) is the wreath product.

Consider a general wreath product Σk oG for a group G. Its classifying space has a configuration
space model given by

B(Σk oG) ' EΣk ×Σk
(BG)k ' Ck(R∞;BG).

The automorphism group Aut(G) of G acts on BG by the naturallity of the bar construction.
Applications of Theorem 2.1 and Theorem 2.2 give the following general result:

Lemma 4.2. The stabilisation map B(Σk oG)→ B(Σk+1 oG) is (i) Aut(G)-equivariantly split
injective and (ii) induces an isomorphisms in homology in degrees ∗ ≤ k/2.

We note now that the mapping class group Γ(W ;π) := π0(Diff(W ;π)) acts on the fundamental
group of W and more generally on the fundamental groups of the configuration spaces Ck(W ;π);
here we choose the base-point to be on ∂0 so that it is fixed by the elements in Diff(W ;π).
Applying Lemma 4.2 with G = π1(E) and Γ(W ;π) ⊂ Aut(G) and invoking Lemma 4.1 gives
the following desired result.

Corollary 4.3. Assume dim(W ) ≥ 3 and let π : E → W be a fibre bundle on W with path-
connected fibres. The stabilisation map σ : π1(Ck(W ;π)) → π1(Ck+1(W ;π)) induces (i) a
Γ(W ;π)-equivariant stably split injective map on classifying spaces; and (ii) an isomorphism on
homology in degrees ∗ ≤ k/2.

5 Homology stability for mapping class groups

We prove here the analogues of the homology stability of diffeomorphism groups for the asso-
ciated mapping class groups. Theorem 5.1 was also proved by Hatcher and Wahl [HW] with
different methods. When W is a surface, which we assume has non-empty boundary, the map-
ping class groups are homotopic to the diffeomorphism groups, see [ES]. So the analogues for
the mapping class groups follow immediately from the results for the diffeomorphism groups
proved in section 3. (See also [BT] for results closely related to Theorem 5.1 and 5.2.) We
therefore have to prove the statements below only in the case when dim(W ) ≥ 3 and Corollary
4.3 applies.

Let Γk(W ) := π0(Diffk(W )) be the mapping class group of W with k punctures.

Theorem 5.1. The map σ : BΓk(W ) → BΓk+1(W ) is a stable split injection and an isomor-
phism in homology for degrees ∗ ≤ k/2.

Define Γk(W ) := π0(Diffk(W )).

Theorem 5.2. The map σ : BΓk(W ) → BΓk+1(W ) is a stable split injection and an isomor-
phism in homology for degrees ∗ ≤ k/2.

Define ΣGΓ(W]kQ) := π0(ΣG Diff(W]kQ)) where G ⊂ O(d) ⊂ Diff(Sd−1) is a closed subgroup.
More generally, for any group H and homomorphisms ρ : H → G define

ΣH
GΓk(W ) := π0(ΣH

G Diffk(W )).

15



As explained at the end of section 3, the following generalises Theorems 5.1 and 5.2.

Theorem 5.3. The map σ : BΣH
GΓk(W ) → BΣH

GΓk+1(W ) is a stable split injection and an
isomorphism in homology for degrees ∗ ≤ k/2.

Proof. From the fibration of the middle column of diagram (3.4)

Ck(W ; Fr×GBH1) −→ BΣH
G Diffk(W ) −→ BDiff(W )

we get a long exact sequence of homotopy groups

π1(ΣH
G Diffk(W )) −→ π1(Diff(W )) −→ π1(Ck(W ; Fr×GBH1)) −→ ΣH

GΓk(W ) −→ Γ(W ) −→ 0.

Using the maps in (3.1) we see that the first map is split surjective, and hence we have a short
exact sequence of discrete groups

0 −→ π1(Ck(W ; Fr×GBH1)) −→ ΣH
GΓk(W ) −→ Γ(W ) −→ 0.

For different k these short exact sequences are compatible with the stabilisation maps. Consider
the Leray-Serre spectral sequence

E2
p,q = Hp(Γ(W ), Hq(π1(Ck(W ; Fr×GBH1)))) =⇒ Hp+q(Σ

H
GΓk(W )).

The result now follows from Corollary 4.3 and an application of Lemmas 2.7 and 2.8.

6 Variations and extensions

Homology stability of configuration spaces has been studied extensively in recent years and the
different versions and strengthenings of Theorem 2.2 lead immediately to variants of our main
theorems. We mention a few of them here.

6.1 Changing coefficients

The stability range of k/2 in our main theorems is a direct consequence of the stability range
for the homology of the configuration spaces in Theorem 2.2. The latter stability range can
be improved when we change the coefficients of the homology theory. For example, in [CP]
it is shown that for dimW ≥ 3 the stability range can be improved to ∗ ≤ k − 1 if we take
homology with coefficients in Z[1/2]. Hence, Theorems 1.1, 1.2, 1.3 and their mapping class
group analogues Theorems 5.1, 5.2, 5.3 hold for such manifolds with this improved stability
range. See [CP] and papers cited there for a discussion of field coefficients more generally.

6.2 Boundary conditions and subgroups

In order to define stabilisation maps, we considered only diffeomorphisms that fix point-wise a
disk ∂0 in the boundary of ∂W . We may introduce any other compatible boundary conditions
on the diffeomorphisms and analogues of our main theorems will hold.

We may also consider any subgroups of Diff(W ) as long as the evaluation map Ek restricts to a
surjective map onto Ck(W ) and induces homotopy fibre sequences analogous to those in (3.2)
and (3.3). Similarly, Theorem 3.4 allows us already to replace the group DiffG(Q1) by any of
its subgroups as long as the restriction to the boundary defines a fibration over G.
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6.3 Replacing the symmetric by the alternating group

The three types of diffeomorphism groups that we consider all come equipped with a natural
surjection to the symmetric group Σk by considering the permutation of the k punctures, deleted
disks and copies of Q \ int (D) respectively. This defines in particular short exact sequences of
groups:

PG Diff(W]kQ) −→ ΣG Diff(W]kQ) −→ Σk.

We refer to these therefore as symmetric diffeomorphism groups as in the title. Similarly, we
can define alternating diffeomorphism groups as subgroups of the symmetric diffeomorphism
groups fitting into the extension sequence

PG Diff(W]kQ) −→ AG Diff(W]kQ) −→ Ak.

Here Ak ⊂ Σk denotes the alternating group. In [P] Palmer considered oriented configuration
spaces with labels in a space X. These are defined as the orbit spaces

C+
k (W ;X) := C̃k(W ;X)/Ak

of ordered configuration spaces under the action of the alternating group Ak. Palmer proves
homology stability for these spaces: the stabilisation maps induce in homology isomorphisms
for ∗ ≤ (k−5)/3 and surjections for ∗ ≤ (k−2)/3. This is enough for the analogues of Theorems
1.1, 1.2 and 1.3 with these stability conditions to be proved for the alternating diffeomorphism
and mapping class groups as long as W is parallelisable and the frame bundle Fr is trivial.

6.4 Group completion

Take W = D to be the d-dimensional disk. The union

M :=
∐
k≥0

BΣG Diff(D]kQ)

forms a monoid induced by connected sum. Taking models of BΣG Diff(D]kQ) of embedded
manifolds in Euclidean space, one can construct an action of the standard little d-disk operad
on M. Thus its group completion ΩBM is a d-fold loop space. As d ≥ 2 the monoid M is
therefore homotopy commutative. Define

ΣG Diff(D]∞Q) := hocolimk ΣG Diff(D]kQ).

By the strengthened group completion theorem, see [RW2] [MP] and references therein, the
fundamental group of the classifying space of the monoid M has perfect commutator subgroup
and

ΩBM ' Z×BΣG Diff(D]∞Q)+; (6.1)

here X+ denotes the Quillen plus construction of X with respect to the maximal perfect sub-
group of the fundamental group π1(X). As this space is a homotopy commutative H-space, its
homology is a bi-commutative Hopf algebra. The structure of these has been studied in [MM].
In particular, if its homology with rational coefficients is of finite type then it is a graded poly-
nomial algebra, that is a polynomial algebra on even dimensional generators tensor an exterior
algebra on odd dimensional generators. By the homology stability theorem, Theorem 1.3, we
deduce that

H∗(BΣG Diff(D]kQ);Q) = Q[ qi ; i ∈ I]
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is a polynomial algebra in degrees less or equal to k/2 on generators qi indexed by some set I.

Similarly, we may consider the monoid built from mapping class groups,

MΓ
Q :=

∐
k≥0

BΣGΓ(D]kQ).

Define ΣGΓ(D]∞Q) := limk ΣGΓ(D]kQ). Then by the same reasoning as above, its commutator
subgroup is perfect and

ΩBMΓ ' Z×BΣGΓ(D]∞Q)+ (6.2)

is a d-fold loop space. If its rational homology is of finite type then it is a graded polynomial
algebra.
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[B] C.-F. Bödigheimer, Stable splittings of mapping spaces, Algebraic topology (Seattle,
Wash., 1985), Lecture Notes in Math., vol. 1286, Springer, Berlin, 1987, pp. 174–187.
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