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Abstract

Using recently developed algorithms, we compute and compare best L2 and L∞
rational approximations of analytic functions on the unit disk. Although there is some
theory for these problems going back decades, this may be the first computational
study. To compute the L2 best approximations, we employ a new formulation of
TF-IRKA in barycentric form.
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1 Introduction
Rational approximation is an old subject, going back to the 19th century, but computations
can be challenging. In this paper we compute and compare best L2 and L∞ rational
approximations of scalar analytic functions on the unit disk D in the complex plane C.
So far as we are aware, no such comparisons have been published before. The algorithms
we rely on for our computations are variants of TF-IRKA for L2 [8] and AAA-Lawson for
L∞ [26]. They are not fail-safe, but they succeed in many cases.
Let n ≥ 0 be an integer and let Rn be the set of rational functions of degree n that

are analytic in the closed unit disk D, meaning functions that can be written in the form
r(z) = p(z)/q(z) where p and q are polynomials of degree (at most) n and all the roots
{πk} of q satisfy |πk | > 1. Our 2- and ∞-norms are defined by

‖f ‖2 =
( 1
2π

∫

S
|f (z)|2|dz|

)1/2
, ‖f ‖∞ = sup

z∈S
|f (z)|,

where S is the unit circle. Note that the division by 2π makes ‖ · ‖2 the root-mean-square
norm, implying ‖f ‖2 ≤ ‖f ‖∞ for any f . We will be concerned with approximation of
functions f analytic in D, so by the maximum modulus principle, approximation on
the circle implies approximation in the disk. Our functions belong to the spaces L2(S),
L∞(S), H2(D), and H∞(D) as usually defined, and the problems we address would often
be described as instances of H2 or H∞ approximation. Given a function f analytic in the
closed unit disk, we let r∗

2 and r∗∞ denote degree n best approximations defined by

‖f − r∗
2‖2 = inf

r∈Rn
‖f − r‖2, ‖f − r∗∞‖∞ = inf

r∈Rn
‖f − r‖∞.
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It is known that these approximations exist but need not be unique; see Sect. 3. (Best
approximations in L∞ are also known as Chebyshev approximations.) When we write r∗

2
or r∗∞, it is to be understood that this refers to any best approximation if there are several.
We denote the optimal errors by

E2 = ‖f − r∗
2‖2, E∞ = ‖f − r∗∞‖∞.

Note that r∗
2 , r∗∞, E2, and E∞ all depend on f and n, although our notation does not

indicate this.
Instead of the closed unit disk, one could equivalently consider approximation on the

closed exterior of the disk by assuming f is analytic there, including at∞. This is the usual
formulation in discrete-time systems theory [2,3,11,15], and it is in some respects more
elegant mathematically, including for investigating the distribution of poles of approx-
imants, which accumulate as n → ∞ on curves defined by orthogonality or energy-
minimization conditions [7]. By a Möbius transformation, one could go further and
transplant f and r to any other disk or disk-exterior or half-plane, but whereas L∞

approximation is invariant under such transplantations, L2 approximation is not. In par-
ticular, the problem of L2 approximation in a half-plane (H2 approximation) requires the
interpolation condition r(∞) = f (∞) in order for the approximation error to be finite.
Half-plane domains are the natural setting for the model-order reduction and reduced
order modeling of continuous-time dynamical systems, which is the context in which
our L2 algorithms have most often been applied; see Sect. 5. We mention that recent
work generalizes some of these ideas to regions other than disks, disk exteriors, and half-
planes [9,10].
We begin in Sects. 2–4 with examples of best L2 and L∞ approximations and discussion

of associated mathematical properties. Sections 5 and 6 then discuss algorithms for L2

approximation, first based on the state-space formulation of the rational approximant
that is so familiar in the model-order reduction and reduced order modeling community,
then based on a barycentric form of the Hermite rational approximant, for which there is
less previous literature. We will not give details of our L∞ algorithm, because it consists
of applying the AAA-Lawson method exactly as described in [26]. For the examples of
this paper we sampled at 200 roots of unity, a number which could of course be increased
for more complicated problems. Alternatively, one could equally well use adaptive sam-
pling by the continuum AAA-Lawson algorithm of [12]. The AAA-Lawson algorithm,
like the AAA algorithm it is derived from (which computes near-best rather than best
approximations), does not work with poles, but is just a greedy descent method involving
support points and barycentric coefficients based on samples of f on the unit circle. Poles
of the rational approximant are only computed after the fact, once good support points
and corresponding optimal coefficients have been found. Our L2 algorithms presented in
Sects. 5 and 6, by contrast, do work with poles, exploiting the optimality conditions given
in Theorem 3.2 below, and they adaptively sample f and its derivative at points in the
disk rather than on the circle.

2 Examples
Given f and an approximation r ∈ Rn, the error function is

e(z) = r(z) − f (z),



M. S. Ackermann et al. Res Math Sci (2026) 13:65 Page 3 of 14    65 

Fig. 1 Error curves for best L2 and L∞ approximations of degree n = 3 to f (z) = exp(4z). Both curves have
winding number ω = 2n + 1 = 7. The error curve for the L∞ case is not exactly circular but nearly so

Fig. 2 Degree 1 approximations of
√
1.1 − z

which is defined at least on the closed unit disk, and the error curve is the closed curve
e(S). The error functions for the best degree n approximations are denoted by e∗2 and
e∗∞. Figure 1, the first of several of our figures in the same format, plots error curves for
best degree 3 approximations of f (z) = exp(4z). Here and in all our examples, except as
indicated otherwise, we believe (usually without proof) that the approximations we plot
are unique best approximations correct to plotting accuracy. Throughout this paper, we
plot curves for L2 best approximations in green and those for L∞ best approximations in
blue.
In Fig. 1 as in many examples, the L2 and L∞ error curves are topologically the same

but quantitatively quite different. Both curves wind around the origin 2n+1 times, which
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Fig. 3 Degree 7 approximations of
√
1.1 − z

is the generic number for degree n approximation though not the universal one. The L2

curve is roughly circular, whereas the L∞ curve is so close to circular that one cannot see
in the plot that it is not exactly so. The near-circularity phenomenon was investigated in
[31], and in this example the modulus |e(z)| deviates from a constant value by about 3
parts in 1000. Theorem 6.3 of [31] indicates that for f (z) = exp(z) instead of exp(4z), the
deviation from circularity would be less than one part in a million.
In the upper corners, Fig. 1 lists the errors ‖e‖2 and ‖e‖∞ for both the L2 and L∞ best

approximations. Our definitions imply that these numbers are ordered as follows:

‖e∗2‖2 ≤ ‖e∗∞‖2 ≤ ‖e∗∞‖∞ ≤ ‖e∗2‖∞.

As our next examples, Figs. 2 and 3 show approximations of f (z) = √
1.1 − z of degrees

n = 1 and 7. It is interesting to note here the difference between the plots of error curves,
in the upper part of each figure, and of |e(z)| as a function of arg(z), in the lower part.
From the error curves, one might be puzzled as to how the green approximations can
be better in the 2-norm than the blue ones. The lower plots, however, make it clear that
the L2-optimal approximations have large errors only on a small portion of S near the
singularity at z = 1.1.
It is also interesting to note in Figs. 2 and 3 that, whereas L∞ error curves tend to

approach perfect circles as n → ∞, this need not be the case in L2. Thus in a relative
sense, e∗2 and e∗∞ need not approach each other as n → ∞. In an absolute sense, however,
they do approach each other, for it is known that limn→∞ E1/n

2 and limn→∞ E1/n∞ are equal
for a wide class of functions f [7, Thm. 5]. Such results are proved by methods related to
the Hermite integral and potential functions discussed in Sect. 4.
As a fourth example, Fig. 4 shows degree n = 3 approximations of f (z) = tan(z3),

a function with six-fold angular symmetry about z = 0. A new feature here is that the
winding number for both approximations isω = 9, which exceeds 2n+1 = 7. The L∞ and
L2 best approximations are the polynomials r∗∞(z) ≈ 1.159500940306z3 and r∗

2 (z) = z3,
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Fig. 4 Degree 3 approximations of tan(z3). The winding numbers exceed the generic value 2n + 1 = 7. The
L2 best approximation is r∗2 (z) = z3 and the L∞ best approximation is r∗∞(z) ≈ 1.1595z3

respectively, so their error curves are six-fold symmetric. The green error curve in the
upper-left image appears to have winding number only 3, but because of the symmetry, it
is actually traversed three times.

3 Optimality conditions
Wemake some comments on optimality conditions, without attempting a full discussion.
For L∞, as mentioned in the introduction, best approximations on the unit disk are

known to exist [33] but need not be unique [18].1 The best known steps toward charac-
terizing them are the local Kolmogorov condition, which is necessary for optimality (local
as well as global), and the global Kolmogorov condition, also known as the Meinardus–
Schwedt condition, which is sufficient for optimality [17,23,30]. We are not aware of a
condition that is both necessary and sufficient, and it is notable that the AAA and AAA-
Lawson algorithms, unlike previous less successful methods for L∞ approximation and
unlike our algorithms here for L2 approximation, are not based on an attempt to enforce
optimality conditions.
As a practical matter, best and near-best L∞ approximations can usually be recognized

by their nearly circular error curves, as illustrated in all the figures so far. In the simplest
case, suppose r ∈ Rn has an error curve e(S) that happens to be a perfect circle with
winding number ω ≥ 2n + 1. Then if r̃ were a better approximation, the difference r − r̃
would also have to havewinding numberω ≥ 2n+1, which is impossible since r− r̃ ∈ R2n:
so r must be a best approximation. (This argument amounts to an application of Rouché’s
theorem to the error functions f − r and f − r̃.) This specialized conclusion generalizes
in two important ways. First, if r ∈ Rn is of degree less than n, belonging to Rν for some
ν < n, then winding number ω ≥ n + ν + 1 is enough to imply optimality. Second, if the
error curve is not perfectly circular but nearly circular, then the same reasoning ensures

1For example, Theorem 1 of [18] implies that f (z) = z2 + z5 has nonunique best approximations of degree n = 1.
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that r is a near-best approximant [31, Prop. 2.2]. This is a generalization to the unit disk
of a familiar lemma in real approximation on an interval associated with the name of de
la Vallée Poussin [23]:

Theorem 3.1 Nearly circular ⇒ Near-best for L∞ approximations. Given a function f
analytic in the closed unit disk, suppose r ∈ Rν for some ν ≤ n has an error curve e(S) that
does not pass through the origin and has winding number ω ≥ ν + n + 1. Then

min
z∈S |e(z)| ≤ E∞ ≤ max

z∈S |e(z)|.

Theorem 4.1 of [17] generalizes this winding number condition to a related condition of
alternation of signs along the unit circle, which can be used to prove the optimality of the
best L∞ approximation of Fig. 4.
Note that although error curves for L∞ best approximations often look circular to the

eye, they can never be exactly circular unless f is rational. The proof is that if the error
curve is circular, then by the Schwarz reflection principle, e = r − f can be analytically
continued to the extended complex plane C ∪ {∞}, making it a meromorphic function
with finitely many poles, hence rational.2

Turning to L2, best approximations again exist but need not be unique. A helpful pair
of sources on this topic are [6] and [7]. In this case there is a necessary condition for best
approximation that is the basis of our computations. First of all, a best approximation
r∗
2 ≈ f must always satisfy r∗

2 (0) = f (0). This follows from the property that the L2 norm
over S of an analytic functionwithTaylor seriesa0+a1z+· · · is the 2-normof its coefficient
vector (a0, a1, . . . )T , as can be shown by orthogonality; thus if an approximation r does
not interpolate f at z = 0, it can be improved by addition of a constant. In addition,
there must be at least 2n further points of interpolation lying in pairs—that is, points of
Hermite interpolation—located at the reflections {π̄−1

k } in the unit circle of the poles {πk}
of r∗

2 . The following theorem appears to have been published first in [20], generalizing an
earlier result restricted to the case of simple poles [14] (in Russian). Analogous results for
L2 approximation in a half-plane can be found in [22].

Theorem 3.2 Interpolation conditions for best L2 approximation. If f /∈ Rn−1 is analytic
in the closed unit disk, suppose r∗

2 ∈ Rn is a best L2 approximation of f . Then r∗
2 /∈ Rn−1, so

r∗
2 has exactly n finite or infinite poles π1, . . . ,πM, counted with multiplicities m1, . . . , mM;
thus

∑M
k=1mk = n. Moreover, r∗

2 interpolates f at the origin,

r∗
2 (0) = f (0), (3.1)

and in at least 2n additional points counted with multiplicity in the following sense:

r∗(j)
2 (π̄−1

k ) = f (j)(π̄−1
k ), j = 0, 1, . . . , 2mk − 1, k = 1, 2, . . . ,M. (3.2)

If one of the poles is infinite, say π1 = ∞, then the k = 1 case of (3.2) becomes

r∗(j)
2 (0) = f (j)(0), j = 1, 2, . . . , 2mk. (3.3)
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Fig. 5 Degree 1 approximations of z2. In L2, this function has a continuum of nonunique best
approximations, as described in the text, which have more points of interpolation than the (unique) L∞ best
approximant. The L∞ error curve is our first example that is exactly rather than just nearly circular

Theorems 3.1 and 3.2 imply an interesting difference betweenL∞ andL2 approximation.
For L∞, the best approximation in Rn may be “defective,” belonging to a space Rν with
ν < n, but forL2 itmust always have exact degreen, implying thatE2 is a strictly decreasing
sequence as n → ∞ whenever f is not itself rational. As the simplest possible example,
illustrated in Fig. 5, consider best degree n = 1 approximation of f (z) = z2 [20, p. 272]. In
L∞, the best approximation is r∗∞(z) = 0, with E∞ = 1 and winding number 2, but in L2,
r∗
2 (z) = (zeiθ /2)/(ze−iθ −√

2i) is a best approximation for any θ , with E2 = √
3/2 ≈ 0.866

and winding number 3. Thus the best L2 approximation is nonunique, as must hold more
generally in any case where f is even and n is odd [6]. If f is perturbed slightly in this
example, then instead of a nonunique global best approximation, we can expect to find
that there may be a unique global best approximation and also one or more distinct
approximations that are locally but not globally optimal [5]. As mentioned in the last
section, the L2 best approximation of Fig. 4 is also nonunique.

4 Hermite integral and potential functions
The theory of rational approximations of an analytic function f on a complex domain K
has been developed extensively in the past century. The fundamental tool is a Hermite
contour integral involving a potential function φ(z). For a sharp form of the estimate
applicable directly to the generic situation,we assume there are at least 2n+1 interpolation
points ζ0, . . . , ζ2n ∈ K with r(ζk ) = f (ζk ), and we also assume that r has n poles, some
of which may be at ∞. The poles and interpolation points are counted with multiplicity,
and in the case of L2 best approximation, Theorem 3.2 asserts that we can expect many
interpolation points ofmultiplicity 2. As a physical interpretation of the potential function

2As an undergraduate at Harvard, the third author spent weeks trying to prove this without success. Finally he knocked
at the office of Prof. Ahlfors, who delivered the argument instantly while standing in the doorway.
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(more precisely, the log of its absolute value), we imagine that each interpolation point
corresponds to a positive point charge of strength 1, and each pole is a negative point
charge of strength 2. Here is the theorem as stated in Section 12 of [27], a special case of
[29, Lemma 2], with roots in earlier work of Walsh and Gonchar.

Theorem 4.1 Let f be analytic in the closure of a Jordan region � bounded by a Jordan
contour 	, and let the degree n rational function r(z) interpolate f in 2n + 1 points
ζ0, . . . , ζ2n of a compact set K ⊂ �, counted with multiplicity. Let r ∈ Rn have n finite
poles π1, . . . ,πn outside �, and define

φ(z) =
2n∏
k=0

(z − ζk )
/ n∏

k=1
(z − πk )2 . (4.1)

Then for any z ∈ K,

f (z) − r(z) = 1
2π i

∫

	

φ(z)
φ(t)

f (t)
t − z

dt. (4.2)

If r has poles at ∞, then (4.2) still holds with these poles dropped from the quotient (4.1).

If all the poles are at ∞, then r reduces to a polynomial and we recover the Hermite
integral for polynomial approximation presented for example in [32, Thm. 11.1].
The power of Theorem 4.1—or perhaps we should say the power of rational

approximation—comes from the behavior of the quotient φ(z)/φ(t) in (4.2). When the
negative charges (poles) are well separated from the positive ones (interpolation points),
this ratio will be exponentially small on K , establishing exponential decrease of the errors
E2 and E∞ as n → ∞. The theorem applies to any rational approximation r ≈ f with n
finite poles that interpolates f in at least 2n + 1 points of K . Having this many interpo-
lation points is the generic situation for best and near-best approximations, and in cases
when there are fewer, one may be able to apply the more general result of [29, Lemma 2],
in which only linearized interpolation after multiplication by a denominator polynomial
is required.
Figures 6–9 show contour plots of |φ(z)| for the examples of Figs. 1–4. In each plot, red

dots mark poles of r(z), yellow dots mark interpolation points with r(z) = f (z), and green
dots mark Hermite interpolation points associated with Theorem 3.2 with r(z) = f (z) and
r′(z) = f ′(z). The contours are half-integer level curves of log10(|φ(z)|), and the first thing
to note in the figures is that in each case the unit circle, the boundary of our approximation
domain K , is approximately a level curve. This correlates with near-optimality, since the
error (4.2) will be small when the points ζk ∈ K and πk ∈ C\� are in a near minimal-
energy configuration. In the case of best L2 approximation, by Theorem 3.2, the unit circle
is exactly a level curve, for φ is a multiple of a finite Blaschke product (a rational function
whose poles and zeros are reflections of each other in the unit circle).
Looking first at Fig. 6, we see a fine illustration of the generic situation for L2 and L∞

best approximations. Both the L2 and L∞ approximants have three poles to the right of
the unit circle, which lie at nearly but not exactly the same locations in the two cases. This
approximate agreement of L2 and L∞ poles is common in our experience. The L2 best
approximation shows the poles reflected as three green dots, with double interpolation at
each; in addition the yellow dot at the origin marks the seventh interpolation point. The
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Fig. 6 Potential contours for degree 3 approximations of exp(4z), following Figure 1. Contours show integer
and half-integer levels of log10 |φ(z)|, with φ defined by (4.1). Red dots mark poles of the approximant r ,
yellow dots mark interpolation points where r = f , and green dots marks double (Hermite) interpolation
points with r = f and r′ = f ′ . By Theorem 3.2, for L2 approximation there is a yellow dot at the origin and
green dots at the points of reflection of the red dots in the unit circle

Fig. 7 Potential contours for degree 1 approximations of
√
1.1 − z , following Figure 2, with dots as in

Figure 6. The pole π1 is off-scale to the right at π1 ≈ 3.865 for L2 and π1 ≈ 3.146 for L∞

Fig. 8 Potential contours for degree 7 approximations of
√
1.1 − z , following Figure 3. In each case two of

the seven poles {πk} are off-scale to the right

L∞ best approximation also has seven interpolation points in the disk, but now they are
distinct and nonzero.
Figure 7 is similar with n = 1, but perhaps less clear than Fig. 6 since the poles are

off-scale. Figure 8 shows the configuration with the degree increased to 7, with the poles
clustered near the singularity at z = 1.1.
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Fig. 9 Potential contours for degree 3 approximations of tan(z3), following Figure 4. The L2 best
approximation r∗2 (z) = z3 interpolates f with multiplicity 9 at z = 0, whereas the L∞ best approximation
r∗∞(z) ≈ 1.1595z3 interpolates f at 6 nonzero points and also with multiplicity 3 at the origin

5 L2 approximation algorithm: state space form
The starting point of our L2 computations is the Transfer Function (TF) variant of the
iterative rational Krylov algorithm (IRKA) [16], called TF-IRKA [8]. IRKA was originally
developed as a method for the H2-optimal model-order reduction of large-scale linear
dynamical systems in continuous time. Thus, the approximation domain was the right
half-plane; a closely related algorithm set on the disk exterior is called MIRIAm [11]. The
input-to-output response of such a system withN ordinary differential equations, p input
ports, and q output ports is characterized by a degree-N matrix-valued rational function
of dimensions q × p, the transfer function,

H(z) = C�(zE − A)−1B + D, (5.1)

where E ∈ R
N×N (nonsingular), A ∈ R

N×N , B ∈ R
N×p, C ∈ R

N×q, and D ∈ R
q×p are

the state-space matrices ofH(z); see [2] for a general resource on system-theoretic model
reduction.We refer to (5.1) as the state-space formof the rational function, and any degree
N matrix-valued rational function of dimensions q × p can be expressed in this form [13,
sec. 2.6.1]. (TF-)IRKA is an algorithm for computing low degree rational approximants
of H that satisfy a set of Hermite interpolatory optimality conditions, akin to (3.2).3 In
the context of model-order reduction, the computed r∗

2 is the transfer function of another
linear dynamical system of degree nwith the same structure and dimensions q×p as (5.1).
For the following discussion, assume that the poles are simple, distinct, and finite. (TF-)

IRKA computes r∗
2 by an iterative process that adjusts the poles at each step until a fixed

point is reached. Specifically, at each step, it produces a new rational approximant by
interpolating doubly at the reflected poles of the previous iterate. Upon convergence—
once the poles of the rational approximant stop changing up to a tolerance—the optimality
conditions (3.2) are satisfied.
Regarding the choice of initial interpolation points for the iteration, for the examples in

this paper we simply take them to be equispaced on the unit circle. Another good practice
is to use the reflections of the poles of the AAA-Lawson approximation.

3In its original setting of [8,16], the domain of analyticity is the open right half-plane, and the optimal interpolation
points are the reflections of the poles in the imaginary axis, i.e., {−πk }.
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Note that although the conditions (3.2) are only necessary for optimality, since they will
hold at maxima and stationary points as well as minima, in practice in our iteration they
can be expected to behave as necessary and sufficient conditions for a local minimum. The
reason is that stationary points other thanminima act as repellers of the IRKA iteration, so
the algorithm is unlikely to converge to them. (This repelling property has been published
as a theorem in the case of L2 approximation on a half-plane in the appendix of [19] and
presumably holds on the disk too.)
The difference between IRKA and its TF variant is in how it achieves the interpolation.

In its traditional formulation, at each step, IRKA computes a rational interpolant by
projecting the matrices E,A,B,C onto particularly chosen rational Krylov subspaces. By
contrast, TF-IRKA is data-driven,meaning that it only requires the ability to sample f and
f ′ (not necessarily rational) at points in C, and these data are used to construct r∗

2 in the
form (5.1). This is accomplished using theLoewner-matrix approach for interpolation. For
the remainder of this section, we switch from TF-IRKA’s original formulation to describe
howwe utilize it to compute best L2 approximations to functions analytic in the disk. That
is, the final approximation will satisfy both (3.1) and (3.2). For our scalar approximation
problems, we take p = q = 1. Given samples fi = f (σi) and derivatives f ′

i = f ′(σi) at
the points σi ∈ C, define the Hermite Loewner and shifted Hermite Loewner matrices
L ∈ C

n×n andM ∈ C
n×n by

Lij =

⎧⎪⎨
⎪⎩

fi − fj
σi − σj

if i �= j

f ′
i if i = j

, Mij =

⎧⎪⎨
⎪⎩

σifi − σj fj
σi − σj

if i �= j

fi + σif ′
i if i = j

(5.2)

as well as the data matrix Y =
[
f1 · · · fn

]�
. Construct E, A, B, and C as

E = −L, A = −M, B = Y, C = Y.

This achieves the 2n interpolation conditions (3.2). For the other condition (3.1), define

D = d0
d1d2 + d3d0

,

where

d0 = f (0) + C�A−1B, d1 = −1�A−1B − 1

and

d2 = −C�A−11 − 1, d3 = −1�A−11,

and update the A, B, and Cmatrices according to

A ← A + D, B ← B − D, C ← C − D,

where 1 ∈ R
n is the vector of all ones. By construction, the computed interpolant r(z)

constructed as in (5.1) satisfies the 2n + 1 interpolation conditions

f (σk ) = r(σk ), f ′(σk ) = r′(σk ), f (0) = r(0)
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for k = 1, . . . , n.
Due to its origins inmodel-order reduction, (TF-)IRKAhas primarily been employed for

computing low-degree rational approximations to high-degree rational functions. How-
ever, since the iteration is data-driven, it can equally be employed to compute L2-optimal
approximants to arbitrary functions analytic on a closed half-plane or disk or disk exterior.
For further details on TF-IRKA and the Hermite Loewner framework, see [3].

6 L2 approximation algorithm: barycentric form
In this section we provide an alternative method for computing the rational interpolants
at each step of the TF-IRKA iteration. Recall that the interpolatory barycentric form of a
degree n rational function is

r(z) =
n+1∑
i=1

wifi
z − ti

/ n+1∑
i=1

wi
z − ti

, (6.1)

where {ti} are support points, {fi} are function values, and {wi} are barycentric weights.
For any choice of nonzero weights, r(t) → f (ti) as t → ti, and we remove the removable
singularities by defining r(ti) = f (ti) accordingly. This interpolatory property of r allows
us to satisfy the n + 1 Lagrange interpolation conditions of Theorem 3.2 “for free” by
taking t1, . . . , tn as the reflections of the current poles {πi} in the unit circle and tn+1 = 0.
We then use the weights to enforce the remaining n Hermite conditions at t1, . . . , tn by
applying the following result.

Theorem 6.1 Suppose the weight vector w ∈ C
n+1 of (6.1) satisfies w ∈ null(̂L), where

L̂ ∈ C
n×(n+1) is the rectangular Hermite Loewner matrix defined by deleting the last row

of L in (5.2). Then the derivative of the function r of (6.1) satisfies

r′(tk ) = f ′(tk ), 1 ≤ k ≤ n. (6.2)

Proof By equation (13) of [28], the derivatives r′(tk ) satisfy

0 = wkr′(tk ) +
n+1∑
i �=k

wi(fk − fi)
tk − ti

.

This is equivalent to w ∈ null(̂L). ��

Similar expressions appear in [4,24], but to our knowledge this is the first time the
conditions for an exact Hermite interpolating rational function in barycentric form have
appeared.
For the computations of this paper, we have used the barycentric method of this sec-

tion rather than the Loewner framework method of the last section. While we have not
conducted extensive tests, we have not noticed significant practical differences between
the two approaches. Our hope is that this simple new barycentric formulation will open
the door for new analyses of the methods and also encourage adoption of IRKA iteration
by researchers outside the model-order reduction community.
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7 Discussion
As discussed in the introduction, rational approximation on a disk interior is close to that
on a disk exterior or on a half-plane, but other domains may be quite different, at least in
L2. Thus the restriction of this paper to the unit disk could be regarded as quite specialized
from amathematical point of view, though most applications are probably posed on disks
or half-planes.
Sample MATLAB codes used to generate the figures of this paper can be obtained from

the authors [1]. We have not currently developed robust software for such computations.
On regions other than disks or half-planes, theAAA-Lawsonmethod forL∞ still applies,

but the L2 methods of Sects. 5 and 6 do not. However, as mentioned in the introduction,
recent work by Borghi and Breiten represents steps in this direction [9,10].
Rational approximations are not only useful in situations where an approximation prob-

lem is explicit. They can play a role in many other computational problems, and for a
survey of dozens of such applications, see [27]. A theme in applications is that rational
functions are often much more powerful than polynomials, especially when dealing with
unbounded or nonconvex domains, or with functions having singularities on the domain
boundary or nearby. On the other hand, we are not aware that there is a great difference
in the approximation power of L2 and L∞ approximations on bounded domains.
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