| IO 1. 100VJ

NEWSLETTE R Issue: 510 - February 2024

AUTONOMOUS PREVENTING THE NOTES OF
ROBOTS & ALGEBRAIC | QUANTUM CRYPTO A NUMERICAL
GEOMETRY APOCALYPSE ANALYST




EDITOR-IN-CHIEF

Alina Vdovina (City College of New York, CUNY)
newsletter.editor@lms.ac.uk

EDITORIAL BOARD

David Chillingworth (University of Southampton)
Jessica Enright (University of Glasgow)

Cathy Hobbs (University of Bristol)

Stephen Huggett (University of Plymouth)
Rosanna Laking (University of Verona)
Thomas Kempton (University of Manchester)
Robb McDonald (University College London)
Niall MacKay (University of York)

Susan Oakes (London Mathematical Society)
Yuri Santos-Rego (Lincoln University)

Mike Whittaker (University of Glasgow)
Andrew Wilson (University of Glasgow)

CORRESPONDENTS AND STAFF

News Editor: Susan Oakes

Mathematics News Flash Guest Editor:
Jonathan Fraser (University of St Andrews)
LMS/EMS Correspondent: David Chillingworth
Typesetting: Katherine Wright

Printing: Holbrooks Printers Ltd

EDITORIAL OFFICE

London Mathematical Society
De Morgan House

57-58 Russell Square

London WCIB 4HS
newsletter@Ims.ac.uk

Charity registration number: 252660

COVER IMAGE

Cover image: a pair of images of punts under
Magdalen Bridge, Oxford, illustrating the theme
of discrete and continuous in the Notes of a
Numerical Analyst column (page 32). On the left,
32x48 pixels, and on the right, 512x768.

Do you have an image of mathematical interest
that may be included on the front cover of
a future issue? Email images@Ims.ac.uk for
details.

COPYRIGHT NOTICE

News items and notices in the Newsletter may
be freely used elsewhere unless otherwise
stated, although attribution is requested when
reproducing whole articles. Contributions to
the Newsletter are made under a non-exclusive
licence; please contact the author or
photographer for the rights to reproduce.
The LMS cannot accept responsibility for the
accuracy of information in the Newsletter. Views
expressed do not necessarily represent the
views or policy of the Editorial Team or London
Mathematical Society.

ISSN: 2516-3841 (Print)
ISSN: 2516-385X (Online)
DOI: 10.1112/NLMS

NEWSLETTER WEBSITE

The Newsletter is freely available electronically
at Ims.ac.uk/publications/Ims-newsletter.

MEMBERSHIP

Joining the LMS is a straightforward process. For
membership details see Ims.ac.uk/membership.

SUBMISSIONS

The Newsletter welcomes submissions of
feature content, including mathematical articles,
career related articles, and microtheses from
members and non-members. Submission
guidelines and LaTeX templates can be found at

Ims.ac.uk/publications/submit-to-the-Ims-newsletter.

Feature content should be submitted to the
editor-in-chief at newsletter.editor@|ms.ac.uk.

News items should be sent to
newsletter@Ims.ac.uk.

Notices of events should be prepared using the
template at Ims.ac.uk/publications/Ims-newsletter
and sent to calendar@Ims.ac.uk.

For advertising rates and guidelines see
Ims.ac.uk/publications/advertise-in-the-Ims-newsletter.




32

FEATURES

Notes of a Numerical Analyst

Discrete and Continuous

NICK TREFETHEN FRS

There are many parallels between phenomena of
linear algebra (discrete) and differential equations
(continuous). Here are two of my favourites.

Sturm-Liouville. Consider Wilkinson's (2n+1) X (2n+
1) tridiagonal matrix of the form

21 0 00
11100

A=]10 1 0 1 0 (1
00111
00 01 2

with the diagonal entries running from n down to 0
and up to n again. Theory tells us that the eigenvalues
of A are distinct, though there’s no such theorem
for a pentadiagonal matrix. Yet the eigenvalues fall
in nearly degenerate pairs, like these largest two for
n=4and8:

n=4: 4745, 4.747,
n=8: 8.7461941826, 8.7461941832.

A continuous analogue is the Sturm-Liouville
problem

Y +xly=Ay, - L<x<L

with L > 0 and y(+L) = 0. Again, theory tells us that
the eigenvalues are distinct, though there’s no such
theorem for a fourth-order equation. Here are the
largest eigenvalues for L =4 and 8:

L=4:1.645, 1.682,
L =8: 5.661892585, 5.661892595

These near-degeneracies are related to line- splitting
effects in quantum mechanics.

Frozen coefficients. Suppose you have a family of
matrices that are individually power-bounded, with
all eigenvalues in the unit disk, like this pair:

0 2 0 0
a=fo o) 4=( o)
Must products like A1A341As --- converge to zero?
Certainly not, since 414y has eigenvalues 0 and 4.

Figure 1. Solutions to
a variable-coefficient
linear ODE  may
diverge even
though all the
frozen-coefficient

problems are stable.

A continuous analogue is the ODE

, (-1 m
u' = Bu, B—(O _1),

which is stable since the eigenvalues are in the left
half-plane. For m > 2 and u(0) = [0,1], however,
the solution u(¢) will grow before decaying. If we now
define A(t) to be B “rotated by ¢”,

cos(t) sin(?)

40 = s0Bs -0, s = () ).
solutions to u’ = A(f)u grow exponentially,
as shown in the figure (with m = 2.2).
Such effects were investigated by Lyapunov,
Poincaré, Perron, and Vinograd, and this example
comes from a celebrated paper by Kreiss about
discrete-continuous analogues [1]. This effect is
related to why flow in a pipe becomes turbulent even
though the linearized problem is stable.
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