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Conformal mapping may be the best-known topic in com-
plex analysis. Any simply connected nonempty domainΩ
in the complex plane ℂ (assumingΩ ≠ ℂ) can be mapped
bijectively to the unit disk by an analytic function with
nonvanishing derivative, as in Figure 1. IfΩ is doubly con-
nected, it can be mapped to a circular annulus 1 < |𝑧| < 𝑅
for some 𝑅, called the conformal modulus,which is uniquely
determined by Ω, as in Figure 2. If Ω has connectivity
higher than 2, it can be mapped onto various canonical
domains such as a disk with exclusions in the form of slits
or smaller disks, as in Figure 3.

Most conformal maps cannot be found analytically, so
when computers began to appear in the 1950s and 1960s,
the field of numerical conformal mapping was born. Many
methods involve discretizations of integral equations,
such as those of Gerschgorin, Lichtenstein, Kerzmann-
Stein-Trummer, Symm, and Theodorsen. Dieter Gaier of
the University of Giessen published an important mono-
graph in those early years, which unfortunately was never
translated into English. A later reference is the book of
Henrici [12], and there is a major survey paper by Weg-
mann [20].
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Figure 1. A simply connected conformal map onto the unit
disk. The most common target domains are a disk, a
half-plane, or a rectangle.

Figure 2. A doubly connected conformal map onto a circular
annulus, which is the most common target domain.

Conformalmapping of polygons has always been a con-
spicuous special case, thanks to the Schwarz-Christoffel
transformation, and this became readily available for
applications with the appearance of Driscoll’s SC Tool-
box in Matlab in the 1990s [6, 8]. To this day, this
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Figure 3. A triply connected conformal map onto a disk with
radial slits. Other standard target domains involve exclusions
in the form of disks or circular arcs.

Toolbox remains the most widely used software for con-
formal mapping, and Figure 4 illustrates that its power ex-
tends to nontrivial geometries [9]. This figure shows the
mapping of a quadrilateral, namely a domain with four
distinguished boundary points, onto a rectangle, whose
aspect ratio 𝜇 ≈ 18.20539 (also called the conformal mod-
ulus) is uniquely determined [16].

Figure 4. Schwarz-Christoffel map of “Emma’s maze”
computed with the SC Toolbox; image taken from [6]. The
problem domain, defined by a rectangle with crooked slits, is
known as a quadrilateral because of the four distinguished
vertices (where red meets black). The canonical domain, not
shown, is a rectangle.

Many other conformal mapping methods have been
developed. For multiply connected domains, for exam-
ple, there are methods based on generalized Schwarz-
Christoffel mapping [5], the Schottky-Klein prime func-
tion [4], and an integral equation related to the Neumann
kernel [14]. In a field as old as this, there are numerous
further methods that have been explored, including “cir-
cle packing” (introduced by Thurston) [17], the “zipper al-
gorithm” [13], the “charge simulation method” (a version
of the method of fundamental solutions) [1], rational ap-
proximation [10,19], andmany varieties of series and itera-
tions, sometimes accelerated by the fast multipole method

[2, 15]. Commands conformal and conformal2 for
smooth simply and doubly connected conformalmapping
can be found in the Chebfun Guide [7]. Figure 5 shows an-
other map of a quadrilateral, now one with curved sides,
computed by the “lightning” rational function method
[10].

Figure 5. Map of another quadrilateral onto a rectangle
computed with rational functions [10,19].

Traditionally, a fundamental distinction in numerical
conformal mapping was between methods mapping from
problem domain to canonical domain and those going in
the inverse direction, from canonical domain to problem
domain. In the former case, the map can be reduced to
a Laplace problem, so the integral equations of Lichten-
stein and Symm are linear, for example, whereas that of
Theodorsen in the other direction is nonlinear. However,
the recent appearance of fast numerical methods for ra-
tional approximation has diminished the distinction be-
tween the forward and inverse maps. Once one has the
boundary correspondence function, the homeomorphism be-
tween the domain and range boundaries (provided this
makes sense, as is always the case for Jordan domains), it
is an easy matter to use it to compute efficient and accu-
rate rational approximations in both directions [11]. For
example, the conformal map of an irregular hexagon to
the unit disk, and its inverse map, can each typically be ap-
proximated to six-digit accuracy by rational functions of
degrees of the order of 50 to 100. Evaluation of such func-
tions takes just microseconds per point.

As just mentioned, conformal mapping is a special case
of a Laplace problem. For a simply connected domain Ω
bounded by a Jordan curve Γ enclosing the origin, follow-
ing Theorem 16.5a of [12], suppose we seek the unique
conformal map 𝑓 onto the unit disk with 𝑓(0) = 0 and
𝑓′(0) > 0. Then 𝑔(𝑧) = log(𝑓(𝑧)/𝑧) is a nonzero analytic
function on Ω that is continuous on Ω and has real part
− log |𝑧| for 𝑧 ∈ Γ. If we write 𝑔(𝑧) = 𝑢(𝑧) + 𝑖𝑣(𝑧), where 𝑢
and 𝑣 are real harmonic functions, then 𝑢 is the solution
of the Dirichlet problem

Δ𝑢 = 0 ; 𝑢(𝑧) = − log |𝑧|, 𝑧 ∈ Γ, (1)

and 𝑣 is its harmonic conjugate in Ω with 𝑣(0) = 0. Com-
bining these elements, we see that 𝑓 is given by the formula

𝑓(𝑧) = 𝑧 𝑒ᵆ(𝑧)+𝑖𝑣(𝑧). (2)
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Thus a solution to (1), provided it also produces the har-
monic conjugate 𝑣(𝑧), solves the conformalmapping prob-
lem. Note that 𝑢(𝑧) + log |𝑧| is the Green’s function of Ω
with respect to the point 𝑧 = 0, so 𝑓 is essentially the ex-
ponential of the Green’s function. Domains of higher con-
nectivity can also be reduced to Laplace problems.

The availability of so many tools for numerical confor-
mal mapping may suggest that the problem is easy, but
in fact there are challenges, of which two stand out. One
is that most domains of practical interest contain corners,
where the mapping function will usually be singular, and
it is essential to treat these specially if one wantsmore than
a digit or two of accuracy. In the case of a polygon, the cor-
ners define the whole problem, and these are dealt with
by the Schwarz-Christoffel formula and its numerical re-
alization, e.g., with compound Gauss-Jacobi quadrature.
The other great challenge is that of exponential distortions,
which are referred to as the phenomenon of “crowding.”
Whenever a domain is elongated in certain directions, even
as mildly as in the example of Figure 1, its conformal map
onto a nonelongated canonical region will involve expo-
nentially large distortions. As summarized in Theorems
2–5 of [11], the distortion scales as exp(𝜋𝐿), where 𝐿 is the
aspect ratio of the elongation. As a consequence, it is usu-
ally not a good idea to attempt tomap an elongated region
onto, say, a disk or a half-plane. Other targets such as rect-
angles or infinite strips may come into play, for example
to treat a domain like that of Figure 4.

I have saved the most philosophical question for last.
What is the use of numerical conformal mapping? The
following views are personal, and not all experts would
agree with them.

A great use of numerical conformal maps is to give us
insight into principles of complex analysis, harmonic func-
tions, and their applications. For example, the blue curves
in Figure 4 can be interpreted as flow lines of electricity,
heat, ideal fluid, or probability from one end to the other.
If the image rectangle has length-to-width ratio 𝐿, for ex-
ample, then a channel cut into this shape from a piece of
metal will have electrical resistance 𝜌𝐿, where 𝜌 is the resis-
tance of a unit square. A good image, which will almost al-
ways have to be numerically computed, can fix these ideas
beautifully in the mind. Throughout my career I have
drawn pleasure and insight from pictures like these. I can-
not imagine teaching complex variables without showing
some online demonstrations of conformal maps.

Specifically, two of the features that numerical confor-
mal maps illustrate compellingly are precisely the two
computational challenges mentioned above: behavior
near singularities (note how the blue curves in Figure 4
avoid salient corners while wrapping tightly around reen-
trant ones), and exponential distortions (note the big
white region in Figure 1).

The use of conformal maps that is mentioned perhaps
more often is that they may be helpful for solving prob-
lems. For example, every complex analysis text tells the
reader that a conformal map may be used to solve the
Laplace equation, since it reduces a hard problem to an
easy one. I believe that the truth is not so simple. In fact,
computing a conformalmap is essentially the same as solv-
ing a Laplace problem, and whatever numerical method
one employs to find the map could probably be applied to
the Laplace problem directly. So in many cases, nothing
is gained numerically from conformal mapping. The les-
son becomes even stronger for applications to other partial
differential equations (PDEs) that may not be conformally
invariant.

Figure 6. Repetition of Figure 4 with a color spectrum
showing the conformal map—or equivalently, the solution to
a Laplace problem.

For example, suppose one is given a Laplace Dirichlet
problem on the domain on the left side of Figure 1. One
can solve it by mapping to the disk and applying the Pois-
son integral formula—but where does one get that map?
Probably by solving an integral equation or expanding in
a series, and these techniques would work equally well for
the Laplace problem itself. In smooth multiply connected
domains, for example, series expansions work beautifully
for solving Laplace problems [18], and although a circu-
lar annulus is a natural domain for doubly connected ge-
ometries, the canonical domains with connectivity ≥ 3 are
less natural and do not often lead to an easy solution of
your PDE. In more extreme cases, conformal maps may
not merely transplant the difficulty but increase it, when
corners or elongations are present.

So for me, the glory of numerical conformal mapping
is not in the numbers it produces, but in the images and
insights. To finish with a fine image provided by Toby

1302 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 72, NUMBER 11



Short Stories

Driscoll, Figure 6 shows Emma’smaze again, but nowwith
the solution indicated by a color spectrum blending from
red at one end to blue at the other. The lightness of the
colors is scaled by 1 − 𝑦2 if the target rectangle has its
smaller dimension −1 < 𝑦 < 1. As a mark of exponen-
tial distortion or “crowding,” a particle beginning Brow-
nian motion at the center of this royal road (marked by
a black dot) would have exponentially small probability
very close to (8/𝜋) exp(−𝜇𝜋/2) ≈ 9.692555 × 10−13 of hit-
ting the boundary first at one of the ends rather than along
the sides [3, chapter 10].
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Driscoll.
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