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Abstract. Boundary-value problems involving the linear differential equation \varepsilon y \prime \prime   -  xy \prime  + y = 0
have surprising properties as \varepsilon  \rightarrow  0. We examine this equation from eight points of view,
showing how it sheds light on aspects of numerical analysis (backward error analysis and illconditioning), asymptotics (boundary layer analysis), dynamical systems (slow manifolds),
ODE theory (Sturm--Liouville operators), spectral theory (eigenvalues and pseudospectra),
sensitivity analysis (adjoints and SVD), physics (ghost solutions), and PDE theory (Lewy
nonexistence).
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1. Introduction. Recently I visited Bernd Krauskopf and Hinke Osinga and their
dynamical systems group at the University of Auckland. In our discussions, we were
fascinated to find the different perspectives we had on the simple equation
(1.1)

\varepsilon y \prime \prime   -  xy \prime  + y = 0,

where \varepsilon  is a small positive constant. My interpretations were rooted in numerical
analysis and theirs in geometry, and it was remarkable what deep differences in perception this led to. As we examined the equation, we found many other viewpoints
coming into the picture too. This paper employs this archetypal equation to make
connections among a wide range of mathematical topics. It is aimed at anyone who
has studied differential equations and would like to see more of their implications.
Equations like (1.1) were mentioned at least as long ago as the 19th-century book
by Forsyth [14, section 58], and it is a variant of the Hermite equation y \prime \prime   -  2xy \prime  = \lambda y
related to Hermite polynomials [46, Table 18.8.1]. Its crucial feature is the change
of sign of the coefficient x at x = 0, which is called a turning point, and attention
was drawn to the difficulties of such equations in a 1970 paper by Zuckerberg and
O'Malley [1]. In the Soviet literature, such problems had been considered by Tikhonov
and others beginning in the late 1940s [56, 57, 63], as reviewed in a SIAM book and a
SIAM Review article in the 1990s by Tikhonov's student Adelaida Vasilieva [61, 62].
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Our interest will be in the context of a two-point boundary-value problem on [ - 1, 1].
To be definite, let us arbitrarily fix the boundary values
(1.2)

y( - 1) = 2, y(1) = 1.

The unusual properties of boundary-value problems involving (1.1) have been discussed in many works since [1], including [19, 20, 26, 34, 35, 36, 37, 39, 42, 49, 51, 59,
65], and surveys can be found in [53] and [64]. The present paper differs from most of
the existing literature in that it is not so much focused on solving these challenging
problems as on examining the deeper significance of what makes them challenging.
One aspect of (1.1) is that it is far from self-adjoint. Its adjoint equation,
(1.3)

\varepsilon y \prime \prime  + xy \prime  + 2y = 0,

has equally extreme but complementary properties. In the final sections 8--10 of this
paper, the focus will be on (1.3) as much as (1.1).
2. Existence, Uniqueness, and Exact Solution. Equation (1.1) takes the form
of a linear, second-order, variable coefficient ODE with a nonvanishing leading-order
term. As shown in many textbooks, it will accordingly have a two-dimensional vector
space of solutions, and in fact, since the coefficients are analytic functions of x, the
solutions will be analytic for all x and could be computed in principle by Taylor series.
One solution is simply y(x) = x. The general solution can be written
\biggl[ 
\biggr] 
\int  x
x2/2\varepsilon 
 - 1
s2/2\varepsilon 
(2.1)
y(x) = Ayodd (x) + Byeven (x) = Ax + B  - e
+ x\varepsilon 
e
ds
0

for arbitrary constants A and B (see [26, eq. (1.3.10)] or [64, eq. (16)]). Note that
this representation has the property that the first term is odd and the second is even.
Alternative formulas for the analytic solution in terms of parabolic cylinder (= Weber)
functions [45] are given in a number of references including [26, 37, 64].
The distinctive feature of (2.1) is the exponential growth of yeven when x is large,
whether positive or negative. This function consists of the difference of two positive
2
quantities, namely, ex /2\varepsilon  and x\varepsilon  - 1 times its indefinite integral. For \varepsilon  \ll  x2 , the latter
term dominates, making yeven exponentially large and positive. We use the word
``exponentially"" loosely. More precisely, yeven (x) \sim  \varepsilon x - 2 exp(x2 /2\varepsilon ) as \varepsilon x - 2 \rightarrow  0.
Now let us bring in the boundary conditions (1.2). This gives a mathematically
standard linear two-point boundary-value problem (BVP), which will have a unique
solution if and only if the corresponding homogeneous problem,
(2.2)

\varepsilon y \prime \prime   -  xy \prime  + y = 0,

y( - 1) = 0, y(1) = 0,

has only the zero solution. This is indeed the case when \varepsilon  is small, as we can argue as
follows. Since yeven is even, zero boundary conditions imply A = 0 in (2.1). So B = 0
is the unique value satisfying (2.2) if and only if yeven (1) is nonzero. In fact, yeven (1)
is zero for \varepsilon  \approx  0.585457706 and positive for smaller values of \varepsilon , growing exponentially
as \varepsilon  \rightarrow  0, as explained above.
Figure 2.1 shows the solutions to (1.1)--(1.2) corresponding to \varepsilon  = 0.1 and 0.02.
These curves, computed with a Chebyshev spectral collocation method by Chebfun [11, 59], are correct to plotting accuracy (actually much better). The constants in
(2.1) for the exact solution are A =  - 1/2 and B = (3/2)/yeven (1), confirming that for
small \varepsilon , the solution consists of the straight line y(x) =  - x/2 plus narrow boundary
layers of amplitude 3/2.
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Fig. 2.1 Solutions to (1.1)--(1.2) for two values of \varepsilon  show y(x) \approx   - x/2 in the interior with boundary
layers of equal amplitudes at the ends.

3. Numerical Analysis: Backward Error Analysis and Ill-Conditioning. As
soon as one tries smaller values of \varepsilon , however, seemingly nonsensical results begin to appear. Figure 3.1 shows the solutions computed by Chebfun and by the
MATLAB code bvp4c [33] when \varepsilon  is set to 0.009. These are nowhere near correct.
If we try various choices of \varepsilon  about 0.018 or smaller, we get numerical solutions with
the straight segment in the middle oriented with an apparently arbitrary slope.1 (We
chose 0.009 rather than 0.01 for the figure because it happens to give a positive slope,
highlighting the contrast with Figure 2.1.)
Computational failures like this, which Bob O'Malley has called ``numerical nightmares"" [49], must have disturbed a number of people over the years. In fact, during
the six months after the publication of Exploring ODEs [59], I was contacted independently by two ODE experts about difficulties they were having with this kind of
equation in Chebfun (O'Malley in May 2018 and Folkmar Bornemann in July). This
added to the motivation to write this paper.
Why do Chebfun and bvp4c fail when \varepsilon  is small? The numerical analyst quickly
spots the explanation (and deflects the blame): this is an illustration of the principle
of backward error analysis made famous by Wilkinson half a century ago [27, 66].
Wilkinson showed that for all kinds of good numerical algorithms, rounding errors
and other perturbations can be interpreted as having the effect that one computes
the exact solution to a slightly perturbed problem. If the problem is well-conditioned,
this implies that the computed solution will be close to correct, but if it is highly illconditioned---that is, highly sensitive to perturbations---the computed solution may
be very far off. This is just what has happened here. For backward error analysis
applied specifically to differential equations, some references are given in [27].
To confirm this explanation of Figure 3.1, we can insert the erroneous computed
solution ycomp into the differential equation. As Wilkinson would have immediately
1 For \varepsilon  = 0.017 or \varepsilon  = 0.018 in our experiments, bvp4c gives a warning message: ``Unable to meet
the tolerance."" With smaller values of \varepsilon , however, there is no message. For computations in such a
regime it may be effective to use a variable precision arithmetic tool such as Maple [64].
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Fig. 3.1 Erroneous solutions to (1.1)--(1.2) for the smaller value \varepsilon  = 0.009. The first is computed
by Chebfun and the second by the MATLAB code bvp4c. Note that the boundary layers do
not even have the same sign, though we know from the exact solution (2.1) that they ought
to be equal in sign and magnitude.

understood, ycomp satisfies the equation to high accuracy, with a maximal error of
1.8 \times  10 - 9 near the boundaries and closer to 10 - 11 in most of the domain. In other
words, though the error ycomp  -  yexact is large, the residual L(ycomp  -  yexact ), where L
is the differential operator L : y \mapsto \rightarrow  \varepsilon y \prime \prime   -  xy \prime  + y, is very small. The computed
function ycomp is not near the solution of (1.1)--(1.2), but it is nearly a solution.
There are many ways of understanding the ill-conditioning of (1.1)--(1.2), and in
fact one could interpret this whole paper as an investigation of this matter from various
angles. Here in the numerical section, let us confirm the ill-conditioning numerically
by perturbing the problem a little in a regime where \varepsilon  is large enough for accurate
numerical solutions. Figure 3.2 shows that the \varepsilon  = 0.02 solution of Figure 2.1 changes
\~ = 0
completely if Ly = 0 is replaced by Ly = f with f (x) =  - 10 - 7 x, or by Ly
\~ : y \mapsto \rightarrow  \varepsilon y \prime \prime   -  xy \prime  + 0.9999999y. Another solution much like the second of
with L
\~ : y \mapsto \rightarrow  \varepsilon y \prime \prime   -  (x + 10 - 6 x3 )y \prime  + y
these is produced with the perturbed operator L
(not shown). It is typical for perturbations of the problem (1.1)--(1.2) to lead to
solutions like these that are close to zero in the interior of the interval, an effect
that is analyzed in [1, 35, 51] and a number of other publications. In particular, a
solution close to zero will appear if the coefficient 1 multiplying the y term in (1.1)
is changed to anything other than a nonnegative integer. In the literature of turning
point problems, cases like (1.1) with nonzero behavior in the interior are regarded as
the special ones, characterized by what is known as the Matkowsky condition [41].
Examples of backward error analysis involving extreme ill-conditioning raise philosophical questions. Have Chebfun and bvp4c simply failed in Figure 3.1, since their
results are far from correct, or have they in a deeper sense succeeded, since they
have computed the right answer to almost the right problem? There is justice in
both of these points of view. One sense in which both algorithms have truly failed is
that there are other algorithms which, even in the same 16-digit floating-point arithmetic, can compute the right answer for \varepsilon  = 0.009 or indeed for lower values of \varepsilon .
Bornemann has shown me successful results with the ultraspherical spectral method
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Fig. 3.2 Repetition of the second panel of Figure 2.1, but for two slightly perturbed problems. The
\~ = 0 with
first image corresponds to Ly =  - 10 - 7 x instead of Ly = 0 and the second to Ly
\~ : y \mapsto \rightarrow  \varepsilon y \prime \prime   -  xy \prime  + 0.9999999y. Though the perturbations are small, the solutions differ
L
greatly from those of Figure 2.1.

of Olver and Townsend [47] down to \varepsilon  = 10 - 5 , where the condition number with
respect to perturbations of the right-hand side is of order e50,000 . An algorithm that
succeeds under such circumstances must exploit the fact that the right-hand side is
known to be exactly zero---analogously to an algorithm of numerical linear algebra
imposing a condition of structural sparsity. The same algorithm will still probably fail
for a problem Ly = f in which f is a nonzero function represented in floating-point
arithmetic.2 Similarly, it will probably fail for a homogeneous problem with variable
coefficients defined by functions represented numerically.
4. Asymptotics: Boundary Layer Analysis. The problem (1.1)--(1.2) happens to
have an analytic solution (2.1), but this is unusual. To treat more general problems
with small parameters, a powerful method of boundary layer analysis was developed
in the 20th century [7, 29, 32, 62, 63]. This provides a means to obtain approximate
solutions that are accurate for small \varepsilon  and the become exact in the limit \varepsilon  \rightarrow  0.
Let us apply boundary layer analysis to (1.1)--(1.2); see, e.g., [7, section 9.6].
The first step is to examine the solution in the so-called outer regions, outside any
layers with rapid transitions. Following the formulation of [59], we apply the following
principle:
1. Outside a boundary or interior layer, terms involving \varepsilon  are negligible.
Deleting the \varepsilon  term of (1.1) yields the outer equation
(4.1)

 -  xy \prime  + y = 0,

i.e.,

y \prime 
1
= .
y
x

Solving this ODE, we find that log y and log x are equal up to a constant, implying
(4.2)

Outer solution: y = C1 x, C1 = constant.

2 Actually, for this problem the ill-conditioning is only excited if f is not even, so if f is even, it
would be enough for an algorithm to maintain exact symmetry.
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For this problem, (4.2) happens to be an exact solution of the ODE, though in general
the outer solution would only be approximately valid. Note that at this stage in the
analysis we have one parameter to be determined, the constant C1 .
Next we turn to the transition layers. In general, a problem might have a boundary layer at one or more boundaries, and it might also have interior layers at points
where a coefficient changes sign. These are the principles as stated in [59]:
2. Inside a layer, a low-order derivative is negligible compared with a higher-order
one.
3. Inside a layer, a variable coefficient can be approximated by a constant, at least
if it is locally nonzero.
Let us first apply these principles at x =  - 1. Equation (1.1) becomes \varepsilon y \prime \prime  + y \prime  = 0,
whose solution is
(4.3)

y(x) = C2 + C3 e - (1+x)/\varepsilon  ,

where C2 and C3 are arbitrary. What is important here is that the C3 term involves
the exponentially decaying function e - x/\varepsilon  rather than an exponentially growing one
such as ex/\varepsilon  . This tells us that a boundary layer may indeed be possible at the left
boundary, and its thickness will scale as O(\varepsilon ). Moreover, following the procedure
known as matched asymptotic expansions (which in this case reduces to just adding
up the various terms), we can combine (4.2) and (4.3) into a single function
(4.4)

y(x) = Cx + (2 + C )e - (1+x)/\varepsilon  .

For any value of C, this satisfies the boundary condition y( - 1) = 2, and it approximately satisfies the ODE everywhere, with improving accuracy as \varepsilon  \rightarrow  0. Even better
approximations could be constructed by taking further terms in an asymptotic series
with respect to \varepsilon .
So far, this could be a standard application of boundary layer theory. If the
coefficient of the y \prime  term in (1.1) did not change sign from one end of the domain to
the other, we would apply reasoning like that leading to (4.3) at x = 1 and again find
a solution involving a term decaying exponentially with x. This would rule out the
possibility of a boundary layer at the right, with the consequence that the choice of C
would be fixed by the right boundary condition. With this fixed C, we would have a
single approximate solution in the form (4.4) for the whole BVP (1.1)--(1.2).
However, the coefficient of the y \prime  term in (1.1) does change sign: the equation has
a turning point at x = 0. Applying principles 2 and 3 at x = 1, we get the equation
\varepsilon y \prime \prime   -  y \prime  = 0, with solution
(4.5)

y(x) = C4 + C5 e - (1 - x)/\varepsilon 

for constants C4 and C5 . Now the exponential term decays as x decreases, implying
that a boundary layer may appear at the right as well as at the left. This is too much
freedom! Boundary layer analysis has led us to the approximate global solution
(4.6)

y(x) = Cx + (2 + C )e - (1+x)/\varepsilon  + (1  -  C )e - (1 - x)/\varepsilon  .

For any choice of C, this function nearly satisfies (1.1) and the boundary conditions (1.2), with the approximation improving as \varepsilon  \rightarrow  0 (see Figure 4.1). Yet it is
only for C =  - 1/2 that it approximates the true solution. The correct value of C
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Fig. 4.1 True solution (dashed) and two boundary layer analysis approximations (4.6) (solid) for
\varepsilon  = 0.05. Only the curve with C =  - 1/2 approximates the true solution, but any choice of
C is valid in standard boundary layer theory.

is determined by exponentially weak coupling between the boundaries, and this is
missed by the standard boundary layer analysis. Many papers have been written on
such effects, including the work mentioned earlier introducing what became known as
Ackerberg--O'Malley resonance (or just resonance) [1]. More advanced techniques including WKBJ analysis can be brought into play, and four of these are outlined in [42];
see also section 2 of [49]. One of the key references is [39], and others include [20] and
most of those given in the long list at the end of the introduction.
As usual, philosophical questions arise. We could say that boundary layer analysis
has failed, since it has not detected the condition C =  - 1/2. On the other hand, we
could say it has correctly identified the deeper ``physics"" of the problem. There would
undoubtedly be applications in which each of these views would be appropriate.
We did not check the possibility of an interior layer at x = 0. For this problem
there is no interior layer, ultimately because (4.2) is an exact solution of the ODE since
the coefficients of the y \prime  and y terms are x and 1. If these coefficients are perturbed,
the behavior of solutions near x = 0 changes fundamentally, as we saw in Figure 3.2.
5. Dynamical Systems: Slow Manifolds. Differential equations and continuous
time dynamical systems are fundamentally the same subject, but the fields have different emphases. In particular, dynamical systems favors analyses of problems based
on geometry. Let us consider (1.1)--(1.2) from this point of view. An early geometric analysis of turning point problems was published by Kopell [34], and a general
geometric theory for singular perturbation ODEs is due to Fenichel [12].
For a second-order ODE, the best known geometric tool is the use of the phase
plane, with y on one axis and y \prime  on the other. If the equation is autonomous (i.e.,
without explicit dependence on x), the trajectories of the phase plane give a complete
description of the dynamics. Now (1.1) is nonautonomous, so this principle does not
apply, but it is still interesting to plot (y, y \prime  ) for our solutions, as shown in Figure 5.1.
The images show the three stages of left boundary layer, solution in the interior, and
right boundary layer. As \varepsilon  \rightarrow  0, the corners get sharper, and the slopes and heights
of the boundary layer segments increase at the rate O(\varepsilon  - 1 ).
To reduce the problem fully to geometry, we need to introduce a new variable so
that the equations are autonomous (though no longer linear). The standard trick is
to take t as the independent variable and add a differential equation so that t = x.
If we define p = y \prime  , and use dots instead of primes to denote derivatives with respect
to t, then (1.1) becomes the three-variable first-order autonomous system
(5.1)

x\. = 1,

y\. = p,

p\. = \varepsilon  - 1 (xp  -  y),
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Fig. 5.1 Repetition of Figure 2.1 with the trajectories plotted in the (y, y \prime  ) plane. Since the equation
is nonautonomous, this is not a true phase plane encapsulation of the dynamics, but still,
it reveals key features. The trajectory begins at the bottom of the picture and quickly moves
to the line y \prime  \approx   - 1/2 (the left boundary layer). It moves steadily leftward along this line
until suddenly leaving it and moving to the top of the picture (the right boundary layer).

and (1.2) becomes the boundary conditions
(5.2)

y( - 1) = 2, y(1) = 1, x( - 1) =  - 1.

This is called a slow-fast system, since the variables evolve on different time scales.
We have now reduced the problem fully to geometry in the sense that once we work
out the field of trajectories in x-p-y space, we will know everything.
Figure 5.2 shows the solution trajectory for \varepsilon  = 0.02 (the portion of it restricted
to  - 2 \leq  p \leq  2). The careful eye can see all the dynamics of the problem in this figure.
A unique trajectory passes through each point in phase space, and the collection of
these trajectories is the dynamical system. Because of the \varepsilon  - 1 factor in (5.1), the
motion is fast in most regions. On the critical manifold defined by xp = y, however,
the \varepsilon  - 1 term vanishes and the motion is slow. For x < 0, trajectories approach the
critical manifold exponentially: it is stable or attracting. For x > 0, trajectories depart
exponentially: it is unstable or repelling. Tikhonov, mentioned in the introduction,
was one of the first to appreciate this fundamental distinction [56], which he made
precise by one of the several results of his now known as Tikhonov's theorem [61, 62].
The exponential sensitivities of the problem can be understood in this framework.
Mathematically, given the data (x, p, y) corresponding to any point t0 , the trajectory
for all t \in  ( - \infty , \infty ) is uniquely determined. In particular, when and how a curve like
the one shown in Figure 5.2 approaches the manifold for x < 0 exactly determines
when and how it will leave it for x > 0. However, the determining information is
exponentially squeezed along the way, since any trajectory that is near to the manifold is exponentially attracted to it and thus nearly restricted to a two-dimensional
subspace. Thus, it is apparent simply as a matter of geometry that exponentially
small perturbations may change the fate of a trajectory completely.
The critical manifold is an exact solution of (5.1), so any trajectory that touches
the manifold is confined to it for all t \in  ( - \infty , \infty ). It follows that no trajectory
can cross the critical manifold. The curves of Figure 3.1, however, must correspond
to trajectories that do cross the manifold, since their boundary layers have opposite
signs. This confirms from a new point of view that these curves must be erroneous.
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Fig. 5.2 Solution trajectory with \varepsilon  = 0.02 in three-dimensional x-p-y phase space. The surface is
the critical manifold obtained by setting \varepsilon  = 0, which for this problem can also be regarded
as the slow manifold for \varepsilon  \ll  1. The trajectory starts away from the manifold but quickly
moves exponentially close to it. It then lies almost exactly along the straight line y = px
for a constant value of p (solid lines) until eventually zooming away again. In this image
the trajectory has been artificially lowered a distance 0.08 to emphasize that it lies below
the manifold.

We have spoken of the critical manifold for (5.1), which is a geometric representation of the solutions of the outer equation (4.1) corresponding to \varepsilon  = 0. For
our problem, solutions of the outer equation also happen to be solutions of the full
equation for any \varepsilon  > 0. For general problems with multiple time scales, however, this
is not the case, and one must be more careful. This is where the idea of a slow manifold comes in [12, 16, 40]. Roughly speaking, a slow manifold in an n-dimensional
slow-fast system is an m-dimensional subset of the phase space, m < n, along which
the motion is at speed O(1) rather than O(\varepsilon  - 1 ). Although it would be nice to know
the shape of such a surface throughout n-space, more realistically one attempts to
approximate it computationally over a finite range. The required definitions are nontrivial and contain some arbitrariness that sharpens up as \varepsilon  \rightarrow  0. Algorithms for
such problems have been developed by Krauskopf and Osinga and their collaborators
and applied to applications in three and four dimensions, generally more complex
than (1.1)--(1.2) [8, 21, 25, 44]. This group uses Doedel's software tool AUTO for
continuation and bifurcation analysis as the computational engine [2, 9].
6. ODE Theory: Sturm–Liouville Operators. The theme of this article is that
(1.1)--(1.2) is unusual, yet from one point of view it appears entirely standard: it is
2
a Sturm--Liouville problem. Upon multiplying (1.1) by the integrating factor e - x /2\varepsilon  ,
2
2
we find that it is equivalent to the equation \varepsilon (e - x /2\varepsilon  y \prime  )\prime  + e - x /2\varepsilon  y = 0 or, after a
2
further multiplication by ex /2\varepsilon  ,
(6.1)

\varepsilon ex

2

/2\varepsilon 

(e - x

2

/2\varepsilon  \prime  \prime 

y ) + y = 0.
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This form amounts to a rewriting of the differential operator L associated with (1.1),
L: y \mapsto \rightarrow  \varepsilon y \prime \prime   -  xy \prime  + y,

(6.2)
in the equivalent form

L: y \mapsto \rightarrow  \varepsilon w - 1 (wy \prime  )\prime  + y

(6.3)
2

with w(x) = e - x /2\varepsilon  . Sturm--Liouville theory tells us that L is a self-adjoint operator
whose eigenvalues are a sequence of real, distinct numbers decreasing to  - \infty , and that
the corresponding eigenfunctions can be taken to be real (as opposed to complex) and
form a complete orthogonal set, with the jth eigenfunction having j  -  1 simple zeros
in ( - 1, 1). The idea is that any Sturm--Liouville operator has essentially the same
behavior as the basic operator y \mapsto \rightarrow  y \prime \prime  , whose eigenfunctions are sines and cosines.
All this sounds good, but when we look at exactly what the words mean, we find
there is a catch of exponentially large magnitude. The operator L is self-adjoint not
in the usual L2 inner product, but in the weighted inner product defined by
\int 
(6.4)
\langle u, v\rangle  = wuv,
where the integral is over [ - 1, 1].3 Self-adjointness means that if u and v are smooth
functions vanishing\int at x = \pm 1, then \langle u, Lv\rangle  =\int  \langle Lu, v\rangle . To verify this condition, we
compute \langle u, Lv\rangle  =\int  wu(\varepsilon w - 1 (wv \prime  )\prime  ) + \int wuv = \varepsilon u(wv \prime  )\prime  + wuv. Integration by parts
gives \langle u, Lv\rangle  =  -  \varepsilon u\prime \int (wv \prime  ) + wuv =  -  \varepsilon \int (wu\prime  )v \prime  + wuv, and a second integration by
parts gives \langle u, Lv\rangle  = \varepsilon (wu\prime  )\prime  v + wuv = w(Lu)v = \langle Lu, v\rangle .
For small \varepsilon , the inner product (6.4) is unrecognizably different from the ordinary
inner product of L2 ([ - 1, 1]). With \varepsilon  = 0.01, for example, w(x) takes the value 1 at
x = 0 and e - 50 \approx  10 - 22 at x = \pm 1. Such enormous disparities in magnitude imply
that in measuring the inner product of two functions u and v, (6.4) essentially doesn't
care about their behavior near x = \pm 1.
We can see the consequences by looking at eigenfunctions, a central topic of
Sturm--Liouville theory. The eigenvalue equation for L is
(6.5)

\varepsilon y \prime \prime   -  xy \prime  + y = \lambda y ,

y( - 1) = y(1) = 0,

and if this is satisfied for a nonzero function y, then \lambda  is an eigenvalue of L and y
is a corresponding eigenfunction. The theory asserts that eigenfunctions yj and yk
corresponding to distinct eigenvalues are orthogonal in the inner product (6.4),
\int 

1

(6.6)

e - x

2

/2\varepsilon 

yj (x)yk (x)dx = 0,

j \not = k.

 - 1

Figure 6.1 shows the first four eigenfunctions for \varepsilon  = 0.2 and \varepsilon  = 0.02. The first
set look something like the sines and cosines one might expect for a Sturm--Liouville
problem, but the second set are completely different, approximating the monomials
1, x, x2 , and x3 . The monomials are famously nonorthogonal in the L2 inner product
on [ - 1, 1], with the condition number of the set 1, x, . . . , xn growing exponentially as
3 In linear algebra, the analogue would be a matrix A that is not symmetric but can be symmetrized by a diagonal similarity transformation, B = DAD - 1 . Since all the effects at issue in this
paper are real, we dispense with complex conjugate bars in defining inner products.
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Fig. 6.1 The first four eigenfunctions of the operator L of (6.2), orthogonal with respect to the
inner product (6.4). With large \varepsilon , on the left, the inner product is reasonably close to that
of L2 ([ - 1, 1]) and the eigenfunctions show the familiar oscillations of sines and cosines.
With small \varepsilon , on the right, the inner product effectively ignores behavior near x = \pm 1, and
the eigenfunctions approximate the monomials 1, x, x2 , x3 except in the boundary layers.
The associated eigenvalues approximate the numbers 1, 0,  - 1, and  - 2 to about 10, 9, 7,
and 6 digits, respectively.
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Fig. 6.2 Repetition of Figure 6.1 for eigenfunctions 11 and 13 (i.e., even eigenfunctions 6 and 7).
With \varepsilon  = 0.2 we recognize the eigenfunctions as relatives of sines and cosines, but with
\varepsilon  = 0.02 the shape is very different and the eigenfunctions are obviously far from orthogonal
in L2 .

\surd 
n \rightarrow  \infty  at a rate of approximately (1+ 2)n [15].4 For example, the set \{ 1, x, . . . , x30 \} 
has condition number about 1.1 \times  1011 . If one examines the first n + 1 eigenfunctions
of L for various \varepsilon , one finds condition numbers of this magnitude for \varepsilon  \ll  n - 1 .
For example, the first 31 eigenfunctions of L have condition number about 8 \times  104
for \varepsilon  = 0.02, 3 \times  108 for \varepsilon  = 0.01, and between 1010 and 1011 for \varepsilon  = 0.005. In
the presence of such ill-conditioning, it would be hard to argue that eigenfunction
expansions are the right tool for the investigation of (1.1).
Figure 6.2 repeats Figure 6.1 but for eigenfunctions 11 and 13, that is, even eigenfunctions 6 and 7. The image for \varepsilon  = 0.02 highlights how far from orthogonal these
functions are in L2 (their L2 inner product is about 0.9924). Higher eigenfunctions
continue the pattern of having almost all their amplitude in the boundary layers.
4 Another reflection of the nonorthogonality of monomials is the M\"
untz--Szasz theorem, which
asserts that a continuous function on [0, 1] can be approximated arbitrarily closely
by linear combi\sum   - 1
nations of the functions 1, x\alpha 1 , x\alpha 2 , . . . for any choice of exponents satisfying
\alpha k = \infty  [52].
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We can explain as follows why small values of \varepsilon  lead to eigenfunctions approximating monomials. For small \varepsilon , the inner product (6.4) essentially ignores the boundary
conditions, and we end up approximately with polynomials orthogonal with respect to
2
2
e - x /2\varepsilon  over [ - 1, 1], or equivalently, with respect to e - x over [ - (2\varepsilon ) - 1/2 , (2\varepsilon ) - 1/2 ].
These are essentially the Hermite polynomials H0 , H1 , . . . , which closely approximate
the monomials if they are rescaled from [ - (2\varepsilon ) - 1/2 , (2\varepsilon ) - 1/2 ] back to [ - 1, 1] with
magnitude 1. The corresponding eigenvalues are close to 1, 0,  - 1,  - 2, . . . .
7. Spectral Theory: Eigenvalues and Pseudospectra. We have just noted that
Sturm--Liouville theory ensures that the eigenvalues of L are real and distinct, decreasing toward  - \infty . We now consider the significance of these eigenvalues.
As we saw in Figure 6.1, for small \varepsilon , the functions 1, x, x2 , . . . approximately
satisfy the eigenvalue equation (6.5) except in the boundary layer. This is readily
explained by boundary layer analysis, where following (4.1), we find the outer equation
for the eigenvalue problem,  - xy \prime  + y = \lambda y , that is, y \prime  /y = (1  -  \lambda )/x. This equation
is satisfied by the monomial y = x1 - \lambda  for any integer \lambda  \leq  1.
One of the eigenvalues of L is particularly important: the one that is exponentially
close to zero and becomes exactly zero in the limit \varepsilon  = 0, which we shall call \lambda 0 . For
\varepsilon  = 0.1, 0.05, and 0.02 we have \lambda 0 \approx   - 0.13,  - 0.0027, and  - 3.7 \times  10 - 9 , respectively,
and computations guided by the estimates of [20] suggest that for \varepsilon  \rightarrow  0 the behavior
is
(7.1)

\lambda 0 \sim  C\varepsilon  - 3/2 e - 1/2\varepsilon  ,

C \approx   - 0.8.

Now when an operator has a small eigenvalue, that implies that its inverse is large
in norm. In particular, if L - 1 denotes the solution operator for the problem Lu = f
with boundary conditions y(\pm 1) = 0, then we have
(7.2)

\| L - 1 \|  \geq  | \lambda 0 |  - 1 .

Thus we see that although L is mathematically nonsingular for all small \varepsilon , its inverse
will be huge. The solution y of Ly = f for almost any choice of f will be close
to a multiple of the eigenfunction y0 associated with \lambda 0 , which has the shape of a
sawtooth, as can be seen in the second image of Figure 6.1. Figure 7.1 shows this
function again for \varepsilon  = 0.03 and \varepsilon  = 0.01. We call y0 a pseudonull function, since it
very nearly satisfies the condition Ly = 0. It is y0 that explains why the curves of
the first four figures of this paper all have approximately the same form. Figure 7.2
shows the effect explicitly by plotting a smooth random function f produced by the
Chebfun randnfun command together with the corresponding solution of Ly = f with
zero boundary conditions.
What about the other eigenvalues and eigenfunctions of L? Sturm--Liouville
analysis suggests that these should be important for understanding the behavior of
the operator. We have already argued via ill-conditioning of the set of eigenfunctions,
however, that this expectation is mistaken when \varepsilon  is small. We shall now derive the
same conclusion via the theory of pseudospectra.
An operator with a complete set of orthogonal eigenfunctions is said to be normal.
(The definition generalizes to other classes of operators, but we won't need this.) For
small \varepsilon , L is far from this situation, and we say that it is highly nonnormal. The
resolvent of L is the operator (\lambda I  -  L) - 1 depending on a complex variable \lambda , and to
assess nonnormality we look at its 2-norm \| (\lambda I  -  L) - 1 \|  as a function of \lambda . Let \sigma (L)
denote the spectrum of L, which for our operator is simply the set of eigenvalues. If
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Fig. 7.1 Pseudonull functions of L for two values of \varepsilon . These are the eigenfunctions y0 of L
associated with the eigenvalue \lambda 0 that falls very close to zero. Solutions to Ly = f will
tend to have approximately this shape, with very large amplitude, except for special choices
of f .
4
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Fig. 7.2 Above: the smooth random function f computed by the Chebfun commands rng(0), f =
randnfun(.03). Below: the solution y of the problem Ly = f with \varepsilon  = 0.02. Despite the
complicated forcing function, we see that y closely approximates a large multiple of the
eigenfunction y0 of L.

\lambda  \not \in  \sigma (L), then \| (\lambda I  -  L) - 1 \|  is a positive number that diverges to \infty  as \lambda  approaches
\sigma (L). For any \delta  > 0, we define the \delta -pseudospectrum of L to be the complex set
(7.3)

\sigma \delta  (L) = \{ \lambda  \in  C : \| (\lambda I  -  L) - 1 \|  > \delta   - 1 \} ,

with the convention \| (\lambda I  -  L) - 1 \|  = \infty  if \lambda  \in  \sigma (L). Full details and many examples
are presented in [60].
For a normal operator, \sigma \delta  (L) is the union of the open \delta -balls around the points
of the spectrum. For a nonnormal operator, however, it may be much bigger. The
norm \| (\lambda I  -  L) - 1 \|  may be much greater than the reciprocal of the distance of \lambda  to
\sigma (L), and indeed, \| (\lambda I  -  L) - 1 \|  may take huge values at points \lambda  that are nowhere
near \sigma (L). Figure 7.3 shows pseudospectra of L for \varepsilon  = 0.1 and 0.01, confirming that
for small \varepsilon , the operator is highly nonnormal.
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Fig. 7.3 Spectra and \delta -pseudospectra in the complex plane of the operator L as computed by
EigTool [67]; the level curves correspond to \delta  = 10a for the values of a indicated by the
colorbars. On the left, for large \varepsilon , L is close to normal and the pseudospectra approximate
balls around the eigenvalues. On the right, for small \varepsilon , L is highly nonnormal and the
pseudospectra have little to do with the eigenvalues. These curves tell us that although the
rightmost eigenvalues of L may have some physical significance, the eigenvalues further left
have little. Instead, L will behave as if its spectrum included large continuous regions of
the left half-plane. The corresponding pseudoeigenfunctions have the shape of wave packets
localized at the boundaries.

To see the implications, for concreteness, consider the 10 - 6 -pseudospectrum of L
for \varepsilon  = 0.01, shown in Figure 7.3. This is the region in the left half \lambda -plane bounded
by the purple-blue line, an infinite triangular sector extending along the negative real
axis to about \lambda  =  - 8. Each point \lambda  in this sector is a 10 - 6 -pseudoeigenvalue of L,
which means that for each such point, there is a pseudoeigenfunction y that satisfies
(6.5) with a 2-norm error of less than 10 - 6 . In a physical experiment, unless it is
accurate to six digits of precision, such a value would likely be indistinguishable from
a mathematically true eigenvalue. This is the theme of the study of nonnormality:
if an operator is far from normal, this doesn't just mean that its eigenvalues are
highly sensitive to perturbations, it means its eigenvalues and eigenfunctions lose
their significance.
The pseudoeigenfunctions of L are shaped like wave packets localized at the
boundary, like the eigenfunctions themselves as seen, for example, in the second
panel of Figure 6.2. Similarly, the adjoint operator L\ast  we are about to consider
has pseudoeigenfunctions in the form of wave packets localized at x = 0. A theory
that explains such structures is presented in [58] and [60, Chapter 11], where a key
role is played by the so-called twist condition (for L\ast  ) and antitwist condition (for
L); the twist condition is a special case of the commutator condition introduced by
H\"
ormander in connection with the subject of section 10 [30, 68]. These conditions
are stated in terms of a variable coefficient symbol function \varphi (x, k) describing the
local behavior of the operators when applied to a wave exp(iks/\varepsilon ) for small \varepsilon  and
s \approx  x, all part of the circle of ideas known in different communities as WKBJ theory,
semiclassical analysis, and microlocal analysis [69].
8. Sensitivity Analysis: Adjoints and SVD. We have seen that for small \varepsilon , the
problem (1.1)--(1.2) is highly sensitive to perturbations. The study of how outputs of
models depend on perturbations of the inputs is called sensitivity analysis, and when
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differential equations are involved, one of the important tools is the use of adjoints.
Two stimulating publications in this area are [17] and [22].
For our problem the linear operator is
(8.1)

L : y \mapsto \rightarrow  \varepsilon y \prime \prime   -  xy \prime  + y,

which in this section we take to act on smooth functions with y(\pm 1) = 0. The adjoint
of L is the operator
(8.2)

L\ast  : v \mapsto \rightarrow  \varepsilon v \prime \prime  + xv \prime  + 2v

acting on the same functions. The\int standard characterization of L\ast  is the property
1
(v, Ly) = (L\ast  v, y), where (u, v) =  - 1 u(x)v(x)dx, but to understand why adjoints
are important, it may be more enlightening to write an equivalent condition in terms
of the inverse operators L - 1 and L - \ast  acting on smooth functions f and g (with no
boundary conditions). Setting Ly = f and L\ast  v = g converts the characterization to
(8.3)

(L - \ast g, f ) = (g, L - 1f ),

and we can interpret this equation as follows. The number (g, L - 1f ) can be thought
of as a scalar measurement, via the inner product with a given function g, of the
solution y of the differential equation Ly = f . Equation (8.3) asserts that if we know
the function v = L - \ast g, we can obtain the same number simply as the inner product
of v and f , without solving Ly = f . If there are a thousand right-hand sides fj of
interest, then all we need is a thousand inner products (v, fj ), not a thousand solutions
Lyj = fj . This is the starting point of adjoint-based sensitivity analysis. For linear
problems, small perturbations behave in the same way as large ones, but for nonlinear
problems, the adjoint is defined via linearization and captures the relationship between
infinitesimal perturbations of f and their effects on the measured output.
Now let us look at the behavior of the adjoint (8.2). The crucial difference from
(8.1) is the change of sign from  - xy \prime  to xy \prime  , and the result is that instead of boundary
layers at each end of the interval, we get wave packets in the middle. To explore this
effect, Figure 8.1 recapitulates many of the figures of this paper, but based on (8.2)
instead of (8.1). We will not repeat the analyses of the past sections, but in each case
the same themes reappear with interesting variations. For example, the outer equation
(4.1) now becomes y \prime  /y =  - 2/x, with solution y = C/x2 . Obviously this solution
cannot be valid near x = 0, where an interior layer analysis is required; nor is it
exactly valid anywhere when \varepsilon  is nonzero. On the other hand, the signs are such that
boundary layers are precluded at both x =  - 1 and x = 1. Whereas before, boundary
layer analysis gave us an approximate solution (4.6) with too much freedom, an extra
undetermined parameter, now it gives too little freedom, not enough parameters, and
again a deeper analysis would be required to match the true solution.
To see the implications of Figure 8.1 for sensitivity analysis, perhaps the best
image to focus on is the curve in the middle on the right, corresponding to the solution
of a problem L\ast  v = g with a smooth random function g. We can think of g as defining
an arbitrary linear functional one might choose to measure solutions of problems
Ly = f . The amplitude O(109 ) of this curve for x \approx  0 shows that the influence of
function values of f for x \approx  0 will be amplified by O(109 ) in their effects on L - 1f as
measured by g. By contrast, the values of f for x \approx  \pm 1 have much smaller effect.
Figure 8.1 does not include an image corresponding to Figure 7.3, because the
eigenvalues and pseudospectra of any operator are the same as those of its adjoint. It
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Fig. 8.1 Repetition of earlier figures with (8.1) replaced by its adjoint (8.2). The top double row
repeats Figures 2.1 (true solutions), 3.1 (erroneous solutions with \varepsilon  = 0.09), and 3.2 (perturbed problems). Instead of boundary layers at \pm 1, we see waves at x = 0. Note the huge
amplitudes in these and other images. (The ``WRONG!"" solutions have the right shape but
the wrong amplitudes.) The second row repeats Figures 5.1 ( (y, y \prime  ) plane) and 7.2 (solution
to L\ast  v = g for a smooth random function g). The third row repeats Figures 6.1 and 6.2,
showing eigenfunctions as wave packets near x = 0. The final row repeats Figure 7.1 (null
functions).

is the eigenfunctions and pseudoeigenfunctions that differ, changing from structures
localized near \pm 1 for L to structures localized near x = 0 for L\ast  . In numerical
linear algebra such effects are familiar as the difference between the left and the
right eigenvectors of a matrix. On the other hand, an analogue of Figure 5.2 can be
found in Figure 8.2. Note that the scale is on the order of 1010 . The geometry is
more complicated than before, because the critical manifold is no longer an invariant
manifold for \varepsilon  > 0.
Along with adjoints, the title of this section mentions the SVD, i.e., the singular
value decomposition. This is the appropriate tool if one seeks the function f with
\| f \|  = 1 (2-norm) that maximizes \| L - 1f \| . Such a function f is the minimal left
singular function of L, and we can write L - 1f = g/\sigma min , where g is the corresponding
right singular function and \sigma min the associated minimal singular value. With the
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Fig. 8.2 Analogue of Figure 5.2 for the adjoint operator L\ast  . In this case the outer solutions y(x) =
C/x2 for \varepsilon  = 0 are not exact solutions of the differential equation with \varepsilon  > 0, so the critical
manifold y =  - px/2 plotted is not exactly a slow manifold. The region x < 0 is unstable,
and the solution zooms away from this sheet to amplitude O(1010 ) near x \approx  0, then returns
in the stable part of the manifold, x > 0, to match the boundary condition at x = 1. Note
the huge scales of the p and y axes needed to capture this trajectory.
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Fig. 8.3 Left and right minimal singular functions of L for \varepsilon  = 0.02, with corresponding singular
value \sigma min \approx  7 \times  10 - 10 .

SVD, the inequality (7.2) improves to an equality,
(8.4)

 - 1
\| L - 1 \|  = \sigma min
.

Figure 8.3 shows minimal singular functions for \varepsilon  = 0.02. Because \sigma min is so close
to 0, they are indistinguishable in a plot from the pseudonull functions of Figures 7.1
and 8.1.
9. Physics: Ghost Solutions. Domokos and Holmes published a fascinating paper in 2003, ``On Nonlinear Boundary-Value Problems: Ghosts, Parasites and Discretizations"" [10]. They pointed out that sometimes a physical experiment may generate results that are far from the exact solution of the associated mathematical model
for reasons of just the kind we have been examining: though far from the true solution,
the observed results nearly satisfy the ODE BVP.5
5 Shadowing

in dynamical systems is a related idea [23].
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Fig. 9.1 A loop in an elastica with loads at both ends as sketched in Figure 1 of Domokos and
Holmes [10]. This corresponds to a locally unique solution of an ODE BVP. In the laboratory, however, the loop is observed to be equally stable if it is translated a certain distance right or left of center. Such shapes are pseudosolutions of the equation, or ``ghosts.""
A mathematically equivalent example involves a rigid pendulum starting nearly vertically
above its pivot, waiting nearly motionless for a while, then suddenly swinging around to
nearly vertical again. (Image courtesy of the Royal Society of London.)

This possibility is implicit in the curves of Figure 8.1 corresponding to the adjoint
equation (1.3). Suppose, for example, our problem is \varepsilon y \prime \prime  + xy \prime  + 2y = 0 with y(0) =
y(1) = 0. The mathematically correct unique solution is the function y = 0, but
if \varepsilon  is small, the pseudonull function of the last row of Figure 8.1 will satisfy the
boundary conditions exactly and the ODE nearly exactly, with error of order 10 - 9
for \varepsilon  = 0.02. Other similar curves would satisfy the ODE exactly and the boundary
conditions nearly (this is the combination Domokos and Holmes focus on). All these
nearly-solutions can be called ``ghosts."" In an experiment conducted in a laboratory
with its inevitable imperfections, it is hard to see why the exact solution should be
more likely to be observed than the pseudosolutions.
Domokos and Holmes illustrate their idea with a compelling example (see Figure 9.1). Suppose a long flexible rod, known as an elastica, is loaded at both
ends. Equations of elasticity going back to Euler model this by the nonlinear ODE
\varepsilon y \prime \prime  = sin(y) with y \prime  (\pm 1) = 0, which, for small enough \varepsilon , has a locally unique solution
in the form of a loop in the center of the domain. As \varepsilon  decreases, however (think
of the elastica getting longer), the boundary coupling that constrains the loop to lie
exactly in the middle grows exponentially weaker. In practice, one can move the loop
some distance to either side and the elastica will be observed to remain stable. These
off-center pseudo-solutions---ghosts---are as valid experimentally as the true solutions.
An alternative interpretation of the same equation is that we have a rigid pendulum
on a long time interval, beginning nearly vertical above its pivot point with speed zero.
For a long time the weight may move imperceptibly until finally it gathers speed and
swings over once up to the equal and opposite nearly vertical position. Although in
exact mathematics the swing must occur in the middle of the time interval, an earlier
or later swing fails the boundary conditions by only an exponentially small amount.
As discussed in [58], ghosts can appear with both linear and nonlinear equations,
and are a special case of the phenomenon of pseudoeigenfunctions. Our equation (1.3)
is linear, which means that no particular amplitude for an observed ghost is selected.
Nonlinearity gives extra interest to the Domokos--Holmes example, because it fixes
the size of the ghosts as well as their shape.
Notions of ghosts in dynamical systems have appeared in other contexts too.
Another fascinating one concerns the snap-through instability exhibited by (among
other mechanisms) the Venus flytrap and the ``hopper popper"" toy [18, 55].
10. PDE Theory: Lewy Nonexistence. Like any ODE BVP, (1.1)--(1.2) can be
interpreted as the steady-state equation for a time-dependent PDE. If u(x, t) evolves
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according to the PDE BVP
(10.1)

ut = \varepsilon uxx  -  xux + u,

u( - 1, t) = 2, u(1, t) = 1,

and approaches a steady solution y(x) as t \rightarrow  \infty , then y will satisfy (1.1)--(1.2). This
PDE is an advection-diffusion equation with a variable coefficient, and the exponentially weak coupling between the boundaries at x = \pm 1 can be interpreted as resulting
from the fact that the advection is leftward in [ - 1, 0] and rightward in [0, 1], so that
information can travel between the boundaries only by diffusing against the flow.
Indeed, this sweeping of information toward the boundaries is the physical explanation of why solutions to most equations close to (1.1) are nearly zero in the interior;
Ackerberg--O'Malley resonance alludes to the exceptional circumstances needed for
the interior values to be significantly nonzero. Further examples of ODEs as steadystate equations of time-dependent PDEs are presented in [59, Chapter 22]; see also [60,
Chapter 12]. Sometimes a steady solution is unstable with respect to perturbations
and thus hardly likely to appear as t \rightarrow  \infty , and that is the case here because of the y
term in (1.1). Time-dependent simulations actually show not convergence to a steady
state, but rapid formation of boundary layers at both ends combined with overall
exponential growth.
Here in this final section, however, we want to mention a different connection of
(1.1)--(1.2) with PDE theory that has more of a functional analysis flavor. In 1957
Hans Lewy caused a stir among mathematicians by showing that a linear PDE with
smooth coefficients and right-hand side (C \infty  , though not analytic) may fail to have
a solution, even locally [38]. His discovery has been extended in many ways in the
years since then by a Who's Who of eminent mathematicians including H\"
ormander,
C. Fefferman, Nirenberg, Treves, Sj\"ostrand, and Dencker [30, 68]. It turns out that
we can interpret this phenomenon in terms of the pseudospectra of exponentially
nonnormal operators related to (1.3). This discussion follows Chapter 13 of [60],
which was sparked by Zworski's paper [68].
First let us make an observation about the dual BVPs (1.1) and (1.3), both with
boundary conditions y( - 1) = a and y(1) = b. For small \varepsilon , each problem is well-posed
in the sense that there exists a unique solution that depends continuously on the
data a and b. However, the condition numbers are exponentially large, and the two
problems come close to being ill-posed in interesting dual ways. With (1.1), we have
a phenomenon of ``near-nonuniqueness,"" since as we have seen in (4.6), there is a onedimensional space of functions that come exponentially close to satisfying the ODE
and the boundary conditions. With (1.3), on the other hand, there is a phenomenon
of ``near-nonexistence."" The issue here is that unless a = b, the solution y will be
huge, diverging rapidly to infinity as \varepsilon  \rightarrow  0. For example, with \varepsilon  = 0.02 we get
max | y(x)|  \approx  46.9 if a = b = 1, but max | y(x)|  = 3.1 \times  106 if a = 1 and b = 0.999.
With \varepsilon  = 0.01, the solution with these boundary data is bigger than 1017 . These BVPs
involving L and L\ast  for small \varepsilon  accordingly have the flavor of Fredholm operators of
index +1 and  - 1, respectively [4, 31].
Without giving details, we now outline how related phenomena are connected
with Lewy nonexistence. As the simplest possible example, consider the Mizohata
equation [43]
(10.2)

\partial u
\partial u
+ ix
= f (x, y),
\partial x
\partial y

which we regard as a PDE in two complex variables x and y. The coefficient ix is
analytic, but we shall suppose that f is C \infty  but not analytic. We now take the Fourier
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transform of the adjoint of (10.2) with respect to y to obtain the equation
(10.3)

d\^
u
+ kx\^
u = f\^(x, k),
dx

or equivalently, setting \varepsilon  = k  - 1 and g(x,
\^ \varepsilon ) = \varepsilon f\^(x, k),
(10.4)

\varepsilon 

d\^
u
+ x\^
u = g(x,
\^ \varepsilon ).
dx

Instead of a PDE, we now have a family of ODEs with the parameter \varepsilon , and each one
has a turning point at x = 0 of the same type as (1.3). Solutions to such equations
will be problematic when \varepsilon  is small. For any individual choice of \varepsilon , there is a unique
solution, but by constructing a function g\^ with a suitable dependence on \varepsilon , we can
contrive things so that g is C \infty  yet the adjoint of (10.4) has a nonunique solution.
By the Fredholm alternative, this implies nonexistence for the problem (10.2) itself.
Clearly we are omitting details of this argument!---see [60, Chapter 13].
In a word, thanks to the Fourier transform, a linear PDE can be thought of as
a parametrized linear ODE with all parameter values present at once. That is why
unbounded ill-conditioning for the ODEs translates into ill-posedness of the PDE.
11. Conclusion. Mathematics comprises so many lands; none of us knows them
all. I hope the reader has enjoyed the adventure of taking \varepsilon y \prime \prime   -  xy \prime  + y = 0 as a
calling card on a mathematical world tour.
``Eight perspectives"" may sound a bit inflated, but in fact, in the course of my
working out these connections, quite a few more perspectives also turned up and
made claims to attention. We have not discussed Green's functions [54], which take
on surprising shapes in cases of extreme non-self-adjointness [60, Chapter 12]. We have
not discussed the theory of exponential dichotomy, an established tool for quantifying
exponential effects in ODEs [3, 6, 24, 50]. We have not discussed stochastic effects,
an area of ever-growing importance in mathematics and science [28, 42], nor the
mechanism of resonance in turning point problems [53], nor (hardly) any physical
applications; on all these matters, see the recent paper by Matkowsky [42]. Numerical
linear algebra analogues have been around every corner but only hinted at here. As for
the theory of dynamical systems, the brief presentation of section 5 barely begins to
do justice to this flourishing field. Readers of this article may notice further relevant
areas of mathematics that seem to have been inexplicably omitted.
Equation (1.1) has remarkable properties, but it is not unique in this respect.
Slight changes in the equation lead to qualitative changes in the solutions (jumps,
oscillations, corners, near-zero regions, . . . [26, 51, 64]), and lessons could have been
drawn from variants like these too. But I have resisted all temptation to generality,
resolutely keeping the focus on just one beautiful equation and its adjoint.
Appendix. Notes on Numerical Computations. The numbers and figures presented in this paper were computed with MATLAB and Chebfun [11, 59]. Here are a
few details for readers who may wish to try their own experiments.
2. Existence, uniqueness, and exact solution. Chebfun users can explore numerical solutions of (1.1)--(1.2) and its variants with code like this:
L = chebop(@(x,y) ep*diff(y,2)-x*diff(y)+y);
L.lbc = 2; L.rbc = 1; y = L``0; plot(y)
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Experiments indicate that results for values of ep as low as \varepsilon  = 0.02 are trustworthy.
The structure L is called a chebop, and the solution y is a chebfun---a finite Chebyshev
series, that is, a polynomial represented in the Chebyshev basis. The polynomials of
Figure 2.1 have degrees 36 and 64, respectively.
Another Chebfun method for exploring ODEs (BVPs, initial-value problems, and
eigenvalue problems) is the graphical user interface chebgui, which executes the appropriate Chebfun code segments automatically. I relied on chebgui at every step to
make sure I was getting things right.
The following code segment generates a chebfun for yeven on [0, 1]:
x = chebfun(flxfl,[0 1]); ex = exp(x\^2/(2*ep));
yeven = -ex + (x/ep)*cumsum(ex);
3. Backward error analysis and ill-conditioning. Concerning nonzero right-hand
sides in Lu = f , it is interesting to try smooth random functions [13], like this:
f = randnfun(0.1); y = L``f;
For \varepsilon  = 0.02, the resulting solutions have slopes on the scale of 108 ; see Figure 7.2.
It is also interesting to break the symmetry of (1.1)--(1.2), e.g., by changing [ - 1, 1] to
[ - 1, 0.9], in which case a boundary layer (assuming \varepsilon  \ll  0.1) appears at just one end.
5. Slow manifolds. To draw a phase plane image like Figure 5.1, one can compute
the solution in the form of a chebfun y and then execute plot(y,diff(y)). An
arrow can be put at the end with the command arrowplot(y,diff(y)), using the
flystretchfl parameter to adjust the orientation. Figure 5.2 was plotted with the
Chebfun2 surf command [11, Chapter 14]), setting alpha 0.7 in MATLAB to give
the surface some transparency. More dramatic and detailed images, computed with
the BVP solver of AUTO, can be found in the works of Krauskopf and Osinga and
their collaborators [8, 21, 25, 44].
6. Sturm--Liouville operators. To compute the first k eigenvalues and eigenfunctions of an operator L in Chebfun, one can represent it in the usual manner as a
chebop L and then execute [V,D] = eigs(L,k). The object V is an `` \infty  \times  k "" Chebfun quasi-matrix, i.e., an object with k columns each of which is a function defined
on [ - 1, 1]. Details of such ``continuous linear algebra"" can be found in [5]. The condition number of the set \{ 1, x, . . . , x30 \}  on [ - 1, 1] can also be computed by constructing a quasi-matrix, now with 31 columns: x = chebfun(flxfl); A = vander(x,31);
cond(A). The cond command computes the SVD of the quasi-matrix and returns the
ratio of its first and final singular values.
7. Eigenvalues and pseudospectra. Figure 7.3 was produced by EigTool, the standard tool for computing pseudospectra, due to Wright [67, 60]. As input, EigTool requires a matrix approximating the differential operator L with zero Dirichlet boundary
conditions, for which we used the 100 \times  100 Chebyshev spectral discretization matrix
generated by the Chebfun commands
n = 100; D = diffmat(n); D2 = diffmat(n,2);
x = chebpts(n); X = diag(x); I = eye(n);
ep = .1; L = ep*D2 - X*D + I; L = L(2:n-1,2:n-1);
W = diag((1-x(2:n-1)).\^(1/4)); L = W*L/W;
The need for the weighting matrix W is explained on p. 411 of [60].
8. Adjoints and SVD. If L is a chebop, then adjoint(L) or Lfl is the chebop
corresponding to its adjoint. The first k singular values and functions can be computed
with [U,S,V] = svds(L,k).
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10. Lewy nonexistence. Movies of solutions of one-dimensional time-dependent
PDEs such as (10.1) can be computed by chebgui, which calls the Chebfun code
pde15s.
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