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Six Myths of Polynomial Interpolation and
Quadrature
Lloyd N. Trefethen FRS, FIMA, Oxford University
t is a pleasure to offer this essay for Mathematics Today as a
On the face of it, this caution is justified by two theorems.
record of my Summer Lecture on 29 June 2011 at the Royal Weierstrass proved in 1885 [1] that any continuous function can
Society.
be approximated arbitrarily closely by polynomials. On the other
Polynomials are as basic a topic as any in mathematics, and hand, Faber proved in 1914 [2] that no polynomial interpolation
for numerical mathematicians like me, they are the starting point scheme, no matter how the points are distributed, will converge for
of numerical methods that in some cases go back centuries, like all such functions.
So it sounds as if there is something wrong with polynomial inquadrature formulae for numerical integration and Newton iterations for finding roots. You would think that by now, the basic terpolation. Yet the truth is, polynomial interpolants in Chebyshev
facts about computing with polynomials would be widely under- points always converge if f is a little bit smooth. (We shall call
stood. In fact, the situation is almost the reverse. There are indeed them Chebyshev interpolants.) Lipschitz continuity is more than
1885 that enough,
any continuous
can ≤
beL|x
approximated
arbitrarily
that is, |ffunction
(x) − f (y)|
− y| for some
constant Lclosely
and by polywidespread views about polynomials, but some of the important
they other
in 1914 that
no polynomial
interpolation
all x,
∈ [−1,hand,
1]. SoFaber
long proved
as f is Lipschitz
continuous,
as it will
ones are wrong, founded on misconceptions entrenched bynomials.
gener- On
scheme, nobematter
howany
thepractical
points are
distributed,
for all such functions.
in almost
application,
pn will
→ fconverge
is guaranteed.
ations of textbooks.
So it sounds
as ifisthere
is something
wrong
polynomial
interpolation. Yet the
There
indeed
a big problem
withwith
convergence
of polynomial
Since 2006, my colleagues and I have been solving mathemattruth
is, polynomial
interpolants
in Chebyshev
points always
convergepoints.
if f is a little bit
interpolants,
but it pertains
to interpolation
in equispaced
ical problems with polynomials using the Chebfun software
syssmooth (weAsshall
call
them
Chebyshev
interpolants).
Lipschitz
continuity
is more than
Runge showed in 1901 [3], equispaced interpolants may diverge
tem (www.maths.ox.ac.uk/chebfun). We have learned from
enough, that is, |f (x) − f (y)| ≤ L|x − y| for some constant L and all x, y ∈ [−1, 1].
daily experience how fast and reliable polynomials are. This en- exponentially, even if f is so smooth as to be analytic (holomorSo long as f is Lipschitz continuous, as it will be in almost any practical application,
phic). This genuinely important fact, known as the Runge phetirely positive record has made me curious to try to pinp down
n → f is guaranteed.
nomenon,
With Faber’softheorem
seeming
to
where these misconceptions come from, and this essay is anThere
at- is
indeed ahas
bigconfused
problempeople.
with convergence
polynomial
interpolants,
but
provide
justification,
a
real
problem
with
equispaced
polynomial
tempt to summarise some of my findings. Full details, including
it pertains to interpolation in equispaced points. As Runge showed in 1901, equisinterpolants
been overgeneralised
so that
suspected
precise definitions and theorems, can be found in my draft
bookinterpolants
paced
mayhas
diverge
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if people
f is so have
smooth
as to be analytic
it
of
applying
to
polynomial
interpolants
in
general.
Approximation Theory and Approximation Practice, available
at
(holomorphic). This genuinely important fact, known as the Runge phenomenon, has
TheWith
smoother
f is,
the faster
its Chebyshev
www.maths.ox.ac.uk/~trefethen.
confused people.
Faber’s
theorem
seeming
to provide interpolants
justification,cona real problem
verge. polynomial
If f has νinterpolants
derivatives, has
with
the overgeneralized
ν th derivative so
being
The essay is organised around ‘six myths’. Each myth has
some
with
equispaced
been
thatofpeople have
−ν
suspected
it of applying
to polynomial
in ngeneral.
variation
V , then kf interpolants
− pn k = O(V
) as n → ∞. (By
truth in it – mathematicians rarely say things that are simply
false! bounded
The smoother
thethe
faster
its Chebyshev
kf − pn kf I is,
mean
maximum
of |f (x) −interpolants
pn (x)| for x converge.
∈ [−1, 1].) If f has ν
Yet each one misses something important.
−ν
ν th derivative
being of bounded
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then
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with kf
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Throughout the discussion, f is a continuous function derivatives,
defined Ifwith
−n
as
n
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(By
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the
maximum
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(x)
−
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If
f
n
n parameter ρ
ρ > 1. I will give details about the
on the interval [−1, 1], n + 1 distinct points x0 , . . . , xn in [−1, 1] O(ρ ) for some
−n
is
analytic,
the
convergence
is
geometric,
with
kf
−
p
k
=
O(ρ
)
for
some
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>
1.
I
n
are given, and pn is the unique polynomial of degree at most n with under Myth 5.
will give details
about
the
parameter
ρ
under
Myth
5.
For example, here is the degree 10,000 Chebyshev interpolant
pn (xj ) = f (xj ) for each j. Two families of points will be of particFor example, here is the degree 10,000 Chebyshev interpolant pn to the sawtooth
−1
ular interest: equispaced points, xj = −1 + 2j/n, and Chebyshev pn to the sawtooth function f (x) defined as the integral from
function f (x) defined as the integral from −1 to x of sign(sin(100t/(2 − t))). This
to x of sign(sin(100t/(2 − t))). This curve may not look like a
points, xj = cos(jπ/n). I will also mention Legendre points,
decurve may not look like a polynomial, but it is! With kf − pn k ≈ 0.0001, the plot is
it is!
kf − pn k ≈ 0.0001, the plot is indisfined as the zeros of the degree n + 1 Legendre polynomialindistinguishable
Pn+1 . polynomial,
from but
a plot
of With
f itself.
The discussion of each myth begins with two or three represen- tinguishable from a plot of f itself.
tative quotations from leading textbooks, listed anonymously with
the year of publication. Then I say a word about the mathematical
truth underlying the myth, and after that, what that truth overlooks.

I



Myth 1. Polynomial interpolants diverge as n → ∞
Textbooks regularly warn students not to expect pn → f as
n → ∞.
‘Polynomial interpolants rarely converge to a general There is not
muchisuse
polynomial
interpolantsinterpolants
to functionstowith
so little smoothThere
notinmuch
use in polynomial
functions
continuous function.’ (1989)
ness as this,
butsomathematically
they
are trouble-free.
For smoother
like ex ,
with
little smoothness
as this,
but mathematically
they arefunctions
troucos(10x) orble
1/(1
+ For
25x2smoother
), we getfunctions
convergence
digits oforaccuracy
for2 ),small values
free.
like to
ex ,15
cos(10x)
1/(1+25x
‘Unfortunately, there are functions for which interof n (14, 34 and 182, respectively).
we get convergence to 15 digits of accuracy for small values of n
polation at the Chebyshev points fails to converge.’
(14, 34 and 182, respectively).
(1996)

Myth 2. Evaluating polynomial interpolants numerically is problematic
Interpolants in Chebyshev points may converge in theory, but aren’t there problems
on a computer? Textbooks warn students about this.
“Although Lagrangian interpolation is sometimes useful in theoretical investigations,
it is rarely
used in practical computations.” (1985)
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Myth 2. Evaluating polynomial interpolants
numerically is problematic
Interpolants in Chebyshev points may converge in theory, but aren’t
there problems on a computer? Textbooks warn students about this.
‘Polynomial interpolation has drawbacks in addition
to those of global convergence. The determination and
evaluation of interpolating polynomials of high degree
can be too time-consuming and can also lead to difficulty problems associated with roundoff error.’ (1977)



Myth 3. Best approximations are optimal
This one sounds true by definition!
‘Since the Remes algorithm, or indeed any other algorithm for producing genuine best approximations,
requires rather extensive computations, some interest attaches to other more convenient procedures to
give good, if not optimal, polynomial approximations.’
(1968)

‘Although Lagrangian interpolation is sometimes useful in theoretical investigations, it is rarely used in
practical computations.’ (1985)

‘Minimal polynomial approximations are clearly suitable for use in functions evaluation routines, where it
is advantageous to use as few terms as possible in an
approximation.’ (1968)

‘Interpolation is a notoriously tricky problem from the
point of view of numerical stability.’ (1990)

‘Ideally, we would want a best uniform approximation.’ (1980)

The origin of this view is the fact that some of the methods one Though the statement of this myth looks like a tautology, there is
might naturally try for evaluating polynomial interpolants are slow content in it. The ‘best approximation’ is a common name for the
or numerically unstable or both. For example, if you write down unique polynomial p∗n that minimises kf − p∗n k. So a best approxthe Lagrange interpolation formula in its most obvious form and imant is optimal in the maximum norm, but is it really the best in
implement
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as problem
written, you
algorithm
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theyconsiderations make the truth not so simple. First of all,
your numerical
methodbecause
is exponentially
unstable.
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on the
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about
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ating the
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according
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going
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by more than
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≈
±0.0027.
The
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smaller than |f (x) − pn (x)|. Which approximation would be more
in Chebyshev points. It is clear that
for most values of x, |f (x)− pn (x)| is much smaller
useful in an application? I think the only reasonable answer
is, it
than |f (x) − p∗n (x)|. Which approximation would be more useful in an application?
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Sometimes
one
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worstThe fast and stable algorithm that makes these calculations possible
comes
from reasonable
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I think
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,
x − xj j ,j=0
n x − xjj
n
X
X
j=0
0 (−1) fj
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Myth 3.though
Best
approximations are optimal
the formula is numerically stable, as was proved by Nick Higham
in 2004
[6].
This one sounds
true
by definition!
“Since the Remes algorithm, or indeed any other algorithm for producing genuine
best approximations, requires rather extensive computations, some interest attaches to
Mythapproxima4. Gauss quadrature has twice the order of
other more convenient procedures to give good, if not optimal, polynomial
tions.” (1968)
accuracy of Clenshaw–Curtis
“Ideally, we would want a best uniform approximation.” (1980)
Though the statement of this myth looks like a tautology, there isQuadrature
content in it.
The are usually derived from polynomials. We approximate an integral
formulae
“best approximation” is a common name for the unique polynomialby
p∗nathat
minimizes
finite
sum,
I=

Z

1

f (x)dx

≈

In =

n
X

wk f (xk ),

(1)
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Myth 4. Gauss quadrature has twice the order of
accuracy of Clenshaw–Curtis
Quadrature formulae are usually derived from polynomials. We
approximate an integral by a finite sum,
Z 1
n
X
I=
f (x)dx ≈ In =
wk f (xk ),
(1)
−1

k=0

and the weights {wk } are determined by the principle of interpolating f by a polynomial at the points {xk } and integrating
the interpolant. Newton–Cotes quadrature corresponds to equispaced points, Clenshaw–Curtis quadrature to Chebyshev points,
and Gauss quadrature to Legendre points. Almost every textbook
first describes Newton–Cotes, which achieves In = I exactly if f is
a polynomial of degree n, and then shows that Gauss has twice this
order of exactness: In = I if f is a polynomial of degree 2n + 1.
Clenshaw–Curtis is occasionally mentioned, but it only has order
of exactness n, no better than Newton–Cotes.

A theorem of mine from 2008 makes this observation precise.
If f has a ν th derivative of bounded variation V , Gauss quadrature can be shown to converge at the rate O(V (2n)−ν ), the factor
of 2 reflecting its doubled order of exactness. The theorem asserts
that the same rate O(V (2n)−ν ), with the same factor of 2, is also
achieved by Clenshaw–Curtis. (Folkmar Bornemann (private communication) has pointed out that both of these rates can probably
be improved by one further power of n.)
The explanation for this surprising result goes back to O’Hara
and Smith in 1968 [13]. It is true that (n + 1)-point Gauss quadrature integrates the Chebyshev polynomials Tn+1 , Tn+2 , . . . exactly whereas Clenshaw–Curtis does not. However, the error that
Clenshaw–Curtis makes consists of aliasing them to the Chebyshev
polynomials Tn−1 , Tn−2 , . . . and integrating these correctly. As it
happens, the integrals of Tn+k and Tn−k differ by only O(n−3 ),
and that is why Clenshaw–Curtis is more accurate than its order of
exactness seems to suggest.

Myth 5. Gauss quadrature is optimal

‘However, the degree of accuracy for Clenshaw–
Curtis quadrature is only n − 1.’ (1997)

Gauss quadrature may not be much better than Clenshaw–Curtis,
but at least it would appear to be as accurate as possible, the gold
standard of quadrature formulae.

‘Clenshaw–Curtis rules are not optimal in that the degree of an n-point rule is only n − 1, which is well
below the maximum possible.’ (2002)

‘The precision is maximised when the quadrature is
This ubiquitous emphasis on order of exactness is misleading.
Gaussian.’ (1982)
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that
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thisshows
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n function evaluations, the n-point Gaussian rule is
is not correct. The problem with Newton–Cotes is that the sample
2n + 1. Clenshaw–Curtis is occasionally mentioned, but it only has order of exactness
likely to produce the most accurate estimate.’ (1989)
points are equally spaced: the Runge phenomenon. In fact, as Pólya
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“However,
degree[8],
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There is another misconception here, quite different from the one
(1997) n → ∞, in general, even if f is analytic.
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n − 1, which is well below the maximum possible.” (2002)
ently. Both schemes converge for all continuous integrands, and if
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had
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in the
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dle. If f has a singularity at x0 = iε for some small ε, then we
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it isorder
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get O(ρ−n ) convergence with ρ ≈ 1 + ε. If f has a singularity
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√
practicable
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the
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twice
theUnless
order off exactness,
expect
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not.
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that
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quadrature
converges
rate asasGauss,
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quadrature
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theabout
samethe
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illustrated
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at 0.01i.
2
for f (x)by
= these
exp(−1/x
): for f (x) = exp(−1/x2 ):
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Quadrature rules generated by polynomials, including both
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Gauss and Clenshaw–Curtis, show the same nonuniformity. This
might seem unavoidable, but in fact, there is no reason why a
quadrature formula (1) needs to be derived from polynomials. By
introducing a change of variables, one can generate alternative formulae based on interpolation by transplanted polynomials, which
may converge up to π/2 times faster than Gauss or Clenshaw–
Curtis quadrature for many functions. This idea was developed in a
paper of mine with Nick Hale in 2008 [14] and is related to earlier
work by Kosloff and Tal-Ezer in 1993 [15].

A theorem of mine from 2008 makes this observation precise. If f has a ν th derivative of bounded variation, Gauss quadrature can be shown to converge at the rate
O(n−2ν ), the factor of 2 reflecting its doubled order of accuracy. The theorem asserts
that the same rate O(n−2ν ), with the same factor of 2, is also achieved by Clenshaw–
Curtis.
The explanation for this surprising result goes back to O’Hara and Smith in 1968.
It is true that (n + 1)-point Gauss quadrature integrates the Chebyshev polynomi5
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The following theorem applies to one of the transformed methods Hale and I proposed. Let f be a function that is analytic in an εneighborhood of [−1, 1] for ε ≤ 0.05. Then whereas Gauss quadrature converges at the rate In − I = O((1 + ε)−2n ), transformed
Gauss quadrature converges 50% faster, In − I = O((1 + ε)−3n ).
Here is an illustration for f (x) = 1/(1 + 25x2 ).

they can be computed accurately by solving an eigenvalue problem involving a ‘colleague matrix’. The details were worked out
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Urban Maths: Virtual Unreality





A. Townie
riving through an unfamiliar city centre recently, with
its poorly signposted routes and confusing one-way systems, I became increasingly frustrated and completely lost.
Sometimes I went with the flow and took the direction being followed by the majority of the traffic; at other times I deliberately
avoided such directions. I began to feel like a particle randomly
diffusing through an incomprehensible network of roads! When
I eventually reached my destination and regained my equilibrium I
realised the process I’d followed through the streets reminded me of
a technique for solving linear networks that I’ve only come across
in the relatively recent past.

D

q

Imagine an electrical circuit comprising a number of interconnected electrical resistors. Focus on a particular interconnection
node and the nodes and resistors to which it is directly connected.
For example, let’s look at a segment of the circuit where node, m,
say, might be surrounded by nodes, q, r and s, to which it is connected via resistors R1 , R2 and R3 , as in Figure 1.
We start conventionally by analysing this part of the circuit using Kirchhoff’s current law and Ohm’s law. Kirchhoff’s current
law says that the sum of the electrical currents out of any interconnection node must be zero (this is basically a statement of the
conservation of electric charge). So, with currents i1 , i2 and i3
from Figure 1 we have:

r
R2

R1

i1

i2

i1 + i2 + i3 = 0.

(1)

Ohm’s law relates the voltage difference across a resistor to the
current flowing through it and the value of the resistance. Using Vx
to represent the voltage at node x, we have for the three branches
of Figure 1:

m

Vm − Vq = i1 R1 ,

Vm − Vr = i2 R2 ,

i3
R3

Vm − Vs = i3 R3 .

s

Figure 1: Segment of electrical network

(2)

Divide each of the equations in (2) by its value of resistance, sum
the resulting equations and make use of equation (1) to obtain, after



