Structural approximation and quantum
mechanics

B.Zilber
June 19, 2023

Abstract

We develop a notion of approximation and a model of finite quan-
tum mechanics. In particular, we calculate the Feynman propagator
for quantum harmonic oscillator via the path integral method, where
according to our model the space of paths is (pseudo)finite.
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1 Introduction

1.1 The paper develops ideas, notions and techniques suggested and indi-
cated in [1], [5] and [6].

Section 2 of the paper is mostly model theory. We revise and develop
further the general notion of structural approximation introduced in [1].

We give a few examples of finitely approximated structures over which the
new notions are well-defined. Then we concentrate on our main example, the
approximation of the compactified real line R by finite structures of the form
Z/N. This example comes from [6] but there its formalism was not determined
and studied properly. We note that the language of the structures on R and
respectively on Z/N can not be the full ring language. The relation x1-zs =y
on R has to be replaced by the relation x;-xo = y; -y mod Z (a weak ring).

In section 4-5 we study in detail weak rings of degree 2 and the respective
approximation of R.

Sections 6-8 largely recast the quantum mechanical formalism sketchily
presented in [6], in a rigorous way. Section 9 is completely new. We calculate
the Feynman propagator for quantum harmonic oscillator via the path inte-
gral method, where according to our model the space of paths is pseudo-finite.
This calculation leads to an expected result but unlike the conventional cal-
culation we get the result right without the usual renormalisation or a special
summation method, see e.g. [9], 7.7.4 for the latter.

Our further plans are to extend the approach to higher order oscillating
integrals and into the setting of quantum field theory.

In the rest of the introduction we present a more logic perspective on the
study.

2 Structural approximation

This section mainly presents basic notions of postivie model theory in the
form close to one in [1]. The theory together with continuous model theory
at present is a quite developed part of general model theory. Our aim here is



not in developing the theory but rather to understand in its context a very
special example, which comes from quantum mechanics.

2.1 Definitions. Given a topological® language C and a C-structure M
Very often we use the language C(M) in place of C, the extension by
names of elements of a C-structure M.

Let {R; : i € I'} be a family of C-structures. We associate to it the family
{Rg : j € I*} of all expansions of the R; to the language C(M).
M will always stand for the natural expansion of M to C(M).

Given a C-structure M and C- structures {R; : i € I} we say that M is
syntactically approximated by {R; :i € I} if

for every h-universal C(M) sentence ¢ such that M* F ¢ there is Rg- in
the family of C(M )-expansions of the R; such that Rg- F .

We say that M is semantically approximated® by {R; : i € I} if there
is an ultrafilter D on I such that for some R > [[, R;/D there is a surjective
homomorphism

lim: R — M.

2.2 In accordance with [1] we say that M is quasi-compact if any filter of
subsets of M™ defined by existential positive C(M)-formulas has a non-empty
intersection.

2.3 Lemma. Suppose R; and Ry are C(M ) structures and L : Ry — Ry isa
total homomorphism (with domain equal to N7). Then for every h-universal
formula o

R2 Fo= Rl Fo.
Proof. By definitions. [J

2.4 Lemma Suppose M is a quasi-compact topological C-structure, M?* its
natural expansion to C(M) and N is a C(M)-structure such that for every
h-universal sentence o

M!E o= RFo.

2In the sense of [1]. That is all positive quantifier-free formulas define subsets which
are closed by definition.
3The same as just “approximated” in the terminology of [1].




Then there is a surjective homomorphism lim : N — M.

Proof. Given A C N, a partial strong homomorphism limy : A — M is
a map defined on A such that for every a € A*, 4 := limy a and S(z,y) € C
such that N F JyS(a,y), we have M E Jy S(a,y).

When A = () the map is assumed empty but the condition still holds, for
any sentence of the form Jy S(y). So it follows from our assumptions that
limp does exist.

Now for a proof by induction suppose for some A C N there is a partial
strong homomorphism lim, : A — M, and b € N. Then lim 4 can be extended
to a partial strong homomorphism lim 45, : Ab — M.

Indeed, let N F 3z S(a,b, z), for S(z,y,z) a positive formula and a a
tuple in N. Then N F Jyz S(a,y, z)) and hence M F JyzS(a,y, z)).

We claim that the family of closed sets in M of the form

{ce M :ME 3z5(a,c,z) and RE 32 5(a,b,2)}

is a filter, for otherwise for some Si,...,S; we have

k k
M E -3y /\ 32;8:(a,y, z;) and RE Jz; ... 2 /\ Si(a, b, z;)

=1 =1

Since /\f:1 Si(a,b, z;) is equivalent to an atomic formula, we get a contradic-
tion with our assumtion.

By quasi-compactness of M and the claim there is a point, say b in the
intersection of the filter. Clearly, letting lim 4, : b — Z;, we preserve formulas
of the form 3z S(x,y, 2).

Thus we have proved that lim can be extended to the whole of V.

Since the element of R named by a constant symbol ¢ must go to the
element of M named by a constant symbol ¢ the image of lim is M. [J

2.5 Theorem. Suppose M is a quasi-compact topological C-structure. Then
the following are equivalent:

(i) M is semantically approzimated by {R; : ¢ € I} along an ultrafilter D;

(i) {R; : i € I} syntactically approximates M.

Proof. Suppose M is semantically approximated. Then we have R >
[Lic; Ri/D and lim : R — M, the surjective homomorphism. By choosing a
section

s: M — N, limos=id
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we can name respective elements in s(M) C N by elements of M and so
consider R as a C(M )-structure.

Using the fact that a homomorphism preserves positive formulas we can
claim that for every h-universal formula o

MiEo=RFEo (1)

Consider the family {Rﬁ . j € J} of all the C(M)-structures obtained by
expanding structures R;,¢ € I by constants.
It follows from (1) that for each h-universal formula ¢ such that M* o,

S, ={jeJ:RiFa} #0.

Since the conjunction of any two h-universal formulas is equivalent to a
h-universal formula, the family of subsets of J,

D' :={S,: MMZU}

is closed under intersections and so is contained in an ultrafilter, call it D’.
This proves (i)=-(ii).

To prove the opposite we may start with a family {Rgi : 7 € J} and an
ultrafilter D’ as in (ii). Consider the family {R; : j € J} of C-reducts of
structures Rg-, j € J. The ultraproduct R := [];.;R;/D" is by definitions a

C-reduct of Rf := [] e Rg. /D'. By 2.4 there is a surjective homomorphism
lim: R — M. O

2.6 Lemma. Let M be a C-structure, MF* its natural expansion to C(M)
and N is a C(M)-structure such that for every h-universal formula o

MiEo=REo.

Then, for any |M|- saturated estension M* = MF there is a totally defined
homomorphism lim : N — M*. such that lim(N) D M.

Proof. Just follow the proof of 2.4, replacing M by M* to construct a
totally defined homomorphism. Since the image of constants in R are respec-
tive constants in M*, the image of lim contains M. [J



2.7 Theorem. Suppose {R; :i € I} is a family of C-structures. Then the
following are equivalent:

(i) For some ultrafilter D on I, some R > []
there is a totally defined homomorphism

lim: R — M*

R;/D and some M* = M

icl

such that lim(N) O M.
(ii) {R; : i € I} syntactically approximates M.
Proof. We use the same argument as in the proof of 2.5.
Assume (i). By choosing a section

s:M—> N

we can name respective elements in s(M) C N by elements of M and so
consider R as a C(M )-structure.

Using the fact that a homomorphism preserves positive formulas we can
claim that for every h-universal formula o

MEo=RFEo (2)

Consider the family {Rg : j € J} of all the C(M)-structures obtained by
expanding structures R;,7 € I by constants.
It follows from (2) that for each h-universal formula o such that M¥ F o,

SU::{jGJ:Rg-IZJ};«EQ.

Since the conjunction of any two h-universal formulas is equivalent to a
h-universal formula, the family of subsets of J,

D :={S,: Mk}

is closed under intersections and so is contained in an ultrafilter, call it D’.
This proves (i)=>(ii).

To prove the opposite we may start with a family {Rg :j € J} and
an ultrafilter D’ as in (ii). Consider the family {R; : j € J} of C-reducts of
structures Rg, j € J. The ultraproduct R := [[,.; R;/D" is by definitions a C-
reduct of R* :=[] ieJ Rg- /D'. By 2.6 there is a totally defined homomorphism
lim: R — M, lim(N) O M.
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A structure K is positively 3-definable (interpretable) in M if the domain
N (the set U and the equivalence relation E such that N = U/E) and the
basic predicates P C N* of K are defined by positive 3-formulas.

2.8 Proposition. Let M be quasi-compact and K is positively 3-interpretable
i M. Then K is quasi-compact.

Proof. By definition any positive 3-formula on K can be reinterpreted
as a positive 3-formula on M, and a filter of positive 3-definable subsets of
N™ can be interpreted as a filter of positive 3-definable subsets of M*™ for
some k.

Thus such a filter on K has a non-empty intersection. [

2.9 Proposition. Suppose M is syntactically approximated by
{Ri i € I} and suppose there is a uniform positive 3-interpretation De f K (R;)
of K; in R;. Then {K; :i € I} syntactically approzimates K := DefK(M).

Proof. Pick a string ¢ of elements in K and an h-universal formula
—3yS(c,y) which holds in K. The quantifier-free positive formula S in N
can be rewritten as a positive 3-formula S in M. Hence K E —3yS(c, ) iff
M E -3y y € U&S(c,y), the latter formula being an h-formula. It follows
that K; approximate K. []

2.10 Corollary. Suppose a quasi-compact M is semantically approrimated
by {R; : i € I} and suppose there is a uniform positive 3-interpretation
DefK(R;) of K; in R;. Then {K; : i € I} semantically approximates K :=
DefK(M).

This follows from the above, 2.5 and 2.8.

2.11 Amalgamation. We consider the following properties that N may
have (all R in V) :

(jep) joint cover property : for any R, and R; there is R,, and surjective
homomorphisms

fn:m : Rn - Rm and fn:l : Rn - Rl

(acp) amalgamating cover property: given surjective homomorphisms

fmeke : Ry = Ry and fi : Ry — Ry,
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there is R,, and surjective homomorphisms
fn:m : Rn - Rm and fn:l : Rn - Rl

such that
fn:mfm:k = fn:lfl:k-

(pub) projective upper bounds: given a set Z C N of finite structures linearly
order by the surjective homomorphisms g;; : R; = R;, for ¢ > j, there
is an R € N and surjections f; : R — Ry, for each ¢ € Z, such that

figij = fj-

We call a L-structure K a projective object for finite N -structures
(a projective Fraisse limit) if

(a) given a finite R € A there is a surjective homomorphism f: K - R

(b) given finite R € N and surjective homomorphisms f; : K — R and
fo : K — R, there is an automorphism ¢ : K — K such that f; = fi¢;

Remark. This is essentially the definition 2.2 of [11], properties (L1)
and (L3). The property (L2) is automatic in our case.

Note that K is not assumed to be in N.

2.12 We say that R* € N is weakly projective object in N if there
exists K, a projective object for finite N-structures, and a surjective homo-
morphism

v R - K.

2.13 Lemma ([11], Lemma 2.3). Suppose K is a projective object for finite
N -structures. Then, given finite R,R’ € N and surjective homomorphisms
f:K —=»Randg:R — R, there is a surjective homomorphisms h : K — R’
such that f = hg.

2.14 Lemma. The property (pub) is satisfied in any elementary class N
with properties (jep) and (acp).

Proof. In the language of set theory we can write down the theory T;
describing a multisorted structure with sorts isomorphic to R;, ¢ € I and
homomorphisms g;; between the sorts, plus a sort R hosting an L-structure
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which belongs to N, together with surjective homomorphism f; : R — R;
such that f;g;; = f;.

Such a theory is consistent since any finite collection of its sentences which
mention R;, g;;, fi 1,7 € {1,...,m}, only, has a model in which R := R,,, the
maximal among the R;, and f; := gn.

By compactness there is a model of T7. The L-structure as required. [J

The following is essentially a corollary of Lemma 2.14 and the theorem
of Irwin and Solecki, [11], Theorem 2.4.

2.15 Theorem. Assume there are only countably many, up to isomor-
phism, finite structures in N and assume also jcp and acp for N'. Then

(i) There are projective objects K for finite structures of N.

(ii) Any two projective objects are isomorphic

(iii) There exist weakly projective objects R* in N

(iv) The positive theory of any weakly projective object in N coincides
with the positive theory of projective objects K for finite structures of N.
That is given any positive sentence o we have

KFoiff R"Fo

(v) For a positive sentence o

KEo iff NFo

Proof. (i) and (ii) are from [11], Theorem 2.4.

(iii). By construction,
<

is a projective limit of linearly ordered by surjections g¢;; : R; — R; sequence
{R;} of finite structures. By Lemma 2.14 there is R* € N and surjective ho-
momorphisms f; : R* = R; commuting with g,;. We choose such an R* with
extra assumption of Ni-saturatedness. Now we can construct a surjective
homomorphism ¢ : R* — K as follows:

for any a € R* set

b(a) = {fi(a) - i € I}



where on the right we have a string, an element of [],_; R;, belonging to the
inverse limit of the system. In other words this defines a homomorphism into
K. This homomorphism is surjective because by saturatedness for any string
a € K we can realise in R* the type {fi(z) = a(i) : i € I}.

(iv) Since there exists surjective homomorphism R* — K every positive
sentence ¢ which holds in R* also holds in K. For the converse suppose
R* F —o for some positive o. Since R* is pseudo-finite, there is a finite
R € N satisfying —o. By definition R is a surjective image of K, and since
positive sentences are preserved by surjective homomorphisms K F —o. As
required.

(v) If o holds in K then it holds in all finite structures from N and hence
in all structures from N

If, on the other hand, all finite structures satisfy o then A’ F ¢ and hence
R* E o, consequently K F o. [

We denote
ThNeg(R) = {—0 : RE =0, o positive sentence}.

2.16 Corollary. Under the assumptions of the theorem the positive theory
of R* is equal to the positive theory of K and to the positive theory of N :

ThPos(R*) = ThPos(K) = ThPos(N)

and the class of weakly projective structures of N is axiomatisable by the set
of sentences

Tproj(N) := ThPos(K) U ThNeg(K) U Th(N).

2.17 Theorem. Under assumptions of 2.15 the class of weakly projective
structures in N is positively model complete, that is for any weakly
projective Ry, Ro and an embedding Ry — Ry, for any positive formula
W(xy,...,x,) and aq, ..., a, € Ry,

R1 i=¢(a1,...,an) ZﬁRQ F w(al,...,an).

Proof. To do.
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2.18 A stronger version. Under assumptions of 2.15 the class of weakly

projective structures in N is inverse model complete, that is for any
weakly projective Ry, R and a surjective homomorphism f : R5 — R} there
is a section fT: Ri < R} such that for any positive formula (z1,...,1,)
and ay,...,a, € Rj,

RiEY(ay,. .. an) iff Ry E(fT(a),..., fi(an)).
Proof. Suppose first
R} =[] R

1/D

ultraproduct of finite structures for some Freché ultrafilter. So, each element
of R} can be represented as an « : I — [J Ry, a(k) € Ry, and for gi,, : Rxy —
R, it holds gk, : a(k) — a(m).

Extend the language L to L(R}) which has names for all elements « of R.
The diagram of R} in language L(R}) has a realisation in a large saturated
model R} of T},,.0;(N)...

2.19 Examples. (i) The theory T,,,; for the class of residue rings
N, ={Z/mZ - m € Z~,}

is decidable. This follows from the statement in section 17 of [12] (answering
a question of J.Ax) that Th(N,), the elementary theory of A is decidable.
(ii) Moreover, T),,; for the class of residue rings of the form

N = {Z/m*Z  m € oo}

is decidable.
This follows from the same result by noting that one can axiomatise N,
inside NV, by the sentence

Im m?=0& Vo (mex =0 — Iy x = my)

3 Weak residue rings

3.1 We define a structure of a weak ring on Z/n by using the addition of
the residue ring on Z/n and defining, for oy, 1, as, B2 € Z/n,

Play, Br,a2,8) = a1 — s = 0.

11



Each element « of Z/n can be uniquely represented in the form o = a,

for a € [-3n, $n) (an interval in Z).

As for R,, we can re-interpret the structure by introducing a second sort
C, :={e*%: 2={0,1,...,n—1}
and define the structure R,, as consisting of two sorts (Z/n,+,0,<) and

(Cp,-,1) and the map between the sorts:

L2129
n

e:Z/nxZ/n — C,, e(z12y) =e™™
Clearly,
P4(041>51,0427ﬁ2) = e(a1f) = e(azfs)

so the weak ring structure on Z/n is definable in R,,.
Conversely, one can interpret (C,, -, 1) in the weak residue ring as a quo-
tient Z/n x Z/n by the equivalence relation E* defined as:

<a1751>E4<a2a62> = P4(a1,517042732)-

The additive group structure on Z/n x Z/n induces respectively the multi-
plicative group structure on the quotient. The canonical quotient-map be-
comes e : Z/n x Z/n — C,.

3.2 The classe N.
The finite structures R,, are two-sorted structures with sorts:

Z/n,, the main sort,

and
C,, the evaluating sort.

On Z/n there is an additive group structure (+,0), constants named p and
v, and a collection of binary relations {y = s - z)seq. The interpretation of
y=s-x, for s =1is defined for z,y € Z/n as:

Z/nhyzéx iff  ky =lx.

Note that since h is a rational number, y = h - x is one of the binary
predicates of the structure.

12



The structure on the evaluating sort is that of a multiplicative group
(Cp; -, 1) of complex roots of unity of order 1.
Finally, the two sorts are connected by a map

. 21,2
i 222
n

e:Z/nxZ/n—C,, e(znzn)=e

where z1, 25 € Z are treated also as representing elements of Z/n.
Define the positive rational number

hZE (3)

We define NV to be the axiomatic closure of the class of all finite R,, such
that

(i, v) = 1 (4)
3.3 Any R,, satisfies the following positive sentences:

(Rn, +,0) is an abelian group (5)
VZL’1, T2,Y e(zl + 3727?/) = e(yv 1 + 172) = e(xlvy) + e($27 y)a (6)

symmetric bi-linearity, and

Ve € C,3zn € Z/n e(z1,20) = x (7)

stating that e is surjective.
Also, the group structure of R,,, for each positive integer m, satisfies the

sentence
m—1m—1

YY1, .. YmIT \/ \/yiEk:x mod m (8)
i=0 k=0
The sentence implies for an abelian group A that A/mA is cyclic (including
the case A = mA). In particular, for finite A of order n, and m co-prime
with n, the sentence implies that the group is cyclic of order n.
Call ¥ the system of axioms (4)-(8), and X, (h) its extension by (3).

3.4 Lemma. Any finite model M,, of 2 of size n is isomorphic to an R,

such that
puvin.
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Proof. As noted above, (M,,, +) is a cyclic group. Let p be a generator
of M,,. Since e is a surjective bilinear map, C), is a cyclic group of some order
k dividing n. and .

e'n = e(1,1).
This determines the bilinear map e uniquely as the one defined in 3.2. Thus
the choice of the generator 1 determines unique isomorphism type of models
of X of size n.

Any other generator of the additive group is of the form p-1 and choosing
this generator we get an isomorphism z — pz, ef — eP’.

O

3.5 Lemma. A finite M is a model of ¥,,,(h) if and only if M is a homo-
morphic image of Ry, as a ring, for some positive integers m,n such that
n =h-m, and the images of m, n interpret u, v respectively.

Proof. It is clear that R,,, with the interpretation of u,r is a model
of (3)-(4). Since the axioms have a positive form this is preserved by any
homomorphic image.

Conversely, let Rg be a model of ¥,,,(h) and m,n € ZN (0, K] interpret
i, v in the structure. Then axioms (3)-(4) are equivalent to

k
m-n = 0modK and kn = ImmodK, for 7 =h, (k1)=1

We may assume (m,n) = 1 otherwise just dividing m,n and K by (m,n).
Then K =m’-n’, for some m’|m, n'|n. Since m'n'|(kn — Im) we have

3.6 Proposition. Class N satisfies properties jcp, acp and pub.

Proof. Follows from the above. [

4 A structure on the real line and its approx-
imation
4.1 Compactification of the field of reals. Define Rgq to be a P}(R),

the projective real line in the Zariski language:
the universe of R is R U {oo}, the addition:

S(z,y,2) = x4y = 2V(z = co&z = 00)V(y = co&kz = 00)V(z = coky = 0),

14



the multiplication:
P(x,y,z) =zy=2V(r = co&z = 00)V(y = 0o&z = 00)V(z = o0&y = 0)V(z = 0&y = o0).

The following is an unpublished result by M.Lau. A weaker version, non-
approximability by finite fields is proved in [1].

4.2 Theorem. Rg.yq is not approzimable by the class of finite rings.

4.3 Let R, (h), h € R, be the reals with the weak ring structure defined
in [6], 7.5: C consists of all positive quantifier-free formulas generated by the
ternary relation S3(x, vy, 2) meaning z + y = z and 4-ary relation

- T1Y1 - T2Y
PYxy, 91,29, 20) = €™ 0 =™ h

Equivalently, the right-hand side says
T1Y1 = xoys mod h Z.

_ The compactified weak ring structure R,, on the compactified reals
R = R U {co} is given by S(z,y,2) above and the extension of P* to R
defined by the condition

00 € {x1,y1, T, Y2} = Ry E Py, 91, T2, ).

4.4 Proposition. For any choice of h € R, the compactified weak ring
R, (h) is approzimable by finite weak residue rings.

Proof. It is enough to construct a C-homomorphism lim from a pseudo-
finite weak ring of the form *Z/n, *Z the non-standard integers, 1 a non-
standard positive integer, into the non-standard reals *R such that the image
contains R. We follow [6] and choose 7 of the form n = pv, where p and v
are infinite non-standard integer related by a special (non-standard rational)
parameter h satisfying

14 Khp

—=h=—, 0<k,<<pu, 0<p,<<p. (9)
H Ph

Later we will also use the real parameter

h

2r

h = st(=—)

15



Here, the notation are chosen so that h will eventually be read as (approxi-
mately) the Planck constant, and h as the (exact) reduced Planck constant.

Denote W
S < Lk
R‘HV = Z/MV, RP«V =7 N [—7, 7)

Note that for a € RE,,, ., are elements of *Q.
st be the standard part map

st:*Q — R.
Set 4

lim, : a — st(—). (10)
1

Now we prove an intermediate statement.
4.5 Lemma.
(i) lim,, preserves S*:
a+pf=vy= S3(limuoz, lim, 3, lim,).
(1t) assuming lim,(a;),lim,(by),lim,(as) and lim,(by) are finite,

albl
M?

Clel
,u2

aq bl — ang
ﬂ2

) —st(2) = st )

lim,a, -lim, by —lim,as - lim,by = st(

(1) assuming lim,(a;),lim,(by),lim,(as) and lim,(bs) are finite,
dll_?l = dgi)g = (1imua1 . limubl — limuag . hmub2> € h_IZ
(iv) assuming p is highly divisible (divisible by all positive k << ), for
any x1, Y1, T2, Yo € R satisfying v1y1 — xoyp = kh™t, k € Z there are
ai, by, as, by € *7Z such that
lim,(a1) = z1, lim,(b1) = y1, lim,(as) = 2, lim,(by) = o

and B B
@161 = agbg
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Proof. (i) The cases lim,(«a),lim,(5) € R or lim,(a) = oo = lim, () are
straightforward. )
The remaining case can be quickly reduced to the case a = a, 8 = b,
12
?>a>,uZ, 0<b<mu, meZ,

in which case,
lim,a = oo, lim,3 € R.

But now either “72 > a+b > pZ and so lim,(a + ) = oo, as required, or

2 2 2
%ga—l—bz—%—k(a—kb—%)mod/ﬁ.
Here
(<
0< b——=b—(— —
Satb-3 (5 —a) b,
which proves that
W 1w

s By Sz
> 2—|—(a—|—b 2)>,u

and so
lim,(a+ ) = 00

as required.

(ii). Just note that the products on left-hand side can be written as

Ly st(hy

st (
7 7

and the standard part map is a ring homomorphism on finite non-standard
rationals. B
(iii). a;by = agbs is equivalent, under the assumptions, to a1b; — asby =
kuv = k;,qu% for some k € 7Z. This is equivalent to
a1b1 a2b2 14
T =k
1 fu fu
By (i) and (iii) we then have

lim,a, -lim,b; — lim,as - lim, by = kht.
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(iv). We may assume that z1, y1, s, Yo are non-negative. Choose k1, p1, k2, A €
*Zy so that 0 < Ky, p1, ko, A << p (which also means the numbers divide p)
and

R1

st(5) = a1, st(%) — ., st(%) = 2y (11)

Now we look for a non-standard rational number ¢ := £ for p;, \ € *Z
so that

Kipr  Re .. 4 . Rip1r Rep2 . g
v—yq—kh ,thatlS )\2 —)\)\/ = kh s
A Kipr -1
— — kh
1= (53 )
and |pol, | N| << p.
Applying st to the latter by (11) we have
z1y1 — zast(q) = k.
Hence st(q) = ys.
Define
K K
st(xl) = T, st(%) =y, st(f) = Iy, st(%) = 1s.
Set

ay = uﬂ, by = ,u&, ag 1= ,u@, by 1= ,u&.
A A A N
By divisibility and the construction, these are elements of *Z that satisfy the
required. [

4.6 It is useful also to consider R, and R with respect to a stronger lan-
guage with the constant symbols 2, ,m,n € Z,, which we interpret as the
reals 7 in R and as p- 7 in R, It is clear that lim,, is still a homomorphism
with respect to this language.

4Here we use the assumptions (definition) that the set of
p—Small := {k € *Z : k << pu}

is closed under arithmetic operations. This can be achieved by choosing p-Small to be a
submodel Z' < *Z and p € *Z\ Z'.
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5 Linear structure on rings of highly divisible
type

5.1 A pseudo-finite weak ring R, = *Z/uv of 4.3 will be said to be of
highly divisible type if there is a non-standard submodel of arithmetic
7! < *7Z such that both p and v are divisible by any non-zero \ € Z'.

Note that by the compactness theorem there is *Z and elements u, v € *Z
such that R, is of highly divisible type.

5.2 Let R be an additive group. A linear partial transformation F' of
R is given by

e subgroups Iy, I1, I of R, Iy = I; N I;
e a pair of surjective homomorphisms

fi:hh = Lo, fo:ly — Iy,

e the binary relation F' C R x R is defined as:

<I’,y> ceFexel &yEIQ & fl(ZL‘) :fg(y)

Note that the restriction of F' to I; x I, is a subgroup.

We will also consider R with a collection of linear partial transfor-
mations.

5.3 The group (R, +) has pseudo-transformations of the form
F(z,y) = y = sz,

fOI‘SER+.11:]2:R. B B
This extends uniquely to s : R — R, s - 0o = 0o, which will be our
definition of a linear pseudo-transformation s on R .

5.4 Proposition. The ordered semigroup R with a linear transformation
x +— sx 18 finitely approximable by finite groups with linear partial transfor-
mations, more precisely on any pseudo-finite weak ring R of highly divisible
type there is partial linear relation F' such that

(a,b) € F = lim,(b) = slim,(a).
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Moreover, the homomorphism lim, maps F surjectively on the relation
y = s, that is given u,v € R satisfying v = s - u, there are {a,b) € F such
that
u = lim,(a) and v = lim,,(b).

Proof. Choose positive co-prime (non-standard) integers x and p such
that kKp << pu, kp divides both p and v and

St(;) =s.

Take for R the residue ring *Z/uv and
L =p*Z/pv, Iy = k"Z/pv, Iy = kp*Z/pv.

Note that Iy, I, I are actually subrings.
Define natural homomorphisms

f131.1—>’[0> f21[2—>*1.0

fira—ar, fo:b— bp.
Claim. Given a € I} and b € I, we have a = ap and b = Sk for unique

a€[-57,50) and § € [-4F, 5). And

. v 14 . K
fila) = fo(b) iff 3y € [‘;Tp’;Tp) =ik f=apifl b="a

Indeed, the left-hand side is equivalent to

qH
Kp

ap = Kk mo

equivalently, « = 1k + 01, B ="p+ 09, 0< 07 <k, 0 <0y < pand

o1p— o9k =0 mod &
Kkp

Since pv is divisible by (kp)?, we have o1 = 09 = 0 and 7; = 7y, = 7. Claim
proved.

Let b € I5. Then
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lim,, (b) = st(%) - st(%) : st(%) = slim,,(a).

Hence for all a,b € R
(a,b) € F = lim,(b) = slim,(a).

Conversely, assume u,v € R and v = s - u.
Since lim,, is a surjection there is a € R, such that u = lim,(a).
Dividing a by xp find v and € in *Z

a=vkp+e 0<e<rp.

Then o' := ykp € I; and lim,(a’) = lim,(a) = u, so we may assume a =
vep € 1.
Set b= %a. Then b € I, and

lim,(b) = slim,(a) = s - v and v = lim,,(b).

OJ

5.5 Remarks. (1) One sees from the construction that the approximation
in 5.4 is consistent with the approximation of weak ring structure.
(2) The pseudo-transformation F' is the graph of a multivalued map f :
R — R. However, the differences between the values f(x) in “finite” points
x are “infinitesimal”, that is disappear after the application of lim .
(3) The restriction of the multivalued map f to the smaller subgroup
0_ ) Hv HY ) 2
I"={ykp:v€ [—TQPT W)}’ fiakp =k
is a well-defined injective map. It is essential that I° is also big enough, we
say dense in the nonstandard group *Z/uv :

lim, (I°) = R.

In this circumstances we say that f is well-defined on a dense sub-
group and extended from it by continuity.
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5.6 Proposition. The linear structure on the compactified ordered group
with linear transformations

Rin = (R; +, <, 5+ )seRi

is strongly approximable by respective linear finite structures on Z/N.

Proof.The elementary theory of densely ordered abelian groups (without
linear transformations) is well understood, see [8].

Consider a finite part of the quantifier-free diagram of the structure. It
is easy to see that such a finite diagram will coincide with a finite diagram
of a such group with all the finitely many s involved in it being rationals.
But then such a diagram can be replaced by an equivalent diagram of an
ordered group without linear transformations. Then, the finite diagram can
be realised in any cyclically ordered group which contains a densely ordered
abelian group, that is realised in *Z/n with highly divisible 7. This is enough
to prove the existence of colim. [

6 A line bundle with connection.

6.1 Recall the notation N = uv, ¢ = exp %
We also set the value of the special parameter h of 4.3 and (9) so that

h

" or

st(h) (12)
where h is the Planck constant of physics expressed in some units.

An algebraic Hilbert space with unitary operators U and V sat-
isfying UV = ¢VU is an N-dimensional vector space over the field k of
characteristic Owith finite family of canonical orthonormal bases. More pre-
cisely it is given by axioms in the following language.

e k = QJg| is with usual +, - and 1 and also with extra symbol ¢ for a
root of unity of order N. Thus any element of k is named. We also
have an involution, “complex conjugation”, x +— x* defined as follows
element-wise:

fl@) = flg)

for any polynomial f over Q.
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e The universe of the structure is V, which has a structure of an N-
dimensional k-vector space.

e U and V are linear operators on V satisfying the above commutation
relation.

U and V have N distinct eigenvectors with distinct eigenvalues 1, q, ... ¢V L.

e There is a unary predicate EYV satisfying following properties:
EYV(V) has N? distinct elements.

uec EYY = Uu,Vue EYY.

e A canonical U-base (with respect to V) is an N-element sequence
{u(1),u(q),...,u(@" 1)} c EYV satisfying

Uu(¢®) = ¢"u(¢"), Vu(d*) =u(d").

e We define an inner product by assuming that each element of EVV is
of norm 1 (that is (u,u) = 1) and that eigenvectors uy, uy with distinct
eigenvalues are orthogonal (that is (u;,us) = 0). Hence a canonical
basis is an orthonormal basis and for arbitrary

N-1 A N-1 ‘
X1 = Z k’z‘lll(ql), X9 = Z k’igll(qz)
i=0 1=0
we have
<X1, X2> = Z ]{5111{3:2
6.2 We define
Reals(k) = {a € k: a* =a}, Ims(k)={a€k:a"=—a}
Reals(k) is a subfield of k which consists of a of the form
a=flg)+fl¢"), feQX]

and Ims(k) consists of
b= fla)— fla").

Clearly,
k = Reals(k) + Ims(k).
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6.3 Lemma. The field R is approzimable by the field Reals(k).
Proof. Clearly k C C and Reals(k) C R.
Since k is dense in C and Reals(k) dense in R for the standard part map

st:*C - CU{o0} =C

we have st(k) = C and st(Reals(k)) = R. O

Clearly, st is also an approximation in the language with norm topology,
defining the unary predicates |z| > r (or < r) for each rational r. In this
language st : *k — C is a strong approximation, since st(3) = oo iff |3| > r
for all rational 7.

6.4 A trivial line bundle with connection over R. A trivial C-line
bundle E is isomorphic to C x R. Let I'(E) be the space of smooth sections
¢ : R — E, (which is isomorphic to the space of smooth functions f : R — C)

A connection
P:T(E)—->T(F)®T'R

is a map satisfying Leibnitz rule: for any ¢ € I'(E), any smooth f: R — C

P(fp) = fP(p) +df @ .

We will also consider the case when there is an action of a cyclic group
generated by @) acting on the bundle E. We will require that

QP — PQ = ihl

(I the identity operator on E).

We similarly define a k-line bundle over the finite ring R = *Z/uv, where
k=Q(q), ¢ = exp 2.

We set the fibre over a € *Z/uv to be the vector space ku(g®) with the
action of operators U and V' as described in 6.1.

Ket-notation. Choose a canonical basis u(¢*) in V and a section
x + |z) of the line bundle over R such that |z) is an eigenvector of @
with eigenvalue x.

Similarly, |p) will stand for a section p +— |p) p € R, |p) = v(¢®) such that
|p) is an eigenvector of P with eigenvalue p.
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6.5 Proposition. A trivial line bundle with connection over R is approz-
imable by k-line bundle over finite weak rings R with action of operators U
and V.

Proof. For simplicity of calculations below we introduce more convenient
notation:

ei=21 6= %

On the line bundle over R define a linear operator () on the fibres and on
V as

Q= %; thus @ :u(¢*) —

Define P as an operator on V
V-1

i0
We define the limit on the line bundle:

P= thus P :u(¢") = — (u(¢*") —u(¢®)) .

lim,, : u(g®) — [lim,a) = [st()),
7

that is
lim,(a) =z € R < lim,u(¢?) = |z). (13)

In other words
Qlr) = x|z). (14)

By definitions we will have on the bundle over R :

QP :u(¢®) = Ttu(g") — T—u(g ™)
PQ :u(q®) — S (u(g®t) —u(q?))

Hence
QP — PQ :u(¢*) — qa‘lq?U(qa‘l) (15)
Now recall that

271 oy _ . u
— 2 2mio? e a1l — 2 —1)5%E
g = exp o expq{2mi 1/}’ q expq{2mi(a ) y}

so, when lim,(a) = x € R, then ad is finite and so

st ((a—1)6%) =0, st(¢*") = 1.
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For the other factor in (15),
q —

52
Hence we have proved that

QP — PQ : |z) v ihjz). (16)

1
st(L2) = 2mi - st(2) = 2mih = ih.
1%

Finally, to prove that P defines a connection on the bundle, note that
(14) can be easily generalised to the action of an operator f(Q) = col +
c1Q + c2Q? + ... where f is a smooth function

Q) |x) = f(z)|z).
It is well known that in this setting P satisfies the Leibnitz rule,

Pf(z)r) = f(x)Plz) + ['|z),

that is P is a connection. O

6.6 Remark. Without effecting the outcome (but somewhat complicating
the calculation) () an P can be defined as self-adjoint operators on the Hilbert
space V as follows:

€ —€ 6 =
Q:U —-U ’ P:V —‘V .
210 210

6.7 Now we are going to work out how to associate a line bundle with a
connection to a more general k-Hilbert space with actions of two unitary
operators S and 7.

We will assume that

S — quemlvé/{127 T = quen21v5n227
Kij € *Z, Rijg << [

We denote
d = d(k) := det(x;;).

It is easy to calculate that
ST = ¢9TS. (17)

Since S, T are definable in terms of U¢, V?, these are operators on the
k-Hilbert space V.
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6.8 In particular, in case d =1,
U< and V? are in the algebra (S, T) generated by S and T, moreover

<S’ T> = <U67 V6>>

the k-Hilbert space with action of S, T is bi-definable with the k-Hilbert space
defined in 6.1.
In this case we similarly define £%7 and canonical S-bases {s(¢%) : a € R}

S:8(g") = q"s(q")
T:s(q") = s(q"™) (1%)

and consider such a base as a line bundle over R with actions of S and T
We will also assume in this case, for reasons which should become obvious
later, that all the x;; are in Z, that is are finite.

We consider now the pair of operators on V which we call k11Q + k2P
and k91 Q) + Koo P which we define as

. S-1.
k1@ + k1P = 257

. T-1
H21Q+I€22P =

Applying respective definition and carrying out the same calculations as
in 6.5 we will get in the limit the line bundle

lim,(a) = s € R < lim,s(¢*) = |s) (19)

for the section s — |[s),
(k11Q + K12 P)|s) = sls). (20)

While k91Q) + k22 P acts on the bundle as a connection, by the same
calculation as in 6.5. More precisely, we will of course have

(RHQ + H12P)<I<L21Q + IiggP) — (/12162 + KQQP)(KHQ + lilgp) =ihl.

We will call the line bundle of 6.5 the U¢-bundle (or just U-bundle) and
the one here the S-bundle.
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6.9 Continuation of case d = 1. Now we wish to establish a relation
between the U-bundle and the S-bundle. This will be given in approximation
by the inner product

(u(q")[s(q") = r(a,b)
in the sense of the k-Hilbert space V.

Then we will apply lim, to give a meaning to this for the line bundles
over R. This would require a certain renormalisation to the naive meaning

of r(a,b).

7 Linear transformation on algebraic Hilbert
spaces

7.1 Consider a linear transformation L given in terms of the U-basis, de-
pending on parameters a, b, ¢, g, e, K, K'.
We assume 2a, b, 2¢, e, k, k', gk € *Q are p-small.
The domain H, of L is the subspace spanned by {u[n] : n € x'R}. Here
and below
ufn] := u(q").
A linear transformation given as
-t
L :un] — ¢ Z ¢ "™ulgn 4 em) (21)
m=0
will be called quadratic, if f(n,m) = an® + bnm + cm?.
We will require later that some more condition, in particular that L is
unitary. The latter implies that the modulus of Lu(g") is equal to 1 and so
e
el =/ (22)
(here and above e € *Z is a parameter, not to be confused with e defined
along with p and v).

We say L in (21) is regular if for some «, 3,a/, 5, p-small such that
ad' — BB = kK

(a)

Q%Uo‘Vﬁ : qf("’m)u[gn + em] qf(n’m+1)+mu[gn +e(m+1)]
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(b)

gz UV g/ m™ulgn + em] — ¢/ ™ulg(n — k') + em]

7.2 Remark. (a) tells us that Lu[n|, (n € k’*Z) is an eigenvector s[kn| of
q2 UV’ with eigenvalue ¢"",

(b) tells that operator ¢z U”' V' shifts s[rn] to s[xn— k'] the eigenvector
with eigenvalue ¢"" "'

7.3 Example from [6]. Free particle.

m2
uln| — ch_o‘ﬁTu[—ﬂm—i-n]
—gzt.'y:aﬁ,k:a, k' =1.

=1, =0. f(n,m) =m>
g=1e=—-0.

o m2 'rn2 o
R GE ¢ P T u[-pm +n] — q’“BT’aﬁm’Tﬁﬂmu[—ﬁ(m +1)+n] =

an 7a,8<m+1)2

=q*"q 2 u[=B(m+1) +n]

7.4 Proposition. For any p-small o, o, 3, 5" € *Z, such that k' = ad/ —

BB for some K,k € *Z, there are unique a,b,c,v,7,g,e (a) and (b) of (21)
hold and 2a,b,2c,v,v', gk, e € *Z p-small.

In other words, given o, ', 3,8 € *Z, a choice of integer k such that
Lu(n) of (7.1) is an eigenvector of q2U*V? with eigenvalue ¢"" for all n €
k' *7 determines L uniquely up to the constant cy,.

Proof.

Calculate using (a): By definition
q%anvﬁ . qf(n,m)u(qgn+em) s q%+f(n,m)+oz(gn+em)—aﬁu(qgn—i-em—,@)
hence we need for (a):
%—l—f(n,m)+oz(gn+em)—aﬂ:f(n,m+1)+/-m (23)

and

gn+em —f=gn+elm+1) (24)
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Hence, from (24),
e=—0. (25)
From (23):
=af+c=—ae+c, (26)
and for any n and m
n(b+ Kk — ag) + m(2c — ae) =0,
hence
b+r—ag=0 (27)
and
2c —ae = 0.

So, using (25)

= ap (28)

Now we calculate the requirement (b).
By definition

C =

q%’Uﬂ/Va/ : qf(n,m)u(qgnJrem) — qf(n,m)+%+6/(gn+emfa’)u(qgnJrem—a/>.

Hence we need for (b):

gn+em—a =gn—«k")+em (29)
and .
f(n,m)%—%—l—ﬂ'(gn%—em—a'):f(n—/-ﬂ’,m). (30)
Hence, from (29)
a/

From (30), comparing the terms with 7, m and the terms free of n, m we
get

,y/
5 B = ax”, (32)

B'g = —2ax (33)

30



f'e = —br' (34)
The last equation combined with (25) gives

p 28 (35)

H:/

And, using all the previous, (33) gives us

o 9P (36)

- 21,42

Now we have found the values of a,b,c, g,e,v and v in terms of «, 3, o/, 5
in (36), (35), (28), (31), (26) and ( 32).

Note that equation (27) is a consequence of the rest of the equations and
the definition of k. Indeed, substituting in (27) the values of a,b and ¢ from
(36), (35) and (31) respectively, we get

ad' — BB — k' =0

which is a valid equality by our assumptions. [

7.5 Summary
a = _,gjz
b=E2
¢ = las
g="1,
e=—p
7.6 Corollary. The range of L, 5 g is a subspace of the k-space generated
by

fu(¢') : 1 € ged(o/, 8) - R}.
Proof. By the definition of L, g g it is enough to have all [ of the form
=gn+em, ne€r R meR.

(Recall that R =*Z/N.)
By the above gn = o/% € o/ R and em runs through all elements of SR.

O
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7.7 Let n € k*Z. Then gn € *Z.
Let [ € gn + €*Z, that is
l—gn

m = € *Z.
e

By definition we get then

n nm an® + bnm + cm?
(L") = g = epexp2m ™IS (3

Substituting the value l_% for m we get

(ae? — beg + cg®)n* + (be — 2cg)in + cl?
o2

an® + bnm + em? =

and so

. . (ae? —beg + cg*)n? + (be — 2cqg)ln + cl?
(gl Lu(g™) = exp2min -+ (be = 2eg)in el

€22
Now note that by 7.5
aeQ—beg—i-ch:_o/Fo be—ZCg_E c_ o
€2 28K’ e2 B e? 203
Set ,
o'k K o
A=— B:=—— (C:=-—. 38
B E 5 (3)
7.8 Thus we have proved
For any n € k”*Z and | € gn + ¢*Z
(u() Lu(q") = e exp— A +2B" L4 O(),
h I i It

7.9 Matrix representation. We can equivalently represent L as a op-
erator on the whole N-dimensional vector space with N x N matrix given

by

_j2p 2 2 el .
L(i,n) = { cp exp —i5r{An® + 2Bnl + CI*}, 1‘f k'|n & e|(l — gn)
0, otherwise.
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Equivalently,

_ An242Bni+Ci?

where el |
] 1 if K'In & e|(l — gn
o) = { 0, otherwise.
_ An242Bni+ci? .
L:u(g")—{ D tegnrer 2 u(q'), if /-i’|n
0, otherwise.

Note that the support of L (as a map from the canonical U-basis EV) is
dense in EV. This is analogous to the linear transformation of R of section 5.

7.10 Proposition. Given A, B,C € *Qy;, with p-small denominators and
numerators, there are o, B, k, o, ', k' € *Z which satisfy 7.4 and (38).
FEvery transformation representable in the form (39) is also representable
in the form (21).
Proof. The rational numbers B and C' can be represented in the form

B__f o_C
ER

where «, 8,k € *Z, f > 0. The rational number % can be represented as

/

A
B , for some o/, k" € *Z.

x| e

—~

Now we have the relations (38) satisfied. Moreover, we may assume that
ao/ — kK is divisible by 3, multiplying, if necessary, both o' and s’ by a
divisor of 5. Thus we get

and this satisfies the requirements of 7.4. [J

7.11 Open Problem. Determine the eigenvalues and eigenvectors of L.
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7.12 Continuous limit. Now denote

T = st(g) =lim,(n), y= st(ﬁ) = lim,,({) (40)

and assuming that A, B, C' € *Qy,, (that is are finite non-standard rationals)
A :=st(A), B:=st(B), and C:=st(C).

Then applying limit to the last equality we get for the expression in 7.8 :

21 . n nl l Az? + 2Bay + Cy?

limexp —i—{A(—)*+2B—— + C(—)*} = exp —i

h ™ p [ It h

7.13 Equivalent transformations. Call L,, s, ;5 strongly equiva-
lent to L, s, s, if corresponding coefficients are equal:

Al = A27 Bl = BQ? Cl = C2~

In the case
Al = A27 Bl = B27 Cl = CQ

we say the transformations are equivalent.
Clearly, strong equivalence implies equivalence.

Lemma. Let p,o € *Z be p-small. Then equivalence is preserved under
the change
a?/B’H7O/7/8,7I{// f_> pa7p/87pﬁ70-0/70-/8/70-,€/‘

Proof. Immediate by definitions. [

7.14 Rescaling to density and the relative value of c;,. By 7.1 we
determine the absolute value of

cp = (ull][Lu[n]) = (ull]|s[n])

uniquely.

However, when considering the numerical limit, i.e. the values of the
calculated parameters in R,,, we see that the natural limit value of ¢, is 0.
This is because |y | is in fact a number for “the probability that the particle in
position u(q") under the action of L gets into position u(q')”. We will replace
this by a Dirac-rescaled value cp; (L), in essense, the “probability density”
which we define in the current work axiomatically in terms of parameters of
L given in 7.1.
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7.15 According to 7.2 one should treat L as an isomorphism between two
k-linear subspaces,
L:H,— H,

where H, C Hy, and Hy = L(H,).

H, is a module under the operators ¢z2U*V? and ¢=U? V. A minimal
such subspace has a canonical basis of the form

N
slkr'l]: 1=0,1,... — —1}.
{sl] — 1)
Respectively, H, is a module under the operators U*, V* spanned over
a canonical basis

N
"lke'l]: 1=0,1,...— —1
fel] - =01, 1)

of Ur-eigenvectors. (Note that u[n], an eigenevector of U with eigenvalue
q", is an eigenvector of U" with eigenvalue ¢"" but this is just one form of
U*-eigenvectors.)

We continue the analysis following [6], section 3.

In order for H, to be of the required dimension H]X, (and to make L
injective) it is necessary and sufficient, by 3.47 of [6], that the eigenvectors

u”® are of the form

|r|—1

wn] = —— 3 ¢ Fuln+p ] (a1)

for some p-small integer 0 < d < || which determines the choice of H,.
In accordance with above

N1
el
Lu”[kn] =: s[kn] = ¢, Z ¢’ ™ualgn 4 em), (42)
m=0
the vector on the right hand side of (21).

Calculating the inner product in the ambient space we get, using the
orthonormality of the basis u,

(wslslin]) = cp—




k| -1
qan2 Z qbn(ml-i-p%)—&-c(ml—i-p%ﬁ—pd%

1
l—gn

where m; := == is an integer.
Note that (£)* = N - L is an integer divisible by N. Hence, the above
is equal to

1 || —1
2 2 N
=cr qan +bonm+m; E qu -

\/m p=0

where D = b;" + 2% —d. Using 7.5 and the fact that -5 is an integer, one

K',/

deduces that D is an integer. Thus we calculate the sum of roots of unity,

|r|—1

Z o [ k|, if D=0 mod k
- 1 ~ | 0 otherwise
p:

Thus we conclude that in order for the H, and Hy to be non-orthogonal
we must choose d so that D =0 mod « and as a consequence we get

[(w*[l]s[wnl)| = lez]/]n]. (43)

Now we determine Am according to the density of m in (21)

Bl 1 o B 27h
Am = . _|6|“hN and Az := hAm = |j| N (44)

Thus we normalise the value of ¢;, (in fact switching to Dirac’s bra-ket
inner product instead of the product (37)) which we call ¢pi,(L).

(D)) — |<u~[HzA]|;[m]>| _ |CLA$|KI| _ /‘% _, /%,

The angular value of cp;(L) can not be determined by our method at
this point and we determine it here axiomatically as:

VAL e ]
ir L = = 4 45
conb) = =7 = o (45)
However, we will see later in 8.8 that this value of angle is the only one

compatible with the composition of linear transformations.
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7.16 Remark. The definition of cpi,(L) is invariant under equivalence.

The limit value is accordingly

s’ B
lim CDir(L) = St(cDir(L)) —=e 4 u

7.17 Example. Quantum Harmonic oscillator. The Hamiltonian is of
the form

p2 202
g - @
2
and I
L=K'= exp{—i#t}
Assume 5= =: w € *Z. We may always choose ¢ so that sinwt and coswt

are rational.
Now we can present the rational numbers

A_icoswt _ w _icoswt
27 sinwt’ 27 sinwt’ 27 sin wt
and set (22 + y?) coswt — 2xy
(a]Lln) = eon (L) - expics "L
Accordingly,

.7 w
p(L)=e "1, oo
cou(L) = ¢ \/ 27h| sin wt|

7.18 The general form of quadratic transformations. We will also
have to consider at some later point linear quadratic transformations with
L(l,n) of the form

2711 An? + 2Bnl + CI?> + Dn + El
L(l,n):cL-é(l,n)-exp%z n® + n+2 + Dn +

(46)

where D, E € *Q are bounded by a p-small constant and may depend on
l,n.
In this case, when passing to continuous limit as determined in 7.12, we

will have Dh Eh I
Dn o~ 222 and Bl ~ 222

[ 1o
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and so these term vanish in the limit.
This proves the following.

Lemma. The generalised quadratic transformation (46) is equivalent to
a quadratic of the form

An? + 2Bnl 12
L(l,n) =cp-0(l,n) - exp —2mi n 277n C

7.19 Lemma. Given Ly, g, o, 5 and Lo, g, a5, with commutation pa-
rameters ki, Ky and ke, kY respectively, suppose the greatest common divisor
(athy, Ba) is divisible by k. Then

Range L p, © Dom L

a2,B2,04, a1,B1,04,81

In particular, for every L, g, o, 5, and La, g, oy, with commutation pa-
rameters ki, Ky and kq, kb, respectively we have that

Range Lyt oy w1 gt ot iy g, © Dom L

KB, = a1,B1,a4,6%

Proof. Indeed, Dom Ly, g, o1 s is the subspace generated by {u(q") : n €
ki R}. And by 7.6 Range L, g, «, s, is a subspace of the subspace generated
»P2,Q9,04

by {u(q') : 1 € (), Bo) - R} O

8 Composition of quadratic transformations

8.1 We will consider the composition L = L; 0 Ly of two quadratic k-regular
unitary quadratic transformations. The definition of composition is standard,
for linear transformations in finite-dimensional k-spaces. In particular, we
consider Lq, Lo in matrix form and aim to calculate the product.

We have

Aqn2+2Bini+Cqi?
2

Ll(l7n) = (5([771) - q

A2m2+2BQ mn+Co n2

L2<n7 m) = C2- 5(”7 TTL) “q 2

where 61(l,n) and do(n, m), are in terms of oy, f1,... and g, 5, ... respec-
tively.
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8.2 By above
L(lvm) = Z Ll(lvn) ’ L2<n7 m) =
nek’'R

1
= C1Cy Z 01 (1, m)da(n, m)q[§(A1n2—1—231nl—i—CIl2+A2m2—|—2Bzmn+C’2n2)] =

nek’'R

((A1 + Cg)n2 + Q(Bll + Bgm)n)]

N | —

= clch[%(Cllg—FAQmQ)] Z 01(1,m)d2(n, m)q|

nexk’'R

8.3 Now we need to evaluate the sum in the last expression, given fixed
values of [ and m.
Given an integer [,

/

61(I,n) =1 iff n=0mod r] & oz;n = lmod f (47)

/
1

This is immediate by definition once one recalls that |e| = |/5]. The last
congruence is equivalent to e1|(gin — ).

Given an integer m,

/

da(n,m) =11 m =0mod k), & n = anmodﬁg. (48)
K

/
2

Claim. Given [ and m

01(1,n)d2(n,m) = 1 iff m = 0mod k), & n = 0mod K}

/

/
Ing ng = 0mod k] & alzlo =[mod B & nyg = afz,WLmOdﬁg &
1 2
n =mngmod p where p = lem(x], (Oz’f—lﬁl)’ 32)

Proof. The conditions on ng follows directly from (47) and (48). This is
also the condition of solvability (with respect to n) of the system of the three
congruences of claims 1 and 2. The general solution of the congruences is
the last line.

Remark. By definition ng depends on [ and m. Assuming that [ = 0
mod (; and K—’Z =0 mod 5 one can choose ng = 0.

39



8.4 We will use the conclusion of the Claim in the form
n=mng+pp, peE*L.
By substitution we get
(A} 4 Co)n? + 2(Byl + Bym)n =
= p*(A1+Co)p*+2p( Bil+Bom+A1ng+Cong ) p+{ (A1 +Co)ni+2( Byl+Bam)ne }.

So the expression of L(l,m) from 8.2 can be rewritten as

1
L(l,m) = clcgq[g(Cllz + Aom? + (Ay + Co)nd + 2(Bil + Bym)ng))-

N_q
P

1
>3 al5p (A1 + Co)pp® +2(Bil + Bym + Aing + Cono)p)] - (49)

p=0

Note that C11? + Asm? + (A; + Co)n + 2(Byl + Baym)ny is integral since
p = 0 is admissible for the given [, m.

8.5 Claim. Bl + Aing, Bom + Cong, Ai1p and Cyp are integers.
Proof. Byl = %l and Aing = —gi:i ng and, according to Claim 1, z—%no =
[ 4+ p1 5, for some p; € *7Z. One sees that Bl + Aing = —p1K1.
Bym = m and, according to Claim 2, Cang = —F2ng = —%(aéin +p22)
for some integer p,. Using the assumption asaly = B205 + Kokl we get

ayaym  fBym kem  fBym

*
Y / ) — € Z
B2 KY Ko B2 %)
and )
m
2
Bom + Cong = — T — Qpa € *7.
2
For . , ,
A p — ajkr K115 . o k1o
L _

T TR @)oo
it is easy to see that (af, £;1) divides o) and o divides fs.
For .
a2 KiP1Ps

02p N _E (0/17 Bl)a

one just needs to note that (af, 81) divides 8; and o divides &].
Claim proved.
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8.6 We need to evaluate the quadratic Gauss sum in (49), which we write
in the form

>z

-1

q§ (ap®+2bp)
b

=
Il
o

where we define integers
a = (Al + Cg)p, b= Bll + Bgm + NO

where Ny = (A1 + C2)ng. In particular, |Ny| is bounded by a [(A; + Cs)pl.
So is p-small.

Since ¢” = exp 2mi %, the Gauss formula gives us

N_q ) 2

4 jus’ aN —p2 .c b

S e ety €z (50)
=0 0, otherwise

b? B B31? + B3m? + 2B, Bylm + 2B1INy + 2Bam Ny + N
p2a N Al + CQ
By the above, substituting into (49) we get, for [, m such that a|b,

T N 1
L(lam) = 010267\/ |a7| Q[§(Cll2 + A2m2 - Pbg/a)] =

s’ 1
Cc1Coe 4 4/ N|A1 + 02| q[ﬁ(AmQ + Blm + Cl2 + Dm + El + F)] (5]-)

where
B? ook + BiPhK!
A — A o —2 — /f/ 1&2h1 2'v1 52
? Ay + Oy ! 2"f,2<0/1"‘f152 + ok Br) (52
BB !
- B i U (53)
AL+ Cy  dhk1 By + gkl By
BZ / /
Ay + Oy A k1B + k) B
and
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2B1 Ny Ng

A+Cy T AHCY T A+ G

and so D, F, I are non-standard rationals with numerators and denominators
bounded in terms of ay, £y, k1, o), B, K| aa, Ba, ko, &, 55, k5 and hence are -
small. In other words, L is a generalised quadratic transformation (see 7.18).

D=-—

8.7 By restricting the domain of L;Ls so that 2+, € p15y *Z we get a
choice ng = 0 in 8.3 and so Ny = 0. It follows that D E, F are all 0 for LiLs
with the smaller domain.

Hence L is strongly equivalent to the quadratic transformation of the form
7.9 with A, B, C' determined above.

8.8 Also note that if we identify the multipliers

ch =€ 14 @ c:e_%i @
1 N’ 2 N

then the multiplier in the product is

T A C
CLiL, = C162€ 1 \/|A; + Co| N = e‘\/mlﬁ2 1+ o)l \/|0‘1“152 + 042/<~'151|

8.9 Now we assume, without loss of generality (see 7.19), that (o4, 52) is
divisible by &} and introduce, in accordance with (52)-(54), a regular linear
transformation with parameters

ok + BafB1ky
= -
1

Y

o k1 P2 + ok fr

!
K1

B

1 kol + BB,

!
Ky

Py + a1k

B = :




’
1. R1Ry

K
which corresponds to the A, B, C' above in the form (39).

By our assumption all these are integers.
Note that these can be obtained as follows:

(v 2 )-(wmae) (Rigdfs) o

Note that under the notations, 8.8 gives us

(56)

as is the case for regular linear quadratic transformation with respective
parameters.

8.10 Definition. Set the product of two quadratic linear transforma-
tions Ly, Ly to be L := LjLs, where L in the form (21) is determined by
a, B, k, o, 5k in 8.9. Equivalently, determined by A, B, C' in the form (39)
as in (52)-(54).

8.11 Proposition. The product defined 8.10 is associative. Moreover,

8.12 Calculation in bra-ket notation. In this case, we have to adjust
8.2 to

L(l m Dir — ZLl l 7’L Dir * LZ(n m)Dl'f‘ An

Ki|n

Now we can continue using our calculation in (49) and (51) with adjusted
multipliers

=e7 cD,T (L1)epir(La)y/ N|A; + Co Anq (Am*+Blm+CP+Dm+EI+F))

Now we need to evaluate An, which by definition is the step in the summation
over n. By looking at (50)° we identify the step for n

pl 1
a p |A1+CQ|\/N_

SDefine An for canonical Gaussian integral properly.

21mh
‘N

An = and Az = |A; + Co|™*
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and so in coordinates compatible with z we have the multiplier

5 ||B i By| =i 2rh
CDir(Ll)cDiT(LQ) N‘Al + CQ‘ AfL' =e 4 %64 ’2727-164 ’Al + CQl -

|B]

—° 21h

_mi
4

the last equality by (53).

Thus we have proved

8.13 Theorem. The product Li o Ly of two reqular linear quadratic trans-
formations in the form (39) is equivalent to a regular linear quadratic trans-

formations with parameters given in (52), (53), (54) and (56).
The rescaled multiplier

s B
cpir(L1Ly) = e 4 %

8.14 Example (Continuation of Example 7.17). Consider two real values

t; and t, with the same w. We take L; to correspond to the data with
= 2L and L, to correspond to sinwt, = % and
2

sinwt; = % and coswt; =
1

Cos Wty = ‘:—:2
2
Also by 7.17 k1 = 32K, a1 = 520, and Ky = 52K, Qg = 5=
Substituting this into the trigonometric data from 7.17 we get

oy Baky + o) B1 B

/
a2.

coswty - sinwty + coswty - Sinwty = - ; -

or 8
— =sinw(t; +ta).

Similarly, we can calculate other parameters of L = L0 L5 and eventually
see that L corresponds to quantum harmonic oscillator with frequency w and

time tq + to.
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9 Compositions and path integration

We prove the path integral formula for the quantum harmonic oscillator.

9.1 Following conventional methods we model the operator

P21V (Q)
—1 57 t

K'=e
for “very small” value of ¢ using its approximate evaluation
P24V(Q)
—i—g Al

- p? V(Q)
(T AA e ' on At

~e

e

In our model we set At = %, foran e *Z, 1 << n << p. We are
particularly interested in case V(Q) = Q2.

p2
9.2 We constructed the operator corresponding to "2 in section 7 (v =
7775: _]'JO/ - 176/ = 07f€:777’£, = 1)

. p2 N-1 (nfm)Q
e "2 cu(g") = c(n) Y _q" 2 u(q™)
m=0

itnen-*Z and

p2
e_Z;%m:u(qTH_p)’—)O, fOl"p:]-;--'vn_l

w2q?

For e™" 2 we have a straightforward

i w2Q? n2w?

e ru(g") =g u(g")
for n € n*Z which corresponds to o = 1,0/ = 10,3 =0, 8 = w?

9.3 Combining the two into a product we have, according to (55), for

. p2 w2Q?

K, =e "2 e " 2

the (o, 8)-matrix (55)

—1
(ZWQT}Q_W2)7 k=1, ’%/:772
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respectively,

2 2
A=T"% By Cc=y
n

and in the form of subsection 7.9

N-1 9 2 2,2
' n*(l —n)* —wn
K, :u(n) — ck, lgo q| 2 Ju(l) (57)
for n € n**Z and
Ck, = -5 !
K, = € N

is defined as in (7.14). The Dirac-delta renormalised (density) coefficient is
respectively determined by (45) as

_mi [N
CDir<Kn):€ 4 ﬁ

9.4 Our plan is to calculate the limit value of the k-th power Kf; of K, for
k a p-small non-standard integer such that

k
t=" = kAt € "Qpu, 0<wt§T<g
n

for some positive T" € R.

It is not difficult to see that Kf; is a nonstandard approximation to the
integral operator which conventionally is being presented as Feynman’s path
integral

lim )\(k)//.../expifuh(xl,...,xk)darl...dxk
k—o0 RJR R

where fyn(z1,...,x) is a quadratic form whose construction depends on V;,
k and the parameter f, and \(k) is a normalising coefficient.

We choose T' small enough (but standard) so that it satisfies the extra
assumption:
foral0 <z <y<T
coty T

— 7 (58)
cotz +coty y
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it A (59)
cscxr +cscy Yy

Such T' € R exists by (60) and (61) below.

We use induction on k which is legitimate since *Z is a model of arith-
metic.

9.5 By the composition theorem applied k times K,’j can be represented in
the form 7.9 with A = Ay, B = By, C' = () for some non-standard rationals
Ay, By, Cy with p-small numerators and denominators (since k is p-small)
and related oy, oy, Bk, B, ki, K. We will also have the multipliers ¢, := Crck
and cDir(KS) which can be expressed in terms of the other parameters by
(7.14) and (45).

Note that aq, o, 51, 81, k1, &} and Ay, By, Cy are given in 9.3.

9.6 Theorem. The transformation K,’; 15 equivalent to the time evolution
operator for the quantum harmonic oscillator described in subsection 7.17,
that s

Hw P2 202 k
Kf; ~ K' = exp{—z’?t} for H, = ++Q, t= st(;)

The rest of the section is devoted to the proof of the theorem.
9.7 Inductive hypothesis. We assume that

k k k
Ay = w(cot i a(k)); By = —w(csc 24 b(k)), Cr = w(cot =y c(k)),
n n n

where a(k),b(k) and ¢(k) are non-standard real numbers such that

Ink+ L 1
la(k)], [b(R)], [e(R)| < wmmt 20 < 2T

n Ui

9.8 Note that by the Laurent series decomposition, for z near 0,

1 1
cot z = Pt + o(2?) (60)
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11 ,
— - 61
cse 2 Z+6z+0(z) (61)

Also we recall the trigonometric identities

cot zycotzg — 1

t = 62
0 <Zl + Z2> cot z; + cot 29 ( )
cot’z —csc’z =1 (63)
csc(zy + 29) = e 21 850 22 (64)

cot z1 + cot 2y

9.9 Case k = 1. We have by 9.3

2
A =n-— dl :w(cotg—i—a(l))

n n
where 5 .
w
1) = —— _
By = —n=—w(csc— +by)
where .
w
b(l) = o + 0(?)
w
Cy =1 = w(cot E +¢(1))
where .
w
1) = — —
1) = 5 +0(5)

Here and below O(n%) means a nonstandard number such that O(n%) L
is a finite nonstandard real.
Clearly, the inductive hypothesis for £ = 1 holds.
Also note that w
ja(1) +¢(1) = 20(1)] = O(ﬁ)‘ (65)
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9.10 Inductive step. Calculate by product formulas (52), (53) and (54)

ACy + CC, — B
Cr+ A n
(cot £ + a(1))(cot 2 + ¢(1)) + (cot £ + ¢(1))(cot “’7]“ + (k) — (csc 2 + b(1))?

= W =
cot “’Tk + cot 2 +a(l) + c(k)

Ak+1 =

2w
n

cot “’7’“ + cot 2 +a(1) + c(k)
(a(1) + c(1)) cot 2 + (k) cot 2 + ¢(1) cot “7’“ —2b(1) esc e + O(n%)
cot “’7’“ +cot 2 +a(1) + c(k)

cot? ¥ + cot ¥ cot “% — cse
n n n

“+w

Now we use (63) and (62) to get

2w

2w w wk _
cot " + COtlZ cot o csc ot w(k + 1)
cot; —l—cot; n
and
cot? £ + cot ¥ cot ¥k — cgc? @ E+1 E+1 1
nk p 7 L = cot —w( 1) + cot —w( ) 'O(_Q))
cot £* + cot ¥ + a(1) + c(k) n n n

since cot ‘“7’“ + cot% > g The estimate of the second summand is

(a(1) + c(1)) cot % + (k) cot 2 + ¢(1) cot %k —2b(1) csc e + o(n%)

’a’(/ﬂ—i—l)‘ = | cot %k + COt% +a(1) + c(k) <
<la(1) 4+ c(1) — 2b(1) + c(k) + $| + O(%) < 3(:7]—]{ + c(k) + O(%)

Hence |a(k + 1)] = |a'(k + 1) + cot B . O())] < @i
(use (65), the above estimate of ¢(1) and (58) for the last inequality).
This proves the inductive hypothesis for Ay, and agyq.

Case C

Aka + AlAk — B]% o
Cr + Ay n

Ck+1 =
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B (cot %k + a(k))(cot ‘*’7]‘7 + ¢(k)) + (cot £ + a(1))(cot “’Tk + a(k)) — (csc %k +0(k))? B
- cot%’“ + cot 2 + a(1) + c(k) B

cot? “’7}“ + cot %’ cot “’7’“ — csc? @k

cot %k + cot 2 +a(l) + c(k)
(a(k) 4+ a(1) + c(k)) cot ‘”7’“ + a(k) cot 2 — 2b(k) csc %k + 0(%)

+w =
cot “’Tk +cot £ +a(1) + c(k)

k+1 1
IwCOtM'(l—FO(—Q))—FC/(/C—Fl)
n n
where
a(k) + a(1) + c(k)) cot & + a(k) cot £ — 2b(k) esc <& + o(L
)| o2 G+ o) oot 2 + ) ot = ) cse 4ol _
cot ©% + cot = + a(1) + c(k)
hence

a(1) + a(k) + c(k) — 2b(k)

c(k+1)~al(k)+ ?

as required.
Case B can be proven similarly using (53), (59) and (61).
This completes the proof of the theorem. [

9.11 Remark. Compare this with existing proof of the same formula,
9], 7.7.4, which leads to a non-convergent limit (page 552) that requires a
“special summation method” to get a correct answer.

The reason why the existing proof requires the “special method”, from
our point of view, is that the conventional calculation uses two limits: once
in calculating the integrals for a finite (N-multiple) product formula, and
then in calculating the limit for N — oco. The composition of the two limits
(which do not commute) is replaced in our calculation by the single limit
(% — t by applying the standard part map). This balances the two limits in
a correct way.
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