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1. D-modules on rigid analytic spaces

1.1. Rigid analytic spaces. Let K be a field complete with respect to a
non-archimedean norm. The ultrametric inequality |z — y| < max|z|, |y| implies
that the "unit circle” {|z| = 1} is open in the affine line over K, and the ”closed
unit disc” {]z| < 1} is disconnected, being the disjoint union of the unit circle and
the open unit disc. This is a basic feature of non-archimedean geometry: every
K-analytic manifold is totally disconnected with respect to its natural topology.

In order to make the category of K-analytic manifolds more geometric, Tate
invented rigid analytic spaces [35], by introducing a new (Grothendieck) topology
on this category, with a basis given by K -affinoid varieties which are by definition
the maximal ideal spectra of K-affinoid algebras. The n'"-Tate algebra is the
algebra K(x1,...,x,) of K-valued functions on the n-dimensional polydisc that
can be globally defined by a single power series which converges on the entire
polydisc, and a K-affinoid algebra is by definition any homomorphic image of a
Tate algebra.

The theory of rigid analytic spaces has now reached maturity comparable to
that of the theory of complex analytic manifolds, thanks to the works of Kiehl
[20], Raynaud [25], Berkovich [], Huber [I8] and many others. It is now an
indispensable part of modern arithmetic geometry, and has found many striking
applications such as Tate’s uniformisation of elliptic curves with bad reduction,
and the proof of the Local Langlands conjecture for GL,, by Harris and Taylor.

1.2. Rigid analytic quantisation. We assume now that K is discretely
valued, has characteristic zero and that its residue field has characteristic p >
0. Let K° denote its ring of integers and let 7 € K° be a uniformiser. In a
series of papers including [5], [6], [7], Berthelot introduced the sheaf of arithmetic
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differential operators Dggmé of level m on every smooth formal K°-scheme X in
an attempt to better understand the p-adic cohomology of algebraic varieties in
characteristic p.

Let X = Al be the formal affine line over K°. One of the origins of this
work was the observation that it is possible to obtain the ring of global sections

rx ,’DES?Q) by defining a non-commutative multiplication % on the second Tate
algebra K (x,y), which is completely determined by the relation

yxr—zxxy=1.

In other words, if ¢ denotes a local coordinate on X and 9, is the corresponding

vector field then T'(X, ’DES?Q) is isomorphic to the Tate- Weyl algebra K (t; 0;) which
can be defined by m-adically completing the usual Weyl algebra A; (K°) = K°[t; 0]

with coefficients in K°, and inverting 7. In this way we view I'(X, DEB)Q) as a naive

“rigid analytic quantisation” of the two-dimensional polydisc.

The aim of this paper is sketch the construction of the algebra 6(X ) of infinite
order differential operators on a smooth K-affinoid variety X, developed in joint
work with S. J. Wadsley: proofs will appear elsewhere. Morally D(X) is a “rigid
analytic quantisation” of the entire cotangent bundle 7" X.

1.3. Lie algebroids. Let k — R be a morphism of commutative rings. Recall
[26] that a k-R-Lie algebra or a Lie algebroid is a pair (L, a) consisting of a k-Lie
algebra and R-module L, together with an R-linear k-Lie algebra homomorphism
a from L to the set of k-linear derivations Dery R of R, such that [v, rw] = r[v, w]+
a(v)(r)w for all v,w € L and all r € R. Tt is possible to form a unital associative
k-algebra U(L) called the enveloping algebra of (L,a) which is generated as a k-
algebra by R and L, subject to appropriate natural relations. Enveloping algebras
of Lie algebroids simultaneously generalise the ordinary enveloping algebra U(g) of
a Lie algebra g over a field k, and also the algebra D(X) of (crystalline) differential
operators on a smooth affine algebraic variety X over k, since 7 (X) = Derj O(X)
is itself naturally a k-O(X)-Lie algebra such that U(7 (X)) = D(X).

The ring U (L) has a natural positive filtration with associated graded ring the
symmetric R-algebra S(L) whenever L is a projective R-module; thus U(L) is
an algebraic quantisation of the underlying topological space Spec S(L). In this
way, the enveloping algebra U(g) can be viewed as an algebraic quantisation of
g* = SpecS(g), and D(X) as an algebraic quantisation of the cotangent bundle
T*X = Spec S(T(X)).

1.4. Quantised rigid analytic cotangent bundles. Let O(X) be
the algebra of rigid K-analytic functions on a smooth K-affinoid variety X, let
O(X)° be its subring of power-bounded elements, and let 7(X) be the Lie algebra
of continuous K-linear derivations of O(X).
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Definition. We say that an O(X)°-submodule L of T(X) is a Lie lattice if it is a
sub K°-O(X)°-Lie algebra of T(X), is finitely generated as a module over O(X)°

and generates T(X) as a K-vector space. Let U(L) be the m-adic completion of
U(L) and let U(L)x = U(L) ®xo K. We define D(X) to be the inverse limit of
the U(L)x where L runs over all possible Lie lattices in T (X).

Every Lie lattice £ gives rise to a tower

U(L)k < UrL)k + U(r2L) g + - --

of Noetherian Banach K-algebras, whose inverse limit is a Fréchet K-algebra in
the sense of non-archimedean functional analysis [32]. Since any two Lie lattices
in 7(X) contain a m-power multiple of each other, the inverse limit of this tower

is isomorphic to 5(X ), regardless of the choice of the Lie lattice L.

Example. Let X denote the closed disc of radius 1 in the affine line over K, with
local coordinate t. Then O(X) is the first Tate algebra K (t) and O(X)° is the
subalgebra K°(t) := K(t) N K°[[t]]. Let £L = K°(t)0;, so that 7L is a Lie lattice
in 7(X) for each n > 0 and

U(rnL)g =2 K(t;7"0)
is a deformation of the Tate-Weyl algebra over K. Thus

a;

Q)

(X)= () K{t;n"0,) = {Zaia;' e K[, : lim
1=0

i—oo Tt
n>=0

=0 for all n}O}

is naturally in bijection with O(T*X).

If Y — X is an open embedding of smooth K-affinoid varieties and L is a Lie
lattice in 7 (X), then O(Y)° ®p(x)> £ need not be a Lie lattice in 7(Y) in general.
However, a sufficiently large 7-power multiple of O(Y)° ®o(x)- £ is a Lie lattice in
T(Y), and the functoriality of enveloping algebras of Lie algebroids induces a ring
map 5(X ) — ﬁ(Y) We have the following non-commutative analogue of Tate’s
Acyclicity Theorem:

Theorem. Let X be a smooth K-affinoid variety. Then Disa sheaf on X with
vanishing higher cohomology.

This construction extends naturally to a sheaf of K-algebras D on arbitrary
smooth rigid analytic varieties over K.

1.5. Coadmissible D-modules. Recall [33] that Schneider and Teitel-
baum defined a Fréchet-Stein algebra to be the inverse limit of a countable inverse
system of Noetherian K-Banach algebras (A4, )nen with flat transition maps.
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Theorem. Let X be a smooth K-affinoid variety. Then the algebra 6(X) 18
Fréchet-Stein.

There is a well-behaved abelian category of coadmissible A-modules associated
with any Fréchet-Stein algebra A, whose objects are inverse limits of compatible
familes (M, )nen where each M, is a finitely generated module over A,,. Let X be
a smooth rigid K-analytic variety, and let (X;); be a sufficiently fine admissible K-
affinoid covering of X. It is possible to prove a precise non-commutative analogue
of Kiehl’s Theorem from [20], which allows us to glue the resulting categories of
coadmissible D(X ) modules in an appropriate way in order to obtain the category

Cx of coadmissible D-modules on X.

Every D-module that is coherent as an O x-module is coadmissible in this sense.
As in the classical theory [I7] over C, we may think of these D-modules as rigid
vector bundles equipped with a flat connection, and thereby obtain a link between
our D-modules and the well-established theory of p-adic differential equations [19].
There is also a natural exact analytification functor from the category of coherent
D-modules on a smooth algebraic variety Y over K to Cyan. For these reasons, we
will regard Cx as an appropriate rigid analytic analogue of the category of coherent
algebraic D-modules.

1.6. Functoriality. In the classical setting [17], it is known that the inverse
and direct image functors for D-modules preserve O-quasi-coherence, but need not
in general preserve D-coherence. Since our category of coadmissible D-modules
is modelled on the category of coherent algebraic D-modules, and since it is well-
known that there is no obvious well-behaved analogue of quasi-coherent O-modules
in rigid analytic geometry, it is unreasonable to expect to be able to define direct
and inverse image functors in full generality in our current setting. However, given
a morphism f : X — Y between smooth r1g1d analymc varieties, it is possible
to define a transfer bimodule Dxﬁy = Ox®j 10, f7 Dy, and a direct image
functor
f+ + Cx — Cy
M = f (M@ﬁx ,DX%Y)

between the derived categories of coadmissible right ﬁ—modules, at least in the
case when f is proper. It would be interesting to investigate whether the classical
inverse and direct image functors extend to our setting in a greater generality.

1.7. Dimension theory. Whenever A is an Auslander-regular ring [13], the
functor M — RHoma (M, A) induces an anti-equivalence between the derived cat-
egories of finitely generated left, and right, A-modules [36]. This us allows to
associate with any finitely generated A-module M its canonical dimension d(M),
defined in terms of the vanishing of the Ext groups Ext?, (M, A).

When A is the ring of regular functions on a smooth affine variety X over a
field, d(M) is the Krull dimension of the support of the associated sheaf M on X.

Theorem. Let X be the d-dimensional polydisc and let L be the free O(X)°-
submodule of T(X) spanned by the standard vector fields. For every n > 0, the
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deformed Tate-Weyl algebra U(n" L)k is an Auslander-reqular ring of global di-
mension d.

Proof. This version of Bernstein’s Inequality for deformed Tate-Weyl algebras fol-
lows from [II Theorem B]. O

Schneider and Teitelbaum observed in [32] §8] that if A = lim 4,, is a Fréchet-
—

Stein algebra such that each A,, is Auslander-regular of the same global dimension,
then the canonical dimension function extends naturally to the category of coad-
missible A-modules. It follows from the above result that their formalism applies
to our algebras D(X) whenever X is sufficiently small, and allows us to define
the canonical dimension of a coadmissible D-module on an arbitrary smooth rigid
K-analytic variety.

Definition. We say that a non-zero coadmissible D-module is holonomic if its
canonical dimension is zero.

1.8. Support and Kashiwara’s equivalence. The support of an abelian
sheaf on a topological space is a fundamental invariant. Since our sheaves are de-
fined on a space with a Grothendieck topology, the usual definition of support in
terms of stalks seems inferior to the alternative one given by

Supp M = X — U {U admissible open in X : M|y = O} .

It is natural to hope that Supp M is an analytic subspace of X for every coad-
missible D-module M. However, morally a coadmissible D-module is a coherent
sheaf on a rigid analytic quantisation of 7" X and the projection map T X — X
isn’t proper, so this hope is probably unreasonable. Nevertheless, it seems possible
that there is an appropriately large subcategory of coadmissible D-modules whose
objects do have analytic support.

As there is no natural exhaustive ring filtration on the sheaf D due to the pres-
ence of completions, it is not clear at present how to define a good analogue of the
characteristic variety for coadmissible D-modules. Nevertheless it is conceivable
that _in the future it will be possible to do this by “microlocalising” coadmissi-
ble D-modules to appropriate Lagrangian affinoid subspaces of T*X, and thereby
make more precise the words “rigid analytic quantisation”. In any case, the notion
of support defined above is sufficient for us to be able to formulate a rigid-analytic
version of the fundamental Kashiwara equivalence:

Theorem. Leti:Y — X be a closed immersion of smooth rigid analytic varieties.
Then the functor iy induces an equivalence of abelian categories between Cy and
the full subcategory CX consisting of objects M in Cx with support contained in
the image of Y.
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2. p-adic representations of p-adic Lie groups

2.1. Locally analytic representations. Let L be a finite extension of
Qp, assume that our ground field K contains L and let G' be a locally L-analytic
group. In a series of papers including [29)], [31], [32], [33], Schneider and Teitelbaum
developed the theory of admissible locally analytic G-representations in locally con-
vex K-vector spaces. This theory has found applications to several areas, including
p-adic automorphic forms [22], p-adic interpolation [I5], non-commutative Iwasawa
theory [30] and the p-adic local Langlands programme [3], [12], [11], [10].

By definition, the locally analytic distribution algebra of G over K is the strong
dual D(G, K) of the vector space of locally analytic K-valued functions on G. It
may be viewed as a certain K-Fréchet space completion of the group ring K[G].

When the group G is compact, Schneider and Teitelbaum showed that D(G, K)
is a Fréchet-Stein algebra, so the notion of coadmissible D(G, K)-module makes
sense. A locally analytic representation V' of an arbitrary locally L-analytic group
G is admissible if its strong dual is coadmissible as a module over the distribution
algebra D(H, K) of every compact open subgroup H of G.

One of the most basic problems in this theory is to gain a better understanding
of the irreducible admissible locally analytic representations of GG, or equivalently,
the simple coadmissible modules over the distribution algebra D(G, K).

2.2. Arens-Michael envelopes. There is a natural embedding of the Lie
algebra g of G into D(G, K), which extends to an embedding of K-algebras
U(gx) — D(G, K), where gi := K®rg. It follows from the work of Kohlhaase [21]
that the closure of the image consists of the K-valued locally analytic distributions
on G which are supported at the identity in a suitable sense, and is isomorphic

to the Hausdorff completion U(gg) of U(gx) with respect to all submultiplica-
tive seminorms on U(gg). Following Schmidt [27], we call this completion the
Arens-Michael envelope of U(gk).

If {x1,..., 24} is a K-basis for gx, then U(gx) can be identified with the vector
space of power series in the z; converging everywhere on K%:

Ulgr) = { Z AoX® € K[[z1,...,24]] : sup [Aa|r 1l <00 forall r> O} .

d
acNd a€eN

—

This allows us to view U(ggk) as a “rigid analytic quantisation” of g.

2.3. Infinitesimal central characters. Assume from now on that G
is an open subgroup of the group of L-rational points of a split semisimple L-
algebraic group G. Let g be the Lie algebra of G. The classical “Harish-Chandra”
centre Z(gr) of U(gk) remains central in D(G, K), and Kohlhaase showed that
the Arens-Michael envelope of Z(gk) is in fact the centre of D(G, K) whenever
the centre of G is trivial.
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Theorem. Let M be a simple coadmissible U(gx)-module. Then there exists a
K-algebra homomorphism Oy : Z(gx) — K such that z - m = Op(2)m for all
2z € Z(gx) and m € M. Thus M has an infinitesimal central character.

This result follows from our analogue of Quillen’s Lemma [I, Theorem D] for
affinoid enveloping algebras. Dospinescu and Schraen have extended this Theorem
to simple coadmissible D(G, K)-modules in [I4].

2.4. Beilinson-Bernstein Localisation. It follows from Theorem 2.3
that in the quest for simple coadmissible U(gx)-modules, it will be sufficient to
study the central quotients

U = Ulgx )/ (ker )

for every central character 0 : Z(gx) — K in turn. It is well-known that a good
way to understand the uncompleted algebras U(gx)/(ker 6) is through geometric
representation theory [2], which interprets them as rings of globally defined twisted
differential operators on the flag variety G /B associated with g .

Theorem. Let (G/B)*" be the rigid analytic flag variety. Let tx be a Cartan
subalgebra of g and let A € t}; be a dominant reqular weight. Then there is an
equivalence of abelian categories

coadmissible | coadmissible
UN—modules | | D>—modules on (G/B)™"
where ¢ : Z(gx) — S(tx) is the Harish-Chandra homomorphism.

Here DX denotes a M-twisted version of the ring D from g4l This rigid analytic
analogue of the Beilinson-Bernstein Localisation Theorem has several precursors,
including [8, Theorem 3.2], [23] Théoréme 2.1] and [I, Theorem C].

2.5. Canonical dimension estimates. Schneider and Teitelbaum’s di-
mension theory from [32] §8] applies not only to our algebras D(X) as explained

in .7 above, but also to the Arens-Michael envelopes U(gx ) and the distribution
algebras D(G, K) whenever G is compact locally Q,-analytic group. The canonical
dimension of a coadmissible D(G, K)-module M is zero precisely when M is finite
dimensional as a K-vector space.

Using the folklore observation [9] that the main mechanism behind the Beilinson-
Bernstein Localisation Theorem is a quantisation of the Springer resolution, we

obtain the following analogue of Bernstein’s Inequality for U(g).

Theorem. Suppose that p is a very good prime for G. Let v be half the smallest
possible dimension of a non-zero G(K)-orbit in g5 and let M be a coadmissible

—

U(gx)-module. Then either d(M) =0 or d(M) > r.

We refer the reader to [I], §6.8, §9.9] for the meaning of the words “very good
prime”, and the precise values that the invariant r takes. Roughly speaking, r is
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the square root of the dimension of G: for example if G = SL,, then r = n — 1.
Theorem is an analogue of Smith’s Theorem for classical enveloping algebras
of complex semisimple Lie algebras [34], and follows easily from the corresponding
statement for semisimple affinoid enveloping algebras [, Theorem 9.10]. A similar
estimate holds for semisimple Iwasawa algebras [I, Theorem A], and semisimple
locally analytic distribution algebras |28, Theorem 9.9].

2.6. Equivariant D-modules. At the time of writing, the main applica-
tions of our methods to the theory of locally analytic representations have been the
dimension estimates explained above. However, we believe that there is significant
scope for other applications. Using D-modules it should be possible to construct
irreducible coadmissible D(G, K )-modules geometrically, and to better understand
the admissible representations arising in the p-adic local Langlands programme for
GL2(Qp) and for other p-adic Lie groups.

There have been several attempts to prove a version of the Beilinson-Bernstein
Localisation Theorem for locally analytic distribution algebras, including [28] and
[24]. We expect that it will be possible in the future to show that the abelian
category of admissible locally analytic representations of G with dominant regular
infinitesimal central character \¢ is anti-equivalent to the category of coadmissible

G -equivariant D*-modules on the rigid analytic flag variety.
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