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1 Introduction

Let G be a compact p-adic Lie group. In the recent years, there has been an

increased amount of interest in completed group algebras (Iwasawa algebras)
Ag = Z,[[G]] := {iﬂlN%GZp[G/N]a

for example, because of their connections with number theory and arithmetic
geometry; see the paper by Coates, Schneider and Sujatha ([4]) for more details.

When G is a uniform pro-p group, Ag is a concrete example of a complete
local Noetherian ring (noncommutative, in general) with good homological prop-
erties: it is known that Ag has finite global dimension and is an Auslander regu-
lar ring. Thus, Ag falls into the class of rings studied by Brown, Hajarnavis and
MacEacharn in [1]. There they consider various properties of Noetherian rings
R of finite global dimension, including the Krull(-Gabriel-Rentschler) dimension
K(R) - a module-theoretic dimension which measures how far R is from being

Artinian. They also posed the following question:

Question ([1], Section 5). Let R be a local right Noetherian ring, whose
Jacobson radical satisfies the Artin-Rees property. Is the Krull dimension of R

always equal to the global dimension of R?

In this paper, we address the problem of computing K(Ag). We establish
lower and upper bounds for K(A¢g) in terms of the Lie algebra g = £(G) of G:

Theorem A. Let A(g) be the mazimum length m of chains 0 =gg < g1 < ... <
gm = @ of sub-Lie-algebras of g. Then

AMg)+1<K(Ag) <dimg+ 1.
For some groups, the two bounds coincide:

Corollary A. Lett be the solvable radical of g and suppose that the semisimple
part g/v of g is isomorphic to a direct sum of copies of of §12(Qy). Then K(Ag) =
dimg+1.



We also establish a better upper bound for K(Ag) when £(G) is simple and
split over Qp:

Theorem B. Letp > 5 and suppose g # sla(Q,) is split simple over Q, with a
Cartan subalgebra t and a Borel subalgebra b. Then

dimb+dimt+ 1 < K(Ag) < dimg < gld(Ag).

The author believes that dim b + dim t + 1 is the true value of K(Ag), with
G as above. Applying Theorem B to a particular case allows us to obtain a

negative answer to the question posed above:

Corollary B. Let p > 5 and let G = ker(SL3(Z,) — SL3(Fp)). Then Ag
18 a local right Noetherian ring whose Jacobson radical satisfies the Artin Rees
Property, but

In addition, we reprove a general result of R. Walker connecting IC(R) with
K(R/I) for a certain ring R and a suitable ideal I:

Theorem C (Walker, [10]). Suppose R is right Noetherian and x is a right
regular normal element belonging to the Jacobson radical of R. If K(R) < oo
then

K(R)=K(R/xR) + 1.

The reader might like to compare this result with the corresponding one on
global dimensions; see Theorem 7.3.7 of [7].

We will denote the completed group algebra of G over F), by Q¢:
26 1= limya,F, [G/N]

Theorem C applies directly to Iwasawa algebras, since it is easy to see that
Qg = Ag/pAgi

Corollary C. K(Ag) = K(Qg) + 1.

The author would like to thank his supervisor, C.J.B. Brookes for many
helpful conversations. Financial assistance from the EPSRC is also gratefully
acknowledged.

Notation. All rings are assumed to be associative and to possess a unit, but are
not necessarily commutative. J(R) always denotes the Jacobson radical of the
ring R. All modules are right modules, unless stated otherwise; Mod-R denotes
the category of all right modules over R. The symbol p will always mean a fived

prime.



2 Preliminaries

2.1 Filtrations

We will conform with the definitions and notations used in the book [6] through-
out this paper. In this section, we briefly recall the most relevant concepts.

A filtration on a ring R is a set of additive subgroups FR = {F,R : n € Z},
satisfying 1 € FyR, F,R C F, 1R, F;,R.F,,R C F,,;,,, R for all n,m € Z, and
UnezFnR = R. If R has a filtration, R is said to be a filtered ring. In what
follows, we assume R is a filtered ring.

Let M be an R-module. A filtration on M is a set of additive subgroups of
M, FM = {F,M : n € Z}, satistying F,, M C F,; 7sM, F,M.F,,R C F,,,, M
for all n,m € Z and U, ez F,M = M. If M has a filtration, M is said to be a
filtered R-module. The filtration on M is said to be separated if N,z F, M = 0.

Let I be a two-sided ideal of R. A notable example of a filtration on R is
the I-adic filtration given by F,,R:=1""if n <0 and F,R = R otherwise.

The associated graded ring of R is defined to be gr R = @, ez FnR/F,,—1 R.
If x € R, the symbol of x in grRis o(z) :=x+ F,,_1R € F,R/F,,_1 R, where n
is such that x € F,,R\F,,_1R. If x € N,z F, R, define o(z) = 0.

The Rees ring of R is defined to be R = D,z
subring of the Laurent polynomial ring R[t,¢~1].

F,, R, which we view to be a

The associated graded module and Rees module of a filtered R-module M
are defined similarly. We say that the filtration F'M on M is good if and only
if M is a finitely generated R-module. Note that a finitely generated R-module
M always possesses a good filtration, for example the deduced filtration given
by F,M = M.F,R for n € Z.

2.2 Iwasawa algebras

By a well-known result of Lazard (see, for example, Theorem 8.36 of [5]), any
compact p-adic Lie group G has an open normal uniform pro-p subgroup H.
Since H has finite index in G, any open normal subgroup of H contains an open

normal subgroup of G. Hence
Ag =limyeeZ,[H/N] and Ag =limyecZ,[G/N],

where C = {N <, G : N C H}. It follows that Ag is a free right and left
Ag-module of finite rank (an appropriate transversal for H in G will serve as a
basis), so K(Ag) = K(Ag) by Corollary 6.5.3 of [7].



Thus restricting ourselves to the class of uniform pro-p groups does not
lose any generality and we will assume that G denotes a uniform pro-p group
throughout this paper. For more information about these groups, see the excel-
lent book [5].

Following [5], we will write Lg for the Z,-Lie algebra of G ([5], 4.29) and
L(G) = g for the Q,-Lie algebra of G ([5], 9.5).

The following properties of Ag and Q¢ are more or less well known:
Lemma 2.1. Let R=Aqg or Qg and let d = dim G. Then:
(i) R is a local right Noetherian ring with mazimal ideal J = ker(R — Fp).
(i) R is complete with respect to the J-adic filtration.
(i11) gr;Qc =Fp[Xaq,..., Xq].
(iv) gld(Ag) = gld(Q¢) +1 =dim G + 1.
(v) J satisfies the right (and left) Artin Rees Property.

Proof. Proofs of (i),(ii) and (iii) can be found in Chapter 7 of [5]. Part (iv) is
established in [2]. By Theorem 2.2 of Chapter II of [6], the J-adic filtration has
the Artin Rees property, which is easily seen to imply that the ideal J has the
Artin Rees Property in the sense of 4.2.3 of [7]. O

Henceforth, Jg will always denote the maximal ideal of Qg. We will require

the following characterization of Artinian modules of Q¢:

Proposition 2.2. Let G be a uniform pro-p group with lower p-series {Gp,n >

1}. Let M = Qg /I be a cyclic Qg-module. The following are equivalent:
(i) M is Artinian.

(i1) J& C I for somen € N.

(iii) Ja,, C 1 for some m > 1.

(iv) M is finite dimensional over IF,,.

Proof. Note that by Theorem 3.6 of [5], G}, is uniform for each n > 1.

(i) = (ii). As Q¢ is Noetherian, M has finite length. Also Q¢g/Jg is the
unique simple Qg-module, as ¢ is local. Hence M J@ = 0.

(ii) = (iii). Suppose J& C I. Choose m such that p™~' > n. Then
gpmf1 —1=(g—1)P eJiClforallge G. As G, = G”mfl, we see that
Gm —1C1Iso Jg, C1I asrequired.

m—1



(ii) = (iv). If Jg,, C I, Jg,, ¢ C I as I is a right ideal of 2. Hence
F,[G/Gn] & Qc/Ja, Qe — Qa/I = M. Since |G : G,,] is finite, the result
follows.

(iv) = (i). This is clear. O

2.3 Krull dimension

The definitions and basic facts about the Krull(-Gabriel-Rentschler) dimension
can be found in Chapter 6 of [7]. Recall that an R-module M is said to be
n-critical if K(M) = n and (M /N) < n for all nonzero submodules N of M;
thus a 0-critical module is nothing other than a simple module.

The following (well known) Lemma is the basis for many arguments involving
the Krull dimension. Since we shall not require the general case of ordinal-valued
Krull dimensions, we restrict ourselves to the case when the dimension is finite.
We write Lat(R) for the lattice of all right ideals of a ring R.

Lemma 2.3. Let R and S be rings, with R Noetherian of finite Krull dimension.
Let f : Lat(R) — Lat(S) be an increasing function and let k,n € N, with
Kr(R) > n. Let X and Y be right ideals of R with Y C X and suppose
Kr(X/Y)+Ek < Ks(f(X)/f(Y)) whenever X/Y is n-critical. Then Kr(X/Y )+
E<Ks(f(X)/f(Y)) whenever Kr(X/Y) > n.

In particular, Cr(R) + k < Kg(5).

Proof. This follows from [7], 6.1.17. O

3 Main Results

We now proceed to prove the main theorems stated in the introduction. We
prove Theorem C in Section 3.1; the argument is a straightforward induction
based on Nakayama’s Lemma and is different to the one used by Walker in [10].

Theorem A is proved in Section 3.2, where we also consider the length func-
tion A(g) of a finite dimensional Lie algebra g. It is also shown that Corollary
A follows from Theorem A.

The remainder of the paper is devoted to proving Theorem B.

3.1 Reduction to (g

Let R be a ring. Suppose z is a normal element of R and M is an R-module.
It’s clear that Mx is an R-submodule of M recall that M is said to be z-torsion
free if mz =0= m =0 for all m € M.



The following result summarizes various elementary properties of modules.

Lemma 3.1. Let © be a normal element of a ring R and let B C A be right

R-modules with Krull dimension. Then:
(a) If A/B and B are xz-torsion free then A is also x-torsion free.
(b) If A/B is x-torsion free then Az N B = Bx and K(B/Bx) < K(A/Azx).

(c) If A is z-torsion free then K(A/Ax) = K(Az""1/Az") = K(A/Az™) for all
n>1.

The main step comes next.

Lemma 3.2. Let R be a right Noetherian ring, x a normal element of J(R).
Suppose M is a finitely generated x-torsion free R-module with finite Krull di-
mension. Then K(M/Mx) > K(M) — 1.

Proof. Proceed by induction on K(M) = 3. Note that 8 > 1 since M is -
torsion free. Since z € J(R), the base case f = 1 follows from Nakayama’s
Lemma. We can find a chain M = M; > My > ... > My > ... such that
M;/M; 41 is (8 — 1)-critical for all i > 1.

Case 1: 3i > 1 such that M, /M, is not z-torsion free.

Pick a least such i. Let N/M;;1 be the z-torsion part of M;/M;;1; thus
M; /N is z-torsion free.

As each M;/M; 1 is z-torsion free for all j < ¢, M/N is also z-torsion free
by Lemma 3.1(a). Hence, by Lemma 3.1(b), K(M/Mz) > K(N/Nz).

Since M is z-torsion free and 0 < N C M, N is also z-torsion free. Hence,
by Lemma 3.1 (¢), K(N/Nz) = K(N/Nz™) for all n > 1.

As M is Noetherian and N/M;; is z-torsion, there exists n > 1 such
that (N/M;11)z™ = 0. Hence Nz™ C M;41, so N/Naz™ — N/M;;; and
K(N/Nz™) > K(N/M;1).

Since N/M;41 is a nonzero submodule of the (5 — 1)-critical M;/M;;1, we
deduce that K(N/M;y1) =8 —1=K(M) — 1. The result follows.

Case 2: M;/M;+, is z-torsion free Vi > 1.

Consider the chain
M=Mx+M; >Mzx+My>...> Mz. (M
Now, M;/M;;1 is z-torsion free and has Krull dimension 5 — 1, so by induction,
K((M;/M;1)/(M;/M;41).x¢) > 5 — 2. But
M; /M4 M;/M;14 - M;

and

(M;/Mi1).x (Mix+ Mi1) /Mg T M+ My,



Mi + Mzx ~ M,L o Mi
Mi+1 +Ml‘ o (Mi+1 +MI> ﬂMl a M1'+1 =+ (Ml n MI’)
Since M /M; is z-torsion free by Lemma 3.1 (a), M; N Mx = M;x by Lemma
3.1(b), so every factor of (1) has Krull dimension > 8 — 2. Hence K(M/Mz) >

B—1=K(M)-1. 0

Proof of Theorem C. Since x is right regular, Rg is z-torsion free. By Lemma
3.1 (c), the chain R > xR > ... > zF¥R > ... has infinitely many factors with
Krull dimension equal to K(R/zR), so KL(R) > K(R/zR). The result follows
from Lemma 3.2. O

We remark that as x is normal, zR is an ideal of R and so the Krull dimen-

sions of R/xR over R and over the ring R/xR coincide.

3.2 A lower bound for the Krull dimension

Proposition 3.3. Let G be a uniform pro-p group and let H be a closed uniform

subgroup such that |G : H| = co. Then:
(i) The induced module M =T, Qq, Q¢ is not Artinian over Qg.
(ii) K() < K().

Proof. (i) Since F), = Qp/Jy and since — ®q,, Q¢ is flat by Lemma 4.5 of [2],
we see that M = Qg /JgQ¢ as right Qg-modules.

Suppose M is Artinian. Then Jg,, C JuyQg for some m > 1, by Proposition
2.2. It is easy to check that (1 + JyQ¢) NG = H for any closed subgroup H of
any profinite group G. Hence

Gn=04+Jg, Q)NGC(1+JgQc)NG=H

which forces |G : H| to be finite, a contradiction.

(ii) Consider the increasing function f : Lat(Qy) — Lat(Qg), given by
I — I ®q, Q. Suppose X and Y are right ideals of R such that ¥ C X
and such that X/Y is simple. Since Qg is local, X/Y = TF, so f(X)/f(Y) =
F, ®q, Qg = M as Qg is a flat Qy-module. As M is not Artinian by part (i),
K(f(X)/f(Y)) >1, so by Lemma 2.3 K(Qg) + 1 < K(Qg), as required. O

Note that the analogous proposition for universal enveloping algebras is false:
for example, the Verma module of highest weight zero for g = sl3(C) is Artinian,
and indeed, K(U(g)) = KU (b)) = 2, where b is a Borel subalgebra of g.

We can now give a proof of the first result stated in the Introduction:



Proof of Theorem A. By Theorem C, it is sufficient to show A(g) < K(Q2¢) < d,
where d = dim g. First, we show that A(g) < K(Qq).

Proceed by induction on A(g). Let 0 =gp < g1 < ... < g = g be a chain of
maximal length & = A(g) in g.

We can find a closed uniform subgroup H of G with Lie algebra g;_1. Since
gk—1 <9, |G: H| =o0.

By the inductive hypothesis, k — 1 = A(gx—1) < K(Qpg). By Proposition 3.3,
K(Q) < K(), so k = Mg) < K(Q).

By Lemma 2.1, we see that Qg is a complete filtered ring with gr Qg =
F,[X1,...,X4]. It follows from Proposition 7.1.2 of Chapter I of [6] and Corol-
lary 6.4.8 of [7] that K(Qg) < K(gr Q) = d, as required. O

Theorem A stimulates interest in the length A(g) of a finite dimensional Lie
algebra g. The following facts about this invariant are known:

Proposition 3.4. Let g be a finite dimensional Lie algebra over a field k.

(i) If b is an ideal of g, M\(g) = A(h) + \(g/h).
(ii) If g is solvable, \(g) = dimg(g),

(iii) If g is split semisimple, A(g) > dimb + dimt, where t and b are some

Cartan and Borel subalgebras of g, respectively.

(iv) A(sla(k)) = 3.

Proof. (i)Putting together two chains of maximal length in h and g/h shows
that A(g) > A(h) + A(g/h). The reverse inequality follows by considering the
chains0 =goNhC...CgNhC...ChandhCg1+hC...Cg;+hC...Cyg
whenever 0 =gg < ... < g; <...< g, = gis a chain of subalgebras of maximal
length in g.

(ii) This follows directly from (i).

(iii) Let [ = dim t. Given a Borel subalgebra b, there are exactly 2! parabolic
subalgebras containing it, corresponding 1-1 with the subsets of the set of simple
roots of g. This correspondence preserves inclusions, so we can find a chain of
subalgebras of length [ starting with b. Combining this together with a maximal
chain of length dim b in b gives the result.

(iv) This follows from (iii), since for g = sly(k), dimt = 1,dimb = 2 and
dim g = 3. U

Proof of Corollary A. This now follows directly from Theorem A and Proposi-
tion 3.4. O



3.3 An upper bound

The method of proof of Theorem B is similar in spirit to that used by S. P. Smith
in his proof of the following theorem, providing an analogous better upper bound
for K(U(g)) when g is semisimple:

Theorem 3.5 (Smith). Let g be a complex semisimple Lie algebra. Let 2r+1
be the dimension of the largest Heisenberg Lie algebra contained in g. Then
KU(g)) <dimg—r—1.

Proof. See Corollary 4.3 of [8], bearing in mind the comments contained in

section 3.1 of that paper. O

Definition 3.6. Let k be a field. The Heisenberg k-Lie algebra of dimension
2r 4+ 1 is defined by the presentation

Bord1 =k <w,uq,..., U, 01,...,0 0 (U, V5] = 0w, [w, u;] = [w,v;] =0,

[ui,uj] = [vi,vj] =0>.

Here ;5 is the Kronecker delta.
First we establish a useful fact about uniform pro-p groups H with Q,-Lie

algebra isomorphic to a Heisenberg Lie algebra.

Lemma 3.7. Let H be a uniform pro-p group such that L(H) is isomorphic to
Bort1. Let the centre Z(H) of H be topologically generated by z. Then there
exist x,y € H and k € N such that [z,y] = 2"

Proof. By Theorem 9.10 of [5], we may assume that the group law on H is given
by the Campbell-Hausdorff formula on Lg. Let (,) denote the Lie bracket on
‘C(H ) = bart1.

Since (Ly, (L, Li)) € (b2r41, (h2rs1, b2r41)) = 0, the group law on Ly
given by the Campbell-Hausdorff series reduces to

1
axf=a+p+(ah)
for a,, B € L. It’s then easily checked that the group commutator satisfies

[, 6] =a™ "« 7 xax = (a, B). ()

Now as Q,Lg = bBor41 there exists n € N such that p"uy,p"vi € Lg,
whence (p™u1,p"v1) € Ly N Qpu = Z,z. Hence (p"uy,p™vy) = pFAz for some
unit A € Z, and some k& € N, an equation inside Ly. We may now take

= p"A"tuy, y = p™v; and apply (1). O



Next we develop some dimension theory for finitely generated Qg-modules,
where G is an arbitrary uniform pro-p group. Recall that the Jg-adic filtration
on ¢ gives rise to a polynomial associated graded ring.

Definition 3.8. Let M be a finitely generated Qg-module, equipped with some
good filtration FM. The characteristic ideal of M is defined to be

J(M) := /Anngr M.
The graded dimension of M is defined to be
A(M) = K(gr Qc/J (M),

Lemma 4.1.9 of Chapter III of [6] shows that J(M) and hence d(M) does
not depend on the choice of a good filtration for M. It is easy to prove that
d(M) = K(gr M) for any good filtration FM on M.

Let b be a Q,-Lie subalgebra of g, the Q,-Lie algebra of G. Let H = hN Lg;
since Lg/H injects into g/h which is torsion-free, we see that H is actually a
closed uniform subgroup of G, by Theorem 7.15 of [5].

We will call H the isolated uniform subgroup of G with Q,-Lie algebra b.

The following proposition is the main step in our proof of the upper bound
for £(Qg). Recall that Jg denotes the maximal ideal of Qg.

Proposition 3.9. Let G be a uniform pro-p group with Q,-Lie algebra g such
that hs C g. Let H be the isolated uniform subgroup of G with Lie algebra bs.
Let Z = Z(H) = <z >, say. Let M be a finitely generated Qg-module such
that d(M) < 1. Then o(z —1) € J(M).

Proof. Let A be a uniform subgroup of G with torsion-free Lg/L4. Using
Theorem 7.23(ii) of [5] it is easy to check that the subspace filtration on Q4
induced from the Jg-adic filtration on Q¢ coincides with the J4-adic filtration.

It follows that the Rees ring SNIA of 4 embeds into ﬁg and that SNIA ﬂtﬁg =

) A, so this embedding induces a natural embedding of graded rings
gr Qs = Q4 /tQ4 — Qa/tQe = gr Qc.

It’s easy to see that Ly /Ly is torsion-free. Since Lg /Ly is torsion-free by
assumption on H, Lg /L7 is also torsion-free so the above discussion applies to
both Z and H.

Now, equip M with a good filtration F'M and consider the Rees module M.

This is an 2g-module, so we can view it as an 2y-module by restriction.
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Let S = Q z— ) 7. This is a central multiplicatively closed subset of the do-
main SNIH, so we may form the localisations ﬁzs—l — QHS_l and the localised
Q7.5 -module MS~!.

Let R=1imQz571/t"Q757" and let N = lim MS~!/t". MS~".

It’s clear that N is an R-module. Also, as ¢ is central in QHS_l, N has the
structure of a QxS 1-module. In particular, as H embeds into QHS’_l, N is
an H-module.

Now, consider the t-adic filtration on R. It’s easy to see that
R/tR = QzS ' /tQ,8 ™' = gr1,.571,

where S = grQz — {0}. Thus R/tR = k, the field of fractions of gr Q.
As t acts injectively on Q.51 t"R/t"M R = [ for all n > 0. Hence the
graded ring of R with respect to the t-adic filtration is

oo

t"R
gry R = @ iR kls],
n=0

1

where s =t + t?R € tR/t*R.
We can also consider the t-adic filtration on N. Again, we see that N/tN
t"N/t" LN =2 or M.S~1. Hence

o0
gr, N =" N/t" TN = (gr M.S™) @y, k[s].
n=0

Now, because d(M) < 1, gr M.S~! is finite dimensional over k. It follows
that gr, IV is a finitely generated gr, R-module.

Because N is complete with respect to the t-adic filtration, this filtration on
N is separated. Also R is complete, so by Theorem 5.7 of Chapter I of [6], N is
finitely generated over R.

Now QZS’1 is a local ring with maximal ideal tﬁzS*I. Hence R is a
commutative local ring with maximal ideal tR; since N;Zt"R = 0, the only
ideals of R are {t"R :n > 0}.

Hence R is a commutative PID and N is a finitely generated t-torsionfree
R-module. This forces N to be free over R, say N = R", for some n > 0.

Now, Z embeds into R and the action of R commutes with the action of H

on N. Hence we get a group homomorphism
p:H— GL,(R)

such that p(z) = 21, where I is the n X n identity matrix.
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But H is a uniform pro-p group with Q,-Lie algebra b3, so by Lemma 3.7
we can find elements z,y € H such that [z,y] = 2" for some k > 1.

Hence [p(x), p(y)] = p(z)pk = 2#" I. Taking determinants yields 27" = 1.
Since Z = < z > = Zy, this is only possible if n = 0.

Therefore N = 0 and so N/tN = gr M.S~! = 0. Hence Q NS # (), where
Q = Anng, o, gr M. Because @ is graded and because grQz = F,[o(z — 1)], we
see that o(z — 1)™ € Q for some m > 0. Hence o(z — 1) € J(M) = /Q. O

The above result should be compared to the Bernstein inequality for finitely
generated modules M for the Weyl algebra A;(C), which gives a restriction on
the possible values of the dimension of M. When g is itself a Heisenberg Lie
algebra, a stronger result has been proved by Wadsley (][9], Theorem B):

Theorem 3.10. Let G be a uniform pro-p group with Q,-Lie algebra ha,11 and
let M be a finitely generated Qg-module. If d(M) < r, then Anng,(M)NQz #
0, where Z = Z(G).

We are tempted to conjecture that the following generalization of Proposition
3.9 holds:

Conjecture. Let G be a uniform pro-p group with Qp-Lie algebra g such that
bort1 € g. Let H be the isolated uniform subgroup of G with Lie algebra o471
andlet Z = Z(H) =< z >, say. Let M be a finitely generated Q¢-module such
that d(M) <r. Then o(z —1) € J(M).

This is a more general analogue of Lemma 3.2 of [8] corresponding to the
Bernstein inequality for A, (C). If this conjecture is correct, we would be able
to sharpen the upper bound on K(Q¢) from dimg — 1 to dimg — r, when G is
as in Theorem B.

Let G be a uniform pro-p group, and consider the set G/G3, where Go =
P5(G) = GP. We know that G/G3 is a vector space over I, of dimension d =
dim(G). The automorphism group Aut(G) of G acts naturally on G/G3; this
action commutes with the Fp-linear structure on G/G3. Because [G,G] C Gs
the action of Inn(G) is trivial, so we see that G/Gs is naturally an F,[Out(G)]-
module.

Similarly, we obtain an action of Aut(G) on J/J? where J = Jg<Qg; it’s easy
to see that Inn(G) again acts trivially, so J/J? is also an F,[Out(G)]-module.

Lemma 3.11. The map ¢ : G/Ga — J/J? given by o(9gGa) = o(g — 1) =
g — 1+ J? is an isomorphism of F,[Out(G)]-modules.
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Proof. 1t is easy to check that ¢ is an F,-linear map preserving the Out(G)-
structure.

Now {¢g1Ga,...,94G2} is a basis for G/Ga, if {g1,...,94} is a topological
generating set for G. By Theorem 7.24 of [5], {X1,..., X4} is a basis for J/J?,
where X; = 0(g; — 1) = ¢(g:G2). The result follows. O

Theorem 3.12. Let G, H, z be as in Proposition 3.9. Suppose zGs generates
the F,[Out(G)]-module G/G2. Then

(i) Q¢ has no finitely generated modules M with d(M) =1
(1) K(Qg) < dimg — 1.

Proof. Let M be a finitely generated Qg-module with d(M) < 1. By Lemma
3.11, G/Gy = J/J?* as F,[Out(G)]-modules. Because zGo generates G/Ga,
©(2G2) = o(z — 1) € J/J? generates J/J?. In other words, F,.{o(z —1)® : a €
Out(G)} = J/J%

Let 6 € Aut(G). By Proposition 3.9 applied to H?, 0(z® — 1) = o(z —1)? €
J(M), where™: Aut(G) — Out(G) is the natural surjection.

Hence J/J? =F,.{o(z —1)* : a € Out(G)} C J(M). This forces

(Xl,...,Xd) - J(M) Q]Fp[Xl,...,Xd] ZgI‘Q(;,

whence d(M) = 0 and part (i) follows.

Consider the increasing map gr : Lat(Q2g) — Lat(gr Q¢), where we endow
each right ideal of Q¢ with the subspace filtration from the Jg-adic filtration
on G. If XY «, Q¢ are such that M = X/Y is 1-critical, then K(gr M) =
K(grX/grY) > 1, giving M the subquotient filtration from Q.

Now, by Proposition 1.2.3 of Chapter II of [6], this subquotient filtration
is good, since g is a complete filtered ring with Noetherian grs. Hence
K(gr M) = d(M) > 1 by the remarks following Definition 3.8. By part (i),
K(gr X/grY) > 2 so part (ii) follows from Lemma 2.3. O

We will use this result to deduce Theorem B.

3.4 Chevalley groups over 7Z,

We recall some facts from the theory of Chevalley groups:

Let X € {A;, B;,Cy, Dy, Eg, E7, Eg, Fy,G3} be an indecomposable root sys-
tem and let R be a commutative ring. Let B = {h, : r € [T} U {e, : 7 € X} be
the Chevalley basis for the R-Lie algebra Xp.
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Let X(R) = < z,(t) : 7 € X,t € R > C Aut(Xg) be the adjoint
Chevalley group over R. Here z,.(t) € Aut(Xg) is given by

T, (t).hs = hy — Agrte,

2 (t).es = S0 My s it €iny s
where s € X is a root linearly independent from 7, a € N is the largest integer
such that s —ar € X, b € N is the largest integer such that s + br € X,
Ay =20 and M, = £(*7").

Let R* denote the group of units of R. When ¢t € R* and r € X, define

ne(t) = x.()x_(—t 1)z, (t) and
hy(t) = n.(t)n-(-1).
The actions of h,.(t) and n, = n,.(1) on Xg are as follows:
he(t).hs = hy,  sell
h,(t).es = tArse,, s€ X
nr.hs = hwr(s)
Nr.€s = Nr,s€w,(s)

Here w, is the Weyl reflection on X corresponding to the root r and 7, s = £1.
The Steinberg relations hold in X (R):

hr(tl)hr(tg) = hr(tltg), t1,t1 € R*,T e X
rr(t)xs(u)x, ()1 = 25(u). [T >0 Tirtjs(Cijrst'u?), t,u € R,r,s € X
hs(w)z, (t)hs(u) ™t =z, (utert), te Rbue R*,r;s e X.

Here Cjj,s are certain integers such that Cji,s = M, 5 ;.

For more details on the above, see [3].

Now, consider the Z,-Lie algebra Xz . Since [pXz,,pXz | = p? (Xz,,Xz,] C
p.pXz,, we see that pXz_ is a powerful Z,-Lie algebra. Let Y = (pXz,,*) be
the uniform pro-p group constructed from pXz, using the Campbell-Hausdorff
formula.

We have a group homomorphism Ad : Y — GL(pXz,) given by Ad(g)(u) =
gug~!. Tt is shown in Exercise 9.10 of [5] that

Ad =exp o ad

where exp : gl(pXz,) — GL(pXz,) is the exponential map.
It’s clear that ker Ad = Z(Y'). Since the Lie algebra Xg, of Y is simple,
it’s easy to see that L(Z(Y)) = Z(L(Y)) = 0; hence ker Ad = 1 and Ad is an

injection.
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Lemma 3.13. Let N = Ad(Y) and G = X(Z,). Then N «G.

Proof. First we show that N C G. It’s clear that the Z,-linear action of IV
on pXz, extends naturally to a Z,-linear action of N on Xz, Now, direct

computation shows that

Ad(te,) = - (t), t € pZ,,r € X and
Ad(th,) = hy(exp(t)), t€ pZ,,r eIl

Hence Ad(puZ,) C G for all u € B. The set pB is a Z,-basis for pXz, and hence
a topological generating set for Y by Theorem 9.8 of [5]. By Proposition 3.7 of
[5], Y is equal to the product of the procyclic subgroups puZ, as u ranges over
B. Hence N C G.

Now, let r,s € X, t € Z,, and u € pZ,. By the Steinberg relations, we have

z )z (), () = z4(u). H Tirijs(Cijrst'u’) € N
§,§>0

and
2, (t)hs (exp(u))z, (8) " = hs(exp(u))z, (exp(—Asyu)t)z, (—t) € N

since Cjjrst'u? € pZ, and exp(—Ags,u) — 1 € pZ,, whenever u € pZ,.
Hence N <G, as required. O

Theorem 3.14. Let G, N be as in Lemma 3.13. There exists a commutative

diagram of group homomorphisms:

G —— X({F,) —— Aut(Xy,)

| I+

Aut(N) — Out(N) — Aut(N/Ns)

Proof. We begin by defining all the relevant maps. Any automorphism f of X7,
must fix pXz and hence induces an automorphism a(f) of Xg, = Xz /pXz,.
It’s clear from the definition of the Chevalley groups that a(z,(t)) = z,(f) where
~: Zyp — TFp is reduction mod p and that « is a surjection.

Since Ad is an isomorphism of Y onto N, N is a uniform pro-p group, and
we have an Fp-linear bijection ¢ : Xg, — N/No given by ¢(zZ) = Ad(px)Na,
where ~: Xz, — X, 18 the natural map. This induces an isomorphism ¢* :
Aut(Xp,) — Aut(N/Na) given by ¢*(f) = o feo ™.

We have observed in the remarks preceding Lemma 3.11 that Out(N) acts
naturally on N/Ny; we denote this action by . By Lemma 3.13 N is normal in
G, and we denote the conjugation action of G on N by (.
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Finally, ¢ is the natural injection of X (F,) into Aut(XF,) and 7 is the natural
projection of Aut(NN) onto Out(N).

It remains to check that p*ia = ym (3. It is sufficient to show ¢*ra(z,.(t)) =
yrf(z,(t)) for any r € X and t € Z,. We check these maps agree on the basis
{Ad(pu).N2 : u € B} of N/N3. On the one hand, we have

¢ iz, (1) (Ad(pes) N2) = ¢ (2, (1)) (Ad(pes) Na) = o(r(£)(€5)) =

b
= SD(Z Mr,s,i?eir-&-s) =
1=0

b

= H Ad(er,s,itieir+s)N2 =
=0
b

= H Lirs (er,S,iti)NQa (1)
i=0

using the definition of the action of z,.(f) on Xr,. On the other hand,

B () (Ad(pes)Na) = 2o (B)(p)n(—t) Ny =
= 2s(p) [] wirtjs(Cijrst'n’)Na,
4,5>0
using the Steinberg relations.

Since x,(p?) € Ny for any o € X, we see that the all the terms in the above
product with j > 1 vanish, and the remaining expression is equal to the result
of (1), since Ci1ps = My 5.

A similar computation shows that ¢*ta(z,(t)) also agrees with yr3(z,(t))
on Ad(phs) Ny for any s € II, and the result follows. O

The above theorem shows that the action of Out(N) on N/Ny which was of
interest in the preceding section is linked to the natural action of X (F,) on Xp, .
Since « is surjective, we see that if €, generates Xp, as an F,[X (F,)]-module,
then Ad(pe,)N2 generates N/Ny as an F,[Out(N)]-module. We drop the bars
in the following proposition.

Proposition 3.15. Suppose p > 5 and let R = Fp[X(F,)]. Then Xg, = R.e,
for anyr € X.

Proof. This is probably well known and is purely a matter of computation. Let
W denote the Weyl group of X.

16



Note that (z_,(1) + 9, ,n, — 1).e, = h_, € R.e,, whence h, = —h_, € R.e,
also.

By Proposition 2.1.8 of [3], we can choose w € W such that w(r) € II. Hence
N Ry = hu,(,«) € R.e,.

Let o, 8 be adjacent fundamental roots. Then ng.hg = hy, (g) = hg—Agaha
where Ag, = —1,—2 or —3. The condition on p implies that if hg € R.e, then
ha € R.e, also.

Since X is indecomposable, h, C R.e, for any a € II. Since the fundamental
coroots span the Cartan subalgebra, hs; € R.e, for any s € X.

Finally. zs(1).hs = hs — 2e,, whence e € R.e, for any s € X, since p # 2.
Since {es, h, : s € X,r € II} is a basis for Xp,, the result follows. O

The condition on p in the above proposition can be relaxed somewhat - it
might even be the case that it can be dropped altogether. Since this is a small
detail of no interest to us, we restrict ourselves to the case p > 5.

We can finally provide a proof of our main result.

Proof of Theorem B. In view of Theorem C and Lemma 2.1, it is sufficient to
prove that
dimb + dimt < £(Qg) < dimg — 1.

Note that the lower bound on K(£2¢g) follows from Proposition 3.4 and Theorem
A.

Let X be the root system of g; thus g = Xg,. Since X is not of type A;
by assumption on g, we can find two roots r,s € X such that r + s € X but
r+2s,2r+s ¢ X; it’s then easy to see that the root spaces of r and s generate
a subalgebra of g isomorphic to hz with centre Qpe .

Let N be the uniform pro-p group appearing in the statement of Theo-
rem 3.14. By construction, g is the Lie algebra of N. By Proposition 3.15
and the remarks preceding it, we see that Ad(pe,+s)No € N/Ny generates the
F,[Out(N)]-module N/N;. Hence K(Qx) < dimg — 1 by Theorem 3.12.

Since the Lie algebra of G is g = Qp,Lg = Q,Ly, we see that N N G is
an open subgroup of both N and G, whence K(Qg) = K(y) < dimg — 1, as
required. O

Proof of Corollary B. It is readily seen that G is a uniform pro-p group with Q,-
Lie algebra sl3(Q,) which is split simple over Q,. We have observed in Lemma
2.1 that Ag is a local right Noetherian ring whose Jacobson radical satisfies the
right Artin Rees Property, and that gld(Ag) = dimg+1=9.
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If b and t denote the Borel and Cartan subalgebras of g, then dimb = 5 and

dim t = 2. The result follows from Theorems B and C. O
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