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IWASAWA MODULES

KONSTANTIN ARDAKOV AND SIMON WADSLEY

Abstract

Let G be a compact p—adic analytic group with no elements of order p.
We provide a formula for the characteristic element [3] of any finitely
generated p—torsion module M over the Iwasawa algebra Ag of G in
terms of twisted p—invariants of M, which are defined using the Euler
characteristics of M and its twists. A version of the Artin formalism is
proved for these characteristic elements. We characterize those groups
having the property that every finitely generated pseudo-null p—torsion
module has trivial characteristic element as the p—nilpotent groups. It
is also shown that these are precisely the groups which have the property
that every finitely generated p—torsion module has integral Euler char-
acteristic. Under a slightly weaker condition on G we decompose the
completed group algebra Qg of G with coefficients in F;, into blocks and
show that each block is prime; this generalizes a result of Ardakov and
Brown [1]. We obtain a generalization of a result of Osima [12], charac-
terizing the groups G which have the property that every block of Qg
is local. Finally, we compute the ranks of the Ko group of Qg and of
its classical ring of quotients Q(Qc) whenever the latter is semisimple.

1. Introduction

1.1. Iwasawa algebras. In recent years there has been increasing interest
in noncommutative Iwasawa algebras. These are the completed group algebras

Ac¢ = limZ,[G/N],

where Z,, denotes the ring of p—adic integers, G is a compact p—adic analytic
group, and the inverse limit is taken over the open normal subgroups of G.
Closely related is the epimorphic image Q¢ of Ag,

Q¢ = lmF,[G/N],

where F, is the field of p elements. In the paper [3], Coates et al develop
the notion of a characteristic element for a certain class of finitely generated
Ag—modules, when G has no elements of order p. We briefly recall how this
is done.
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1.2. The localisation sequence. An additional hypothesis on G is in-
volved: it is assumed in [3] that G has a closed normal subgroup H such that
G/H is isomorphic to Z,. Let My (G) denote the category of all finitely gen-
erated Ag—modules M such that M /M (p) is finitely generated over Ag; here
M (p) denotes the p—primary part of M. In fact, 9y (G) consists of precisely
the S*—torsion modules for a certain Ore subset S* of Ag depending on H.

Because G is assumed to have no elements of order p, Ag has finite global
dimension. As a result, associated with the Ore set S* we have an exact
sequence of K —groups

Ki(Ae) — K1((Ag)s+) 28 KoM (@) — Ko(Aa) — Ko((Ag)s-) — 0.

The connecting homomorphism d¢ is shown to be surjective in [3, Proposition
3.4], enabling us to define a characteristic element of a module M € My (G)
to be any &y € Kl((AG)S*) such that 8@(51\4) = [M] S Ko(mH(G))

1.3. In this paper, we will be concerned with a smaller class of Iwasawa
modules, namely the p—torsion ones. Let D denote the category of all finitely
generated p—torsion Ag—modules. One can parallel the above construction
for the central Ore set T = {1,p, p?,...} of Ag and obtain an analogous exact
sequence of K —groups

Ki(Ae) — K1((Aa)r) % Ko(D) — Ko(Ag) — Ko((Ac)r) — 0.

Again, it can be shown (see Corollary 5.2) that dg is surjective, so we may
define a characteristic element of M to be any £y € K1((Ag)r) such that

9a(Em) = [M] € Ko(D).
1.4. Recall [3, §3] that S* is defined to be U2 ;Sp™, where
S={ze€lAg:Ag/xAg is finitely generated over Ap}.

Hence T is always contained in S*, so there exists a natural commutative
diagram of K —groups

Ki((Ag)r) —2—  Ko(D)

l l

Ki((Ag)s-) —2— Ko(Mu(G))

which shows that our characteristic elements are compatible with those con-
sidered in [3]. Moreover, any S*—torsion module M fits into a short ex-
act sequence 0 — M(p) — M — M/M(p) — 0 where M(p) is p—torsion
and M/M(p) is p—torsion free and S—torsion. This shows that it is suffi-
cient to consider characteristic elements for p—torsion modules and those for
S—torsion modules separately.
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1.5. Twisted py—invariants. Now let G be an arbitrary compact p—adic
analytic group. Then A¢ has finitely many simple modules up to isomorphism,
Vi,..., Vs say, and each one is a finite dimensional F,,—vector space. Assuming
G has no elements of order p, every finitely generated p—torsion Ag—module
M has finite Fuler characteristic, defined by

X(G, M) = ] | Torpe(M,Z,)[ D"
n=0
We define the i—th twisted p—invariant of M for i =1,...,s by the formula

_ logp X(G7 (grp M) ®]Fp ‘/;*)
- dimg, Endg,, (Vi)

pi(M)

Here V;* is the dual module to V; and gr,, M is the graded module of M with
respect to the p—adic filtration on M this is a finitely generated 2 —module.
It turns out that u; (M) is always an integer; moreover, we are able to give an
explicit description of the characteristic element of M in terms these twisted
p—invariants:

Theorem. Let 6 : (Ag)7 — K1((Ag)r) be the canonical homomorphism
and let M be a finitely generated p—torsion Ag—module. Then

S
Exr =0 (H f,f“(M)> :
i=1
where f; = 1+ (p — 1)e; and e; is an idempotent in Ag such that V; is the

unique simple quotient module of e;Aq.

See (5.6) for more details.

1.6. p—invariants by Venjakob and Howson. By [1, Theorem C], Q¢
is a domain if and only if G is a pro-p group of finite rank with no elements
of order p. If these equivalent conditions hold, then the rank of a finitely
generated {Qg—module is defined in the usual way, using the fact that Qg is
a Noetherian domain.

Venjakob [18, Definition 3.32] defines the p—invariant of a finitely generated
Ag—module M to be the Qg—rank of gr, M(p), the graded module of the
p—torsion part of M. See also the paper [8] by Howson for more precursors
to this notion.

Because G is pro-p, Ag has a unique simple module, namely the trivial
module V; = F,. It now follows immediately from Lemma 8.3 that when M
is p—torsion, u(M) coincides with the first twisted p—invariant pq (M) of M
defined in (1.5) - this motivates our terminology.

Note that in this case we may take e; = 1 in Theorem 1.5. Then the
formula for the characteristic element of our p—torsion module M simplifies
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down to
(1) Evw =10 (pu(M)) .

1.7. Artin formalism for characteristic elements. Let H be an open
normal subgroup of G. It is convenient to have a connection between the
characteristic element of a Ag—module M and the characteristic element of
the restriction Res$ M of M to Ag. Such a connection is commonly known as
the Artin formalism, and it usually involves twists of M at certain Artin rep-
resentations of G; recall that a continuous representation p : G — GL,,(Z,) of
G is said to be an Artin representation if the kernel of p is an open subgroup of
G. [3, Theorem 3.10] establishes an Artin formalism for Euler characteristics.

Let A denote the finite group G/H and let V(A) be the set of all absolutely
irreducible representations of G over Q,. Then there exists a finite extension
L of Q, such that each p € V(A) can be realized over L. Let Op, be the ring
of integers of L. For each p € V(A) we can then find a finitely generated
Op—module E, of Op—rank n,, say, such that the image of p is contained
in Aut(E,); in this way, E, becomes a Ag—module. Let tw,(M) denote
the Ag—module M ®z, E, equipped with the diagonal action of G - this is
p—torsion whenever M is. Our version of the Artin formalism is given by the
following result:

Theorem. Let Ag i : K1((Am)r) — K1((Ag)r) be the natural map and
let M be a finitely generated p—torsion Ag—module. Then

AG,H(gResg M)‘L:Qp‘ = H gtn\;p(M)'
pPEV(A)

See (6.8) for more details. Note that if we ”evaluate this at 07, or equiva-
lently, take the image of this equation under the canonical map

Ki((Ag)r) — K1(Qp) = Qp,

we obtain [3, Theorem 3.10] for p—torsion modules, as shown in Corollary 6.8.

1.8. Pseudo-null modules. Recall [18, Theorem 3.26] that if G' has no
elements of order p, then Ag is an Auslander regular ring. We will not give the
full technical definition of Auslander regularity here; see [4] for an excellent
introduction to the subject. If R is a ring, then a finitely generated R—module
M is said to be pseudo-null if its grade jr(M) satisfies jr(M) > 2.

Let M be a finitely generated p—torsion Ag—module. It is shown in [18,
Remark 3.33] that if G is a pro-p group of finite rank with no elements of
order p then u(M) = 0 if and only if M is pseudo-null. One would hope that
a suitable generalization of this would be true for compact p—adic analytic
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groups which are not necessarily pro-p. In view of (1), one might hope that
(2) Ev =1 ifand only if M is pseudo-null.

Whilst Corollary 8.3 shows that £y; = 1 certainly implies that M is pseudo-
null, the converse is false in general, as is shown in Example 9.6.

1.9. Integrality. We say that a finitely generated Ag—module M has
integral Euler characteristic if x(G, M) € Z. Another nice property of Euler
characteristics in the case when G is pro-p without elements of order p is
integrality: every finitely generated p—torsion Ag—module has integral Euler
characteristic.

Again, Example 9.6 shows that this property fails for more general groups
G. On the positive side, we are able to characterize those G for which in-
tegrality holds. Intriguingly, these groups coincide with those for which (2)
holds:

Theorem. Let G be a compact p—adic analytic group with no elements of
order p. Then the following are equivalent:

(a) & =1 for all finitely generated p—torsion pseudo-null Ag—modules M,
(b) x(G,M) € Z for all finitely generated p—torsion Ag—modules M,
(¢) G is p—nilpotent.

See (11.5) for a proof. The definition of p—nilpotent groups is given in
11.2; we simply note here that if G has no elements of order p, then G is
p—nilpotent if and only if it is a semidirect product of a finite p’ —group with
a pro-p group of finite rank.

1.10. Blocks of Qg. To establish Theorem 1.9, we need the concept of
blocks (2.2), which is a standard tool in the modular representation theory of
finite groups. Let AT denote the largest finite normal subgroup of G.

Theorem. Suppose that pt |AT|. Then the each block of Q¢ is a prime
ring.

See (9.2) for more details. This result can be thought of as a generalization
of [1, Theorem A], which states that g is prime if and only if AT = 1.
Note that the condition p t |[AT] is equivalent to Q¢ being semiprime by [1,
Theorem B.

1.11. Local blocks. In the modular representation theory of finite groups
one is also sometimes interested in those blocks which have exactly one simple
module (when viewing the block as a ring in its own right). Such blocks are
called primary or local. Tt is a well-known result of Osima [12] that for a
finite group G, every block of the group algebra F,G is local if and only if
G is p—nilpotent. We establish a generalization of this to compact p—adic
analytic groups in (11.4):
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Theorem. Let G be a compact p—adic analytic group. Then every block
of Q¢ is local if and and only if G is p—nilpotent.

1.12. Ranks of Ky—groups of certain algebras. Let kG be the com-
pleted group algebra of G with coefficients in k, a finite field extension of
F,. We are able to explicitly compute the number of simple kG —modules,
or equivalently, the rank of K(kG). By Proposition 7.2, kG has an Artinian
ring of quotients, Q(kG). When p { |AT|, we also compute tk Ko (Q(kG)); this
number turns out to be equal to the number of blocks of kG by Proposition
9.4.

Theorem. Let G be a compact p—adic analytic group. Fix an open normal
pro-p subgroup N of G. Then

(a) The rank of Ko(kG) equals the number of G x Gy—orbits on (G/N)yeg-
(b) If p 1 |AT], the rank of Ko(Q(kG)) equals the number of G x Gi—orbits
on AT.

See (12.7) for the relevant notation and details.

1.13. Acknowledgements. The authors warmly thank John Coates for
giving a lecture course on ”Noncommutative Iwasawa theory” at Cambridge
which motivated this work, and for his unfailing encouragement and enthusi-
asm. Thanks are also due to Peter Collings for the reference [9] and to Jan
Saxl and Geoff Robinson for pointing out the Berman-Witt Theorem (12.5).
The second author thanks DPMMS for its hospitality during the course of
this research.

1.14. Conventions. All rings are assumed to be associative and to have
a unit element. All modules are assumed to be right modules, unless explicitly
stated otherwise. When we speak of a ring-theoretic property like ”Noether-
ian” or "regular”, we implicitly assume that both the right and left handed
property holds. For a ring R, R* denotes the group of units of R. The reader
should be aware of the slightly nonstandard notation adopted in (3.2).

2. Generalities

2.1. Idempotents. Let A be a ring. An element e € A is an idempotent
if e2 = e. Two idempotents e1,es in A are said to be orthogonal if ejes =
eze1 = 0; thus e and 1 — e are always orthogonal whenever e is an idempotent.

The nonzero (central) idempotent e is (centrally) primitive if it is not pos-
sible to find two nonzero orthogonal (central) idempotents e1,eo € A with
e=¢e1+ es.
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2.2. Blocks. Let Abearingand let A = B1®---® B, be a decomposition
of A into indecomposable two-sided ideals B; # 0; such a decomposition exists
whenever A is Noetherian.

The B;’s are known as the blocks of A. Each one is generated as an ideal
by a central idempotent e; of A, corresponding to the decomposition 1 =
e1+---+e,.. Note that each e; is centrally primitive, but need not be primitive.

Note also that each B; = e; A is itself a ring, with the multiplication and
addition inherited from A, but with identity element e;. Thus block decom-
position expresses A as a direct sum of algebras. We will write b(A) for the
number of blocks of A; note that this is also the number of terms in the
decomposition of 1 into a sum of orthogonal centrally primitive idempotents.

2.3. Grothendieck groups. Recall that a category A is small if the col-
lection of objects in A forms a set. Let A be a small abelian category. A
full additive subcategory B of A is admissible if whenever 0 — M’ — M —
M" — 0 is a short exact sequence in A such that M and M" belong to B,
then M’ also belongs to B [10, 12.4.2].

The Grothendieck group Ko(B) of B is the abelian group with generators
[M] where M runs over all the objects of B and relations [M] = [M'] + [M"']
for any short exact sequence 0 - M’ — M — M"” — 0 in A [10, 12.4.3].

If A is a ring, then P(A), the category of all finitely generated projective
modules is an admissible subcategory of M(A), the category of all finitely
generated A—modules. The Grothendieck groups of A are defined as follows:

e Ky(A):= Ky(P(A)), and
o Gol4) = Ko(M(A)).
2.4. Semisimple rings. We record some information about Ky—groups
of semisimple rings. The following result is well-known:
Lemma. Let A be a semisimple ring and let V1, ..., Vs be a complete list

of representatives for the isomorphism classes of simple A—modules.

(a) If P,Q are finitely generated A—modules, then

P=Q ifandonlyif [Pl=[Q] in Ko(A)
(b) Ko(A) = @;_, Z|V;] is free of rank s.
(c) b(A) =k Ko(A).

2.5. Semilocal rings. Let A be a ring. We will always write J(A) for
the Jacobson radical of A and A for A/J(A). We say that A is

o semilocal if A is Artinian,
e local if A is simple Artinian, and
e scalar local if A is a division ring.
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We say that A is a complete semilocal ring if A is semilocal and complete with
respect to the J(A)—adic filtration.
2.6. Idempotent lifting. Let A be a complete semilocal ring and let

Vi,..., Vs be the simple A—modules as in (2.4). Since A is semisimple, we
can find primitive orthogonal idempotents ai,...,a, € A such that V; = a; A
as an A—module. Because A is J(A)—adically complete, we can lift the a;
to a set of primitive orthogonal idempotents ey, ...,es of A by [6, Volume I,
Theorem 6.7]: a; = &; for each i.

Let P, =¢;A,i=1,...,s. Since ¢; is an idempotent in A, P; is a projective

A—module for each i. Write

P= P4 A

PJ(A)

for any finitely generated projective A—module P.
Lemma. Let p: Ko(A) — Ko(A) be the natural map given by o([P]) = [P)]
for finitely generated projectives P.
(a) ¢ is an isomorphism
(b) If P,Q are finitely generated projective A—modules, then

P=Q ifandonlyif [P]=[Q] in Ko(A)

(c) o([P]) = [Vi]
(d) Ko(A) = D;_, Z[P].
Proof. See [6, Volume I, Proposition 16.7] and its proof. O
Whenever P is a finitely generated projective with V = P, we will say
that P is a projective cover of V. Note that for any semisimple module V', a
projective cover exists and is unique up to isomorphism by [6, Volume I, §6C].
2.7. Proposition. Let A be a complete semilocal ring. Then b(A4) <
rk Ko(A) with equality if and only if each block of A is local.
Proof. Note that if B is a semilocal ring, then B is local if and only if
Now, if A= B; & --- @ B, is a decomposition of A into blocks, then each
B, is complete and semilocal. Moreover, A = B, @& - --® B, is a decomposition
of the semisimple ring A into a direct sum of two-sided ideals, so

Ko(A) = Ko(B1) @ --- ® Ko(B,).

Hence by Lemma 2.6,
rk Ko(A) =tk Ko(A) = Y "tk Ko(Bi) > r = b(A),

with equality if and only if rk Ko(B;) = rk Ko(B;) = 1 for each 1. O
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2.8. Whitehead groups. If R is a ring, let GL,,(R) denote the group of
all invertible matrices with coefficients in R. Note that GL, (R) can also be
thought of as the automorphism group of the free module R". There is an
obvious inclusion of GL,(R) into GLy+1(R), given by

X 0
(X) (O 1) .
We then define the infinite general linear group GL(R) to be the direct limit

of all the GL,,(R)’s with respect to these inclusions. The Whitehead group
K1(R) of R is defined to be the abelianization of GL(R) [6, Volume II, §40]:

GL(R)
[GL(R), GL(R)]
Since GL1(R) = R* is the group of units of R, there is a natural map
0: R* — Ki(R).

Ki(R) =

It is shown in [6, Volume II, Theorem 40.31] that 6 is a surjection whenever
R is semilocal.

2.9. Localisation sequence of K—theory. Let R be a ring and let S
be an Ore set in R consisting of regular elements. Then the localisation Rg
exists by [10, Theorem 2.1.12].

The canonical map ¢ : R — Rg gives rise to an exact sequence of K —groups
associated with the rings R and Rg as in [16, Theorem 15.5]:

Ki(R) — Ki(Rs) — Ko(R, ) — Ko(R) — Ko(Rs).
Here Ko(R, ¢) is the relative Ko—group [16, p. 214].

Suppose in addition that the ring R is Noetherian and regular. Recall [10,
7.7.1] that a ring R is said to be regular if every finitely generated R—module
has finite projective dimension. Of course, any ring of finite global dimension
is regular.

Lemma. Ky(R,y) can be identified with the group Ko(C), where C is the
category of all finitely generated S—torsion R—modules.

Proof. Venjakob [17, (4.3)] shows precisely this, but in less generality. The
whole result follows from [19]. O

In view of [10, Theorem 12.4.9] the above sequence becomes

4] a
(3) Ki(R) — K1(Rs) 2 Ko(C) % Ko(R) 2 Ko(Rs) — 0.
Also, since R is a regular Noetherian ring, there is an isomorphism
7 : Go(R) — Ko(R),

see [10, Theorem 12.4.8].
Below are partial descriptions of the maps (3,7, a and 0 that we will need:
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B(M)) = [M @p Rg] for all M € M(R),

~([M]) = Z?:O(—l)j[Xj] if0 - X,, -+ — X9 — M — 0is a finite
projective resolution of M € M(R),

a([M]) = ~y([M]) for all M € C, and

d(0(x)) = [R/zR] € C for all z € RN R}

Here 0 : R — K1(Rs) is the natural map appearing in (2.8).

3. Iwasawa algebras

3.1. Notation. Let K be a finite field extension of Q,. Let O be the ring
of integers of K; this is a finite extension of Z, and a complete local discrete
valuation ring. We fix a uniformizer 7 of O and write k = O/7wO for the
residue field of O; this is a finite field of characteristic p. This notation will
remain in force throughout the paper.

3.2. Completed group algebras. Let O[[G]] be the completed group
algebra of the compact p—adic analytic group G with coefficients in O:

O[[G]] = lim O[G/N]
where N runs over all the open normal subgroups of G. Similarly,
k[[G]] = lim k[G/N]

is the completed group algebra of G with coefficients in k. Note that these are
just the usual group algebras when G is finite. Since we will not be considering
the usual group algebra kG or OG if G is infinite, we will write kG for k[[G]]
and OG for OJ[G]] throughout this paper. When %’ is a finite extension of k,
it is easily checked that

KG=EGeLK.

Also note that 7 is a central regular element of OG and that OG/7OG = kG.
3.3. Properties of kG and OG. Let R = k or O. We collect some
well-known results about RG below.
Proposition. Let N be an open normal pro-p subgroup of G and let I be
the kernel of the natural map RG — R[G/N]. Then

(a) T is contained in the Jacobson radical of RG,

(b) RG is complete with respect to the I—adic filtration,

(¢) RG is a complete semilocal ring,

(d) RG is Noetherian,

(e) The global homological dimension of RG is finite if and only if G has no
elements of order p.
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Proof. See [11, Proposition 5.2.16] for part (c¢). Part (e) follows from [2,
Theorem 4.1] and [14, Corollaire 1]. O

Corollary. The natural map Ko(RG) — Ko(R[G/N]) is an isomorphism
for any open normal pro-p subgroup N of G.

Proof. This follows from Lemma 2.6 and part (a) of the Proposition. O

We wish to apply the long exact sequence (3) of K-theory to the ring RG.
In our setup (2.9), this requires RG to be Noetherian and regular. We will
therefore be frequently assuming that G has no elements of order p.

4. Projective kG—modules and Euler characteristics

4.1. Let Vi,...,V; be a complete list of representatives for the isomor-
phism classes of simple kG—modules; note that each V; is finite dimensional
over k because G is virtually pro-p. As in (2.6), choose a projective kG —cover
P; for V;; thus Py, ..., Py are the indecomposable projective kG—modules. It
follows from Lemma 2.6 that any finitely generated projective kG—module X

~ ; <X7P)
X=@r
j=1

for some well-defined (X, P;) € N.

Proposition. Let X,Y be finitely generated projective kG —modules.
(a) X 2Y if and only if (X, P;) = (Y, ;) foralli=1,...,s
(b) (X, B;) = dimy Homyg (X, V;)/ dimy Endge (Vi) for each i.

Proof. Part (a) follows from Lemma 2.6. For part (b), consider

can be written as follows:

S
Homyqa ()(7 ‘/1) = @ HOmkg(Pj, ‘/Z‘)<X’Pj>.
j=1
Note that the vector spaces involved here are finite dimensional over k, because
each V; is finite dimensional. Now since P; is the projective cover of V; and
because V; is semisimple, Homy (P;, Vi) = Homy (V;, V;). Hence by Schur’s
Lemma, we have

dimk Homkg(Pj, ‘/z) = §ij dlmk Endkc (‘/7)

and the result follows. O
4.2. Twists and duality. Let V be an kG—module which is finite di-
mensional over k and let M be a finitely generated kG—module. Then the
tensor product M ®;V is naturally an kG—module equipped with the diagonal
action:
(m®uv).g=mg®uvg forall me MveV,geqdq.
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The vector space dual V* = Homy(V, k) is also an kG—module in the usual
way:
(f.9)(w) = f(vg™) forall feV* veV,ged.
4.3. Induction and restriction. Let H be an open subgroup of G. Then
H has finite index in G, so whenever M is a finitely generated kG —module,

M is also finitely generated over kH. We thus have induction and restriction
functors

md$ : M(kH) - M(kG) and Res$ : M(kG) — M(kH).

Twists and induced modules are connected via the following very useful result.
Lemma. Let X € M(kH) and let Y € M(kG). Suppose that'Y is finite
dimensional over k. Then there is an isomorphism of kG—modules

d% (X ® Res$ V) = (Ind$ X) @ Y.

Proof. There exists a kH—balanced map (X @5, Res§ V) x kG — (X @y
kG) ®; Y which sends (z ® y,9) to (z®g)®@uyg for all z € X,y € Y, g € G.
This gives rise to a kG—module homomorphism

¢ : Ind% (X @ ResG V) — (Ind% X) @, Y

such that p((z®y)Rg) =2 RgRyg for all x € X,y € Y,g € G. There also
exists a k—linear map

¥ (Ind$ X) ©, Y — Ind§ (X @ Res§ V)

such that Y((z ® g) ®y) = (z@yg ) @gforallz € X,g € G,y € Y. Then
1 is a k—linear inverse for ¢, so ¢ is the required isomorphism. g
Lemma 4.3 is of course well known for finite groups, see for example [6, Volume
I, Proposition 10.5] and [15, §3.3, Example 5].

4.4. Lemma. Let XY, Z € M(kG) and suppose that Y, Z are finite di-
mensional over k. Then

(a) X ® Y is a finitely generated kG—module.
(b) If X is projective, then so is X ®; Y.
(¢) There is a natural isomorphism of k—vector spaces

Homkg(X Rk Y*,Z) = Homkg(X,Y Rk Z)

Proof. Since Y is finite dimensional over k and k is finite, we can find an
open subgroup H of G which acts trivially on Y. Thus Resg Y =2 k™ where k
denotes the trivial KH —module and n = dimy Y. Now,

Res% (X @1, Y) 2 (Res$ X) @ k"™ = (Res$ X)™.
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But X is finitely generated over kG and H has finite index in G, so X is
finitely generated over kH. Hence X ®; Y is finitely generated over kH and
therefore also finitely generated over kG as required for part (a).

By Lemma 4.3, we have

kG @y Y = (Ind§ kH) @5, Y = Ind§ (kH @ k™) = Indf (kH™) = kG™

as kG—modules, so the twist of a free kG—module with a finite dimensional
module is again a free kG—module. Because tensor products commute with
finite direct sums, part (b) follows.

Note that the vector spaces occurring in (c¢) are finite dimensional over k
because Y and Z are finite dimensional. If 8 € Y*, let # ® id denote the
k—linear map Y ®j Z — Z which sends y ® z to 6(y)z.

Now, pick a basis {y1,...,yn} for Y and let {61,...,6,} be the dual basis
for Y*. Define

O : Homy(X,Y ®; Z) — Hompa(X @, Y*,Z) and
P HOHlkG(X Rk Y™, Z) — Homkg(X,Y Rk Z)
by setting
O(f)(z®0)=(0®id)f(x) and
D(g)(z) = 27, i @ g(z © 0;)
for all f € Homk(;(X,Y Rk Z),x eX,0eY* ge Homkg(X Rk Y*,Z). The
reader can verify that © and ® are mutually inverse k—linear maps. Part (c)
follows. 0

4.5. Euler characteristics. Let M be a finitely generated kG —module.
Then

H, (G, M) := Tor*® (M, k)

is a finite dimensional k—vector space for all n > 0.
Definition. The Euler characteristic of M is defined to be

X(G, M) = [T 1Ha(G, )| 17,

n=0

if this exists. M is said to have integral Euler characteristic if x(G, M) € Z.

Lemma. Let 0 - A — B — C — 0 be an exact sequence of finitely gen-
erated kG—modules. Suppose x(G, A), x(G, B) and x(G,C) all exist. Then

X(G’ B) = X(G7 A)X(Gv C)

Proof. This follows from the long exact sequence of homology. O
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4.6. Let P; be the projective cover (2.6) of the trivial k\G—module V;.
Lemma. Let X be a finitely generated projective kG—module. Then

X(G, X) = ¢,

Proof. Let I be the augmentation ideal of kG, so that kG /I is the trivial
module V5. Then X ®p¢ k = X/ X1 =: X¢, the coinvariants of X. Now

Homkg(X, Vl) = Homk(;(Xg, Vl) = Xé

as k—vector spaces, so dimy Homyg (X, V1) = dimg Xg. Because Endge (V) &
k, (X, Py = dimy X by Proposition 4.1(b).
Since X is projective, H, (G, X) = 0 whenever n > 0. Hence

X(G, X) = [Ho(G, X)| = |X @xq k| = |Xg| = g™ Xe = g

as required. O
4.7. Proposition. Let X be a finitely generated projective kG—module.

Then

log, x(G, X &, V}*)

X, P) =
< ’ Z> dlmkEHdkg(V;)

foralli=1,...,s.
Proof. Since V; @ Vi 2 V; for all ¢, Lemma 4.4(c) gives
Homyq(X,V;) = Hompq (X, V; @ V1) = Hompe (X @ V", V1),
By Lemma 4.4(a) and (b), X ® V;* is finitely generated projective. Applying
Proposition 4.1(b) we obtain
<X 24 Vi*7 P1> dimy, Endkg(‘/l) = dimy, Homkg(X Rk Vi*v Vl),
and also
(X, P;) dimg Endyq(V;) = dimy, Homge (X, V;).
But Endge (V1) 2 k, so
(X @ V", Pr)
X,P)y=———*+" "'
< ’ > dlmk Ende(%)

The result now follows from Lemma 4.6. g
Corollary. Let X,Y be finitely generated projective kG—modules. Then
X is isomorphic to Y if and only if

X(G, X, V) =x(G,Y®,V;) forall i=1,...s.

Proof. By Proposition 4.1(a), X is isomorphic to Y if and only if (X, P;) =
(Y, P;) for all i. Because V +— V* is an involution on the set of simple
kG—modules, the result follows from Proposition 4.7. O
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4.8. The image of v. Assuming that G has no elements of order p, we
have the following description of the map v : Go(kG) — Ko(kG) appearing in
(2.9).

Proposition. Suppose G has no elements of order p. Then for any M €
M(kG),

log, x(G, M @ V})

7([M])=§< )l

3

Proof. By Proposition 3.3(e), kG has finite global dimension, so we can
choose a finite projective resolution

0—-X,— - —>Xg—>M—-0

for M. Then the definition of v given in (2.9) gives

n

V(M) =) (-1’ [X;] € Ko(kG).

Jj=0

By Proposition 4.7, we have

s * /log, X(G, X; ® Vi
)= 3o ple) = 3 (XTI gy

i=1 i=
Since V;* is a flat k—module,
0—>Xn®kVi*—>~-~—>X0®Vi*—>M®kVi*—>O

is an exact sequence of finitely generated kG—modules, by Lemma 4.4(a).
Because log, x(G, —) is additive on short exact sequences by Lemma 4.5, we

obtain
n

log, x(G, M @, Vi) =y _(=1) log, x(G, X; 1. V;)
§=0
for each ¢ = 1,..., s, and the result follows. O

5. Characteristic elements

5.1. The localisation sequence. We are primarily interested in finitely
generated p—torsion OG—modules. Let T = {1,7,72,...}; this is clearly a
multiplicatively closed subset of OG consisting of central regular elements.
Since we can write p € O as some power of 7 times a unit in O, we see that a
finitely generated OG—module is p—torsion if and only if it is 7—torsion, or
equivalently, T'—torsion.

Until the end of this section G has no elements of order p.
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Let D denote the category of all finitely generated T'—torsion OG—modules.
By Proposition 3.3, OG is Noetherian and has finite global dimension since G
has no elements of order p. Thus we obtain an exact sequence of K —groups
from (2.9):

1)  Ki(0G) D K\ (0Gr) % Ko(D) 2 Ko(OG) 2 Ko(OGT) — 0.

5.2. The following result is essentially [3, Proposition 3.4]. We give the
proof for the convenience of the reader.

Lemma. The map o : Ko(D) — Ko(OG) appearing in (4) is zero.

Proof. Fix an open normal pro-p subgroup N of G. We have a natural
commuting diagram of rings

oc -2 06,

.l |

O[G/N] - K[G/N]

which induces by the functoriality of Ky a commuting diagram of Ky—groups:

Ko(}q)
_

Ko (OG) Ko(OGr)

Ko(/\z)J( lKD(,\@
Ko(O[G/N]) o Ko(K[G/N]).

0
Now, Ko(\1) is the map [ appearing in (4) and is therefore surjective; more-
over Ky(A2) is an isomorphism by Corollary 3.3.

It is well known from the representation theory of finite groups that Ko(\4)
is injective [15, Chapter 16, Corollary 2 to Theorem 34]. Now an elementary
diagram chase shows that Kg(\1) = ( is an isomorphism. Because the se-
quence (4) is exact at Ko(OG), « is zero as required. O

From the exactness of (4), we also obtain

Corollary. The connecting homomorphism Og appearing in (4) is surjec-
tive.

5.3. Characteristic elements for T—torsion modules. Following [3,
(33)] we make the following definition:

Definition. A characteristic element for a T—torsion module M is any
element &y € K1(OGr) such that 0 (&n) = [M] € D.

Because d¢ : K1(OGr) — Ko(D) is surjective by Corollary 5.2, such a &y
always exists. By the exactness of (4), &y is only defined modulo the image
of K1(OG) in K1(OGr). We will provide an explicit formula for £ in terms
of the natural map 6 : (OGr)* — K1(OGr) in Proposition 5.6.
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5.4. Euler characteristics for T—torsion OG—modules. Let M be a
finitely generated OG—module. Then

H, (G, M) := Tor%%(M, 0)

is a finitely generated O—module for all n > 0. If M is T'—torsion, M is killed
by some power of 7, so each H, (G, M) is also killed by some power of 7w and
is hence finite.

Definition. The Euler characteristic of M is defined to be

X(G, M) = [T [Ha(G, )"
n=0

M is said to have integral Euler characteristic if x(G, M) € Z.

It is easy to see that this definition extends the one given in (4.5). Moreover,
as G has no elements of order p, x(G, M) is always exists.

5.5. Dévissage. Since we can view each M € M(kG) as a finitely gener-
ated OG—module killed by 7, we see that M (kG) is a full subcategory of the
abelian category D which satisfies the conditions of [10, Theorem 12.4.7]:

e M(kQG) is an admissible subcategory of D,

e if0 - M — M — M" — 0is exact in D and M € M(kG) then
M, M" € M(kG),

e cach M € D has a finite filtration M 2 M7 D M72 D --- D Ma"t!l =
0 for some n with M7/ M7l € M(kG) for all 0 < i < n.

Because these conditions are satisfied, [10, Theorem 12.4.7] guarantees that
the natural map Go(kG) — Ko(D) induced from the inclusion of M(kG) in
D is an isomorphism. The inverse is given by v : Ko(D) — Go(kG), where

(5) w([M]) = [gr, M] € Go(kG) where gr, M =D % € M(kG).
1=0

5.6. A formula for the characteristic element. We retain the nota-
tion of (4.1). By Lemma 2.6 we can choose a projective OG—cover ¢;OG for

Vi. Here ey, ..., e, are a collection of pairwise orthogonal idempotents in OG
obtained from idempotent lifting. Then
L el(’)G
YT e, OG

is a projective kG —cover for V;.
Define f; =1+ (7 — 1)e; € OG for each i = 1,..., s and note that

(6) film+ (1 —m)e;) =

Because 7 is a unit in OGr, we see that f1,..., fs all lie in (OGr)* N OG.
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Proposition. Let 6 : (OGr)* — K;1(OGr) be the canonical homomor-
phism appearing in (2.8) and let M € D. Then

= log, x(G, (gr,, M) ® V*)
_ pi (M) , _ 108g X\&s (8 i
& =10 (Zl:[l fi ) ,  where w;(M)= dimy Endea (V)

Proof. Since 7 is a multiple of f; by (6), we see that f;OG = f;,0G+7OG =
(1 —€;))OG + 7OG. Hence
oG OG . 60G
fi0G (1 —-¢)0G +70G ~ 7e;0G
so P, 2 OG/f;0G as OG—modules for all i = 1,...,s. Next, we have
an isomorphism v : Go(kG) — Ko(kG) = ®5_,Z[P;] and an isomorphism
P Ko(D) — Go(kG) given in (5). By Proposition 4.8, the composition
v : Ko(D) — Ko(kG) is given for M € D by

P;

- log, X(G, (gr, M) @ Vi)
M]) = g (M) P; h (M) = —2 ul .
(M) izl'ul( JIR] - where (M) dimy, Endgg (V)
moreover Y ([F;]) = [B;] for all i = 1,...,s. From the definition of dg given

in (2.9), we have

S

ey (H ff”(M)> = (M) [f(’)OGG] =Y w(M)[P] € Ko(D),
i=1 v i=1

i=1

so YY([M]) = voco(I1;_, fi“”’(M)). Since v1 is an isomorphism, the result
follows. d

5.7. Evaluation at zero. Let ¢ : OGr — K denote the augmentation
map. This gives rise to a commutative diagram

oG} —— K,(0Gy)

el lKl(e)
K* —= K(K).

Identifying K7 (K) with K* allows us to write K;(e) o § = e. Compare the
following result with [17, Proposition 8.6].
Lemma. For any M € D¢, let £37(0) := Ki1(e)(€nr) € K*. Then

X(G, M) = Ng/q, (§am(0)).

Proof. Since K is a field, precisely one of the idempotents eq, ..., e5 appear-
ing in (5.6) gets sent to 1 under e, and it is clear that this is the idempotent
corresponding to the trivial representation, e;. Thus €(e;) = d;1, S0

€<fz) =1+ (7‘(‘ - 1)(51‘1 = 7T(5i1,
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forall  =1,...,s. Hence, Proposition 5.6 gives

S

€ (0) = Ky (e)(€ar) = [T e(fi) e = @0,

i=1
But dimy, Vi = 1 and (gr, M)®; Vy* = gr, M, so uy (M) = log, x(G,gr, M) =
log, x(G, M). Since N q,(7) = ¢, the result follows. O

6. Artin Formalism

6.1. We continue with the notation the previous sections, but do not
make further assumptions on G for the time being. Let A be a finite quotient
of G. Then Gy(kA) is a commutative ring with multiplication given by

X].Y]=[X®Y] forall XY e M(kA).
Moreover, Go(kG) becomes a Go(kA)—module by Lemma 4.4(a) if we set
[M].[X]=[M @ X] forall M e M(kG),X € M(kA).

6.2. The decomposition map. Let V € M(KA). A A—lattice in V
is defined to be a finitely generated OA—submodule E of V such that V &
E®p K. The decomposition map d : Go(KA) — Go(kA) is given by

dV] = [E], where E=FE/En

for any choice of A—lattice F in V. It is shown in [15, Chapter 15, Theorem
32] that d[V] is independent of the choice of E and that d is in fact a ring
homomorphism. In this way, Go(kG) becomes a Go(KA)—module:

[M).[V] = [M].d[V] forall M e M(kG),V e M(KA).

6.3. Dévissage and twists. As in (5.1), let Dg be the category of all
finitely generated m—torsion OG—modules. In view of (5.5), we have an iso-
morphism of abelian groups ¢ : Ko(Dg) — Go(kG), so Ko(Dg) becomes a
Go(K A)—module via

[M].[V] = ¢~ ([M].d[V]) forall M € Dg,V € M(KA).

Let E be a A—lattice in V and let M € M(OG). The twist M @ E becomes
an OG—module with the diagonal action of G. An argument analogous to
the proof of Lemma 4.4(a) shows that this module is finitely generated over
OG; moreover it is m—torsion whenever M is.
Lemma. Let M € Dg and let Ve M(KA). Then for any A—lattice E
nV,
[M].[V] = [M ®0 E].
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Proof. Because F is a flat O—module, it is easy to verify that
gr (M ®o E) = (gr, M) @ E

as kG—modules. Hence

Y[M].d[V] = [(gry M) @y, E] = [gr,(M @0 E)] = ¢[M ®0 E]
and the result follows. O
Let p : A — GL(V) be the group homomorphism associated to a finitely
generated KA—module V' and let M € D¢. Because A is finite, the image of
p is contained in Aut(E) for some A—lattice E in V. We define the twist of
M at p to be
th(M) =M®o F € Dg.
Lemma 6.3 can now be rephrased as follows:
[M].[V] = [tw,(M)]

for any M € Dg and any V € M(KA).
6.4. Induction and restriction. Let H be the kernel of the surjection
G — A; this is an open normal subgroup of G. Then we have the induction
functor
nd% : M(OH) — M(OG)
which sends M to M @0y OG. Tt is easy to see that Ind$ (M) € D¢ whenever
M € Dyg. We also have the restriction functor

Res$ : M(OG) — M(OH)

which sends Dg to Dy
Lemma. Let M € M(OG). Then the induced module of the restriction of
M to OH is isomorphic as an OG—module to the twist of M by OA :

Ind$ (Res$ M) = M @0 OA.

Proof. By an appropriate modification of the proof of Lemma 4.3, we have
an isomorphism Ind% (O ®o Res@ M) = Ind%(0) ®o M of OG—modules.
Since Ind%(0) = OA and O ®o N = N for any O©H—module N, the result
follows. O

6.5. Artin formalism expressed in K,(Dg). We can find a finite field
extension L of K such that the division rings appearing in the Wedderburn
decomposition of the group algebra LA are all isomorphic to L. Such an L
can always be obtained by adjoining sufficiently many roots of unity to K [15,
Corollary to Theorem 24] and is called a splitting field for A.

Thus we have an isomorphism of LA—modules

(7) LAz B Wy
pPEV(A)
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Here V(A) is the set of all absolutely irreducible representations of A over
@p, W, is the LA—module corresponding to the representation p and n, =
dimL Wp.

Proposition. Let M € Dg. Then

L+ K- [Ind§ (Res§ M) = 37 nyftw,(M)] € Ko(De).
PEV(A)
Proof. Viewing (7) as an isomorphism of K A—modules, we obtain
IL:K|-[KAl= Y n,[W,] € Go(KA).
pPEV(A)

Now by (6.3), Ko(Dg) is a Go(KA)—module, so we may apply this equation
to [M] € Ko(Dg) to get

IL: K| [M &0 OAl= Y nyltw,(M)] € Ko(Dg).

PEV(A)
Here we have chosen OA to be the A—lattice in KA and applied Lemma 6.3.
The result now follows from Lemma 6.4. O

6.6. Until the end of this section, G has no elements of order p.
The following result is essentially [3, Lemma 4.6]. We include a proof for the
convenience of the reader.

Lemma. The natural map 6 : OGF — K1(OGr) is surjective.

Proof. Let © € K;1(OGr). By Proposition 5.6, each generator [P;] of
Ko(kG) is in the image of dg 0 fg, so Jg o 0 is surjective. Hence there exists
y € OGZ such that dg(xz — 0(y)) = 0. Because (4) is exact at K1(OGr),
x = 0(y) + 7(2) for some z € K;(OG); here 7 : K1(OG) — K1(OGr) is the
natural map.

Now because OG is semilocal by Proposition 3.3(c), the natural map 6; :
OG* — K;1(OQG) is surjective (2.8), so we can find w € OG* such that
z = 61(w). Moreover, 8(w) = 7(61(w)) by functoriality, whence

z=0(y) +7(2) = 0(yw)

and 0 is surjective as required. O
6.7. Lemma. There exists a commuting diagram of groups

0G; —o s K (0Gr) —2— Ko(Dg)

LT AG,HT TKO(Indg)

OHf —— Ki(OHy) —— Ko(Du)

where « : OH — OQG is the natural inclusion and Ag g = K1(¢).
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Proof. Any element x € OH} can be written as z = rs~! with r,s € OH.
Then both 7 and s lie in OH} N OH, so it is sufficient to check that the
diagram commutes for all elements z € OH; N OH.

The first square commutes by functoriality. If x € OH N OH then

dabau(z) = {ﬁ;] = {Indg (ﬁlﬂ = Ko(Ind$)dx 05 (x)

by (2.9). Since 6y is surjective by Lemma 6.6, the second square also com-
mutes as required. O
6.8. Artin formalism for characteristic elements. Recall that char-
acteristic elements for modules in D¢ are only defined modulo the image of
K1 (OG) inside K1(OGr).
Theorem. Keeping the notation of (6.5), let M € Dg. Then

AG,H (EResé ) PR = H ftnvﬁp(M) mod 7(K1(0G)).
PEV(A)
Proof. Apply Lemma 6.7 and Proposition 6.5. O
Evaluating at zero as in (5.7) gives [3, Theorem 3.10] for p—torsion modules.
Corollary. For any M € Dg, we have

X(H,Resfy M) HK =TT x(G tw, (M))".
pPEV(A)

Proof. Let e : OG — K and ey : OH — K be the augmentation maps.
Then egot = ep, so Ki(eg) o Ag,m = Ki(em) by functoriality. Now the result
follows from Lemma 5.7. O

We now turn towards the question ”When are Euler characteristics in-

tegral?”. First, we must establish some preliminary results about torsion
kG—modules.

7. Torsion kG—modules

7.1. Uniform pro-p groups. By a celebrated result of Lazard, any com-
pact p—adic analytic group G always contains an open normal uniform pro-p
subgroup N [7, Corollary 8.34]. Uniform pro—p groups are defined at [7,
Definition 4.1].

For any such NV, there is a natural decomposition of kG as a crossed product
of kN with the finite group G/N:

(8) kG =~ kN« (G/N).

The following Lemma is well-known when k = F,,, see [7, Corollary 7.25].
Lemma. If N is uniform, then kN is a domain.
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Proof. Let J be the Jacobson radical of kN. Then J = wy ®r, k where wy
is the augmentation ideal of F,N. Using [7, Theorem 7.24], we see that the
graded ring gr kN of kN with respect to the J—adic filtration is isomorphic to
k[X1,...,X4]. Since kN is complete with respect to the J—adic filtration and
grkN is a domain, kN itself must be a domain by [7, Proposition 7.27]. O

7.2. Torsion modules. Recall [10, 2.1.14] that a ring R is said to have
a classical quotient ring Q(R) if the localisation of R at the set S = Cr(0) of
regular elements of R exists. This is equivalent to S being an Ore set by [10,
Theorem 2.1.12].

Proposition. Let G be a compact p—adic analytic group. Then kG has
an Artinian quotient ring Q(kG).

Proof. Choose an open normal uniform subgroup N of G as in (7.1) and
let T'= kN\{0}. As kN is a Noetherian domain by Lemma 7.1, T is an Ore
set in kN by [10, Theorem 2.1.15] and the localisation kN7 is a division ring.

Because N is normal, T' is invariant under conjugation by G. In view of
the crossed product decomposition (8), [13, Lemma 37.7] implies that T is
actually an Ore set in kG, and that

kGr 2 kN7 * (G/N).

Because kN7 is a division ring and G/N is finite, we see that kG is Artinian.
Now, kG is a free kN —module so every element of T is regular in kG. Hence
T C S and kG embeds into the Artinian ring kGp. Now every element of
S = Crc(0) is regular in kG and hence is a unit in kGp by [10, Proposition
3.1.1]. This shows that kGt is a quotient ring of kG with respect to S in the
sense of [10, 2.1.3], so kG exists and kG = kG is Artinian, as required. O

We will say that a kG—module M is torsion if it is torsion with respect to
the canonical Ore set S = Cr(0). Thus, M is torsion if and only if for all
m € M there exists s € S such that ms = 0.

Corollary. Let G be a compact p—adic analytic group with an open sub-
group H and let M be a kG—module. Then M is torsion as a kH—module if
and only if M is torsion as a kG—module.

Proof. We can choose an open normal uniform subgroup N of G contained
in H. The proof of the Proposition shows that M is Cr(0)—torsion if and only
if M is Cpn(0)—torsion if and only if M is Cxy(0)—torsion, as required. O

7.3. Twists of torsion modules.

Proposition. Let V be a kG—module which is finite dimensional over k
and let M be a torsion kG—module. Then the twist M ®; V is also torsion.

Proof. Since V is finite dimensional, we can find an open normal subgroup
H of G which acts trivially on V. Then M ®; V is isomorphic to a finite
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direct sum of copies of M, viewed as a kH—module. Hence
(meu)t=mteuv forall meMveV,tekH.

Because M is kG—torsion, it is kH —torsion by Corollary 7.2. Hence M ®; V'
is kH—torsion and therefore also kG—torsion, again by Corollary 7.2. 0

7.4. Pseudo-null p—torsion modules. An obvious extension of the ar-
gument used by Venjakob in [18, Theorem 3.26] together with the computation
of gr kN when N is uniform performed in Lemma 7.1 shows that OG is an
Auslander-Gorenstein ring.

Lemma. Let M be a finitely generated m—torsion OG—module. Then M
is pseudo-null if and only if gr. M is kG—torsion.

Proof. Choose an open normal uniform subgroup N of G. Then by [1,
Lemma 5.4],

joc(M) = jon(Res§ M),

so M is pseudo-null if and only if Res%M is. By Corollary 7.2, we may
assume without loss of generality that G = NN is uniform. Furthermore, by
dévissage, we may assume that M is actually a kG—module, so gr, M = M.

Now, M is kG—torsion if and only if jrg(M) > 1 by [5, Lemma 1.4]. But

joa(M) = jra(M) +1

by the formula preceeding Theorem 3.30 in [18] and the result follows. O

8. Integrality of Euler characteristics

8.1. Throughout this section G has no elements of order p.

By Proposition 7.2, kG has a classical Artinian ring of quotients Q(kG) =
kGg, which can be obtained by localising kG at the Ore set of all regular
elements S = Crg(0) of kG. Let C be category of of all finitely generated
S—torsion kG—modules. Because G has no elements of order p, kG is a
Noetherian ring of finite global dimension by Proposition 3.3. We hence obtain
the localisation sequence (3) of Ky—groups from (2.9):

©) Ko(€) % Ko(kG) &> Ko(Q(kG)) — 0.
We also have an isomorphism
v : Go(kG) — Ko(kQ)

because kG has finite global dimension.
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8.2. Euler characteristics of torsion kG—modules. We can now give
a characterisation of those groups G which have the property that every
finitely generated torsion kG—module has trivial Euler characteristic.

Theorem. Keeping the notation of (8.1), the following are equivalent:

(a) x(G,M) =1 for all M €C,
(b) a=0,

(c) & =1 for all M €C,

(d) B is injective,

(e) tk Ko(kG) = rk Ko (Q(kG)).

Proof. Since M ®; Vi* =2 M, M € C if and only if M ®; V;* € C for all
i=1,...,r by Proposition 7.3. Now by Proposition 4.8, the map « in (9) is
given by

S /1 G, f
ottt (o) = Y- (D ),

i=1

and the equivalence of (a) and (b) follows.

For any OG—module M € D, &), is completely determined by the element
[M] € Ko(D) =2 Ko(kG). So if M € C, & = 1 if and only if a([M]) = 0, as
required for the equivalence of (b) and (c).

Next, (b) and (d) are equivalent because the sequence (9) is exact at
Ko(kGQ). Now f : Ko(kG) — Ko(Q(kG)) is surjective and Ky(kG) is a
torsionfree abelian group of finite rank. Hence [ is injective if and only the
rk Ko(kG) = rk Ko(Q(kQG)) as required for the equivalence of (d) and (e). O

8.3. Reduced rank. Let R be a Noetherian ring and let S = Cr(0) be
the set of all regular elements of R. Suppose that the classical quotient ring
Q(R) = Rg exists and is Artinian.

Let M be a finitely generated R—module. Then Mg is a finitely generated
module for the Artinian ring Rg and as such must have finite composition
length p(M), say. The reduced rank of M is defined to be p(M). It is easy to
see that this definition coincides with the slightly more general one given in
[10, 4.1.2]. We list some fairly obvious properties of this invariant:

e p(M) is a nonnegative integer,
e p is additive on short exact sequences,
e p(M) =0 if and only if M is S—torsion.

Note that kG has an Artinian quotient ring by Proposition 7.2. In our
setup, we have the following formula for p(M):
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Lemma. Keeping the notation of (8.1), let M be a finitely generated
kG—module. Then

p(M) = ;Ni(M)P(Pi) = Z; (kag(n%) log, X(G, M &, Vy").
Proof. Because p is additive on short exact sequences, it factors through
Go(kG). Now apply Proposition 4.8. O
Corollary. Let M be a finitely generated m—torsion OG—module with
Ev =1. Then M is pseudo-null.

Proof. By Proposition 5.6, p1;(M) =0 for all i = 1,...,s. By the Lemma,
plgr, M) =0, so gr, M is kG—torsion. Hence M is pseudo-null by Lemma
7.4. O

8.4. Integrality of Euler characteristics. Our main result is the fol-
lowing:

Theorem. Suppose G is a compact p—adic analytic group with no elements
of order p. Then every finitely generated kG—module has integral Euler char-
acteristic if and only if rk Ko(kG) = rk Ko(Q(kQ)).

Proof. (=) Let M € C. In view of Theorem 8.2, it is sufficient to show
that x(G, M) = 1. Now as M is torsion, the reduced rank p(M) of M is zero.
On the other hand, Lemma 8.3 gives

p(P:)

G,M @y Vi) =1 where r;= b .
[Ix(G M e vy WHEEE T T dimy, Endyg (V)

i=1
Note that r; > 0 for all i. Since we are assuming that x(G, N) € Z for all
N € M(kG), we see that x(G, M ®;, V;*) = 1 whenever p(P;) # 0. But each
P; is a submodule of the S—torsionfree module kG and as such is torsionfree.
It follows that (P;)s # 0,80 p(P;) > 0foralli =1,...,s and x(G, M ®, V1) =
X(G, M) =1 as required.
(«<). This will be given in (9.5), after we have obtained more information
about blocks of kG. O

9. Blocks of kG

9.1. Recall [1, 1.3] the important characteristic subgroup At of G, de-
fined by
AT =ATG)={r€G:|G:Cs(z)| <oo and o(z)< c}.

Thus A™ consists of all elements of finite order whose G—conjugacy class is
finite. Since G is a compact p—adic analytic group, it can be shown that A+
is in fact the largest finite normal subgroup of G.
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9.2. Suppose p{ |AT], so that the group algebra kAT is semisimple. Since
AT is normal in G, G acts by conjugation on the centrally primitive idempo-
tents of kAT. Whenever C is a G—orbit on these idempotents, C= D oecc€is
a central idempotent of kG. Let fi,..., f. be the central idempotents of kG
obtained in this way; it is easy to see that they are pairwise orthogonal and
that 1= fi + ...+ f..

We then have a decomposition of kG into a direct sum of ideals:

(10) kG = fikG & - & f,kG.

The main result of this section can be thought of as a suitable generalization
and refinement of [1, Theorem A], which says that F,G is prime if and only
if AT =1.

Theorem. The ring f;kG is prime for everyi=1,...,r.

The proof is given in (10.6). First, we derive some important consequences.

Corollary. Let G be a compact p—adic analytic group such that pt|AT].
Then the number of blocks of kG equals the number of G—conjugacy classes
of blocks of kAT.

Proof. A prime ring is cannot be nontrivially decomposed into a direct sum
of ideals, so (10) is actually a decomposition of kG into the required number
of blocks. m

9.3. Semiprimeness of kG. Recall [1, Theorem B] that when k = F,,
kG = F,G is semiprime if and only if p{ |[AT|. We obtain a generalization of
this result, as another consequence of Theorem 9.2.

Proposition. Let G be a compact p—adic analytic group. Then kG is
semiprime if and only if pt|AT].

Proof. Suppose p f |AT|. Then by Theorem 9.2 and (10), kG is a direct
sum of prime rings and is therefore semiprime. On the other hand, if p | |AT],
the Jacobson radical of kAT generates a nonzero two-sided nilpotent ideal of
kG. O

9.4. Local blocks. Our proof of Theorem 8.4 depends on the next result.

Proposition. If G be a compact p—adic analytic group such that pt|A™],
then tk Ko(Q(kG)) = b(kG). Moreover, tk Ko(kG) = tk Ko(Q(kG)) if and
only if every block of kG is local.

Proof. Since kG is semiprime by Proposition 9.3, Q(kG) is semisimple Ar-
tinian. Hence rk Ko(Q(kG)) = b(Q(kG)) by Lemma 2.4(c). By Theorem 9.2,
kG is a direct sum of r = b(kG) prime rings, so Q(kG) is a direct sum of r
simple Artinian rings. Hence b(Q(kG)) = b(kG) as required. The last part
now follows directly from Proposition 2.7 and Proposition 3.3(c). g
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9.5. Proof of Theorem 8.4(<). Since 1k Ko(Q(kG)) = rk Ko(kG), we
see that every block f;kG of kG is local by Proposition 9.4. By reordering the
indecomposable projectives Pi, ..., P, if necessary, we may write f;kG = P™
for some integers m; > 1. Thus Ko(f;kG) = Z[P;] for all 1.

Next, as 3 is an isomorphism, (3 restricts to an isomorphism of Ky (f;kG)
and Ko(Q(f;kG)). Since Q(f;kG) is simple Artinian, we see that 5([P;]) must
be a generator of Ko(Q(fikG)); in other words, each localisation (P;)gs is a
simple Q(kG)—module. Moreover, (Py)g, ..., (Pr)s is then a complete list of
representatives for the isomorphism classes of simple Q(kG)—modules.

Now let M be a finitely generated kG —module. Then the localisation Mg
is a finitely generated module for the semisimple ring Q(kG), so we may write

Ms = (P)g ®-- @ (B)g = (P @@ P)s

for some integers ay,...,a, > 0. Let N = P{"* &---@ P, a finitely generated
projective kG—module. By Lemma 4.6, x(G, N) = ¢** € Z so N has integral
Euler characteristic.
Now [M] — [N] € ker(f) = Im(«) and x(G,X) = 1 for all X € C by
Theorem 8.2. It follows that x(G, M) = x(G, N) € Z as required. O
9.6. An explicit example. Let p be an odd prime and let

G=Zy,xCo=(z,y:yloy=a"1,y2=1)

be the pro-p completion of the infinite dihedral group. This is a compact
p—adic analytic group of dimension 1. Let N = (z) = Zyp, an open normal
subgroup of G.

Since G/N is cyclic of order 2 and p is odd, we see that kG/J(kG) =
k[G/N] is a direct product of two copies of k. Also AT(G) = 1 because
otherwise G would be isomorphic to the direct product of N and G/N. Thus
rk Ko(kG) = 2 but rk Ko(Q(kG)) = 1 since kG is prime by Theorem 9.2.

Let e = %(1 +y) and f =1 — e, a pair of orthogonal idempotents in kG.
Then P; = e.kG is the projective cover of the trivial simple kG—module V;
and P, = f.kG is the projective cover of the other simple kG—module, V5
say. Moreover, kG = P; @ P is a decomposition of kG into a direct sum of
two indecomposable projectives.

Viewing kG as a kN —module, we see that P; and P, must both be finitely
generated projective kN—modules of rank 1. Since kN = k[[¢]] is a scalar
local Noetherian domain, this forces P; and P, to be uniform £G—modules;
recall [10, 2.2.5] that a module U is said to be uniform if any two nonzero
submodules X,Y of U have nonzero intersection.

Recall also that two uniform right ideals U and V of a semiprime Noetherian
ring R are said to be subisomorphic if U contains an isomorphic copy of V', or
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equivalently, if V' contains an isomorphic copy of U [10, 3.3.4]. By [10, Lemma
3.3.4(ii)], any two uniform right ideals U,V of a prime Noetherian ring R are
necessarily subisomorphic.

Hence we can find an embedding ¢ : P, — P» of kG—modules, leading to
a short exact sequence

0—P 5P - coker(p) — 0.
Taking Euler characteristics and applying Lemma 4.6, we see that
X(G, coker(¢)) = (G, P2)/x(G, P1) = ¢~ .

Thus coker(y) does not have integral Euler characteristic in this case.
With a bit of care, the injection ¢ can be chosen to have cokernel precisely

Va: set p(e) = fa where o € kN is such that fakG = f.J(kG). We omit the

computations which show that such an « exists. So x(G,Va) = ¢~ !.

10. Proof of Theorem 9.2

10.1. A special case. A very special case of Theorem 9.2 is not too
difficult to deal with:

Proposition. Let N be a uniform pro-p group, F a finite group with p 1 |F)|
and H =N x F. Suppose e is a centrally primitive idempotent of kF .

(a) There exists a finite extension k' of k and an integer t > 1 such that e.kH
18 1somorphic to a full t x t matriz ring with coefficients in k' N :

e.kH = M,(K'N).

(b) The ring e.kH is prime.

Proof. (a) Since p 1 |F|, kF is semisimple so the block e.kF is a simple
finite dimensional k—algebra. Since k is finite, Wedderburn’s theorem on the
structure of finite division algebras implies that e.kF = M, (k') for some finite
field extension k' of k. Now, because N commutes with F', we can think of
kG as a group algebra of F' with coefficients in kN: kH = kN[F]. We can
also write this as a tensor product of k—algebras

kH =2 kN Qi kF

where the multiplication on the right hand side is given by (a ® b)(c ® d) =
ac ® bd. Hence,

e.kH 2 kN @y, e.kF 2 kN @5 My(k') = My(kN @4 k') = My (k'N)

as required.



30 KONSTANTIN ARDAKOV AND SIMON WADSLEY

(b) Now, k¥'N is a domain by Lemma 7.1 and is therefore prime. Since
primeness is preserved by Morita equivalence [10, Proposition 5.10(iii)] and a
ring A is always Morita equivalent to the matrix ring M;(A) [10, Proposition
5.6], we see that e.kH = M;(k'N) is prime. O

10.2. We will need a general Lemma.

Lemma. Let A, B be k—algebras and let T be an Ore set in A. Then T®1
is an Ore set in A Qi B and

(A Rk B)T®1 ~ Ar ® B.

Proof. This is a straightforward application of [10, Lemma 2.1.8]. g

When N is a uniform pro-p group, write Dy for the division ring of fractions
of F, N which exists by [10, Theorem 2.1.15] and Lemma 7.1.

Proposition. Let H and e be as in Proposition 10.1. Let R = e.kH and
let S = eF,N\{0}. Then:
(a) S is an Ore set in R,
(b) Rs = Dy ®r, My(k') as F,—algebras,
(¢) Rg is a simple ring.

Proof. From the proof of Proposition 10.1(a), we know that

R=ekH = kN ®y e.kF.

But kN = F,N®g,k by (3.2) and e.kF' = M; (k') for some finite field extension
k' of k so we have an isomorphism

6:R— F,N @z, M;(K)

of F,—algebras. Now, T'=F,N\{0} is an Ore set in F,N so T ® 1 is an Ore
set in F, N ®p, M;(k") by the first part of the Lemma. It is easy to see that
0~ (T ®1) =5, so S is an Ore set in R and

Rs = (F,N ®p, My(k'))re1 = Dy ®r, My(K')
by the second part of the Lemma. This deals with parts (a) and (b).

Now, by Proposition 10.1(b), R is prime so Rg is also prime. But Rg &
Dy ®g, My(K') is a finite module over the division subring §~!(Dy ®1), so Rg
is Artinian. Since any prime Artinian ring is simple, Rg is simple as required
for part (c). O

10.3. Recall from [1, 2.2] the important subgroup Eg(N) associated to
any open normal uniform subgroup N of a compact p—adic analytic group G:

Eg(N)={z e G:[N,z] C N}
Here, as in [1, 2.1],

. 2 if p=2
o 1  otherwise.
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Eq(N) is the kernel of the conjugation action of G' on the finite set N/NP°
and as such is an open normal subgroup of G containing N.

10.4. Another special case. The following proposition reduces to [1,
Proposition 2.2] in the case when AT = 1. The proof is also broadly similar.

Proposition. Let G be a compact p—adic analytic group with p { |AT].
Suppose N is an open normal uniform subgroup of G such that Eq(N) = NAT
and suppose that the centrally primitive idempotent e of kA™ is central in kG.
Then e.kG is prime.

Proof. Let H = NAT. Since N is torsionfree [7, Theorem 4.5], H is
actually isomorphic to the direct product of N and A™. Since H is normal in
G we can write kG as a crossed product of kH with the finite group G = G/H:

kG =kH *G.
Since e € kAT C kH, we can also write e.kG as a crossed product:
e.kG=Rx+G

where R = e.kH is the ring appearing in Proposition 10.1. Let S = eF, N\{0}.
Because kH is a free F,N—module and F,N is a domain, we see that S
consists of regular elements in R. Also, it is G—stable and an Ore set in R
by Proposition 10.2(a). Hence S is actually an Ore set of e.kG consisting of
regular elements by [13, Lemma 37.7], so by Proposition 10.2(b), we have

(e.kG)s = Rs * G = (Dy @r, My(K')) x G.

We will now show that every nontrivial element of G induces an outer auto-
morphism of the ring Rg.

The sets eF, N and e.kA* are stable under the conjugation action of G. Let
g € G and let 8, and 7, denote the automorphisms of Dy and My (k') & e kAT
induced by conjugation by g on eF, N and e.kA™, respectively.

Since Rs = Dy ®r, M;(k'), we see that the action of g on Rg is given by
the automorphism a4 := 3, ® v4. Suppose that o is an inner automorphism
of Rs. Now, by the Skolem-Noether Theorem, v, € Aut(M;(k’)) is inner,
50 B ®1 = a4(1® 'y;l) is an inner automorphism of Rg which stabilizes
Dy ® 1 and fixes 1 @ M (k’). Let 8, ® 1 be given by conjugation by z € Rg.
Then x commutes with every matrix unit in M;(k’) and therefore must lie
in the subring Dy ® 1. Hence, by [1, Proposition 2.1], [N,g] € N?° and
g € Eg(N) = NAT.

Hence every element 1 # g € G induces an outer automorphism on Rg,
which is simple by Lemma 10.2(c). Hence Rg * G is simple by [10, Theorem
7.8.12], so e.kG = R x G is prime, as required. g
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10.5. Now let G be an arbitrary compact p—adic analytic group such
that p { |AT|. By [7, Corollary 8.34], we can find an open normal uniform
subgroup N of G.

Let e be a centrally primitive idempotent of kAt and let f be the corre-
sponding central idempotent in kG; thus f is the sum of the G—conjugates
of e. We have a crossed product decomposition

FhG = fRH+C
where G = G/H and H = NAT =2 N x A*, as in (10.1).

Suppose that we are given a crossed product 7'+ G. Recall [13, §14.4] that
the coefficient ring T is said to be an G—prime if whenever A, B are G —stable
ideals of T' with AB = 0, then either A =0 or B = 0.

Lemma. The coefficient ring f.kH appearing in the crossed product
fkG = fEkH+xG
is G—prime.

Proof. Write f =e;+...4+ e, as a sum of centrally primitive idempotents
of kAT and let R = e.kH where ¢ = e;, say. Suppose A, B are nonzero
G—stable ideals of f.kH. Then A Ne;f.kH # 0 for some i. Since G acts
transitively on the e;’s by construction and since A is G—stable, we see that
AN R #0. Similarly BN R # 0. But R is prime by Proposition 10.1(b), so
(AN R)(BNR) # 0. Hence AB # 0 and the result follows. O

10.6. Recall the following useful fact from [1, 2.2(3)]:

(11) if H is a subgroup of G of finite index, then AT (H) < AT(G).

It follows immediately that AT (H) = AT(G) for any open subgroup H of G
containing A*(G).
Proof of Theorem 9.2. Keeping the notation of (10.5), we have to show
that the crossed product
fkG = fkH G
is prime. We know from Lemma 10.5 that f.kH is G—prime. Let
Q=(f—ekH=e.kH® - @ ey.kH,

this is a minimal prime ideal of f.kH by Proposition 10.1(b).

Let Gg/H = Stabg(Q); since H centralizes the idempotent e, it is easy to
see that G = Stabg(e). By [13, Corollary 14.8], f.kH * G is prime if and
only if (f.kH/Q)*Gq = e.kH x Gg = e.kGg is prime.

Note that AT(Gg) = AT by (11) because G is an open subgroup of G
containing A*. We can therefore replace G by G¢ and assume that f = e is
central in GG. In this case we have a crossed product decomposition

e.kG =ekH x G
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where the coefficient ring e.kH is prime by Proposition 10.1(b).
Now let I be a prime (possibly equal to p) and let K;/H be a Sylow
|—subgroup of G = G/H. Then

ekK, =ekHx K|

is a sub-crossed product and it is sufficient to show that e.kK; is prime for
any prime [ by [13, Theorem 17.5]. Also, note that AT(K;) = AT for any I,
by (11).

Suppose first that [ # p. If L is a Sylow [—subgroup of Ek, (), then the
conjugation action of L on N gives rise to an injection

L/CL(N) =T = {p e Aut(N) : [N, ¢] C NP}

But T is a pro-p group by [7, Theorem 5.2]; since L is an [—group and [ # p,
we see that L = C(N), so [N, L] = 1. Hence every element of L has open
centralizer in G, so L C At C H. Since K;/H is an [—group by assumption,
we have shown that Ex,(N) = H and the result follows from Proposition
10.4.

Finally, suppose that | = p and let K = K,,, so that K/H is a p—group.
Let P be a maximal open normal uniform subgroup of K containing N. We
claim that Ex(P) = PA™T; clearly PAY < Eg(P). Let — : K - K/A*
denote the natural surjection.

Because AT < K, it is easy to verify that Ex(P) = Ex(P). Also, P is a
maximal open normal uniform subgroup of K if and only if P is a maximal

open normal uniform subgroup of K, so for this part of the proof we may
assume that AT = 1. Thus, K is a pro-p group of finite rank with AT(K) =1
and we have to show that Ex(P) = P.

If Ex(P) > P then Ex(P)/P is a nontrivial normal subgroup of the finite
p—group K/P and as such meets the centre of K/P nontrivially. Let zP
be a nontrivial element in this intersection and consider L = (P, x), an open
normal subgroup of K properly containing L. Since L is itself uniform by [1,
Lemma 2.3], this contradicts the maximality of P. Hence Ex(P) = P in this
special case, and Ex(P) = PA™T in general, as required.

The result now follows from Proposition 10.4, with P replacing N. g

11. For which groups G is every block of kG local?

11.1. Theorem 8.2 and Theorem 8.4 stimulate interest in those compact
p—adic analytic groups G with the property that rk Ko(kG) = rk Ko(Q(kG)).
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If G is such that p { |[AT], these two numbers are equal if and only if every
block of kG is local by Proposition 9.4.

11.2. p—nilpotent groups. Recall that a finite group G is said to be
p—nilpotent if a Sylow p—subgroup of G has a normal complement. It is well
known that any subgroup and any quotient of a p—nilpotent group is again
p—nilpotent.

Following [1, 1.5] we will denote the largest finite normal p’—subgroup
of G by A;‘, (G). We will say that a compact p—adic analytic group G is
p—nilpotent if G/ A;;,(G) is pro-p; it is clear that this extends the usual notion
of p—nilpotence.

Write AT = A*(G) as in (9.1). If G is such that p { [A*], then AF(G) =
AT, so in this case G is p—nilpotent if and only if it is a semidirect product
of AT with a Sylow pro—p subgroup of G.

11.3. We collect together some useful inequalities.

Lemma. Let N be an open normal pro-p subgroup of G. Then

b(kG) < bKIG/N]) < tk(Ko(K[G/N])) = 1k(Ko(kG)).

Proof. In view of Proposition 2.7 and Corollary 3.3, it is sufficient to prove
the first inequality. Suppose e is an idempotent of kG contained in the Jacob-
son radical J(kG). Then 1—e is invertible, but e(1—e) = 0so e = 0. By Propo-
sition 3.3(a), the kernel of the natural map 7 : kG — k[G/N] is contained in
J(kG) so the image of any nonzero idempotent in kG is nonzero in k[G/N].
Now, if 1 = e; + - -+ e, is a decomposition of 1 € kG into a sum of r nonzero
orthogonal centrally primitive idempotents, then 1 = 7(e1) +--- + 7(e,) is a
decomposition of 1 € k[G/N] into r nonzero orthogonal central idempotents,
so r = b(kG) < b(k[G/N]) as required. O

11.4. Our main result in this section is the following;:

Theorem. The following are equivalent for a compact p—adic analytic
group G:

(a) every block of kG is local,

(b) every block of k|G /N] is local, for every open normal pro-p subgroup N,
(¢) G/N is p—nilpotent for every open normal pro-p subgroup N,

(d) G is p—nilpotent.

Proof. We will use Proposition 2.7 in what follows without further mention.

(a) = (b). This follows from Lemma 11.3.

(b) = (a). From Lemma 11.3 we have

b(kG) < b(K[G/N]) = rk(Ko(k[G/N])) = rk(Ko(kG)) =7, say,

for every open normal pro-p subgroup N of G. Let N; < Ns be two such
subgroups and let 7 : k[G/N1] — k[G/Ns] be the canonical projection. If 1 =
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e1+---+e, is a decomposition of 1 into nonzero orthogonal centrally primitive
idempotents in k[G/Ny], then 1 = 7w(e1) + -+ + w(e,) is a decomposition
of 1 into nonzero orthogonal central idempotents in k[G/Nz]. Because r =
b(k[G/N1]) = b(k|G/Nz]), we see that each 7(e;) must be centrally primitive.
This shows that we can “lift” primitive central idempotents modulo smaller
and smaller open normal subgroups N. Using the definition of kG as the
inverse limit of the various k[G/N], we obtain r nonzero orthogonal central
idempotents of kG. Hence b(kG) > r and (a) follows.

(b) © (c). This follows directly from [12, Theorem 1]. A more modern
treatment of (b) = (c¢) can be found at [9, Theorem 29.1] - a careful in-
spection of the proof shows that the hypothesis that the underlying field be
algebraically closed is unnecessary for this part of the proof presented there.
We have so far been unable to find a more modern reference for the whole
result.

(¢c) = (d). Without loss of generality, we may assume that A;;,(G) =1
Choose an open normal uniform subgroup N of G. Then NNA™T =150 A% is
isomorphic to a subgroup of the p—nilpotent group G/N. Hence AT is itself
p—nilpotent. Since A;, (G) = 1, we see that AT is a p—group. Now G is a
pro-p group by [1, Proposition 3.7] and is therefore p—nilpotent, as required.

(d) = (c). This is easy. O

11.5. A summary of results involving p—nilpotence.

Theorem. Let G be a compact p—adic analytic group with no elements of
order p. Then the following conditions are equivalent:

(a) éExp =1 for all M €C (8.1),
(b) x(G,M) =1 for all M €C,
(¢c) x(G,M) € Z for all M € M(kG),
(d) tk Ko(kG) = rk Ko(Q(kG)),
(e) every block of kG is local,
(f) G is p—nilpotent (11.2).
Proof. Apply Theorems 8.2, 8.4, 11.4 and Proposition 9.4. g

12. Ranks of Ky(kG) and K, (Q(kG))

12.1. We are able to explicitly compute the rank of Ky(kG), as well as
the rank of Ko(Q(kG)) in the case when p t |AT|. First, we must recall some
well-known results from the modular representation theory of finite groups.
We follow [6, Volume I, §17A, §21B] in our treatment of Brauer characters.

12.2. Galois action. Let H be a finite group and let m = p®m’ be the
exponent of H, where ptm/. Let k' = k(@), where @ is a primitive m/—th
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root of unity over k and let G be the Galois group Gal(k(®)/k). If o € Gy,
then o(@) = @' for some t, € (Z/m’Z)*. This gives an injection o +— t, of
G into (Z/m'Z)*.

We can now define a left permutation action of G on H by setting o.h =
hte. Note that h — o.h is invertible because t, is coprime to |H|. Note also
that this action commutes with any automorphism of H, and in particular
with conjugation by elements of H. Thus G, permutes the conjugacy classes
of H.

12.3. p—regular elements. An element of H is said to be p—regular if
its order is coprime to p. The set of all p—regular elements of H will be
denoted by H,es - this is a union of conjugacy classes of H. It is clear that
the action of Gy leaves H,eg stable.

12.4. Brauer characters. Fix a finite unramified extension K of Q, with
residue field k. Let K’ = K(w), where w is a primitive m’—th root of 1. Then
the ring of integers of K’ is O’ = O[w] where O is the ring of integers of K.
Moreover, reduction modulo p gives an isomorphism of the residue field of K’
with &/, with w mapping to @. Let ¢ : (w) — (@) be the restriction of this
isomorphism to the cyclic group of m/—th roots of unity in K.

Now, if V' is a finite dimensional kH{ —module and h € H,z, the eigenvalues

of the action of h on V are powers of @, {{1,...,&q} say. Define
d
xv(h) =) (&) e K.
i=1

The function xv : Hyeg — K’ is called the Brauer character of V. It has the
following properties:

e \v is a class function; that is xv (¢~ *hg) = xv (h) for all g € H and
for all h € H,eg,

e v = xuv + xw whenever 0 - U — V — W — 0 is a short exact
sequence of finite dimensional kH —modules.

See [6, Volume I, p. 509] for details and proofs.

12.5. Berman-Witt Theorem. Let C(H,cg, K') denote the K’'—vector
space of all K’'—valued class functions on Hycg. The group G acts on this
space via

(f.o)(h) = f(o.h) forall f&C(Hyeg,K'),0€ Gy, he€H.

We will write C(Hyeg, K")9 for the fixed points of G, under this action. Next,
because yy is additive on short exact sequences, we obtain a K’'—linear map

X : K/ ®Z go(k‘H) — C(Hreg7Kl)7
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given by x(A ® [V]) = Axy for all A € K’ and all relevant kH —modules V.
The following result is essentially due to Berman and Witt.
Theorem. x is an isomorphism of K’ ®z Go(kH) onto C(Hyeg, K')%.
Proof. This is a rephrasing of [6, Volume I, Theorem 21.25]. O

Corollary. The number of isomorphism classes of simple kH—modules is
equal to the number of Gi—orbits on the p—regular conjugacy classes of H.

12.6. A G—equivariant version. Now suppose that we have a group
G acting on our finite group H by automorphisms. We will suppose that
this is a left action, and will write 9h for the image of h € H under g € G.
Whenever V is a finite dimensional kH —module, let Vg be the kH—module
whose underlying abelian group is V, but H acts via v.h = v(9h).

This induces a right action of G on Go(kH ) given by [V].g = [V ¢] which per-
mutes the classes of simple modules. There is also a natural right K’—linear
action of G on C(Hyeg, K') given by

(f.9)(h) = f(?h) forall f € C(Hyey,K'),g€ G, heH.

It is now straightforward to verify the following result:

Lemma. The isomorphism X : K' ®z Go(kH) — C(Hyeg, K')9* appearing
i Theorem 12.5 is a map of right K'G—modules.

Taking dimensions of the G—fixed points of both sides, we obtain

Corollary. The number of G—orbits on the set of simple kH—modules
equals the number of G X Gy —orbits on the p—regular conjugacy classes of H.

12.7. We now come to the main result of this section.

Theorem. Let G be a compact p—adic analytic group. Fix an open normal
pro-p subgroup N of G. Then

(a) The rank of Ko(kG) equals the number of G x Gp—orbits on (G /N )reg.
(b) If p 1 |AT], the rank of Ko(Q(kG)) equals the number of G x Gi—orbits
on AT,

Proof. Here G acts on G/N and A1 by conjugation. By Corollary 3.3,
the rank of Ky(kG) is equal to the number of isomorphism classes of simple
k[G/N]—modules, which by Corollary 12.5 is the number of G, —orbits on the
conjugacy classes of (G/N)yeg, or equivalently, the number of G' x G —orbits
on (G/N)ieg. Part (a) follows.

Now, the conjugation action of G on A" gives rise to an action on the blocks
of kAT, and also to an action on the set of simple KA+t —modules described
in (12.6). Let b and s denote the numbers of orbits of G under these actions,
respectively.

Because kAT is semisimple, it is easy to see that b = s.
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By Corollary 12.6, s equals the number of G x Gy —orbits on the p—regular
conjugacy classes of A*. Since p | |[AT| and since G contains AT, this also
equals the number of G x G —orbits on the whole of A™.

On the other hand, b = b(kG) by Corollary 9.2 and b(kG) = rk Ko(Q(kG))
by Proposition 9.4. Part (b) follows. O

12.8. We end with a second proof of a part of Theorem 11.5.

Proposition. Let G be a compact p—adic analytic group with p { |AT].
Then tk Ko (kG) = 1k Ko(Q(kG)) if and only if G is p—nilpotent.

Proof. Let N be an open normal pro-p subgroup of G. Because p { |AT|,
we see that NN AT =1, so A" embeds into G = G/N. It is clear that this
embedding, ¢ say, is a map of G X Gy—spaces.

By Theorem 12.7, the two ranks are equal if and only if Greg = t(AT).
Now, every element x of G can be written as = x,z, where z, is p—regular
and , has order a power of p. This shows that Greg = t(A™) if and only
if every element of G/i(AT) has order a power of p, that is, if and only if
G/NAT is a p—group. This happens if and only if G/A™T is a pro-p group,
as required. O
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