SIMPLIFIED GINZBURG-LANDAU MODELS FOR SUPERCONDUCTIVITY VALID FOR HIGH KAPPA AND HIGH FIELDS

S. J. CHAPMANy, Q. DUz, M. D. GUNZBURGER�, AND J. S. PETERSON�

Abstract. A formal asymptotic expansion is used to simplify the Ginzburg-Landau model of superconductivity in the limit of large values of the Ginzburg-Landau parameter and high applied magnetic field strengths. The convergence of solutions of the full Ginzburg-Landau equations to solutions of the leading order equations in the hierarchy is demonstrated for both boundary value and periodic problems. The results of computational experiments using the full Ginzburg-Landau model and the leading order model are given. These indicate that the simplified model yields solutions that are accurate approximations to solutions of the full model equations even for moderate values of the Ginzburg-Landau parameter.

1. Introduction

Superconductors are largely characterized by the value of the Ginzburg-Landau parameter κ. The recently discovered high critical temperature superconductors are known to have values of κ in excess of 50. Thus, for technological reasons, there is interest in exploring the behavior of superconductors in the limit of large κ. For the same reasons, high magnetic fields are also of interest. Thus, the subject of our study is models of the Ginzburg-Landau type and solutions of these models in the limit of high κ and high applied fields.

The discussion below is in the context of the homogeneous, isotropic Ginzburg- Landau model. Analogous simplifications may be effected in other models for superconductivity such as the anisotropic Ginzburg-Landau and Lawrence-Doniach models for layered high critical temperature superconductors. The latter two models are considered in [8], where part of the discussion is devoted to simplified models that are valid in the high κ, high field regime.

Of course, high values of κ implies that κ > 1/ √ 2 so that we are considering type- II superconductors, one of whose salient characteristics is the appearance quantised tubes of magnetic flux each circled by a vortex of superconducting current. At the core of each vortex the density of superconducting charge carriers vanishes.

The high κ limit has received considerable attention in the literature; see, e.g., [2], [5], [18], [23], [27], and [28]. In most of these studies, the applied field strength was kept fixed, independent of κ. The most striking feature of the superconductor in this regime, i.e., κ → ∞ with fixed field strength, is that the size of the vortex cores becomes increasingly small. Thus, the vortices may often be treated in isolation from each other. For example, in many studies, the order parameter is assumed to have constant modulus equal to the superconducting value and one obains a London equation for the magnetic field with Dirac delta function source terms providing the

yMathematical Institute, University of Oxford, 24-29 St. Giles’, Oxford, OX4 3LB, U.K. zDepartment of Mathematics, Michigan State University, East Lansing, MI 48824, U.S.A. �Interdisciplinary Center for Applied Mathematics and the Department of Mathematics, Vir-

ginia Tech, Blacksburg, VA 24061-0531, U.S.A. 1

2 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

effect of the vortices on the field. Using stretched variables, one can also study the structure of the vortices near the core, but always in isolation from other vortices.

High field strengths have also received substantial attention. For example, almost any book on superconductivity will discuss Abrikosov’s study (see [1] and [21]) of the structure of the vortex state for fields in the vicinity of the upper critical field H_{c2} = √ 2κH_c, where H_c denotes the thermodynamic critical field that is an intrinsic property of superconductors and whose value is independent of κ. In this regime the vortex cores are closely packed. However, simplifications may be effected in this case as a result of the fact that the density of superconducting charge carriers is small, and thus the governing partial differential equations may be linearized about the normal state.

Here, we study simplifications to the Ginzburg-Landau model of superconductivity that may be effected for large κ and large applied field strengths, i.e., fields that are of O(κ). (Note that having the applied field be of O(κ) does not necessarily imply that it is close to the upper critical field H_{c2}; for example, we could have an applied field of strength H_{c2}/2.) In this high κ, high field regime the vortex cores overlap with each other so that they cannot be treated in isolation, while the density of superconducting charge carriers is not necessarily small. Thus, the simplifications that have been introduced in previous studies cannot be effected in the large κ, large field strength regime.

In [14] and [15], computational results were given for the periodic Ginzburg- Landau model of superconductivity. In this case, the physical variables, e.g., the magnetic field, the current, the density of superconducting charge carriers, etc., are all periodic with respect to a lattice in the plane. From these results one could infer that if solutions of the model where appropriately scaled with respect to the Ginzburg-Landau parameter κ, then, for large values of κ, these solutions are very nearly independent of κ. These results leads one to believe that these solutions can be approximated by solutions of a simplified model whose governing equations themselves are invariant with respect to κ.

Here, we perform a formal asymptotic expansion of the Ginzburg-Landau equations as κ → ∞, leading to a hierarchy of simpler systems of partial differential equations from which increasingly accurate approximations to solutions of the full Ginzburg-Landau equations may be obtained. For each system in the hierarchy, the magnetic potential is uncoupled from the corresponding order parameter. (These are the primary dependent variables in the Ginzburg-Landau theory of superconductivity.) Thus, to leading order, the magnetic potential may be determined as the solution of a linear magnetostatics problem, and subsequently, the order parameter may be determined as the solution of a nonlinear elliptic partial differential equation. The higher order corrections to the magnetic potential may also be determined from linear magnetostatics problems while the correponding corrections to the order parameter are solutions of linear elliptic partial differential equations.

We also rigorously show that if solutions of the Ginzburg-Landau model are appropriately scaled, then indeed, as κ → ∞ and if the applied field is of O(κ), these solutions converge to solutions of the leading order equations of the simplified model, thus justifying the formal asymptotics. This program is carried out for both boundary value and periodic situations. We also provide a variety of other analytical results and the results of some numerical experiments which illustrate the accuracy of the leading order terms in the asymptotic expansion in approximating the full Ginzburg-Landau equations.

From a practical point of view, the simplified model is important because it ensuperconductivity for high kappa and high fields 3

ables a substantial reduction in the cost of performing computational simulations of superconducting phenomena in the high-κ, high field regime. We note that solutions of the leading order equations of the simpified model differ from those of the full Ginzburg-Landau model by terms of O(1/κ^2) so that, certainly, for κ ≥ 50, the former are indeed very accurate. In addition, the computational experiments we have performed indicate that solutions of the simplified model are “accurate” approximations to solutions of the full Ginzburg-Landau model even at moderate values of κ, e.g., κ ≈ 5. This observation is discussed in more detail in §7.

We note that the simplification that can be effected in the high κ, high field limit is sometimes referred to as the “mean field decoupling scheme;” see, e.g., [6].

2. The Ginzburg-Landau equations

We begin with a short discussion concerning the well-known Ginzburg-Landau model for superconductivity. For details concerning the material of this section, one may consult [2], [4], [9], [10], [13], [18], [20], [23], [27], or [28].

In [19], Ginzburg and Landau introduced a phenomenological theory of superconductivity based on the minimization of a free energy. Our setting is that of a superconductor occupying the bounded region Ω̃ ⊂ RI^3. The region exterior to the superconductor is denoted by Ω̃_e = RI^3/Ω̃. The applied field is denoted by H̃_e and throughout this paper it is assumed to be a constant vector. The contribution to the free energy in Ω̃ may be expressed in the form

(2.1)

G̃_s(ψ̃, Ã) = ∫ Ω̃ α|ψ̃|2 + β 2 |ψ̃|^4 + 1 2m_s | | | | | ( ih̄ ~∇ + e_sÃ c ) ψ̃ | | | | | 2 dx̃

+ 1 8π ∫ Ω̃ | | | ~∇×Ã − H̃e | | |^2 dx̃ .

(In fact, G̃_s is the difference between the free energy in the superconductor Ω̃ in the presence of the applied field H̃_e and the free energy that would accrue due to that field should the superconductor be absent. Since Ω̃ is finite, it is unimportant whether one uses the free energy itself, or the difference between the free energy and some reference value. For us, it will be more convenient to use the form given above.) Here, ψ̃ is the (complex-valued) order parameter, Ã is the (vector-valued) magnetic potential, α and β are constants (with respect to the space variable x) whose values depend on the temperature, c is the speed of light, e_s and m_s are the charge and mass, respectively, of the superconducting charge-carriers, and 2πh̄ is Planck’s constant.

The region exterior to the superconductor Ω̃_e is of infinite extent. Thus, in order to consider only finite quantities, it is now crucial to consider the difference between the energy in that region in the presence of the superconductor with that should the superconductor be absent. This energy difference is given by

(2.2) G̃_e(Ã) = 1 8π ∫ Ω̃_e

| ~∇×Ã − H̃_e|^2 dx̃ .

The minimization of the total Gibbs free energy G̃_s + G̃_e with respect to ψ̃^∗, the conjugate of ψ̃, and Ã yields the celebrated Ginzburg-Landau equations

(2.3) 1 2m_s ( ih̄ ~∇ + e_s c Ã )_2

ψ̃ + αψ̃ + β|ψ̃|2ψ̃ = 0 in Ω̃ ,

4 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson (2.4) ~∇× ~∇×Ã + 2πie_sh̄ m_sc (ψ̃^∗ ~∇ψ̃ − ψ̃ ~∇ψ̃^∗) + 4πe^2_s m_sc^2

|ψ̃|^2Ã = 0 in Ω̃ , and (2.5) ~∇× ~∇×Ã = 0 in Ω̃_e

along with the boundary conditions

(2.6) n · (ih̄ ~∇ + e_s c Ã)ψ̃ = 0 on Γ̃ ,

(2.7) [Ã × n] = 0 on Γ̃ ,

(2.8) [ ( ~∇×Ã) × n ] = 0 on Γ̃ , and (2.9) ~∇×Ã → H̃_e as |x̃| → ∞ ,

where [·] denotes the jump of the enclosed quantity across Γ̃ and |x̃| is the distance from the origin. The boundary condition (2.6) is the natural boundary condition associated with the minimization, and corresponds to the superconductor being adjacent to a vacuum. We could easily fit more general boundary conditions, e.g., see [10], into our framework. The boundary conditions (2.8) and (2.9) are also natural to the minimization process. The boundary condition (2.7) is not a natural boundary condition and must be imposed on candidate minimizers so that the interface condition [H̃ · n] = 0 is satisfied across Γ̃.

The coefficient α in (2.1) or (2.3) changes sign at the critical temperature T_c, with α < 0 for T < T_c. If the temperature of the sample Ω is lower than T_c, the sample is in the superconducting state; if T > T_c, then the sample is in the normal, i.e., nonsuperconducting, state.

Variables of physical interest may be determined from ψ̃ and Ã. For example, H̃ = ~∇×Ã is the magnetic field, |ψ̃|2 determines the density of superconducting charge carriers, and

J̃ = c 4π ~∇×H̃ = c 4π ~∇× ~∇×Ã = −i e^sh̄ 2m_s (ψ̃^∗ ~∇ψ̃ − ψ̃ ~∇ψ̃^∗) − e^2_s m_sc |ψ̃|^2Ã

is the current in the superconductor.

There are two important length scales associated with changes in the order parameter and the magnetic field. These are the coherence length

ξ = ( − h̄^2 2m_sα )1/2

and the penetration depth λ = ( − m_sβc^2 4παe^2_s )_{1/2} superconductivity for high kappa and high fields 5

which measure distances over which the order parameter and the magnetic field, respectively, undergo appreciable change. The nondimensional ratio κ = λ/ξ is known as the Ginzburg-Landau parameter.

2.1. Non-dimensionalized form

We nondimensionalize lengths with respect to a length scale ℓ. (It is customary to pick ℓ = λ or ℓ = ξ; we will discuss these two choices below.) Magnetic fields are nondimensionalized by √ 2H_c where the critical field H_c = √ 4πα^2/β, the magnetic potential by √ 2ℓH_c, the order parameter by √ −α/β, free energy densities by α^2/β, free energies by α^2ℓ^3/β, and currents by cH_c/(πℓ √ 8). Specifically, we introduce the nondimensional variables x = x̃ ℓ , A = Ã √ 2H_cℓ , ψ = ψ̃ √ −α/β ,

H = H̃ √ 2H_c , and J = J̃ cH_c/(πℓ √ 8) . The region occupied by the superconductor is denoted, in terms of nondimensional variables, by Ω. The region exterior to it is denoted by Ω_e. The interface between Ω and Ω_e is denoted by Γ.

The nondimensional form of the total Gibbs free energy, i.e., the nondimensional form of the sum of (2.1) and (2.2), is then given by

(2.10) G(ψ, A) = ∫ Ω ( 1 2 |ψ|^4 − |ψ|^2 + | | | | ( i ξ ℓ ∇ + ℓ λ A ) ψ | | | | 2) dx + ∫ Ω |∇ × A − H_e|^2 dx + ∫ Ω_e

|∇ × A − H_e|^2 dx .

The nondimensionalized counterparts to the Ginzburg-Landau equations and boundary conditions (2.3)-(2.9) are given by

(2.12) ( i ξ ℓ ∇ + ℓ λ A )_2

ψ − ψ + |ψ|^2ψ = 0 in Ω ,

(2.13) ∇ × ∇ × A + i 2 ξ λ (ψ^∗∇ψ − ψ∇ψ^∗) + ( ℓ λ )_2

|ψ|^2A = 0 in Ω ,

(2.14) ∇ × ∇ × A = 0 in Ω_e ,

(2.15) n · ( i ξ ℓ ∇ + ℓ λ A ) ψ = 0 on Γ ,

(2.16) [A × n] = 0 on Γ ,

6 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

(2.17) [(∇ × A) × n] = 0 on Γ , and (2.18) ∇ × A → H_e as |x| → ∞ .

In nondimensional form, we have that the density of superconducting charge carriers is given by |ψ|^2, the magnetic field by H = ∇ × A, and the current in the superconductor by

(2.19) J = ∇ × H = (∇ × ∇ × A) = − i 2 ξ λ (ψ^∗∇ψ − ψ∇ψ^∗) − ( ℓ λ )_2 |ψ|^2A .

3. Simplified equations in the high-κ limit

We now wish to study the Ginzburg-Landau model in the limit of large κ. This limit is of interest since it is known that the value of κ for high-T_c superconductors is large. (Of course, the Ginzburg-Landau model discussed here is not necessarily relevant to high-T_c layered superconductors. However, the results of this paper may be easily extended to models for layered superconductors such as the anisotropic Ginzburg-Landau and Lawrence-Doniach models; see [8].)

The limiting behavior of the Ginzburg-Landau equations as κ → ∞ depends very much on the density of vortices. If the vortices are separated by distances O(λ), then the choice ℓ = λ is natural, so that the sample size remains fixed on the scale of the penetration depth, and the coherence length becomes small. This limit, which has been studied by various authors, is singular in the sense that the order of the governing partial differential equations is reduced in the limit of κ → ∞. In fact in the outer region, i.e., away from vortex cores, the order parameter has constant modulus equal to the superconducting value, i.e., |ψ| = 1 in nondimensional variables, and the magnetic field satisfies the London equation with Dirac delta function source terms providing the effect of the vortices. Appropriate equations in the inner region, i.e., near the core of the vortices, may be obtained. The strength of the magnetic field in this regime is o(1).

Here, we are interested in much larger magnetic field strengths, and therefore much greater vortex densities. In particular we take the vortices to be separated by distances O(ξ), and magnetic field strangths to be O(κ). Then we must choose the lengthscale ℓ = ξ. Thus, now the sample size remains fixed on the scale of coherence length, but the penetration depth becomes large with respect to the sample size. This limit is regular in the sense that there is no loss in the order of the governing partial differential equations as κ → ∞.

With ℓ = ξ, the nondimensional Ginzburg-Landau system (2.12)-(2.19) becomes

(3.1) ( i∇ + 1 κ A )_2 ψ − ψ + |ψ|^2ψ = 0 in Ω ,

(3.2) ∇ × ∇ × A + i 2κ (ψ^∗∇ψ − ψ∇ψ^∗) + ( 1 κ^2 ) |ψ|^2A = 0 in Ω , superconductivity for high kappa and high fields 7 (3.3) ∇ × ∇ × A = 0 in Ω_e ,

(3.4) n · ( i∇ + 1 κ A ) ψ = 0 on Γ ,

(3.5) [A × n] = 0 on Γ ,

(3.6) [(∇ × A) × n] = 0 on Γ ,

(3.7) ∇ × A → H_e as |x| → ∞ , and (3.8) J = − i 2κ (ψ^∗∇ψ − ψ∇ψ^∗) − 1 κ^2 |ψ|^2A . Let H_e = κH_0, where H_0 is independent of κ. We formally expand all variables in powers of κ: (3.9) ψ = ∑ j=0 1 κ^{2j} ψ_j , A = κ ∑ j=0 1 κ^{2j} A_j , and J = κ ∑ j=0 1 κ^{2j} J_j .

Substituting the expansions (3.9) into (3.1)-(3.8) and equating powers of κ yields, to leading order, the system for A_0:

(3.10) ∇ × ∇ × A_0 = J_0 = 0 in Ω and Ω_e ,

(3.11) [A_0 × n] = 0 on Γ ,

(3.12) [(∇ × A_0) × n] = 0 on Γ , and (3.13) ∇ × A_0 → H_0 as |x| → ∞ and the system for ψ_0:

(3.14) (i∇ + A_0)^2 ψ_0 − ψ_0 + |ψ_0|^2ψ_0 = 0 in Ω , and (3.15) n · (i∇ + A_0) ψ_0 = 0 on Γ .

We have re-ordered the equations in the leading order system (3.10)-(3.15) in order to highlight the decoupling of the magnetic potential and the order parameter. In fact, (3.10)-(3.13) simply describes the potential of the normal state (ψ ≡ 0), and is easily solved. For example if the external field is aligned with the z-axis, i.e., H_0 = (0, 0, H_0),

8 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson then A_0 = H_0(0, x, 0) is a solution of (3.10)-(3.13). Once A_0 has been determined from (3.10)-(3.13), (3.14) and (3.15) may be used to determine ψ_0.

Proceeding to the next order in equations (3.1)-(3.8) with ψ, A and J given by (3.9), we find that A_1 may be determined from (3.16) ∇ × ∇ × A_1 = J_1 = − i 2 (ψ^∗_0 ∇ψ_0 − ψ_0∇ψ^∗_0) − |ψ_0|^2A_0 in Ω ,

(3.17) ∇ × ∇ × A_1 = 0 in Ω_e ,

(3.18) [A_1 × n] = 0 on Γ ,

(3.19) [(∇ × A_1) × n] = 0 on Γ , and (3.20) ∇ × A_1 → 0 as |x| → ∞ and that then ψ_1 may be determined from

(3.21)

(i∇ + A_0)^2 ψ_1 − ψ_1 + 2|ψ_0|^2ψ_1 + ψ^2_0ψ^∗_1 = − (i∇ + A_0) · (ψ_0A_1) − A_1 · (i∇ + A_0) ψ_0 in Ω and (3.22) n · (i∇ + A_0) ψ_1 = −ψ_0(A_1 · n) on Γ .

Since the right-hand side of (3.16) is known, (3.16)-(3.20) corresponds to the problem of determining the vector potential due to a body carrying a specified current distribution J_1. Well-known methods of magnetostatics are available for its solution. However, by the Fredholm Alternative, we see that there will only exist a solution A_1 if a certain solvability condition is satisfied, since the homogeneous version of (3.16)- (3.20) has the non-trivial solution A_1 = constant. Indeed, integrating (3.16) over Ω yields ∫ Ω J_1 dV = ∫ Ω ∇ × ∇ × A_1 dV = ∫ ∂Ω (∇ × A_1) × n dV = − ∫ Ω_e

∇ × ∇ × A_1 dV = 0.

Thus there is a solution A_1 if and only if (3.23) ∫ Ω J_1 dV = 0.

However, we expect (3.10)-(3.15) to give only distinct solutions, so that there are no parameters in ψ_0 and A_0 that we can adjust in order to satisfy (3.23). Thus (3.23) must be satisfied automatically by the leading order solution if our asymptotic superconductivity for high kappa and high fields 9

expansion is valid. Fortunately, this is the case. The condition (3.23) is exactly the condition that the free energy should be minimized with respect to constants in the magnetic potential. However, because of the gauge invariant property of the free energy (see Section 4), this is equivalent to minimising the free energy with respect to linear functions in the phase of the order parameter. Since these are contained in our class of test functions, (3.23) must actually follow from (3.14) and (3.15). In one dimension, however, things are slightly different, and the solvability condition is not automatically satisfied. We consider this case separately in the next section.

Having found A_1 from (3.16)-(3.20), ψ_1 may be determined from the inhomogeneous linear system (3.21)-(3.22).

In a similar manner, one may proceed to develop equations that determine the higher-order terms in the expansions (3.9). The simplification due to the decoupling of the problems for the vector potential and the order parameter is evident. At each stage the equations for the vector potential are reduced to standard problems in linear magnetostatics, namely, determining the vector potential due to a body carrying specified current distributions, or in the case of A_0, determining the vector potential due to a body placed in a uniform external field. The only nonlinear problem left to solve is (3.14)-(3.15) for ψ_0, since the equations for the higher-order terms in ψ will all be linear, e.g., (3.21)-(3.22) for ψ_1. Moreover, for all ψ_j , j ≥ 1, the differential operator is the same, i.e., that given in (3.21)-(3.22), and only the right-hand sides change with j.

3.1. One-dimensional Equations

We take the domain Ω to be given by −d < x < d, and the magnetic field to be directed in the z-direction. Then we may take the magnetic potential to be directed in the y-direction, A = (0, A, 0). We seek a one-dimensional solution of the form A = A(x), ψ = f(x)e^{−icy}, where f may be taken to be real. Then, equations (3.1)-(3.8) become

(3.24) f^{′′} = f^3 − f + f ( A κ + c )_2 ,

(3.25) A^{′′} = f^2 κ ( A κ + c ) , with boundary conditions

(3.26) f^′(±d) = 0,

(3.27) A^′(±d) = κH_0,

where ′ ≡ d/dx. Clearly, any constant in A may be absorbed into c, so that we may fix the gauge by requiring that A(0) = 0. Formally expanding in powers of κ, ψ = ∑ j=0 1 κ^{2j} ψ_j , A = κ ∑ j=0 1 κ^{2j} A_j , and c = κ ∑ j=0 1 κ^{2j} c_j ,

10 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

substituting into (3.24)-(3.27), and equating powers of κ yields at leading order

(3.28) f^{′′}_0 = f^3_0 − f_0 + f_0 (A_0 + c_0)^2 ,

(3.29) A^{′′}_0 = 0,

(3.30) f^′_0(±d) = 0,

(3.31) A^′_0(±d) = H_0, A_0(0) = 0.

Hence A_0 = H_0x/d. Then, for each c_0, (3.28) and (3.30) determine f_0; c_0 is undetermined at leading order. Proceeding to the next order in (3.24)-(3.27) we find

(3.32) f^{′′}_1 = 3f^2_0 f_1 − f_1 + f_1 ( H_0x d + c_0

)_2 + 2f_0 ( H_0x d + c_0 ) (A_1 + c_1) ,

(3.33) A^{′′}_1 = f^2_0 ( H_0x d + c_0 ) ,

(3.34) f^′_0(±d) = 0,

(3.35) A^′_0(±d) = 0, A_0(0) = 0.

Integrating (3.33) from −d to d, using (3.35), gives the solvability condition (3.23) as

(3.36) ∫_d −d f^2_0 ( H_0x d + c_0 ) dx = 0. This is the equation that determines c_0. Having determined c_0, (3.33) and (3.35) give a unique solution for A_1. Then for each c_1, (3.32) and (3.34) can be solved for f_1. As before, c_1 is undetermined at this order, but will be determined by a solvability condition for the second order terms.

Thus we see that in one dimension the solvability condition (3.23) is not automatically satisfied by the solution of (3.24), (3.26) , but is necessary in order to determine the constant c. The reason for this difference between one dimension and more dimensions is as follows. We have already mentioned that (3.36) follows from minimizing the free energy with respect to constants in the potential A. Since constants in A can be absorbed into c, this is the same as minimizing the free energy with respect to c, or linear functions of y in the phase of ψ. However, in one dimension, such functions are not contained in the class of test functions used in deriving (3.24) and (3.26), so that this condition is not automatically satisfied by the solution of (3.24), (3.26), but is an extra constraint.

superconductivity for high kappa and high fields 11

4. Existence of minimizers

We now explore some of the notions discussed in §2. Specifically, we briefly consider the question of the existence of minimizers of the functional (2.10) and some elementary properties possessed by such minimizers.

Before continuing, we introduce some notation that will be used below. Throughout, for any non-negative integer k and domain D ⊂ RI^n, n = 2 or 3, H^k(D) will denote the Sobolev space of real-valued functions having square integrable derivatives of order up to k. The corresponding spaces of complex-valued functions, each of whose real and imaginary parts belong to H^k(D), will be denoted by H^k(D). Corresponding spaces of vector-valued functions, each of whose components belong to H^k(D), will be denoted by H^k(D), i.e., H^k(D) = [H^k(D)]^n. Norms of functions belonging to H^k(D), H^k(D), and H^k(D) will all be denoted, without any possible ambiguity, by ‖ · ‖_{k,D} or ‖ · ‖_k. The latter notation will be used when there is no chance of confusion. We use H̆1( RI 3) to denote the completion of C∞_0 ( RI 3) under the norm

‖Q‖^2_∗ = ∫ RI 3 |∇Q|^2 dx . For details concerning these spaces, one may consult [3]. We will also use the subspaces

H^1_n( RI^3) = { Q ∈ H̆^1( RI^3) : Q|_Ω ∈ H^1(Ω) , Q · n = 0 on Γ } , and H^1_n(div ; RI^3) = { Q ∈ H^1_n( RI^3) : ∇ · Q = 0 in RI^3 } .

A similar notational convention applies to the Lebesgue spaces L^p(D), L^p(D), and L^p(D).

Since ∇ × A → H_e as |x| → ∞, it is clear that A does not have finite H̆^1( RI^3)- norm. Thus, choosing A_e so that ∇ × A_e = H_e in all of RI^3, we let A = Â + A_e. (For example, if H_e = (0, 0, H_e), we could choose A_e = H_e(0, x, 0).) With ξ = ℓ and A = Â + A_e the functional (2.10) reduces to

(4.1) G(ψ, Â) = ∫ Ω ( 1 2 |ψ|^4 − |ψ|^2 + | | | | ( i∇ + 1 κ (Â + A_e) ) ψ | | | | 2) dx + ∫ Ω | | |∇ × Â | | |^2 dx + ∫ Ω_e |∇ × Â|^2 dx . The functional (4.1) has an important property, namely, gauge invariance. To be specific, for any ϕ ∈ H^2( RI^3), let the linear transformation G_ϕ be defined by: for all (ψ, Â) and (ζ, Q) ∈ H^1(Ω) × H̆^1( RI^3)

(ζ, Q) = G_ϕ(ψ, Â) if ζ = ψe^{iϕ} ∀ x ∈ Ω and Q = Â + κ∇ϕ ∀ x ∈ RI^3 .

Then, we have:

Definition 4.1. (ψ, Â) and (ζ, Q) are said to be gauge equivalent if and only if there exists a function ϕ ∈ H^2(Ω) such that (ζ, Q) = G_ϕ(ψ, Â).

Proposition 4.2. For all ϕ ∈ H^2( RI^3) and for all (ψ, Â) ∈ H^1(Ω) × H̆^1( RI^3), G(ψ, Â) = G(G_ϕ(ψ, Â)), i.e., the functional G of (4.1) is invariant under the gauge transformation G_ϕ.

12 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

Lemma 4.3. Any (ζ, Q) ∈ H^1(Ω) × H̆^1( RI^3) is gauge equivalent to an element of H^1(Ω) × H^1_n(div ; RI^3) .

For proofs of the above results, and for the other results of this section, one may consult [13].

For convenience the functional (4.1) is often modified into

(4.2) F(ψ, Â) = G(ψ, Â) + ∫ Ω |∇ · Â|^2 dx + ∫ Ω_e |∇ · Â|^2 dx . One may then show that:

Theorem 4.4. G has a least one minimizer belonging to H^1(Ω) × H̆^1( RI^3) and F has a least one minimizer belonging to H^1(Ω) × H^1_n( RI^3). Moreover, min H1(Ω)×H̆1( RI 3)

G = min

H1(Ω)×H1_n( RI 3)

F = min

H1(Ω)×H1_n(div ; RI 3) G . Thus, the inclusion of the additional terms in F allows one to look for minimizers in a space of vector potentials that is not required to be solenoidal. This, for example, can greatly simplify numerical calculations.

Solutions of the (nondimensional) Ginzburg-Landau equations satisfy the following maximum principle.

Proposition 4.5. If (ψ, Â) is a solution of the Ginzburg-Landau equations (3.1)- (3.7), then |ψ| ≤ 1 almost everywhere.

5. Convergence to leading order solution

We now examine in more detail the relation between solutions of the Ginzburg- Landau equations (3.1)-(3.7), as κ → ∞, and solutions of the leading order equations (3.10)-(3.15).

As was noted above, we assume that H_e = κH_0, where H_0 is independent of κ so that the applied field H_e is of O(κ). Again, such values of the applied field are of interest since, for technological reasons, one is interested in large fields. We may then also set A_e = κA_0.

Let ϵ = 1/κ, Â = κÂ_ϵ, and A_e = κA_0 so that A = κ(Â_ϵ + A_0). Then, we have from (3.1)-(3.7), for any ϵ > 0,

(5.1) (i∇ + Â_ϵ + A_0)^2ψ_ϵ − ψ_ϵ + |ψ_ϵ|^2ψ_ϵ = 0 in Ω ,

(5.2) −∇ × ∇ × Â_ϵ = ϵ^2 ( i 2 (ψ^∗_ϵ ∇ψ_ϵ − ψ_ϵ∇ψ^∗_ϵ ) + |ψ_ϵ|^2(Â_ϵ + A_0) ) in Ω ,

(5.3) ∇ × ∇ × Â_ϵ = 0 in Ω_e ,

(5.4) n · (i∇ + Â_ϵ + A_0)ψ_ϵ = 0 on Γ ,

(5.5) [Â_ϵ × n] = 0 on Γ , superconductivity for high kappa and high fields 13

(5.6) [ (∇ × Â_ϵ) × n ] = 0 on Γ , and (5.7) ∇ × Â_ϵ → 0 as |x| → ∞ .

As a result of Theorem 4.4, we can invoke the London gauge

(5.8) ∇ · Â_ϵ = 0 in Ω ∪ Ω_e , and (5.9) Â_ϵ · n = 0 on Γ .

Using the current scalings, the functional (4.1) is given by

(5.10)

G_ϵ(ζ, Q) = ∫ Ω ( 1 2 |ζ|^4 − |ζ|^2 + |(i∇ + Q + A_0) ζ|^2 ) dx + 1 ϵ^2 ∫ Ω |∇ × Q|^2 dx + 1 ϵ^2 ∫ Ω_e |∇ × Q|^2 dx . We are interested in solutions of (5.1)-(5.9) that are minimizers of the functional (5.10) over the space H^1(Ω) × H^1_n(div ; RI^3). The system (5.1)-(5.9) has the following weak formulation: seek Â_ϵ ∈ H^1_n(div ; RI^3) and ψ_ϵ ∈ H^1(Ω) such that

(5.11)

∫ Ω ( ∇ × Â_ϵ ) · ∇ × Ã dx + ∫ Ω_e

(∇ × Â_ϵ) · ∇ × Ã dx

= −ϵ^2 ∫ Ω ( |ψ_ϵ|^2(Â_ϵ + A_0) · Ã + ℜ {iψ^∗_ϵ ∇ψ_ϵ} · Ã ) dx ∀ Ã ∈ H^1_n(div ; RI^3) and

(5.12) ∫ Ω ℜ { (i∇ + Â_ϵ + A_0)ψ_ϵ · (−i∇ + Â_ϵ + A_0)ψ̃^∗ } dx + ∫ Ω (|ψ_ϵ|^2 − 1)ℜ { ψ_ϵψ̃^∗ } dx = 0 ∀ ψ̃ ∈ H^1(Ω) .

Of course, (5.11) and (5.12) are the necessary conditions for (ψ_ϵ, Â_ϵ) to be minimizers of the functional G_ϵ of (5.10).

We begin our investigation of the behavior of solutions as κ → ∞, or equivalently as ϵ → 0, by considering some uniform estimates for (ψ_ϵ, Â_ϵ). First, we have the following lemma.

Lemma 5.1. For any ϵ > 0, let (ψ_ϵ, Â_ϵ) ∈ H^1(Ω) × H^1_n(div ; RI^3) be a minimizer of the functional G_ϵ given in (5.10). Then,

G_ϵ(ψ_ϵ, Â_ϵ) ≤ 0 .

14 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

Proof. In (5.10), set ζ = 0 and Q = 0. Then, G_ϵ(0, 0) = 0. The result then follows since (ψ_ϵ, Â_ϵ) is a minimizer of G_ϵ.

One can easily deduce the following result.

Lemma 5.2. For ϵ > 0, (ψ_ϵ, Â_ϵ) is uniformly bounded in H^1(Ω) × H^1_n(div ; RI^3).

One easily then has that there exists a sequence ϵ_k → 0, such that the sequence of corresponding solutions {(ψ_{ϵk} , Â_{ϵk} )} converges weakly to some element (ψ_0, Â_0) in H^1(Ω) × H^1n(div ; RI^3), and consequently, since all the nonlinearities appear in the bounded region Ω, we have the following result.

Corollary 5.3. For any p such that 1 ≤ p ≤ 6 and for any bounded region D ∈ RI^3,

lim_{ϵk→0} ‖ψ_{ϵk} − ψ_0‖_Lp_{(Ω)} = 0 and lim_{ϵk→0} ‖Â_{ϵk} − A_0‖_Lp_{(D)} = 0 .

The above result implies almost everywhere convergence in the domain Ω; thus, in the weak formulation (5.11)-(5.12), we can pass to the limit and obtain the following weak formulation for the weak limit (ψ_0, Â_0): seek Â_0 ∈ H^1_n(div ; RI^3) and ψ_0 ∈ H^1(Ω) such that

(5.13) ∫ Ω ( ∇ × Â_0 ) · ∇ × Ã dx + ∫ Ω_e

(∇ × Â_0) · ∇ × Ã dx = 0 ∀ Ã ∈ H^1_n(div ; RI^3) and

(5.14) ∫ Ω ℜ { (i∇ + Â_0 + A_0)ψ_0 · (−i∇ + Â_0 + A_0)ψ̃^∗ } dx + ∫ Ω (|ψ_0|^2 − 1)ℜ { ψ_0ψ̃^∗ } dx = 0 ∀ ψ̃ ∈ H^1(Ω) .

One easily finds that (5.13) is a weak formulation of

(5.15) ∇ × ∇ × Â_0 = 0 in Ω and Ω_e ,

(5.16) [Â_0 × n] = 0 on Γ ,

(5.17) [ (∇ × Â_0) × n ] = 0 on Γ , and (5.18) ∇ × Â_0 → 0 as |x| → ∞ .

Similarly, one finds that (5.14) is a weak formulation of

(5.19) (i∇ + Â_0 + A_0)^2ψ_0 − ψ_0 + |ψ_0|^2ψ_0 = 0 in Ω , superconductivity for high kappa and high fields 15 and (5.20) n · (i∇ + Â_0 + A_0)ψ_0 = 0 on Γ .

Clearly, Â_0 = 0 satisfies (5.15)-(5.18). Then, we see that (5.18)-(5.19) are identical to the leading order equations (3.14)-(3.15). Thus, since as ϵ → 0, A_ϵ = κ(Â_ϵ + A_0) → κA_0 and ψ_ϵ → ψ_0, we see that the limit function (ψ_0, A_0) satisfies the leading order equations (3.10)-(3.15).

Using standard techniques and the weak formulations, we deduce the strong convergence of the subsequence.

Lemma 5.4. Any convergent subsequence of (ψ_ϵ, Â_ϵ) converges strongly to a solution (ψ_0, Â_0) in H^1(Ω) × H^1n(div ; RI^3).

Proof. For simplicity, we denote the subsequence by {(ψ_ϵ, Â_ϵ)}. Setting Ã = Â_ϵ in (5.11) we have that ∫ Ω | | |∇ × Âϵ | | |^2 dx + ∫ Ω_e | | |∇ × Âϵ | | |^2 dx

= −ϵ^2 ∫ Ω ( |ψ_ϵ|^2(Â_ϵ + A_0) + ℜ {iψ^∗_ϵ ∇ψ_ϵ} ) · Â_ϵ dx .

Letting ϵ → 0, then, the uniform bound for (ψ_ϵ, Â_ϵ) and the Sobolev imbedding lemma yield lim_{ϵ→0} ‖∇ × Â_ϵ‖_0 = 0 .

Since div Â_ϵ = 0, it follows that

lim_{ϵ→0} ‖Â_ϵ‖_∗ = 0 .

By Corollary 5.3, we get that lim_{ϵ→0} ‖Â_ϵ‖_{1,Ω} = 0 .

Similarly, setting ψ̃ = ψ_ϵ − ψ_0 in (5.12) and (5.14), we have ∫ Ω ℜ { (i∇ + Â_ϵ + A_0)ψ_ϵ · (−i∇ + Â_ϵ + A_0)(ψ_ϵ − ψ_0)^∗ } dx + ∫ Ω (|ψ_ϵ|^2 − 1)ℜ {ψ_ϵ(ψ_ϵ − ψ_0)^∗} dx = 0

and ∫ Ω ℜ { (i∇ + Â_0 + A_0)ψ_0 · (−i∇ + Â_0 + A_0)(ψ_ϵ − ψ_0)^∗ } dx + ∫ Ω ℜ {(|ψ_0|^2 − 1)ψ_0 · (ψ_ϵ − ψ_0)^∗} dx = 0 .

Subtracting these results yields ∫ Ω |∇(ψ_ϵ − ψ_0)|^2 dx = −ℜ ∫ Ω (|Â_ϵ + A_0|^2ψ_ϵ − |Â_0 + A_0|^2ψ_0)(ψ_ϵ − ψ_0)^∗ dx − 2ℜ ∫ Ω i ( ∇ψ_ϵ · (Â_ϵ + A_0) − ∇ψ_0 · (Â_0 + A_0) ) (ψ_ϵ − ψ_0)^∗ dx − ℜ ∫ Ω (|ψ_ϵ|^2 − 1)ψ_ϵ(ψ_ϵ − ψ_0)^∗ dx + ℜ ∫ Ω (|ψ_0|^2 − 1)ψ_0(ψ_ϵ − ψ_0)^∗ dx .

16 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

Letting ϵ → 0, then, the weak convergence and the almost everywhere convergence of the appropriate sequences and the Sobolev imbedding lemma yield

lim_{ϵ→0} ‖∇(ψ_ϵ − ψ_0)‖_0 = 0 .

The strong convergence now follows.

In summary, we have shown that as κ → ∞, solutions of (5.1)-(5.7) that are minimizers of (5.10) converge strongly in H^1(Ω) × H^1_n(div ; RI^3) to solutions of the leading order equations (5.15)-(5-20). Equivalently, we have shown that as κ → ∞, solutions of the Ginzburg-Landau equations (3.1)-(3.7) converge to solutions of the leading order equations (3.10)-(3.15). (It can actually be shown that the convergence is quadratic, i.e., that Â_ϵ = O(ϵ^2) = O(κ^{−2}) and ψ_ϵ − ψ_0 = O(ϵ^2) = O(κ^{−2}) as κ → ∞. This provides partial justification for the expansions (3.9) in terms of powers of 1/κ^2.)

We can also prove some additional results. For any ψ ∈ H^1(Ω), let

G_0(ψ) = ∫ Ω ( 1 2 |ψ|^4 − |ψ|^2 + |(i∇ + A_0) ψ|^2 ) dx . We then have the following results.

Proposition 5.5. lim_{ϵ→0} G_ϵ(ψ_ϵ, Â_ϵ) = G_0(ψ_0) .

Proof. Using the strong convergence in H^1(Ω)×H^1_n(div ; Ω) of (ψ_ϵ, Â_ϵ) to (ψ_0, 0), we easily deduce that

lim_{ϵ→0} ∫ Ω ( 1 2 |ψ_ϵ|^4 − |ψ_ϵ|^2 + | | ( i∇ + Â_ϵ + A_0 ) ψ_ϵ | |^2 ) dx = G_0(ψ_0) .

Setting Ã = Â_ϵ in (5.11), we have 1 ϵ^2 ∫ Ω |∇ × Â_ϵ|^2 dx = − ∫ Ω ( |ψ_ϵ|^2(Â_ϵ + A_0) · Â_ϵ + ℜ {iψ^∗_ϵ ∇ψ_ϵ} · Â_ϵ ) dx so that lim_{ϵ→0} 1 ϵ^2 ∫ Ω |∇ × Â_ϵ|^2 dx = 0 .

This completes the proof.

Proposition 5.6. ψ_0 is a global minimizer of G_0 in H^1(Ω). Proof. Suppose the result is not true. Then, there exists ζ ∈ H^1(Ω) such that

G_0(ζ) < G_0(ψ_0) .

But then, for sufficiently small ϵ,

G_ϵ(ζ, A_0) < G_ϵ(ψ_ϵ, Â_ϵ)

which, of course, is a contradiction.

superconductivity for high kappa and high fields 17

6. Two-dimensional boundary value and periodic value problems

The computational results reported on in [14] and in §7 below deal with twodimensional periodic value and boundary value models, respectively. Thus, in this section, we consider high-κ models in these two settings. Since many of the details are similar to those given above for three-dimensional boundary value problems, our presentation here will be somewhat brief.

6.1. Two-dimensional boundary value problems

It is well-known (see, e.g., [2]), that if the superconductor occupies an infinite cylinder having bounded cross-section Ω and if the applied field H_e is perpendicular to this cross-section, then the field in the region exterior to the cylinder is constant and equal to the applied field. As a result, in forming the Gibbs free energy, we need only consider the bounded region Ω ∈ RI^2. Using the nondimensionalizations of §3, the Ginzburg-Landau equations are given by

(6.1) ( i∇ + 1 κ A )_2

ψ − ψ + |ψ|^2ψ = 0 in Ω ,

(6.2) ∇ × ∇ × A = J = − i 2κ (ψ^∗∇ψ − ψ∇ψ^∗) − ( 1 κ^2 ) |ψ|^2A in Ω ,

(6.3) n · ( i∇ + 1 κ A ) ψ = 0 on Γ , and (6.4) ∇ × A = H_e on Γ .

The nondimensional Gibbs free energy is given by

(6.5) G(ψ, A) = ∫ Ω ( 1 2 |ψ|^4 − |ψ|^2 + | | | | ( i∇ + 1 κ A ) ψ | | | | 2 + |∇ × A − H_e|^2 ) dx . In (6.1)-(6.5) we have adopted the convention that H_e = (0, 0, H_e) and that the curl of a two-component vector may be viewed as a scalar.

On substituting in the expansions (3.9), one easily finds that the equations for the leading order terms are given by

(6.6) ∇ × ∇ × A_0 = J_0 = 0 in Ω and (6.7) ∇ × A_0 = H_0 on Γ

for A_0 and

(6.8) (i∇ + A_0)^2 ψ_0 − ψ_0 + |ψ_0|^2ψ_0 = 0 in Ω

18 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson and (6.9) n · (i∇ + A_0) ψ_0 = 0 on Γ

for ψ_0, where again H_e = κH_0. Note that (6.6) and (6.7) imply that we may choose A_0 such that ∇ × A_0 = H_0.

The next terms in the expansions in (3.9) are determined from

∇ × ∇ × A_1 = J_1 = − i 2 (ψ^∗_0 ∇ψ_0 − ψ_0∇ψ^∗_0 ) − |ψ_0|^2A_0 inΩ and ∇ × A_1 = 0 on Γ

for A_1 and

(i∇ + A_0)^2 ψ_1 − ψ_1 + 2|ψ_0|^2ψ_1 + ψ^2_0ψ^∗_1 = − (i∇ + A_0) · (ψ_0A_1) − A_1 · (i∇ + A_0) ψ_0 in Ω and n · (i∇ + A_0) ψ_1 = −ψ_0(A_1 · n) on Γ

for ψ_1.

All the results of §4, properly restated for the current two-dimensional setting, are still valid; see, e.g., [13]. Likewise, all the results of §5, again properly restated, are also still valid. Indeed, their proofs are somewhat simpler than those given in those sections since one does not have to worry about infinite domains. In particular, if for any ϵ = 1/κ, we let A = κÂ_ϵ it can be rigorously shown that solutions of the Ginzburg-Landau equations for (ψ_ϵ, Â_ϵ), i.e.,

(i∇ + Â_ϵ)^2ψ_ϵ − ψ_ϵ + |ψ_ϵ|^2ψ_ϵ = 0 in Ω ,

−∇ × ∇ × Â_ϵ = ϵ^2 ( i 2 (ψ^∗_ϵ ∇ψ_ϵ − ψ_ϵ∇ψ^∗_ϵ ) + |ψ_ϵ|^2Â_ϵ ) in Ω ,

n · (i∇ + Â_ϵ)ψ_ϵ = 0 on Γ , and ∇ × Â_ϵ = H_0 on Γ

converge, as κ → ∞, to solutions (ψ_0, A_0) of the leading order equations (6.6)-(6.9).

6.2. Two-dimensional periodic value problems

We now consider the case in which the region occupied by the superconductor occupies is infinite in extent. We choose the (x, y)-plane to be perpendicular to the applied field H_e. In this case, it is well-known that the solutions of the Ginzburg- Landau equations are periodic with repect to a lattice in the plane. This model has proved popular in analytical and computational studies of superconductivity; see, e.g., [1], [7], [12], [17], [21], [22], [25], and [26]. Many of the details about the background material of this section may be found in these references and in [14], [15], and [16].

superconductivity for high kappa and high fields 19

Given two arbitrary vectors t_1 and t_2 that span RI^2, we say that a function f(x) is periodic with respect to the lattice determined by t_1 and t_2 if

(6.10) f(x + t_k) = f(x) for k = 1, 2 and ∀ x ∈ RI^2 .

Here, f may be scalar or vector-valued and may be real or complex-valued. The vectors t_k, k = 1, 2, will be referred to as lattice vectors; without loss of generality, we assume that the counter-clockwise angle between t_1 and t_2 is less than π and that t_1 is aligned with the x-axis. For the sake of brevity, we will often refer to functions satisfying (6.10) merely as being periodic. (The most interesting choice of lattice vectors are those for an equilateral triangular lattice.) Given any point P ∈ RI^2, a cell of the lattice with respect to the point P is the open parallelogram Ω_P ⊂ RI^2 having a vertex at P and bounded on two sides by the lattice vectors emanating from P.

Again using the nondimensionalizations of §3, The Gibbs free energy of a lattice cell is given, to within an unimportant constant, by

G(ψ, A) = ∫ Ω_P ( 1 2 |ψ|^4 − |ψ|^2 + | | | ( i∇ + 1 κ A ) ψ | | | 2 + |∇ × A|^2 ) dx .

A basic assumption of the periodic Ginzburg-Landau model for superconductivity concerns the periodic nature of the physical attributes of the superconductor, i.e., the density of superconducting charge carriers, the magnetic field, and the free energy density are periodic with respect to the lattice vectors t_1 and t_2. In terms of the magnetic potential A and order parameter ψ, these infer that (6.11) ∇ × A , |ψ| , and ( ∇ϕ − 1 κ A ) are periodic ,

where ϕ denotes the phase of the order parameter, i.e., ψ = |ψ|e^{iϕ}. The current is also periodic and the value of the Gibbs free energy in a lattice cell is the same for any cell, i.e., it is independent of the choice of the point P. Note that the magnetic potential and order parameter themselves are not assumed to be periodic.

Another assumption concerns the notion of fluxoid quantization. In the present context, we have that (6.12) κB̄|Ω| = 2πn where |Ω| denotes the area of the lattice cell, n is an integer, and B̄ is the average magnetic field over a cell Ω_P , i.e.,

B̄ = 1 |Ω| ∫ Ω_P ∇ × A dx . Note that |Ω| and B̄ are independent of the choice of P. Let A_0 = B̄ 2κ ( −x_2 x_1 ) . and g_k(x) = − B̄ 2κ (x × t_k) , k = 1, 2 .

20 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

Then, if ψ = |ψ|e^{iϕ} and A satisfy (6.11), it can be shown that (ψ, A) is gauge equivalent to (ζ, Q + κA_0) where

|ζ| and |Q| are periodic , ∇ · Q = 0 in Ω , and ω(x + t_k) − ω(x) = g_k(x) , k = 1, 2 ,

where ω denotes the phase of ζ, i.e., ζ = |ζ|e^{iω}. Furthermore, the magnetic field H and the density of superconducting charge carriers N_s may be recovered from ζ and Q through the relations

H = ∇ × A = ∇ × Q + B̄ and N_s = |ψ|^2 = |ζ|^2 .

In terms of ζ and Q, we have the energies F and G defined by F(ζ, Q) =G(ζ, Q) + ∫ Ω_P

(∇ · Q)^2 dx = ∫ Ω_P ( 1 2 |ζ|^4 − |ζ|^2 + | | | | ( i∇ + A_0 + 1 κ Q) ) ζ | | | | 2) dx + ∫ Ω_P ( (∇ · Q)^2 + |∇ × (Q + κA_0)|^2 ) dx .

The model is completely specified by choosing the Ginzburg-Landau parameter κ, the number of fluxoids in a lattice cell n, the position of the point P, the average magnetic field B̄, the direction of the lattice vector t_2 (recall that we have chosen the direction of t_1 to coincide with the x-axis), and the relative magnitudes of the lattice vectors. (The absolute magnitude of the lattice vectors is determined from the above data and the fluxoid quantization condition (6.12)). Note that it is convenient not to specify the external filed H_e, but rather to specify the average field B̄. The applied field H_e may be recovered from the solution A and ψ (or Q and ζ) in various ways. One such method is discussed at the end of this section.

For the periodic model, the Ginzburg-Landau equations corresponding to the minimization of the free energy are given by ∇ × ∇ × Q + 1 κ ℜ { ζ^∗ ( i∇ + A_0 + 1 κ Q ) ζ̂ } = 0 in Ω_P , ( i∇ + A_0 + 1 κ Q )_2

ζ + (|ζ|^2 − 1)ζ = 0 in Ω_P ,

∇ × Q = 0 in Ω_P ,

Q(x + t_k) = Q(x) ∀ x ∈ Γ_k, k = 1, 2 ,

ζ(x + t_k) = ζ(x)e^{igk (x)} ∀ x ∈ Γ_k, k = 1, 2 , ( ∇|ζ| )| |_{x+tk} = ( ∇|ζ| ) |_x ∀ x ∈ Γ_k, k = 1, 2 ,

∇ × Q|_{x+tk} = ∇ × Q|_x ∀ x ∈ Γ_k, k = 1, 2 , superconductivity for high kappa and high fields 21 and |ζ| ( ∇ω − A_0 )| |_{x+tk} = |ζ| ( ∇ω − A_0 )| |_x ∀ x ∈ Γk, k = 1, 2 ,

where ω denotes the phase of ζ. Here, Γ_1 and Γ_2 respectively denote the left and bottom sides of the parallelogram Ω_P .

If we assume that B̄ = κB̂, where B̂ is independent of κ, and introduce expansions for ζ and Q analogous to the ones of ψ and A in (3.9), we have that the leading order term Q_0 satisfies

(6.13) ∇ × ∇ × Q_0 = 0 and ∇ × Q_0 = 0 in Ω_P , and (6.14) Q_0(x + t_k) = Q_0(x) and ∇ × Q_0|_{x+tk} = ∇ × Q_0|_x ∀ x ∈ Γ_k, k = 1, 2 .

These equations imply that Q_0 = 0. Note that then, to leading order, the magnetic potential A = Q + κA_0 is given by A ≈ κA_0. The corresponding equations for the leading order term ζ_0 are given by

(6.15) (i∇ + A_0)^2 ζ_0 + (|ζ_0|^2 − 1)ζ_0 = 0 in Ω_P .

(6.16) ζ_0(x + t_k) = ζ_0(x)e^{igk (x)} ∀ x ∈ Γ_k, k = 1, 2 , and (6.17) ( ∇|ζ_0| )| |_{x+tk} = ( ∇|ζ_0| ) |_x ∀ x ∈ Γ_k, k = 1, 2 .

We see that again (6.13)-(6.14), the equations for Q_0, uncouple from (6.15)-(6.17), the equations for ζ_0. Once it is determined that Q_0 = 0, one may solve (6.15)-(6.17) for ζ_0.

All the results of §4, properly restated for the current periodic setting, are still valid; see, e.g., [16]. Likewise, all the results of §5, again properly restated, are also still valid. In particular, if for any ϵ = 1/κ, we let Q = κQ̂_ϵ it can be rigorously shown that solutions of the Ginzburg-Landau equations for (ζ_ϵ, Q̂_ϵ), i.e.,

−∇ × ∇ × Q̂_ϵ = ϵ^2ℜ { |ζ_ϵ|^2Q̂_ϵ + ζ^∗_ϵ (i∇ + A_0)ζ_ϵ } in Ω_P ,

(i∇ + A_0 + Q̂_ϵ)^2ζ_ϵ + (|ζ_ϵ|^2 − 1)ζ_ϵ = 0 in Ω_P ,

div Q̂_ϵ = 0 in Ω_P , Q̂_ϵ(x + t_k) = Q̂_ϵ(x) ∀ x ∈ Γ_k, k = 1, 2 ,

ζ_ϵ(x + t_k) = ζ_ϵ(x)e^{igk (x)} ∀ x ∈ Γ_k, k = 1, 2 , ( ∇|ζ_ϵ| )| |_{x+tk} = ( ∇|ζ_ϵ| )| |_x ∀ x ∈ Γk, k = 1, 2 ,

∇ × Q̂_ϵ|_{x+tk} = ∇ × Q̂_ϵ|_x ∀ x ∈ Γ_k, k = 1, 2 , and |ζ_ϵ| ( ∇ω_ϵ + A_0 )| |_{x+tk} = |ζϵ| ( grad x_ϵ + A_0 )| |_x ∀ x ∈ Γk, k = 1, 2 ,

22 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

where ζ_ϵ = |ζ_ϵ|e^{iωϵ} , converge, as κ → ∞, to solutions (ζ_ϵ, Q̂_ϵ) = (ζ_ϵ, 0) of the leading order equations (6.13)-(6.17).

As was mentioned above, in the the periodic Ginzburg-Landau model one usually specifies the average field B̄ (or B̂ = B̄/κ) and not the applied magnetic field H_e. After solving for the magnetic potential and order parameter for specified values of the input parameters, one often would like to recover the applied field. The best method for determining H_e is developed in [11]. For any ϵ = 1/κ, in terms of ζ_ϵ and Q̂_ϵ, the applied field is given by

H_e(ϵ_n) = 1 B̄|Ω| ∫ Ω_P ( 1 2 | | ( i∇ + Q̂_ϵ + A_0 ) ζ_ϵ | |^2 + 1 ϵ^2

|∇ × Q̂_ϵ + B̂|^2 ) dx . Similar to the proof of the Proposition 5.5, we have the following result.

Proposition 6.1. lim_{ϵn→0} ( 1 κ H_e(ϵ_n) ) = Ĥ^0e = 1 2κB̄|Ω| ∫ Ω_P

(|i∇ + Q_0 + A_0) ζ_0|^2 dx .

Note that the fluxoid quantization condition (6.12) implies that B̄|Ω| = O(κ^{−1}) so that, as expected, Ĥ^0e = O(1).

7. Computational results

In this section, we examine some computational results for both the full Ginzburg- Landau model and for the leading order equations. We first briefly discuss some results that were given in [14] for the periodic model discussed in §6.2 and then proceed to some new results of computational experiments for the two-dimensional boundary value model of §6.1. All the results presented and discussed here were obtained using quadratic finite element discretizations.

7.1. The periodic model

In [14], two sets of computational results relevant to our current considerations were given. We refer the reader to that paper for the figures of interest. In one of these figures, the maximum modulus of the order parameter was plotted vs. the applied field scaled by κ. Graphs for three different values of κ were provided. The graphs for κ = 5 and κ = 20 were indistinguishable, and this pair differed subtantially from the graph for κ = 1. Another pair of plots displayed the level lines of the magnitude of the order parameter. For both these plots the number of fluxoids per lattice cell was chosen to be unity, i.e., n = 1, and the lattice vectors were chosen to be those for an equilateral triangular lattice. One plot was for the choices κ = 20 and B̄ = 2π/5 and the other was for κ = 5 and B̄ = π/10. Note that in both cases B̄ = (π/50)κ. As a result of the fluxoid quantization condition (6.12), the linear dimension of a lattice cell in the first case was one-fourth of that for the second case. However, the level curves of the magnitude of the order parameter were, except for the uniform stretching in all directions, virtually identical in the two plots.

These results all support the contention that if the various inputs and outputs of the periodic Ginzburg-Landau model are properly scaled, then for “large” values of κ solutions of the Ginzburg-Landau model are largely independent of κ. This exact superconductivity for high kappa and high fields 23

conclusion may be reached from the analyses of §6.2. Indeed, if B̄ = B̂κ with B̂ independent of κ, as was asssumed in that section, then we have the leading order equations (6.13)-(6.17) which are independent of κ and also, we have, from Proposition 6.3, that to leading order, the applied field is given by H^0_e = κĤ^0_e , where Ĥ^0_e is independent of κ. Thus, for “large” κ, we expect that the graphs of the maximum modulus of the order parameter vs. H_e/κ to approach the graph of max |ζ_0| vs. Ĥ0_e . The first plot discussed above suggests that this is indeed true. Moreover, for “large” κ, we expect that the level lines of the magnitude of the order paramater to approach those for |ζ_0|. The second set of plots discussed above are suggestive of this observation.

The results presented in [14] suggest that in practice “large” values of κ means κ ≈ 5 or greater in the sense that already for κ = 5 the results of the periodic model are practically indistinguishable from the corresponding results for larger values of κ.

7.2. The boundary value model

We now present some computational results for the two-dimensional boundary value model of §6.1.

First, we examine the magnetic field in the superconductor for different values of κ and the applied field H_e. In particular, we look at the maximum and minimum values of the magnetic field. According to the discussion of §6.1, for large values of κ, we have that the magnetic field in the superconductor should be nearly constant and equal to the applied field. An examination of Table 1 shows that this is indeed the case for κ = 20 for which the computed values of H_{max} and H_{min} are both very nearly equal to H_e. Indeed, the difference between the the first two and the latter are well within the discretization error of the computational simulations. On the other hand, for κ = 1.5, we see a large discrepancy between H_{max} and H_e, and an even greater one between H_{min} and H_e; certainly, H is not a constant and not very close to H_e. We also see that even for the moderate value of κ = 5 that H_{max} is very nearly equal to H_e and that H_{min} is reasonably close to H_e as well. In fact, the results confirm the conclusion that the difference between H/κ and H_e/κ is of O(κ^{−2}).

κ H_e/κ H_{max}/κ H_{min}/κ 1.5 .6 .549 .166 .8 .740 .530 .9 .880 .779

5 .5 .500 .480 .7 .700 .687 .9 .900 .893

20 .5 .500 .499 .7 .700 .699 .9 .900 .899

TABLE 1. Maximum and minimum values of the magnetic field for dif-

24 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

ferent values of κ and of the applied field He.

Figures 1-3 show the level lines of the magnitude of the order parameter for different values of the κ and the applied field H_e. In all cases the side of the square domain is ten times the coherence length. In Figure 1, H_e/κ = 0.5 (in nondimensional units) and the values of κ are as indicated on the individual plots. The plot labeled κ = ∞ corresponds to the solution obtained using the leading order equations (6.6)- (6.9); all the other plots were obtained using the full Ginzburg-Landau equations (6.1)-(6.4). It is evident from the plots that the there is very little difference between the results for the full Ginzburg-Landau equations for values of κ ≥ 5, and that these are also indistinguishable from the results obtained using the leading order equations. The same can be said from an examination of Figures 2 and 3 which correspond to H_e/κ = 0.7 and H_e/κ = 0.9. All of these observations can be expected from the discussion of §6.1.

FIGURE 1. Level curves of the magnitude of the order parameter for He/κ = 0.5 and different values of κ.

superconductivity for high kappa and high fields 25

FIGURE 2. Level curves of the magnitude of the order parameter for He/κ = 0.7 and different values of κ.

FIGURE 3. Level curves of the magnitude of the order parameter for He/κ = 0.9 and different values of κ.

REFERENCES

[1] A. ABRIKOSOV, On the magnetic properties of superconductors of the second type, Zh. Eksper.

Teoret. Fiz. 32 1957, 1442-1452. [English translation: Soviet Phys.-JETP 5 1957, 1174- 1182.]

[2] A. ABRIKOSOV, Fundamentals of the Theory of Metals, North-Holland, Amsterdam, 1988. [3] R. ADAMS, Sobolev Spaces, Academic Press, New York, 1975.

[4] J. BARDEEN, Theory of superconductivity, in Encyclopedia of Physics XV (Ed. by S. Flŭgge), Springer-Verlag, Berlin, 1956, 17-369.

[5] M. BERGER AND Y. CHEN, Symmetric vortices for the Ginzberg-Landau equations of superconductivity and the nonlinear desingularization phenomona, J. Funct. Anal. 82 1989, 259-295.

[6] G. BLATTER, V. GESHKENBEIN, AND A. LARKIN, From isotropic to anisotropic superconductors:

a scaling approach, Phys. Rev. Lett. 68 1992, 875-878.

[7] E. BRANDT, Ginsburg-Landau theory of the vortex lattice in type-II superconductors for all values of κ and B, Phys. Stat. Sol. (b) 51 1972, 345-358.

[8] S. CHAPMAN, Q. DU, AND M. GUNZBURGER, On the Lawrence-Doniach and anisotropic Ginzburg- Landau models for layered superconductivity, preprint.

[9] S. CHAPMAN, S. HOWISON, AND J. OCKENDON, Macroscopic models for superconductivity, SIAM Review 34 1992, 529-560.

[10] P. DEGENNES, Superconductivity of Metals and Alloys, Addison-Wesley Publishing, Reading, 1989.

[11] M. DORIA, J. GUBERNATIS, AND D. RAINER, Virial theorem for Ginzburg-Landau theories with potential application to numerical studies of type II superconductors, Phys. Rev. B 39 1989, 9573-9575.

[12] M. DORIA, J. GUBERNATIS, AND D. RAINER, Solving the Ginzburg-Landau equations by simulated annealing, Phys. Rev. B 41 1990, 6335-6340.

[13] Q. DU, M. GUNZBURGER, AND J. PETERSON, Analysis and approximation of the Ginzburg- Landau model of superconductivity, SIAM Review 34 1992, 54-81.

[14] Q. DU, M. GUNZBURGER, AND J. PETERSON, Solving the Ginzburg-Landau equations by finiteelement methods, Phys.Rev. B. 46 1992, 9027-9034.

[15] Q. DU, M. GUNZBURGER, AND J. PETERSON, Finite element approximation of a periodic Ginzburg-Landau model for type-II superconductors, Numer. Math. 64 1993, 85-113.

[16] Q. DU, M. GUNZBURGER, AND J. PETERSON, Modeling and analysis of a periodic Ginzburg- Landau model for type-II superconductors, SIAM J. Applied Math. 53 1993, 689-717.

[17] G. EILENBERGER, Zu Abrikosovs Theorie der periodischen Lösungen der GL-Gleichungen Fúr Suparaleiter 2.art, Z. für Phys. 180 1964, 32-42.

[18] A. FETTER AND P. HOHENBERG, Theory of type-II superconductors, Superconductivity (ed. by R. Parks), 1969, Marcel Dekker, New York, 817-923.

26 s. j. chapman, q. du, m. d. gunzburger, and j. s. peterson

[19] V. GINZBURG AND L. LANDAU, On the theory of superconductivity, Zh. Eksper. Teoret. Fiz.

20 1950, 1064-1082. [English translation: Men of Physics: L. D. Landau, I, Ed. by D. ter Haar, Pergamon Press, Oxford, 1965, 138-167.]

[20] A. GRASSIE, The Superconducting State, Sussex University Press, Sussex, 1975. [21] W. KLEINER, L. ROTH, AND S. AUTLER, Bulk solution of Ginzburg-Landau equations for type II superconductors: upper critical field region, Phys. Rev. 133 1964, A1226-A1227.

[22] H. KOPPE AND J. WILLEBRAND, Approximate calculation of the reversible magnetization curves of type II superconductors, J. Low Temp. Phys. 2 1970, 499-506.

[23] C. KUPER, An Introduction of the Theory of Superconductivity, Clarendon Press, Oxford, 1968. [24] L. LANDAU, E. LIFSHITZ, AND L. PITAEVSKII, Electrodynamics of Continuous Media, Pergamon Press, Oxford, 1984.

[25] G. LASHER, Series solution of the Ginzburg-Landau equations for the Abrisokov mixed state, Phys. Rev. A 140 1965, 523-528.

[26] F. ODEH, Existence and bifurcation theorems for the Ginzburg-Landau equations, J. Math.

Phys. 8, 1967, 2351-2356.

[27] D. ST. JAMES, G. SARMA, AND E. THOMAS, Type II Superconductivity, Pergamon Press, Oxford, 1969.

[28] M. TINKHAM, Introduction to Superconductivity, McGraw-Hill, New York, 1975.