Elastic Membranes and Thin Elastic Materials

1 The Elastic Membrane

1.1 Membrane Assumptions and Nonlinear Strain

We consider a one-dimensional membrane (i.e. a string) which is stretched from { [0, 1] x [0] }
to {u(s) = (u(s),v(s)) : s € [0,1]}, with the endpoints fixed, so that u(0) = u(1) = 0.
Consider the arclength 7 along the deformed curve. We have

dr? = (u(s+ 8s) — u(s))® + (v(s + ds) — v(s))?
_ (u/2 4 ,U/2) d82
and therefore

dr —ds — (W )2 1

strain =
This is the quantity which needs to be minimised in an energy minimisation formulation.

For the linear membrane we assume u(s) ~ s and v(s) < 1, so that the strain can be
approximated by
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strain &~ (1 +02)Y2 -1~ Z0?
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1.2 The Linear Membrane with Constant Pressure

Consider a stretched string that is subjected a pressure P from the underneath. The min-
imisation formulation for this problem is (why?)

'l
min/ —v? — Pvdx
0 2

subject to boundary conditions v(0) = v(1) = 0.

The Euler-Lagrange equation is
Ve = P,

so the solution, satisfying the boundary conditions, is

v= 5:5(1 —x),

which is a simple quadratic.



1.3 The Linear Membrane Enclosing a Fluid

We now consider the problem of a linear membrane enclosing a incompressible fluid. Since
the fluid is incompressible, the area under the membrane is fixed. We need to minimise the
strain, subject to the area under the curve being equal to a constant, A say. The minimisation
problem is

1
1
min / —v? 4+ \daz,
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where A is a Lagrange multiplier. The boundary conditions v(0) = v(1) = 0, and the area
integral condition is fol vdr = A.

The Euler-Lagrange equation is

Vgz = A,
so the solution is v = —%x(l — x), which gives, on using the area condition
v=06A4Az(1 — z).

We see, on comparing this result with the solution of the linear membrane with constant
pressure, that the Lagrange multiplier can be interpreted as an internal pressure, P = —A,
which, in this case is equal to 12A.

1.4 The Linear Membrane with Gravity

Next, we consider the problem of a membrane enclosing an incompressible fluid, with the fluid
acted on by gravity. The minimisation problem now has a term representing the gravitational
potential energy of the fluid:

1
1
min/ ffung)\vdx + //pg~de,
0o 2 Q

where (2 is the deformed volume and p is the fluid density.

z=1 py=v(x) 1
// pgrzdV = pgi / / rdydr = pgi / zv(z) dz
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z=1 py=v(z) 1 02
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Q =0 Jy=0 0

so that the problem can be written as

Now,

and

1 2
1
min / ivﬁ + Av + pgizv + pgg% dex,
0

The corresponding Euler-Lagrange equation is
Vze = A+ P12 + pgav

The general solution to this takes the form of cosh/sinh or cos/sin curves (depending the
sign of ¢g) added to a linear term if go # 0, or a cubic if go = 0 but g1 # 0, or a quadratic if

g1 =92 =0.



1.5 The Linear Membrane with Contact

Consider a linear membrane enclosing an incompressible fluid which is subjected to compres-
sion from above

1.6 The Nonlinear Membrane Enclosing a Fluid

We now move to full nonlinear deformations of the membrane. Here we have to use the
nonlinear version of strain. Since the area [vdz = [vusds, we have

1
min / (ug + v?)l/2 + Ausvds,
0

subject to u(0) = v(0) = u(1) =v(1) =0, and [u,vds = A.

The Euler-Lagrange equations for this problem are

4 (oL —8—£—0 = — " | = constant
ds aus ou - <U§+U§)1/2 v = consta.
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It can be shown that these equations are equivalent (this is because a variation in the tangent
direction gives no information as any reparameterisation is valid, only variations in the normal
direction give an Euler-Lagrange equation), and that both are equivalent to

UsVss — Uslss

S S A A=0
(u2 +v2)*?

Now, the curvature is £ = v, Uy — UrVrr = (Vslss — UsVss) /(U2 + v§)3/2, and the Lagrange
multiplier is equal to the negative of a constant pressure P, so that

k=P

We see that the curvature is constant, so the solutions are arcs of circles.

1.7 The Nonlinear Membrane with Gravity

Here, we consider the nonlinear membrane enclosing an incompressible fluid that is acted
upon by gravity. We have to determine the gravitational potential energy of the fluid:

GPE://pg-de
Q
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Now,




where n is the dimensional of the space we are in, and therefore, in 2D,

GPE://ng-XdV:%j{p(g-x)()bn)dT

On y =0, x = (x,0),n = (0,—1), so that x - n = 0. Elsewhere,

—Vg

X = u, n:{u
S

1
:| W and dT = — (ug —+ 7}3)1/2 ds
uz + vz

(the negative sign coming from the fact that in this case we are taking the arclength 7 to be
in the opposite to s on the curve). The gravitational potential energy is then

1o o,
GPE—/O —Sp(g'x)u'[u }ds

S

1
:/ 1p(g~u)(uvs—uu5)ds
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The minimisation problem is now

1
1
min / (u% + vf)l/2 4+ Augv + gp(glu + g2v)(uvs — vug) ds,
0

subject to u(0) = v(0) = u(1) = v(1) =0, and [usvds = A.

Again, the Euler-Lagrange equations for u and v are identical. For u, we obtain (writing ¢;
for pg;/3 to simplify the algebra)

d
ds

u

s d
+ v + T [—cluv — 02112} — 2c1uvg + cpvus — cavvg = 0
s

1/2
(u2 +02)"
Vgk + AV — C1UgU — CLUVs — 2020V — 21UV + C1VU5 — CoVVg = 0
K+ A—3ciu—3cv =0
k=—-A+pg-u

Thus we obtain the expected curvature equation, the curvature is equal to the effective
pressure caused by the gravity loaded fluid.

(This could be derived directly by considering balance of forces on a small segment: balancing
the tensions acting tangentially on either side with the force provided by the pressure acting
normally on the segment gives

T(r+dn)t(r +dr) = T(7)t(r) + PnéT =0

8(81::) +Pn =0
g—zt + T% +Pn =0
g%t#—(P—T/{)n =0
(using g—: = —kn as n is the outward-facing normal), which gives the two equations T' =

constant and Tk = P = Py + pg - u).



Numerical Solution

To solve this equation we introduce the angle § = 6(7) as the angle between u(r) and the
horizontal. It follows that u, = cos(f) and v, = sin(#). We differentiate ** with respect to
T to remove the unknown A\, obtaining

Kr = pg-ur,

which is equivalent to

a0 .. {cos(@)} 7

dr2 sin(f)
or, introducing the constants g and x such that g =g {Zlor?((X) ] ,
X)
a0
T2 = P9 cos(0(r) = x),

The equation determining the shape of a nonlinear membrane enclosing a gravity loading
fluid is thus the same as the pendulum equation.

. numerics: formulate as 2D shooting prob (6p,0,0 to (area,length), use newton’s method,
approximating Jacobean with divided diff...

..pics..

1.8 The Nonlinear Membrane with Contact



2 The Thin Elastic Solid in Two Dimensions

We now consider the deformation of a thin elastic solid in two dimensions. We assume the
undeformed solid is rectangular and given by (X,Y) € {[0, L] x [—¢,¢€|}. We will rescale in
the thin Y direction using the new variable Y satisfying €Y =Y.

**picture**

We will need to use the first two terms of the asymptotic expansion of x:
x(X, V) =xO(X, V) + exV(X, V) + ...
The first result that needs to be proven is that the leading order term of the deformation is

independent of the thin direction.

CLAIM: x(© satisfies x(O(X) = x(O(X) ******eyerywhere except near the bound-
aries, ¥HHFIAAPD?

PROOF: [J

2.1 Deformation and Strain

We will now define the deformation gradient and Lagrange tensors.
The deformation gradient is given by

o (93?1‘
C0Xwu

Fim
which to leading order (O(1)) is
(0) e
o _ | Tx Ty
= [ © 0 ]
Yx Yy
We define following vectors to simplify the notation.

(0) (1)
¢ ox and _ ox

0X Y

t is the tangent vector of the image of the middle line. If we define 7 = 7(X) to be arclength
along this curve then we can write the tangent as t = 7t, where t is the normalised tangent
vector. 7' represents the local stretching of the middle line.

Now, using t and h, F(©) has the form

O _ {2:88 Zﬂ — [t(X) h(X,7)]

Consider the deformed thin elastic solid, 2. We can use t and 7 to define a curvilinear
coordinate system on the (2. Let mbn be the unit outward normal of x(©), perpendicular to
t. mbt and mbn define an orthonormal basis on Q. The curvilinear coordinate system (7,7)
is defined by

O ={x(r,n) = x(©) (1) +nn(r) : 7€[0,]],n € [ed[l] (1), ed? (]}



where edl'l(< 0) is the negative of the normal distance from the centre line to the bottom
surface, and ed? the distance from the centre line to the top surface, and [ is the length of
the curve x(©).

**(assuming the deformed shape € can be parameterised like this means assumptions that
the image of the centre line is not too curved)**

There are two important derived tensors to consider. The left Green-Lagrange tensor, C =
FTF is independent of the curvilinear coordinate system, and to leading order,

o _ [Itl? t-h
¢ ‘[vh NE

The right Green-Lagrange tensor, B = FFT has the following form to leading order, in the
curvilinear coordinates
BO [Htll2 +(t - h)? (t- h)(f;-h)]
(t-h)(n-h) [l
The Lagrangian strain is defined as %(C — I). We won’t ever explicitly use the Lagrangian
strain, since nonlinear stress-strain laws derived from strain-energy functions can be written
in terms of C instead of E.

We will only ever consider isotropic materials, in which case material laws can be written as
a function of the principle invariants of C, I = tr(C) and I = det(C'). To leading order

0
1% = ||]* + ||h|?
0
1Y = [[t]?[]? - (t - h)?

Assuming a material strain energy function W, we are now ready to write down the Cauchy
stress tensor. Since o = %FTFT, where the Jacobean J = det F' = v/I5 and T is the 2nd
Piola-Kirchoff stress, T' = %—Vg = 2%7 we have

1

—FTFT
77
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_ Zp (9oL OWOL) L
7 <6[1 oc T on, ac)
2 (oW oW
ZF( =T+ —L(C™))FT
7 <ah'*ab 2(C ))

9 OW oW
_20W g 0V,
Jon P50

So, to highest order, the Cauchy stress is

2w {ntnu(vh)? (t-h)(n-h)

= 7L | (t-h)(n-h) IR }”Jaw[l 0}

oI, |0 1

Here r is the (as yet unknown) order of o, which will be shown to be -1 in the next section.

2.2 Analysis of Cauchy Stress

In this section we study the force balance equations in terms of the Cauchy stress and the
curvilinear coordinate system, and equate it with the known form of ¢ to derive the equations
determining the deformed shape.



Recall that the curvilinear coordinate system is given by
Q= {x(r,n) =x9(r) + nn(r) : 7€0,1], n € [ed™(7),ed? ()] }
Firstly, note that the curvilinear tangent vectors are

x, = £ +nn, = (1 4+ kn)t

X, = n

(using dng%d = —kt). We write n = ev, and wish to asymptotically expand the stress about
€.

Euler’s equation for elastic equilibrium of the solid is oy; ; = p®)g;, where p®) is the density
of the thin solid. Writing this in the new coordinate system, we have

0 10

il -2 — 5,
5 (o) + al/((l + Kev)or,) + Kor, = pg,
0 10

il -2 _ — 5,
8’7' (UTV) + B aV((l + /QGV)UVV) RO+ P gu

The boundary conditions on the surface of the solid are

onll + pnlll = 0 on v = dl!

onl?l =0 on v = d?

In order to obtain compatible equations we must asymptotically expand the stress as

O 4 .

1
Orr = 205'7-1) + 07
Oru 05?,) + ecrg,) + ...

Opy = 0,5?,) + eal(,}j) + ...

It is easy to show that the order of o,, must be one lower than ¢,, and o,,. But from this
simple point we can make a number of important observations. Since the highest order of o
is —1, i.e. r = —1, we see that ‘Z—IVY and g—lv‘f must be O(1/¢) (i.e. any dimensional material
constants are O(1/¢)). Equating *** with

1 [ 0

we can say by looking at the diagonal terms that
t-h=0

(as clearly n - h = 0 is not possible for a valid deformation). Therefore the whole solid
deforms smoothly without shearing, and C', B, E, T and ¢ are all diagonal in this coordinate
system to leading order. Equating o,, with zero gives %‘g% |h[]? + ZJ%’Z = 0, a relationship
between ||t|| and ||h||. Simplifying this, we obtain

ow oW

2P 12 =0
ar, +ar; It

The relationship between ||t|| and ||h|| holds independently of the gross deformation or bound-
ary conditions.



Now, since we know that h is orthogonal to t, and normh is determined by [|t||, and t is
a function of X only, we can also say that h is also a function of X only. We have thus
determined the form of x(!)

x=x0 4+ evh(X)+...

where the direction and magnitude of h has been derived in terms of t (i.e. in terms of x(©).
We can also say that the normal distances from the image of the centre-line to the upper
surface and lower surfaces are equal, i.e. e||h|| = d? = —dll) (= £, say).

(=17 a function of t and h, which are independent of Y, and h is in

(-1

Finally, note that since o
the n direction, we can say that o ’7 when written as a function of 7 and v, is independent

of v.

It remains to determine the leading order deformation. For this, we need to solve Cauchy’s
equations. Substituting **** into the Euler equations gives leading order equations of

80(_1) 80(0
TT TV — 0
o ow

and ©
P = kol
14

We will shortly integrate these equations; we first need to consider the boundary conditions.
The upper and lower surfaces are given in parameterised form by

x* = £(7) + ed®(T)n(r)
(for k = 1,2), so that the tangents along the upper and lower surfaces are given by
tH = £, + ed'n + ed¥n, = (1 + ed* k)t + ed*In
The (un-normalised) normal directions on the upper and lower are therefore given by
nl*l = (1 + ed®k)n — ed¥t

The boundary equations are

Orr Orp _EdE] _ _ l2]
|:UTIJ O'yu:| |:1+€d[2]/€:|_0 Onl/_d

and

Or7 Orv —ed!! —edM ] _ — g
|:O'7—VO'V,,:| {1+€d[1]ﬁ}+P{1+ed[l]m =0 onv=d

The leading order boundary equations are then

7d[71]0$;1) + 05?,) =0 on v = dl!
—d®eY 460 = 0 on v = d

and

cdWrP=0 on v = d

Jl(,?) =0 on v = d?

Integrating (**), using the fact that oY s independent of v, gives

A 9oV (1) o) (r,v)

9oV 412
_ _ (g2 _ gy 9orr (0)
0 /dm or + Ov dv = (d @) or + {OT” } il




Using the boundary condition, this becomes

1,007

[2] _ 4l
(d ) or

+ (d = dM)ol Y =

or, writing the thickness as d(7) = dl? — al,

o ()t ) =0

Thus we have dag;l) is equal to a constant, which we call T' (the tension):

do\7V =T
Also, integrating (**), we have
d® (0) @)
0= [ ol - 2y < ol - [0
4 ov d)
so that /@dagrl) P =0, so
kT =P

(prob should be xOT = P)

Finally, we need to equate the two equations for 0571).

T _ 029V

a7 T Joarn,

oW
2 2 -
1" + 2757

Simplifying, using d = 2¢||h||, and grouping eaW as O(1) quantities, gives

ow ow ,
(455 ) ed + (45 ) et =

We now have two algebraic equations for two unknowns ||t|| and ||h|. These equations are
not explicitly dependent on X, so we can also say ||t|| and |h| are independent of X as well,
i.e. the solid stretches uniformly.

2.3 The Minimisation Formulation

We now derive the same results using the nonlinear energy minimisation formulation, and
show that the energy minimisation for the thin solid deformation is equivalent, when taken
to leading order, to the membrane energy minimisation problem.

We begin again from x(X, V) = x(©(X) + exM(X,Y) + ..., and write
0) (1
FO = xQxM]=[t h
and

o _ [ IItll? t-h
¢ ‘[t'h NE

1% = [|]* + ||h|?
1 = [[t]*|h)® — (t - h)?

10



There are a number of energy minimisation problems we could consider. In general they take
the form

minimise / Strain Energy dSyp + Remaining Energy
Qo

X

= minimise / WL (|It]1%, h)?), L2(|It]12, |h)*) dSo + Remaining Energy

= mlnlmlbe / / W(Iy, I5) dYe dX +J 0%
=1 5XM

In the asymptotic analysis, we will take the leading order components of each term, and split
the minimisation as a minimisation over x(°) and x() independently.

(0)
minimise / / I(O (0)) dYedX 4+ 7O (:)c(o)7 ox . )
=1

x(0) x(D OX '

First we prove that the variation of x(!) results in the equations determining h.

CLAIM: Assuming 7 is independent of x(!), the variation of x(!) gives %—VX = 0 every-

where.

PROOF: Assuming the only term in the leading order energy which contains x(*) is the
strain energy, and considering a variation of x(!) given by dx(1)

SE :/ /__1 ( a(‘;’; )> — W(h)dVedX

Y=L g 9(0x( d(oxM))
—_— YedX
/ /71811 )% d¥ed

Y=1
:/ [6W 5% <1>] / ( ) oxM AYed X
X=0 ah Y=—1 Y=-1

Since 6x(1) is completely arbitrary for X # 0, L (there are no boundary conditions imposed
on x| so no boundary conditions on 5x(1))7 it follows that

8(8W) =0 VX, W

gy \ oh
oW .
8—h_o VX, Y =1
oW .
8—h_o VX, Y =-1

The solution of this trivial differential equation is %—VX = 0 everywhere.

d

Now, 0 = 2 = 28Wh +29%W (||t||2h (t - h)t). This is two equations, which determine h
in terms t.

ow ow ow

Tht=0 = 25rh t+2—(||t||ht—(t h)t t)=0 = t-h=0
ow ow 8W ow  ow
—-h= 2—h-h 2— h-h)= I8P =
G h=0 = 25Eheh 2T (PR =0 = S S =0

11



Thus we have rederived the equations for h, again without having to consider the bulk
deformation. Again, we note that since h is orthogonal to t and has norm determined by
|It]|, we can say h = h(X) only. It follows that

X=L

/ / W, 1) dyedX = 26 / W, 157y ax
=1

X=0

Now we consider some specific energy minimisations:

Constant pressure:

Constant area underneath the solid (incompressible fluid):

Here we have an elastic solid containing an incompressible fluid, which introduces a constraint
that the area contained under the thin elastic solid is constant. Using a Lagrange multiplier
A, the full minimisation problem is

X=L
X, -1
min / / W (I, I) dYedX—i—)\/ 92X =) x 1yax
=—1 X=0 8X

To leading order this is

X=L o (0 X=L §..(0)
min 26/ w (I, 1§ ))dX+)\/ y© dx
X=0 X=0 0X

The Euler-Lagrange equation for this is

0 ow 0 [y 0 _
ax(zat>+fm[o}_bg‘;] =0
0 oW N
i (2 ) FAt]a =0

= ot

: 1 8 _ 98X
Since TIox% = o aX, this is

0 1514 .
9 (26 at)—i—)\n—

Now, 2 5% = 4¢3t + 4¢3 ||h||?t = at, where a = 4e5¥|[t]| + 4¢F¥ |[h|[?[[¢[|. Then

0[2

(at) +An=0 = g—af—l—omﬁ—&—)\ﬁ:o
T

Taking the tangential and normal components, we see that

or

0 ow
a—a =0 = «a= constant (in X), T say, = 4e—||t|| —|—4 a1 Hh||2||t|\ =T
T 2

ak+A=0 = Tm_P

We have recovered the same set of equations as in Section 77

12



Gravity acting on the solid:

If gravity is acting on the thin elastic solid, we need to add the following term to the energy

GPE®) = / / p9g - xS
Q
To leading order this is

X=L
/ / g . x0 dYedX = 2¢ / p¥g - xdx
:—1 X=0

since x(©) is independent of Y. But this is O(e), which is higher order than the strain energy
integral, and therefore we can say that the gravity acting on the solid is a higher-order effect
and does not effect the leading order solution.

Gravity acting on the fluid:

If the thin elastic solid contains a fluid which is gravity-loaded, we need to add to the energy
the gravitational potential energy of the fluid, which is an integral over the volume below the
thin solid.

k3 *3k

pic

GPE® = // pWg . zdv
fluid

Now, using the results shown in Section 1.7, and taking the leading order component, we can
say that

1 . IR
GPE® = 3 ]{p(f) (g-x)(x-n)dr= —5/ pth (g . x(o)) (X(O) : n) dX
0

Here we have neglected the term which is an integral over the lower fixed surface, which is
constant and does not affect the variational formulation.

Now, it can be shown after some algebra that, where G = (g - x)(x - n),

o (9G\ 9G
ax <6t) “ox - Sexm

so that the term added to the Euler-Lagrange equation is p¥ (g - x(*))n:

0 ow
A Dg . xO |t =
Fd (26 o ) +Atn+pWeg - xP|ta = 0

0 ow
haa Oe.xO)pn =
= 5 (2 8t)+()\+p g X )n 0

The solution is easily seen to be
8
||t|| + 46 HhH It]| =T as before
Tk = P+ pBg.x©)

sign error?

13



2.4 Incompressibility

If the thin elastic solid is incompressible we have a new constraint /s = 1 and a new unknown
p, the pressure. The new strain energy is W (Iy) — (I, —1). Note that this means p = O(1),

SO we write p = %p(_l) + .... It can easily be shown using the argument as before that we
still must have t-h = 0. The previous two equations determining ||t|| and ||h]|, together with
the constraint Iy = [|t||?||h||> = 1, now become three equations for the three unknowns [|t||,
] and p(-D.

The following equations hold for any deformation:

t-h=0
(2657 ) P =5 =0
el = 1

(Note that this means p = O(%)) In the case of constant pressure boundary conditions, the
remaining equations are

ow

de— | |It|| = 2pC V0| = T

(455 ) el =202 )
Tk = P

2.5 Higher Order Effects

2.6 Summary

Writing X as X = x(0) + EX(O)7 setting t = 8x( ) and h =

BY’

For any deformation:

t-h=20

ow aW )
Si+op I =0

h = h(X) only

With a constant pressure P the remaining equations are

ow
degr, It + 1e 31 AU
2

I
N

Tk = P
It follows that ||t|| (and so, also ||h]||) are constant.

With a gravity loaded fluid the remaining equations are

ow
degp, It 447 oL, ||h||2Ht|| =T

Tk = P+ pDg-x©

For incompressible materials the equations can be obtained by introducing an internal pres-
sure p, replacing eaW with p(’l), and using the constraint equation |[t]|||h]] = 1.

14



3 The Thin Elastic Solid in Three Dimensions

Now we consider a three-dimensional thin elastic solid, whose undeformed shape is given by
Qo = W x [—¢, €], where Q5% is contained in the (X,Y’) plane. We use the 2D analysis,
in particular the 2D energy analysis, to motivate 3D analysis and derive the leading order
governing equations for the 3D thin solid.

Let us define the rescaled thin direction by eZ =7 , and expand the deformed position
asymptotically in e:

x(X,Y,2) =xO(X,Y,2) + xV(X,Y, 2) + ...,

Before any analysis can be performed, we have to prove that the leading order deformation
is independent of Z.

CLAIM: x© satisfies x(9(X,Y, Z) = x(O(X,Y)
PROOF: O

Now, we know that
x(X,Y,2) =xO(X, V) +exV(X,Y, 2) + ...
We define tangent vectors (not necessarily orthonormal) and the surface normal by

- 3x(0) o 8x(0) n— tl A tg
T ax oy Tt At

axM
oz

and, using h =

and
[t1]]> t1-t2 ti-h
CO =]t -ty |t2f® to-h
t;-h  ta-h  ||h|?

The principal invariants are

0
10 = )2 + [It2]® + |1
L2 = 2162 + e )2 102 + [t 2RI — (b1 - t2)® — (t1 - h)® — (82 - h)?
¥ = det(C®)

Recall that in 2D we needed to use the fact that 22 = -2 (||t||2||h||2 — (t - h)?) = 2//t||>h —
2(t - h)t is orthogonal to t. We now prove the corresponding result in 3D.

CLAIM: The third invariant I3 satisfies 2 - t, = 0, a = 1,2. Also, 22 - h = 2I;

PROOF: Iy = det(C) = det(F)?, so 2 = 2det(F) 295N By 20l — Al
det(F)Fy;". Therefore, 253 ¢, = 2(det(F))2Fy;' (ta)i = 2(det(F))2Fy; ' Fio = 2(det(F))?630 =
0. Similarly, 2 - h = 2(det(F))2d33 = 215.

15



Now, consider a general energy minimisation problem of the form
minimise / / Strain Energy dVj 4+ Remaining Energy
x Q0

= minimise // W (I (|[ta |, 0%, I ([[tal?, |0]?), I3(||ta]l?, [h]|?)) dVo + Remaining Energy
x Q0

Z=1
= minimise // / W(Il712,13>6dZdXdY+j (X78X>
x (X, y)eQyut Jz=-1 0Xnm

For the asymptotic analysis, as in 2D we will take the leading order components of each term,
and split the minimisation as a minimisation over x(®) and x(*) independently.

Z=1 R (0)
minimise / / / W, ", V) edZ dx ay + J© ( 0 O >
x(0), x(1) (X,Y)EQ%urf J——1 aX]\/[

We now show that the tangent vectors are both orthogonal to h, so that h is in the normal
direction by varying x(1). Using an identical argument to that used in 2D, it can be shown

that
ow

Oh

This equation determines h in terms of the tangent vectors. Consider the tangential compo-
nents of the equation. Using the forms for I; and I, and the claim above, we have

=0 everywhere

ow 8W ow

Tn =0 = 25t 2 (PRt el he b= (6 )t (te Bt ) =0
oo ) =

%Lg.tg:o = 22? h+22W(Ht1||ht2+||t2||ht2—(t1 h)t; - 62 — (2 - h)to - t2) =0
2D (s (e e ) 0

CLAIM: t;-h=0and to-h =0

PROOF: ** is two simultaneous equations for the two unknowns t; - h, to - h. Suppose we
write these as
Ozt1~h+ﬁt2'h:0 Bti-h+dty-h=0

where v = S 4+ I |1t, 12, 6 = GF + FL|t1]]> and 3 = —FLt) - t5. The claim must be true

unless the determinant ad — 3% = 0. Suppose we divide through by ‘g% and consider this

as a quadratic equation in 2% /9W (If g%’ = 0 then the claim holds trivially). Rescaling

oIy ol
position so that ||t1]| = 1, setting ¢ = ||t2]], t1 - t2 = ccos  and the unknown as £ = g‘g g‘g

then
ad— 3 =0 = (E+1)(E+ ) —cPeos?d =0

The solutions of this quadratic are 26 = —(c? +1) £ /(¢ + 1)2 — 4¢2(1 — cos? ). These two

solutions always exist, but, since —4c?(1 — cos? @) < 0, are always negative. Therefore, if a

solution of the ad — 52 = ( exists, we can say we must have g‘;v and 2% 51, are different signs.
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The third component of 2% gives the relationship between ||h[| and |[t1]| and ||t2.

ow ow ow ow
——-h=0 = 2—|h|*+2—— ([[t/%h]|* + [[t2]*|h)*) + 2513 =0
o S B2 + 25 (622 + 2] ) + 25T
ow oW 9 9 ow 9 9 9
— 4+ — (||t t — (||t t —(t1-t =0
o+ g (6l +16) + S (el = (b 2)%)
Alternatively, if we write C'(©) as
||t1||2 ty -ty 0 (surf)
e N A
0 0 |[|?
then oW oW ow
A A C«(surf) 7 det C(surf) =0
o, o, O+ g det @)

So again we have shown that h is in the n direction, and derived a relationship between
|lh| and |[t1]] and ||t2] that must hold for all deformations. Again, since h is completely
determined by t; and to, we can say that h = h(X,Y") only. It follows that

JI[ w0 a0y =2 [ wa® a0 a0 axay
oS Qgurt

We are now ready to study some specific problems.

Elastic solid containing an incompressible fluid

To impose the constraint that the volume under the membrane is constant we need to add a
constraint term A f zdx dy to the energy, where in this equation z,y and z are evaluated at
the lower surface of the of the solid. Transforming back to reference coordinates and taking
the leading order contribution the constraint is

920 940 952(0) §yy(0)
(0) vy Y X dy
A /sz ( 0X oY oY 0X ) dxXd

so that the leading order energy is

2% / w (IO 2, 7y dx dy + A / /
Q%m-f 9]

L) 929 9y B 929 §y(©)
%m'f aX aY 8Y 8X

) dX dY

The Euler-Lagrange equations are (if Z is the integrand for the total energy)

o (orN, 0 (orN T _
0X \ ot oY \ Oty ox0)

After a little algebra, it can be shown that the Euler-Lagrange equations for this case are
0 ow 0 ow
— | 2e— — (26— | = A1 Aty =0
oxX ( 68t1>+8Y ( 63@) 1At

Elastic solid containing a gravity-loaded incompressible fluid
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Here, we need to add to the energy the gravitational potential energy of the fluid, which is
an integral over the volume below the thin solid.

GPE® :/// pVg.zdv
fluid

Using the divergence theorem, and taking the leading order component,

GPE® — i / / e (8-x©) (x-8) dr,dr, = i / / e (g-x©) (x n) axay
oo -

Again, we neglect the term which is an integral over the lower fixed surface, as it is constant
and does not affect the variational formulation.

After a lot of algebra it can be shown that, where G = (g - x)(x - n),

o (06 o (9G\ 9G
a)((atl>+ay,(at2>—ax——4(gx)n

so that the new Euler-Lagrange equations are

0 oW 0 15144
(2et1>+ <2€ tz) ()\—l-p g-X )tl/\tg—O
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