GAUSSIAN ANALYTIC FUNCTIONS AND OPERATOR SYMBOLS OF DIRICHLET TYPE
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AsstrACT. Let H be a separable infinite-dimensional C-linear Hilbert space, with sesquilinear inner product
(-, ). Given any two orthonormal systems x1,x2, %3, ... and y1, ¥2, y3, ... in H, we show that
+00

M >

=2 jkijrk=l

L 2 el/2
Z (jk)‘i(xj,yk%H‘ < 2slog 1=s 0<s<1.

—S

In terms of the weighted sums
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Expressed more vaguely, [S(/)/> $ 2 holds in the sense of averages. Concerning the optimality of the bound (1),
a construction due to Zachary Chase shows that the statement does not hold if the number 2 is replaced by the
smaller number 1.72. In the construction, the system y1, 2, ¥3, . .. is a permutation of the system x1, xp, x3, . . ..
We interpret our bound in terms of the correlation E®(z)W(z) of two copies of a Gaussian analytic function
with possibly intricate Gaussian correlation structure between them. The Gaussian analytic function we study
arises in connection with the classical Dirichlet space, which is naturally Mobius invariant. The study of the
correlations E®(z)W(z) leads us to introduce a new space, the mock-Bloch space, which is slightly bigger than
the standard Bloch space. Our bound has an interpretation in terms of McMullen’s asymptotic variance,
originally considered for functions in the Bloch space. Finally, we show that the correlations E®(z)W(w) may
be expressed as Dirichlet symbols of contractions on L2(D), and show that the Dirichlet symbols of Grunsky
operators associated with univalent functions find a natural characterization in terms of a nonlinear wave
equation.

1. INTRODUCTION

1.1. Basic notation in the plane. We write Z for the integers, Z, for the positive integers, R for the real
line, and C for the complex plane. Moreover, we write C, := C U {co} for the extended complex plane
(the Riemann sphere). For a complex variable z = x + iy € C, let

_dl
T oon’
denote the normalized arc length and area measures, as indicated. Moreover, we shall write
1/ > 02
A= ~=—+—
: 4(8x2 8y2)

ds(z) :

for the normalized Laplacian, and

0. = l(i —ii) 0. = l(i +ii)

= 2\ox oy/ = 2\ox  oy/
for the standard complex derivatives; then A factors as A, = 2,0,. Often we will drop the subscript
for these differential operators when it is obvious from the context with respect to which variable they
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apply. We let D denote the open unit disk, T := JD the unit circle, and D, the exterior disk:
D:={z€eC: [z] <1}, D,:={z€Cwx: |z|>1}.

We will find it useful to introduce the sesquilinear forms (-, -)c and (-, -)p, as given by

) = fc f@3DAAD), (g = f F@3AAR),

where we need f§ € L!(C) in the first instance and f§ € L}(D) in the second. These are standard Lebesgue
spaces with respect to normalized area measure dA. Here, generally, for a given complex-valued function
f, we denote by f the function whose values are the complex conjugates of f. To simplify the notation
further, we write

(fre=fDe, (fHo=<{f,Do.

As for operators T on a Hilbert function space, we let T* denote the adjoint, while T means the operator
defined by
Tf=Tf,

1.2. Complex Gaussian Hilbert space. A Gaussian Hilbert space is a closed linear subspace ® of L*(Q) =
L*(Q, dP), where (Q, dP) is a probability space with a given o-algebra, with the property that each element
y € ® has a Gaussian distribution with mean 0. Since we will be working with the complex field C, this
means that the real and imaginary parts of y are jointly Gaussian, and that the mean is 0 of each one.
Here, the expectation (or mean) operation E is just given by Ey := (y)q = fQ ydP. We say that y is symmetric
if E(y?) = 0. Moreover, y is a standard complex Gaussian variable if it has mean 0, is symmetric and has
E(lyl?) = 1. In other words, the values of y are distributed according to the density e"**dA(z) in the
plane. We will assume for convenience that ® is conjugation-invariant, thatis, y € ® < y € 6. We refer
to [14] for an exposition on Gaussian Hilbert spaces. We will write (y,y")q = (y7")q = Eyy’ for the inner
product of ®. We shall need the following observation. If ® is separable and infinite-dimensional, then
there exists a sequence y1,)2,¥3,...in ® consisting of i i d standard complex Gaussians, such that the
sequence 1,71, V2, 72, - . . forms an orthonormal basis in . In particular, ® splits as an orthogonal sum
6 = H®H., where 9 is the closed subspace spanned by y1, 72, ¥3, . .., while $. is spanned by 71, 72, 73, . . ..

1.3. Gaussian analytic functions associated with the Dirichlet space. We now outline a more direct
approach to the analytic part of GFF outlined in the preceding subsection. Let A%(D) denote the subspace
of L2(D) consisting of the holomorphic functions, which is a closed subspace and hence a Hilbert space
in its own right, known as the Bergman space. The Dirichlet space is the space D(D) of analytic functions
f with f” € A%(D), equipped with the Dirichlet inner product

<f/g>v = (f,/g,>D/

The importance of the Dirichlet space comes from its conformal invariance property. For instance, if ¢
is a Mobius automorphism of the unit disk D, we have that

(fod,godiv=(fgv.

The Dirichlet inner product gives rise to a seminorm

||f||% = ||f,||1242(D) = <f,/f/>Dr

which vanishes on the constant functions. So, to make it a norm, we could add the requirement that the
functions should vanish at a given point A € D:

DA(D) = {f € DD) : f(A) =0},

We will focus our attention to A = 0, and study the space Dy(D). By the Mobius invariance of the
seminorm, this choice is not restrictive as we may easily move any other point A to the origin using a
Mobius automorphism.
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In recent years, Gaussian analytic functions has received increasing attention. For instance, see [19] and
the book [12]. In the space Dy(D), we have a canonical orthogonal basis

ez):=j2,  j=1,23,...,

and we form a Dy-Gaussian analytic function (Dy-GAF)

(1.3.1) D(z) := i ajej(z) = i L4,
j=1 j=1 \/7

where the a; are ii d (independent identically distributed) standard complex Gaussian variables, taken
from a Gaussian Hilbert space ®. Then for two points in the disk z,w € D, we have the complex
correlation structure

(1.3.2) E(@(z)D(w)) =0, E(P(z)D(w)) = log T2

Since Gaussian random variables are determined by their correlation structures, we may, depending
on the point of view, take (1.3.2) as the defining property instead of the more explicit (1.3.1). On the
right-hand side of (1.3.2), we recognize the reproducing kernel for the Dirichlet space,

1
(1.3.3) ko, (z, w) = log Fp—

with the point evaluation property

f@w) ={f.ko,(,w))v,  f€Do(D).

It is appropriate to think of the correlation structure (1.3.2) in terms of the matrix-valued correlation
structure

(1.3.4) KDz, ) = E ((I)(z) ED(z)D(w) E@(Z)(D(w)):(logl_lﬁ 0 )

(T)(z)) (®(@) q’(w)):(Ecb(z)cb(w) Ed(2)D(w) 0 log

1-zZw
and the associated 4 X 4 matrix

(1.3.5) ( koxa[®](z,2)  kaxa[Pl(z, w))

koxo[®l(z, w)*  Koxo[D](w, w)

is positive semidefinite (the asterisque * stands for the operation of taking the adjoint of the matrix). The
real part of ®(z) may be understood, up to an additive constant, as the restriction of the Gaussian free
field (GFF) on C conditioned to be harmonic in D. For some background on GFF, we refer to the survey
paper [?] as well as to [8]. Alternatively, the process ®(z) may be identified as the limit of the logarithm
of the characteristic polynomial for random unitary matrices as the size of the matrices tends to infinity
(see below).

In analogy with [17], it might be of interest to study the random zeros of the function ®(z), but since
one of them is deterministic (the origin), we should not expect full M&bius automorphism invariance.
By the Edelman-Kostlan formula (see [19]) the density of zeros is given by

(1.3.6) Alogko,(z,z) dA(z) = Aloglog dA(z),

1-1zP?
which has a unit point mass at the origin due to the deterministic zero there. Here, one might also be
interested in the process for the critical points. We will not pursue any of these directions here. A rather
interesting object appears to be the random curve (or tree) structure we obtain by following the gradient
flow for the random harmonic function Re @(z) which stops at critical points. At each critical point we
would instead choose among the possible directions, for instance by maximizing the second directional
derivative (perhaps after precomposing with a Mobius mapping to put the critical point at the origin).
Although quite promising, We will not pursue this matter further here. A related setting of gradient
flow for the plane defined in terms of the Bargmann-Fock space was studied by Nazarov, Sodin, and
Volberg [16].
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1.4. Dy-Gaussian analytic functions and random unitary matrices. Let M,, be a random 7 X n unitary
matrix with distribution given by Haar measure. Let

AM, ) = det()un - Mn)

be the associated random characteristic polynomial, where I, is the n X n identity matrix. Diaconis
and Evans [6] found an interesting relationship connecting the characteristic polynomial of M,, with the
process given by (1.3.1). They showed that

XM, (2)
xm,(0)

converges, as 1 — +oo, in distribution, to the Dy-Gaussian analytic function ®(z) given by (1.3.1). The
details are supplied in Example 5.6 of [6]. For the convenience of the reader, we mention that the master
relationship between their random function F,(z) and xa, (z) has a typo, and should be replaced by

trlog(l, — zM,,) = log det(l, — zM;)) = log

_n oz X;'\An(z)
"0 T @

Remark 1.4.1. The matters considered here, the possible correlation structure of two jointly Gaussian Dy-
GAFs, have their (finite-dimensional) counterpart for random matrices. Let M,, and M;, be two copies of
the random 7 X n unitary matrix enemble, with possibly complicated correlation structure between M,
and M, but at least all their entries are jointly (complex) Gaussian variables. What could we say about
the structure of the C?-valued process of normalized random characteristic polynomials

(XM,,(Z) XM;(Z))7
Am,(0)” xar, (0) /)

1.5. Two interacting copies of the D)-Gaussian analytic function process. The topic here involves two
copies of the process (1.3.1),

o

« : w B
(1.5.1) Dz):= Y —Lz, W)=Y =2,
o Y

where @(z) is as before and the §; are i i d from N¢(0, 1), taken from the same Gaussian Hilbert space
® c L*(Q). We will refer to (O(z), W(z)) as a pair of jointly Gaussian Dy-GAFs. Consisting of jointly
Gaussian variables with zero mean, the vector-valued process (P(z), W(z)) is governed by the correlation
matrix

D(2)
D(z)
W(z)
P(z)
EQ()D(w) EDE)Dw) EDEW(w) EdE)W(w)
_|ED(2)P(w) ED(z)P(w) ED()VW(w) ED(z)¥(w)
T|EY(2)®(w) EY(2)P(w) EVY(E)V(w) EV(2)W(w)
EV(z)®(w) E¥Y(R)DP(w) E¥Y(ER)¥Y(w) EV(z)W(w)

(15.2)  Ka[®, W](z,w) := E (<I>(w) O(w) P(w) \I/(w))

log 0 EQz)WP(w) ED(E)V(w)
B 0 log = EP@)¥P(w) ED(z)¥(w)
T |EY(@)D(w) EV()Pw) log - 0 ’
EV(z)d(w) EW(z)d(w) 0 log

and the associated 8 X 8 matrix

I(4><4 [(P](Z, Z) k4><4 [(D] (Z, w)

(15.3) Kixa[@](z, w)*  Kasea[D](w, w)



GAUSSIAN ANALYTIC FUNCTIONS AND OPERATOR SYMBOLS OF DIRICHLET TYPE 5

is positive semidefinite. Note that although there are eight unknown entries in (1.5.2), in fact only two
are needed, as clearly,

E(@@)Y(W)) = E@@z)¥(W), E@@)¥ (W) =E@@)¥(w),

and the remaining four only involve exchanging the variables z and w.
So we need only be concerned with the quantities

(1.5.4) E(@(z)P(w)) and E(D(z)¥(w)).
In a sense they complement each other, as we see below.

Proposition 1.5.1. We have that

1 1
2

ED ()W (w)| + [EDE)W(w)] < (log : _1|Z|2)2(10g : _1|w|2) . zweD.

Since for a given point with |z| = |w| each of the two terms on the left-hand side may reach up to the
right-hand side bound, the estimate tells us they cannot do so simultaneously. The proof of this estimate
is presented in Subsection 3.2.

1.6. The fundamental integral estimate. The following is our basic estimate of the correlations.

Theorem 1.6.1. For a,b € C, we have the estimate

dA®w
|w?

)

< (la* + ) log 1 zeD.

f |awED(2) " () + bwED(2) ¥ ()| ,
D 1—z?

This may be interpreted as an estimate of the radial derivative (with respect to w) of the harmonic
function
aED(z)W (w) + bED(z) W (w).
Indeed, if F is holomorphic in D, then its radial derivative is
9,F(rel%) = elF (rel?),

so that the estimate of Theorem 1.6.1 asserts that (d;) is the radial derivative in the w variable)

- 1
(1.6.1) f )8r<w)(aE(I)(z)\I’(w) + bEcD(z)\p(w))FdA(w) < (la* + ) log e eD.
5 —
Interesting estimates are obtained for instance when (a,b) = (1,0) and (4,b) = (0,1). We shall mainly
focus on the first of these, when (g, b) = (1,0). We defer the proof of this result to Section 5.

1.7. Growth of correlations in the mean along diagonals. We are interested in the behavior of the
correlations

EQ(z)V(w), ED(z)¥(w)
as z,w € D approach the unit circle T. The first one we will refer to as the analytic correlation, and the
second the sesquianalytic correlation. We may study the growth behavior by looking along complex lines
through the origin w = Az for some parameter A € C in which case our correlations are

(1.7.1) EDz)W(1z), ED(E)T(Az).

The alternative study of conjugate-linear lines w = uz with p € C is completely analogous and essentially
only corresponds to reversing the order of these correlations (in the sense that w — W(uw) is a GAF).
For this reason we will not consider such conjugate-linear lines further. When |A| < 1 the process ®(z)
dominates in the correlations since W(Az) is analytic in the disk D(0,|A|™!), while if [A] > 1 instead the
process W(Az) dominates. The most interesting instance seems to be the balanced case when |A| = 1, in
which case the line w = Az might be called a generalized diagonal. For |A| = 1, the process W(Az) is just
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another copy of the Dy-GAF, so as long as A is fixed we might as well consider A = 1. So the study of
(1.7.1) for fixed A with |A| = 1 reduces to the diagonal case

(1.7.2) ED(z)W(z), ED(z)¥(z).

We note that by Proposition 1.5.1,

(1.7.3) BV + BV < log T— -

Some examples should elucidate which term, if any, may be dominant on the left-hand side.

Remark 1.7.1. We supply some examples which help us understand the size of the two contributions on
the left-hand side of (1.7.3).
(@) If ¥ = O, then

ED(z)W(z) = E(®(z)?) =0, ED(z)¥(z) = E[O()]* = log

1- Iz

In this case we have equality in (1.7.3), and on the left-hand side the first term vanishes, while the second
is dominant.
(b) If W(z) and ®(z) are stochastically independent, we have

EP(z)¥(z) =0, EDP(z)¥(z) = E(@(2)%) =0,

so that both contributions to the left-hand side (1.7.3) collapse.
(c) Consider W(z) = ®(z), when

ED(z)¥(z) = EQ(2)P(2) = log 1_1—22, ED(z)¥(z) = ED(z)P(2) = 0.

So at least pointwise, EQ(z)W(z) may be the dominant contribution in (1.7.3).

The example in Remark 1.7.1(a) shows that the sesquianalytic correlation E®(z)W(z) may be maximally
big in the sense of modulus everywhere in the disk D. However, the example in Remark 1.7.1(c) only says
that the analytic correlation E®(z)\W(z) may be maximal in modulus along the radius [0, 1[ emanating
from the origin. This leaves open the possibility of bounding L?> means along concentric circles. The fact
that EQ(z)W(z) represents a holomorphic function in D limits to some extent the possible growth of the
function. However, from the work of Abakumov and Doubtsov [1], we see that this is not a very strong
restriction, and effectively knowing that E®(z)W(z) is holomorphic does not add much to the growth
control beyond the pointwise bound (1.7.3), which may be understood as belonging to a Korenblum-type
growth space. For some other aspects on the growth behavior of functions in Korenblum-type spaces,
see [4]. To measure growth of functions in the Bloch space, the asymptotic variance of a function in the
Bloch space has been studied (see [15], [2], [13], [7]). We recall that the Bloch space B(D) consists of all
complex-valued holomorphic functions f : D — C such that

Iflls == sup(1 = zP)If"(2)| < +eo.

zeD

Naturally, this defines a seminorm on $(D), as constants get seminorm value 0. The asymptotic variance
of a function f € B(D) is the quantity

(1.7.4) o(f)? := lim sup ! T
r—1- IOg 12

f FrORAS(O).
]

At least in dynamical situations, it captures very well the boundary growth of the given function. From
a probabilistic point of view, it is based on thinking of the evolution of the function r — f(r() as a
Brownian motion in time log % ~ log ﬁ The analytic correlation f(z) = E®(z)W(z) need not be an

element of the Bloch space B(D). However, it has a finite asymptotic variance nevertheless.
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Theorem 1.7.2. For all jointly Gaussian processes (®, V) consisting of Dy-GAFs, we have the estimate

1 + 7.

1-12

f [ED(rQ)W(rC)[*ds(Q) < 2r* log
.

This means that in the Lz—average sense on concentric circles, the function E®(z)W(z) spends most of
its time on |z| = r with values bounded by a constant times the square root of log 2, which is of course
much smaller than what the bound (1.7.3) would allow for. In terms of the random variables a;, i, the
left-hand side expresssion in the above theorem equals

+00

175 ED(rO)W(rOPdsQ) = Yy ¥
(175) [ Eowoweoraso =Y

=2

2
Y (7 5ay, poal -

jhijrk=l

It is natural to wonder if the bound o(f)*> < 2 for the asymptotic variance of the analytic correlation
f(z) = E®(z)¥(z) in Theorem 1.7.2 is optimal. By a construction due to Zachary Chase [5], we have the
following.

Theorem 1.7.3. (Chase) There is a permutation 7 : Z, — Z, such that if B; = arj) and f(z) = EP(z)¥(z), we
have o(f)* > 1.72.

So, it remains to investigate the universal quantity X2 := sup 0 £)?, where f runs over all possible
analytic correlations E®(z)W(z).

1.8. Orthonormal systems in separable Hilbert space. In terms of the inner products (a;, Br)a, the
condition that the elements belong to a Gaussian Hilbert space is inconsequential and may be removed.

Corollary 1.8.1. Lef {x1,x2,x3,...} an {y1,Y2,Y3,...} be orthonormal systems in a separable complex Hilbert
space H. Then, for 0 < r < 1, we have the estimate

+00 2

21 . _% ) e
Z r | Z (jk) "2 (xj, yoyn| < 2log T
1=2 jkij+k=1

One possible interpretation of the corollary is that on average, the sums

()

- <xj/ ]/k>(H

ket k

are bounded by 2.

1.9. The analytic correlation and Dirichlet operator symbols. Forw € D, let s, denotes the Szeg6 kernel
1

191 -(0) = .

(19.1) 0= 775

For functions in the Bergman space A%(D), taking the inner product with s; is the same as finding the
average

1
(1.9.2) (f,s:)p = j; fzt)ydt,  fe AXD).

Definition 1.9.1. Let T be a bounded C-linear operator on L?(D). The Dirichlet operator symbol associated
with T is the function

PITI(z, w) := (T(5:), sw)o, z,w €D,
which is holomorphic in D?, with diagonal restriction

@P[Tl(z) = (T(5:),52)p, zeD.
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Remark 1.9.2. If T = M, the operator of multiplication by y € L*(D), then
. H(E)dAE)

193 oP[M =(M,(5;),8:)p = T _&v

(193) M) = (M), s00 = [ EEE

which shows that @P[T] is a generalization of the Bergman projection to the setting of general bounded
operators. There is a way to write [T] which makes the analogy with (1.9.3) clearer:

?)[T] (Zr w) = (T/ S: ® Sw)tr~

Here, we use the bilinear tensor product (f ® g)(h) = (h, )f, and the notation (A, B);, = tr(AB) = tr(BA)
for the trace inner product.

eD,

The next result characterizes the analytic correlations E®(z)W(w) as the Dirichlet symbols associated
with contractions on L?(D).

Theorem 1.9.3. (a) Given a pair of jointly Gaussian Dy-GAFs (O(z), V(z)) there exists a norm contraction
T : L2(D) — L*(D) such that
(1) ED(z)W(w) = zw(Ts;, sy)D z,w €D,
(b) Given a norm contraction T on L?(D), there exists a pair of jointly Gaussian Do-GAFs (®(z), V(z)) such that
(i) holds.

In particular, we see that in the sense of the theorem, the analytic correlations E®(z)W¥(w) may be
identified with the Dirichlet operator symbols of contractions on L?D):

ED(z)W(w) = zwP[T](z, w).

1.10. Analytic correlations and the Bloch space. The Bloch space B(D) consists of all complex-valued
holomorphic functions f : D — C such that

lIfllg == sup(1 = [zPP)|f' (z)| < +o0.

zeD
This defines a seminorm on $B(D), since constants get seminorm 0.

Definition 1.10.1. The mock-Bloch space B™°%(D) is the space of functions
{ @P[T]: T is a bounded operator on LZ(D)}.

This mock-Bloch space is naturally endowed with a norm, which equals the infimum of ||T|| over
all operators T representing the same symbol @P[T]. All functions in B(D) are in B™°*(D). This is
well-known an easy to see using multiplication operators M, as in [7] (compare with (1.9.3)). On the
other hand, is 8m°°(D) contained in B(D)? This is answered in the negative by the following.

Theorem 1.10.2. There exists a function f € B™°K(D) which is not in B(D).

It is known that B(D) is maximal among Mobius-invariant spaces [18], so Bmock(D) cannot be Mobius-
invariant in the standard sense. For a Mobius automorphism ¢ : D — D, let

(1.10.1) Usf(2) = ¢'(2)f 0 92), Uyf(2) := §'(2)f 0 p(2),

be the associated unitary transformations of L%(D).

Theorem 1.10.3. For a Mibius automorphism ¢ : D — D, and a bounded operator T on L*(D), we write T, :=
U(PTU;), which has the same norm as T. If we write Q[T](z, w) := zwP[T](z, w) and @Q[T](z) := 22P[T](z,2),
we then have the identity

Q[Ts](2) = @Q[T] © ¢(2) - QITI($(2), p(0)) - QITI($H(0), $(2)) + @QLT](P(0)).-

Typically, in Mobius-invariant spaces, the correction after a Mobius transform amounts to the sub-
traction of an appropriate constant. Here, we instead subtract a function in the Dirichlet space.
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1.11. Symbolds of Grunsky operators. Let ¢ : D — C be a univalent function. In other words, ¢ is a
conformal mapping onto a simply connected domain. The associated Grunsky operator I, is given by the
expression

/7 ’ 1
(1.11.1) T,fz) = fD ( ((P‘fzgzi‘fpiz)))z & w)z) Fw)dAw),  zeD.

It is well-known that T, is a norm contraction on L*(D), and it maps into the Bergman space A%(D). This
contractiveness is called the Grunsky inequalities, and in this form it was studied in, e.g., [3]. For a given
@, we may consider instead the normalized mapping

. ¢z)—90)
P(z) = o0

which has ¢(0) = 0 and ¢’(0) = 1. It is easy to see that I'; = I'y, so we might as well replace ¢ by its
normalized variant ¢, and require of ¢ that ¢(0) = 0 and ¢’(0) = 1. The Dirichlet symbol associated with
I, is then

zw(p(z) — p(w))

2
- wp@p) @D

(1.11.2) QT,](z, w) = zwP[Ty](z,w) = 1o

with diagonal restriction
229’ (2)
(P’

We want to characterize the Dirichlet symbols of the above form (1.11.2) among all Dirichlet symbols
Q[T](z, w) of norm contractions T on L?(D).

2QIT,](z) = 220 PIT,1(z) = log z € D.

Theorem 1.11.1. A function Q = Q(z, w) which is holomorphic on D? is of the form Q[T 1(z, w) for a normalized
univalent function ¢ : D — C if and only if

(a) Q0,w) = 0and Q(z,0) =0, and

(b) Q = Q(z, w) solves the nonlinear wave equation

ZzazQ B wz&wQ
zw(z —w)

8zan + (3ZQ)(an) =

Remark 1.11.2. This result ties in nicely with deformation theory. Suppose we look for a solution Q = Q,
with an additional parameter added, A € D, with respect to which Q) depends holomorphically, and that
with A =0, Q1 = Qo = 0. Then we expand Q = 2}21 A Qj and see that the the nonlinear wave equation
of Theorem 1.11.1 becomes a sequence of linear PDEs for the coefficient functions Qj. First, O; solves a
homogeneous wave-type equation, and then for j = 2,3,4, ..., Q ; solves an inhomogeneous wave-type
equation, where the inhomogeneity involves the lower order coefficient functions Qy for 1 <k < j.

1.12. Acknowledgements and acomment. This paper is the result of joint project with Serguei Shimorin,
of which a preliminary version was available earlier [11]. Tragically Serguei passed away in July 2016
as the result of an accident. We thank several colleagues who helped organizing a conference in his
honor at the Mittag-Leffler Institute in June, 2018. Among the organizers were Catherine Bénéteau,
Dmitry Khavinson, Mihai Putinar, and Alan Sola. I also want to thank Eero Saksman for a conversation
on the fact that the mock-Bloch space is bigger than the Bloch space, Oleg Ivrii and Bassam Fayad for
their interest in asymptotic variance, and Zachary Chase for his contribution with the construction of a
permutation matrix with somewhat extremal properties.
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2. THE DUALITY INDUCED BY THE BILINEAR FORM OF GAF

2.1. The GAF as a duality. Let us for the moment write ®@,(z) for the Dy-Gaussian analytic function
given by (1.3.1), having in mind the notation & := (a1, a2, a3, ...) for the Gaussian vector of elements
from ®. The closure in ® of the linear span of the vectors aj, j = 1,2,3,..., will be denoted by 2. We
shall also need the closure in & of the linear span of the vectors a;, j = 1,2,3,..., and we denote it by
.. The independence and symmetry of of these random variables means that the vectors a; form an
orthonormal system in ®, and that U is orthogonal to ..

Continuing along the same line of thinking, we would write ®g(z) for W(z), the second copy of the
same Gaussian process. Now, if M is a bounded linear operator on %, then Ma; € 2 and hence has a
convergent expansion in basis vectors:

+00
MO(]' = ZMj,kak/
k=1

where the sequence k = My is in 2. If we write Ma = (Ma1, Ma,, Mag, ...), we may speak of a Gaussian
analytic function process

+00 +00 +00 400 400 +00
(2.1.1) Dpa(2) = Z Ma;ej(z) = Z ZMj,k(Xk ej(z) = Z Qg ZMf'k ej(z) = Z ar Me(2),
j=1 j=1 k=1 k=1 j=1 k=1

where ¢(z) = j‘%zj as before. Moreover, the GAF transpose of M, given by

+00
(2.1.2) Mtey(z) = Z Miei(2)

j=1
defines a bounded linear mapping on Dy(D), as it just corresponds to the transpose of the matrix for M,
and shifting the basis from that of the Gaussian space U to that of Dy(D). This way we have a natural
transpose mapping M — M, and it is perhaps also natural to let its inverse be denoted the same way,
so that (M")" = M.

Typically, (2.1.1) will define a Gaussian analytic function with a correlation kernel which is different

from that of ®,(z). Indeed, while E®p,(z)Pma(w) = 0 automatically since U is orthogonal to 2., we see
that

(2.1.3) EDmq (2)Pma(w) = Z(M(Xerak>Q ej(z)er(w),
k=1

which need not coincide with the corresponding correlation for ®,. However, in the special case when
the restriction M|y = U is unitary on %, so that U'U =Ion ¥, (2.1.3) gives us
+00 +00
(2.1.4) EQua(2)Pua(w) = ) (U'Uaj, ai)a ej(2)ek(w) = ) ej(2)ej(w) = log
jk=1 j=1

1—zo’

that is, the same correlation structure as for ®,(z). In other words, @y, is another copy of the Dy-GAF.
When U : A — U is unitary, its GAF transpose U acts unitarily on Dy(D), and the functions U'ej(z) form
an orthonormal basis for 9y(D). Naturally, this goes the other way around as well, that is, if a unitary
transformation V on Dy(D) is given, this defines another unitary transformation V' on U via (2.1.1) with
V in place of M'. An important instance is when the unitary transformation on Dy (D) is generated by a
Mébius automorphism ¢ of the disk D. If ¢ : D — D is a M6bius automorphism, then the operator V
given by

Vo f(2) = f o d(2) ~ f o p(0)

is unitary on Dy(D) and therefore corresponds to a unitary transformation V;r) acting on A such that

(2.15) Dyia(d) = ) Viajei2) = ) a;jVoe (@) = ) ;G - $O)).

j:] j:] j:l
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2.2. GAF and Hankel-type duality. We describe a variation on the above-mentioned GAF duality
theme. Suppose that instead M is a bounded linear operator A — A, (like a Hankel operator). In the
same fashion as before, we write

+00
MOé]' = Z‘M];ka‘zk,
k=1

and obtain that

+00 +00 +00 +00 400 +00
(22.1) Oug(z) = ) Majejz) = )| Y Mixdieiz) = ) ae ) Mycei(z) = ) & Mbey(2),
j=1 =1 k=1 k=1 j=1 k=1

with M#, the GAF-Hankel transpose of M, given by the analogue of (2.1.2),
+00

(2.2.2) Miey(z) = Z Mie(2).
j=1

As with the GAF transpose, we let it be its own inverse, so that (M%)} = M. If M : % — 9, is isometric
and onto, then M* acts unitarily on Dy(D). On the other hand, if V is unitary on Dy(D), the Dy-GAF

+00 +00 +00 +00 +00 +00
(2.2.3) Z‘ ax Ver(z) = Z ay Z Vk,]' 6]‘(2) = Z Z Vk,]'(ik ej(z) = Z Viaj 6]'(2),
k=1 =1 =1 =1 k=1 =
where
400
(2.2.4) Via; = Z Vi jdik.
k=1

2.3. Representation of the correlations E®Q(z)W(w) and E®(z)W(w). In view of the definitions of ®(z)
and W(w), we have that

+00

(24 ',Bk ,
(2.3.1) O(2)W(w) = ]—‘z]wk,
so that taking expectations, we obtain that
+00 +oo
(2.3.2) ED(z)W(w) = Z(jk)-%(Ea,-ﬁk) Zuk = Z(jk)-%<a,~, Boazwt,  zweD.
Jk=1 k=1

Next, let S : ® — © be the bounded linear operator which maps A, — 3B, according to Sa; = f; for
j=1,2,3,..., while Sy =0 holds forall y € ® & X, = A@ N. Then S is a partial isometry: it vanishes on
A @ N, and acts isometrically on U.. In terms of this operator, we may rewrite (2.3.2):

+00 +oo
(2.3.3) ED()W(w) = Z(jk)-%m]-, Ba Zwk = Z(jk)—%mj, Saxyziuf,  zeD.
jk=1 k=1

While the representation (2.3.3) has some good properties, it is not too convenient to give useful estimates.
We split

ﬁ_]' = Sd]' = PQISC_Y]' + PQESC_K]' = ﬁ]' = Sa]- = PQLSO(]‘ + PiSa]-,
so that the process W(w) takes the form

+00 400 +00
W(w) =Y Biejw) = ) PuSajei(w)+ Y Py Sajei(w) =: Wi(w) + Va(w),
j:l j=1 j=1

with the obvious splitting of the process in two. Since
ED(z)Wa(w) = (D(z), Va(w))o = 0



12 HAAKAN HEDENMALM AND SERGUEI SHIMORIN

as a consequence of the properties of the projections, we see that
ED(z)¥(w) = EQ(2)¥1(w),
and from the GAF-Hankel duality of (2.2.1),

+00 +oo
Wi(w) = ) (Pu.Saj)ejw) = ) a; (PuS)¥ej(w).
= =1
It is now immediate that
(2.3.4) EQ(2)W(w) = ER(2)W1(w) = ) ¢(2) (Pu.S)rej(w),  z€D.
j=1

Turning our attention to the other correlation E®(z)¥(w), we split
ﬁ_]‘ = S@]‘ = PQLSC_Y]' + PQLLSd]‘ = ﬁ]‘ = Sa]- = PgISaj + PQLISCY]',

so that the process W(w) takes the form
+00 +00 +00
‘I/(w) = Z ﬁ]' e]-(w) = Z P«)IS(X]' ej(w) + Z Péigaé]' ej(w) = \I’3(w) + \I/4(w),
j:l j=1 j=1

with the obvious splitting of the process in two. Since
ED(2)W4(w) = (P(z), Pa(w))a = 0
as a consequence of the properties of the projections, we find that
EQ(z)V(w) = ED(z)W3(w).
In addition, by the duality of (2.1.2),

Ws(w) = )" (PuSaj)ej(w) = ) aj (PaS)'e(w).

j=1 j=1
which gives the equality
+00
(2.3.5) ED(2)W(w) = Z ei(z) (PuS)tej(w),  zweD.
j=1

To simplify the notation, we write Q = (Py,S)* and R = (PyS)" which are both contractions on Dy(D).
Then our main formulas become, for z, w € D:

(2.3.6) ED(z)W(w) = Z ei(2) Qej(w),  ED()W(w) = Z ¢i(z) Re;j(w).
=1 =

3. PROOFS OF THE FUNDAMENTAL BOUNDS
3.1. The joint pointwise bound of correlations.
Proof of Proposition 1.5.1. Essentially, we just need to use the property that the 8 X 8 matrix (1.5.3) is
positive semidefinite. Since for complex constants a,b, c, d,
0 < |a®(2) + bD() - W(w) - V(@) = (al + [BP)IDE)E + (e + 4P ()P + 2 Re(ab(®(2))%)
— 2 Re(ac®(z)¥(w)) — 2 Re(adD(z) W (w)) — 2 Re(bed(z)W(w)) — 2 Re(bd®(z) W (w)) + 2 Re(cd(¥(w))?),
the inequality survives after taking the expectation:

1
1— |z 1 — |w)?
— 2 Re((ac + bd)ED(z) ¥ (w)) — 2 Re((ad + bc)ED(2) W (w)).

0 < E|ad(z) + b®(2) — W (w) - d\If(w)|2 = (| + [b*) log + (IcP? + |d?) log
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In other words, we have the inequality

2 Re((ad + bo)ED(z) W (w)) + 2 Re((ac + bd)ED(z) ¥ (w)) < (laf* + |b]*) log

df*)log ——.
o+ (P 1) log s

We now restrict the values of our parameters, and assume that b = @ and d = ¢. The above inequality
then gives that

2 Re(acED(z)W(w)) + 2 Re(acED(z)V(w)) < |af* log T _1

1
+ |C|2 log 1_—|u)|2

|z
We write ac = |aclw1 and a¢ = |ac|w,, where |w1| = |w;| = 1. Then
Bl g Ll 1
= ld | =z a7 1 - |w]?
On the right-hand side, we are free to minimize over |a| and |c|, while on the left-hand side, we are free

to maximize over the (freely choosable) unit vectors w; and w,. After optimization, we arrive at the
asserted estimate. O

2 Re(w1E@(z)W(w)) + 2 Re(wrED(z) W (w)) <

3.2. The proof of the fundamental integral estimate.

Proof of Theorem 1.6.1. The first observation is that by L*(D)-orthogonality,
2 dA w)

f |rwED) ¥’ (w) + bWED(2) Y’ (w
D

= laP? fD [EQ@W’ ()| dA(w) + b} fD [E0@) W ()| dAw).

Next, we observe that by the representat1on (2.3.6) and the norm contractive property of Q,

f|ECD z)‘If’(w)| dA(w) = ” e] z)Qe]H HZe](z e]H Zle](z =log —— 1= |2,

and, that analogously, by the norm contractive property of R,

fD [E®@) P (w)[ dAw) = ”zéf(z)Ref”Zv < ”géf(z)ef“i = g /(@) = log 7 —1|z|2'

The proof is complete. o

4. DIRICHLET SYMBOLS OF CONTRACTIONS ON L?(D) AND ANALYTIC CORRELATIONS OF GAFs

4.1. The correspondence between Dirichlet symbols and the analytic correlation. We show the indi-
cated relationship between the analytic correlation EQ(z)W(w) and the Dirichlet symbols P[T](z, w) for
contractions T on L?(D).

Proof of Theorem 1.9.3. We begin with part (a), so we are given the orthonormal systems {«;}; and {8;}; in
the Gaussian Hilbert space 6, and need to construct the norm contractive operator T on L?(D) with the
indicated property. We let S : ® — ® be the bounded linear operator with Sa; = f; for j = 1,2,3,...
while Sy = 0 for all y € ® © U,. Given that S is a contraction, the product PyS is a contraction as well,
and we may decompose

+00
P‘)IBk = PySa; = ZAk,]'aj,
=1
where Y, i IAk,]-I2 < 1. Forj=1,23,..., we write fj(z) = e;.(z) = j%zf‘l, which constitutes an orthonormal

basis in A%(D), and put

+00
Tfi=Y Aufi k=123,
I=1
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By linearity and norm boundedness of the matrix (A;x);x, this defines T* on A?(D). Then

+00 +oo
(fi, T fiop = ZAk,l<f;/ﬁ>D = Ay = ZAk,l<ajr ana = {aj, PaSar)a = (@), Si)a = (@), fa,
=1 I=1

and since
(4.1.1) 25:(0) = 7 —ch = i FU = 2éj(z)ﬁ(C),
it now follows that i i
zw (3, T'Sw)p = f ej(2)ex@)f;, T' fido = i(aj/ Braej(z)ex(w) = ED()V(w),
= =

so that condition (i) holds if T is the adjoint of T*. But to properly define T, we need to extend T* to
all of L%(D). To this end, we simply declare that T*f = 0 holds for f € L?>(D) © A%(D). It remains to
check that so constructed, T* is a contraction on L?(D), for then the adjoint T is contractive as well. For
a polynomial f € A%(D), we decompose it as a finite sum f = Y, by fy where |||, , = Y. [bk[>, and since

2 L2(D)
T f = Y11 Akibi fi, we find that

2 2
IT iy = Y| Y Ati] = [Pus Vb < | e = Yo e = 1512 o
k k k k

I
and it follows that T* defines a contraction on A?(D) and hence in a second step on all of L%(D). This
concludes the demonstration of part (a).

We proceed with the remaining task of obtaining part (b), which amounts to constructing the Gaussian
Hilbert space ® and the sequence f; and associated partial isometry S for a given contraction T on L?(D).
We recall that % and ., are two orthogonal subspaces in . However, the sum U & U, need not be all
of ®. We will assume that 9t := & © (A ® U,) is separable and infinite-dimensional which just amounts to
considering a sufficiently big (separable) Gaussian Hilbert space . We split 9t = M S M., where M is the
closed linear span of certain elements v1,v2,v3, ... of %, which are all i i d standard complex Gaussian
variables (see Subsection 1.2). The space I, is then the closed linear span of the complex conjugates
71,72,73,.... As for notation, we will need the orthogonal (Bergman) projection P> : L2(D) — A%(D), and
its conjugate P,. defined by

2

P (f) = Pa(f).
We begin with the observation that

(Tf;, foo = {f;, T foo = {fi, Pa-T fi)o. k=1,23,...,
We need to find i i d standard Gaussian vectors 31, 82, i3, . . . in the Gaussian Hilbert space ® such that
Ea;Br = (aj, Ba = (Tfj, fido = {fi, P T fido, k=1,2,3,...,
since by summing over j, k we arrive at

+00 +00

EP@W(2) = ) ej(z)ex(w) Eajfy = Y ej(2)ex(w) (TS, fido
jk=1 k=1
= Z ej(2)ex(w) (fj, PaT fidp = (52, ParT'sw)p = (P82, T'swhp = (52, T'sw)p = (TSz, Sw)p,
k=1

where we used (4.1.1).
The element P> T" f; is in the space of complex conjugates of A%(D), and as such it has an expansion

+00
I_)AZT*fk = Z Ak,lﬁ/
1=1
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where Y i IAk,jI2 < 1. We need S to have the property that in terms of the above expansion,

PySa, = Aay = ZAk,jaj/
j=1

which defines A as an operator . — A. As such, it is a contraction. Indeed, if y € U, has expansion

y = Y.« b@, we obtain that
2 2
Z‘ Ak]bk PAZTZ breell < Z bieel| = Z |bk|2 ”sz
k k

which verifies the norm contract1v1ty of A. We proceed to define the operator S and hence the Gassian
vectors B; = Sa;. To do this, we appeal to a standard procedure in operator theory. Since A maps A, — ¥,
it has an adjoint A® which maps % — A,. We now form the defect operator

D := (I, — A®A)Y?,

which maps . — A.. The square root is well-defined given that we are taking the square root of a
positive (semidefinite) operator. We use this defect operator to define an associated operator D on I,
by declaring that if Da; = } Dy, then

Dvj=Y Dyvi,  j=123....
k

Ayl =

Then D becomes a contraction on M, and we may now define the operator S. For y € 6 6., we declare
Sy = 0. For y € U,, we expand in basis vectors y = ) ; by, and define the Gaussian vectors

(4.1.2) Br = Say := Aay + Dvy e A M, k=1,2,3,...,
where PyS is as before. Since Dvy € M ¢ N, we see that
PySa, = PyAdy + PyDvy = Ady,
since A®; € A and we know that M is orthogonal to ¥, so things are as they should be. Moreover, S acts
isometrically on ., as we see from
1SV 0 = IAYIZ: 0, + IDYIP = 1yIP.

It follows that the functions B := Sd; form an orthonormal system in ®. It remains to verify that they
are iid standard complex Gaussians, which requires in addition to orthonormality that ES;B; = 0 holds
for all j and k. In view of (4.1.2),

EBiBx = (B, frya =0,
given that f; € A @ M while f € A & M, and the subspaces A ® M and A, & M, are orthogonal to one
another in ®. This tells us how to construct the sequence 1, B2, B3, . . . stanrting from the contraction T
on L?(D), and concludes the proof of part (b). O

4.2. Orthonormal systems in Hilbert space and operator symbols. We recall the setting of Corollary
1.8.1, where x1, x, x3, ... and y1, Y2, ¥3, . . . are two orthonormal systems in complex Hilbert space H. Let
X denote the closed linear span of the vectors x1,x2, X3, ..., and Py the orthogonal projection H — X.

Proof of Corollary 1.8.1. We recall the notation fj(z) = e;(z) = j!/2zi7!, and let T* be a linear operator with
the property that

(4.2.1) T f; = Z(]/jr X e
k

Then we have for scalars c; (only finitely many nonzero) that

2 2
T Z ¢ifi| = H Z cikyj X fe| = ’
j D Tk P

2

<[],

Z iV, Xi )Xk

ik

= PX C]?/]
H



16 HAAKAN HEDENMALM AND SERGUEI SHIMORIN

which shows that T* defines a norm contraction A%(D) — conj A%(D). In a second step, we extend T* to
all of A%(D) by declaring that T*f = 0 for all f € L?(D) © A%(D), and we see that this defines a contraction
on L?(D). The Dirichlet symbol of T is then, in view of (4.1.1),

+00 +00

zw P[T](z, w) = zw(T5;, S)p = zw(S;, T'sw)p = Z ej(z)ek(w)<f_j/ T oo = Z ej(z)ek(wxxj/ Yk)D-
jk=1 k=1

Taking the diagonal restriction, we have that
+00
an—L
2PTIzz) =) 2 Y (075, v,
=2 jkjtk=l
and it follows that the claim is a direct consequence of Theorem 1.7.2. m]
5. HILBERT SPACES AND DIAGONAL RESTRICTION ON THE BIDISK

5.1. Weighted Bergman spaces on the disk and bidisk. For real a > —1, we write A2(D) for the Hilbert
space of holomorphic functions f : D — C subject to the norm boundedness condition

”f”iﬁ(D) =(a+1) ‘fD |f(z)|2(1 — |z|2)adA(z) < +00.

Moreover, we write A%, (D?) for the Hilbert space of holomorphic functions f : D — C subject to the
norm boundedness condition

1A (o) = fD fT |f(z, w)Pds(2)dA(w) < +co.

For analytic functions f on the bidisk, we let @ denote the operation of taking the diagonal restriction,
©f(z) := f(z,2). We may for instance write 9, @ (9%, f) to denote the function

8£(&’§Uf(z, w)|wz=z).
In [9], the following diagonal norm expansion theorem was obtained.

Theorem 5.1.1. For f € A%, (D?), we have that

o (1+2),] & (=1 (k + 2),.— .
11,0 = ZS (1) kZ Ki(n S e
n= =0

—k)(n+k+2),x
5.2. The implementation of the fundamental estimate into the diagonal norm expansion. Our starting
point is the instance of (2,b) = (1, 0) in Theorem 1.6.1:

2

43,1 (D)

z € D.

fD |a(z)Eq>(z)\y’(w))2dA(w) < la(z)l* log 1- ¢

We dilate each variable using 7, 0 < r < 1, multiply by |a(z)|? for some a € H?(D), and integrate over T X D:
, 2 1
2 f f 1 |a(z)Eq)(rz)\If (rw)| dA(w)ds(z) < IIaII;2 log -2
T JDO,Y)

We now throw away a part of the domain of integration (but, by monotonicity, we may remove the r
factor at the same time):

(5.2.1) fT fD la@ED(r2)W (rw)[ dA(w)ds(z) < llall%, lOgﬁ.

We recognize the left-hand side expression as the norm-square in the space AELO(Dz) of the function
f(z,w) = a(z)ED(rz) ¥’ (rw). Clearly,

(% f)(z) = rFaz)EOrz) W E D (rz),
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so an application of Theorem 5.1.1 gives that

- 2(n +2), - (=Df(k +2), 4 1 n—k (k+1) 2 2\2n+1
(5.2.2) ; — fD L o Ol £+ z)n_kaz (a(2EQ(r2) W D (r2))| (1 - 2P dA(z)

1
< llal. log -2

We choose for simplicity a(z) = 1, and expand the higher order derivative using the Leibniz rule

n—k Y]
2HERW D) =Y u(fln—kk)‘E®<”"‘"><rz>w<k+l+l><rz>.
=

D!
It follows that

n  n-k
(523) Z Z k'( (_1)k(k + 2)n—k rk ag—k(EcD(rZ)\Ij(k+1)(rz))

e L kel(n — '(n+k+2),«

n n—k

(1) (k + 2),«
K —k = D)1(n + k + 2)nr

n

= Z =1)"n+Dl(n—m+1),

m!(m + Dl(n + 2),

Eq)(nfkfl) (rz)\p(kJrHl) (I’Z)

= rn
k=0 1=0

2
| (Eq)(”’m)(rz)\lf(’“”)(rz))
m=0
since it happens to be true for integers m with 0 < m < n that
Z (=1 (k + 2)u-t _ (D" + DI —m + D]

Kitn —m)!(n+k+2)c m!(m + 1)!(n + 2),,

kI>0:k+1=m

As we implement (5.2.3) into (5.2.2), we arrive at

+oo " n m
Y Ao [ e e ) - ascy
<log T
If we only keep the first term with # = 0 on the left-hand side we are left with
(5.2.4) 2 fD [ED(r2)W (r2)[ (1 - |2P)dA(z) < log —
We are free to switch the roles of ® and W, so that we also have
(5.2.5) 2 fD |EfD’(rz)‘I’(rz)'2(1 ~ 2P dA(z) < log o

Since
0. EQ(rz)W(rz) = rED’ (rz)W(rz) + rEDQ(rz) W' (r2),
it follows from (5.2.4) and (5.2.5) that

(5.2.6) fD |0.ED(r2)W(rz)[ (1 - 12P)dA(2)

<27 fD (EQ2W (r2)[" + [E@ (r2)W(r2)[)(1 ~ [2P)dA() < 2/ log —.

17

Proof of Theorem 1.7.2. A variant of the Littlewood-Paley identity states that for an analytic function f in

the Hardy space H*(D),

"2)P1 = |zP)dA(z) = 2ds(z) — 2dA(z),
fD @R - ZP)dAR) fT f@)Rds(z) fD FRPAAG)
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so that with F(z) = E®(rz)W(rz), (5.2.6) asserts that

1
1—72

(5.2.7) fIF(rz)Ist(z)—le(rz)lsz(z)SZrzlog
T D

In terms of the Taylor expansion of F,
+00
Fz) = ) (),
j=2

the estimate (5.2.7) amounts to

+0o . 2]‘
J77 a2 <92
(5.2.8) ]E:Z i1 [F(j)I* < 2r° log T

By integration, we see from (5.2.9) that

r too -

o 7. jt
(5.2.9) f Fr2)RdAR) = Y~ [EG)P <2 f LT \Bj)pat
] ; 7 /Fu O ]ZZ‘ 71 F0)

SZf tlog ! dt=(1—72)log(1—72)+r2Sr2.
0

1-#
It now follows from (5.2.7) combined with the estimate (5.2.9) that
1
(5.2.10) fIF(rz)Ist(z) <217 log - +12,
T _
as claimed. O

6. MOBIUS INVARIANCE AND THE MOCK-BLOCH SPACE

6.1. Mobius invariance of the Dirichlet symbol. For a Mobius automorphism ¢ of the unit disk D,
let Uy and V4 be the unitary transformations on L?(D) given by (1.10.1). If ¢, ¢ are two such Mdbius
automorphisms, we see that

U¢U¢,f = be((]b,(f o) =y (@ oY)(fopoy)=(po)(fopoy)= U¢)O¢(f),
which puts us in the context of representation theory. In particular, we find that U, = U;,)1 = Uy
Lemma 6.1.1. We have that

WUy sw = P(W) sp) — P(0)sg0),  w ED.

Proof. This is a direct computation. ]
Proof of Theorem 1.10.3. In view of the definition of the operator Ty, = U¢TU;, we see that
@WI[Tyl(2) = 2(UyTULS,, s2)p = 2°(TUS:, Ugs:)o,
and by Lemma 6.1.1, it follows that
22<Tﬁ;;)§21 Ugs:)p = P(2)(T5p(2), 562D — PO)PE)(TSp(2), S6(0))D

— P(0)P)(Ts4(0), 89D + P(0)*(Ts0), S9(0))Ds

which is the claimed invariance. m|
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6.2. The mock-Bloch space is bigger than the Bloch space. We show that the product of two Dirichlet
space functions need not be in the Bloch space.

Proof of Theorem 1.10.2. Let r1,12,73,... be a increasing sequence on ]0, 1[ tending rapidly to 1. We let f
and g be the functions

“+00 +00 —1
N P N - J 1
f@)=)ja N 8@ =) ——=lg
/=1 =1 0812 /
]
Then s 5
_ foo (1 =11 -r)
2 _ /2 — i—1 ] k
i = [ ireaa= [ |Y e aa@ = Y (o T <t
j=1 jk=1
if the sequence {rj}; is sparse enough. In a similar manner,
+00 .1 roR +00 . og #
g1 = f g/1*dA = f )3 ———|dA@ = ) (B = <+oo
D ol= [log T i = \/log 1_1—r§ \/log #

if the sequence is sparse enough. We could require for instance that simultaneously the following

conditions should hold:
< lj—kl
log 1=t 2” / \ f

- —lj— k\—
(1—rjrk>2 = aeAa-a

and

By construction, we have
_ 2

s Og%kz
P = G R

122 flog L
jk=1 ] log 7
1-7  log i
A=) f g =Y (0™ G
]I(Z‘l (1 —=rn)? /10g -

which with a sufficiently sparse sequence {r;}; can be made to tend to infinity. Since both f and g have
nonnegative Taylor coefficients,

(f8) () = f(0g(x) + f(N)g'(x) = f'(x)g(x),  0=<x<1,

so it would follow that

Ifglls = sug(l - 2P)I(f8) (2) = s%p(l — 1) f(r)g(r) = +oo.

so that

On the other hand, there is a rank 1 operator T such that f(z)g(z) = @P[T](z), so fg definitely belongs to
the mock-Bloch space 8m°K(D). m

7. CHARACTERIZATION OF DIRICHLET SYMBOLS OF GRUNSKY OPERATORS

7.1. Grunsky operators. Let ¢ : D — C be a univalent function. In other words, ¢ is a conformal
mapping onto a simply connected domain. The associated Grunsky operator T, is given by (1.11.2), and
it is well-known that I';, is a norm contraction on L*(D), and that it maps into the Bergman space A?(D).
This contractiveness is usually referred to as the Grunsky inequalities, and in this form it was studied in,
e.g., [3]. Without loss of generality, we assume that ¢(0) = 0 and ¢’(0) = 1. We recall that the Dirichlet
symbol associated with I, is given by (1.11.2).
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Proof of Theorem 1.11.1. We first show that any symbol Q(z, w) = Q[I',](z, w) for a normalized univalent
function ¢ has the properties (a) and (b). Since Q[I',](z, w) = zwP[I,](z, w) it follows that (a) holds. We
note that if Y(z) := 1/¢(1/z) and if £ := 1/z, n := 1/w, then

) L awe@-e@) . EUNeE ) - o) (E) - )
Qzw) = Ql,lEw) = log s oot = 8 @ e etry ~ 8 -y

In other words,
PE) = P(n) = (& - e,
so that

(7.1.1) 0= 9:dy(Y(&) — () = 9y {(€ — ) )
= {é_zazQ(é_lr 77_1) - n_zan(‘E_lr 77_1) + (& - n)é_zn_z(azan(é_lr 77_1)

+ @ TE.QE ™ ) e,
Changing back to (z, w)-coordinates, we obtain that

0= Zzng(Z, ZU) - wzan(zf ZU) + (w - Z)Zw(azan(Z/ ZU) + (8ZQ(Z/ w))(&ZQ(ZI ZU))),
which is the same as

w9, Q(z, w) — 2°9:Q(z, w)

(w — z)zw

= 0:0,Q(z, w) + (9:Q(z, ))(9:Q(z, w)),

that is, property (b).

We turn to the reverse implication, to show that a holomorphic function Q in D? with the properties
(a) and (b) is necessarily of the form Q[T,,] for some normalized conformal mapping ¢. In view of the
above calculation (7.1.1), condition (b) asserts that

(&~ e =0

which means that locally in D?,
(€= meTT = Gi() + Gol),

where Gy, G, are holomorphic but with possible logarithmic branching at infinity. Letting n — &, we
find that G1(&) + G2(&) = 0, so that Gy(17) = =G1(7)). So the above identity becomes

(7.1.2) (&= eQE M) = Gy(&) - Gi(n).

We still need to know that G; is a globally well-defined function in D, (without logarithmic branching).
We differentiate both sides with respect to &:

G1(&) = 9¢((€ = m e ) = {1 - £72(E = Q™ e = 2T,

where in the last step we plugged in 1 = &, which is allowed since the expression is independent of 1.
As |&] > +00, we have Q(&71, &71) = O(I&]2), so that Q€ = 1 + O(|&|2), which rules out a &' term,
and hence there is no logarithmic branching. In addition, we see that G| () = 1. If we put, for some
constant ¢, ¢ := Gy + ¢, then by (7.1.2),

eQ(é_l'n_l) — llb(é) - 11)(77)
&=
Since the left-hand side is holomorphic and does not vanish in D3, it follows that i/ is univalent on D.. But
then there must exist a point in the complex plane C which is not in the image ¢(D.), and by adjusting c

we can make sure that 0 ¢ ¢/(D.). Then winding things backwards we get ¢ from ¢ in the above fashion,
and Q(z, w) is seen to be of the form (1.11.2), as claimed. O
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8. ZAcHARY CHASE’S CONSTRUCTION OF A PERMUTATION

8.1. Permutation of bases. We consider a permutation 7 : Z, — Z,. We use the permutation to define
that ; := ayj, which in turn defines the second Gaussian process W(z). In this case, the formula (1.7.5)
reduces to

8.1.1) [ Evvoweoraso - NN T

1=2 jkij+k=1

where 6;; denotes the Kronecker delta, which equals 1 if j = k and 0 otherwise. Since the sum of
Kronecker deltas is squared, it makes sense to try to concentrate the times they equal 1 to certain values
of I.

Proof of Theorem 1.7.3. Let d > 3 be an integer. We define the permutation © = 1, in terms of a disjoint
partition into intervals Z, = Iy Ul UI3 U ..., where I, is an interval on Z, which moves toward the
right as m increases. On each interval I, we let 77; permute the interval in question. The first interval is
L :={1,...,d -1}, and we put n4(j) := d — j for j € I. The second intervalis I, := {d, ... ,d? —d}, and we
put 74(j) := d*> — j for j € L. The third intervalis I3 := {d> —d + 1,...,d° —d* + d — 1} and on it we put
74(j) := d°® — j. The fourth intervalis Iy := {d®> —d*> +d,...,d* —d® + d*> — d}, and on it we put 7(j) := d* — j.
The general formula is 74(j) := 4" — j on I,,, but the endpoints of interval I,, depend on whether m is
even or odd. If mis odd, thenm = 2n — 1 forsomen =1,2,3,..., and

A S —1}
d+1 "7 d+1

Ly =Dy := {

while if m is even, then m = 2n for somen =1,2,3,..., and

d2n+d d2n+l_d
d+1777"7 d+1 }

Im ZIZn 22{

The permutation 4 is now well-defined, and we see that for k € Iy, 6,k = 0jan—x = 0 unless j +k = d"™.
This means that only the parameter values | that are powers of d contribute to the sum (8.1.1). When
[ =d", we find that

Z (K) 26,10 = Zl @ =)t = z(d]';l)

jk:j+k=dm j€Ly j€Ln

% 1 % 1- d+1
(1 - i) = f £2(1 = )" 2dt + O@d ™Y,

1
d+1

by thinking of the sum as the Riemann sum of the integral with step length 4. The integral is the
incomplete Beta function, since by symmetry

1
d+1

-m _1 Mo _1 _1 11.3 1
il -t idt = -2 tr1-Hdt=n-4d+ 1) R(L L L )
0

where the last equality relates it to the standard hypergeometric function. As it is well-known that

1 1
lim e ,
o & o

it follows from the obtained asymptotics that

M I M e (R e B

m=1 jk:jrk=dm

r4>1 log s

Finally, choosing d = 29 gives us the value ~ 1.7208. This is the asymptotic variance of the correlation
f(z) = E®(z)¥(z) based on using the permutation to define that ; = &) m]
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