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§0. Introduction

The ability to perform practical computations on particular cases has greatly influ-
enced the theory of elliptic curves. First, it has allowed a rich sub-branch of the Math-
ematics of Computation to develop, devoted to elliptic curves: the search for curves of
large rank, large torsion over number fields, and — more recently — the application of
elliptic curves to the factorisation of large integers [8]. Second, computation with special
curves has motivated, and formed a testing ground for, many of the deep conjectures of
the general theory.

For abelian varieties of higher dimension, there is a extensive general theory, which
is, however, of little use when we have a particular curve of genus 2 (say) over Q and want
to find its Jacobian, rank and torsion part. One finds that the general theory uses maps
which are not defined over the same ground field as the coefficients of the original curve,
and therefore are not useful for answering many arithmetic questions. A further legacy of
the analytic approach is that nearly all the literature on curves of genus 2 restricts itself
to the case Y2 = quintic, rather than the general form Y? = sextic.

The advent of modern computer algebra packages makes it possible to embark on the
project of making abelian varieties of dimension 2 as amenable to arithmetic investigation
as elliptic curves. The main aim of this paper is to develop tools for such a project.

Section 1 presents an explicit model for the Jacobian variety. We lay the groundwork
for Sections 2 and 3 by determining all quadratic relations on the Jacobian, given explicitly
in Appendix A. Section 2 develops constructively the theory of formal groups for genus 2,

including an explicit pair of local parameters which induce a formal group law defined over
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the same ring as the coefficients of the original curve. Heavy use is made of the computer
algebra package ‘Reduce’, and some of the results are simply ‘proof by algebraic checking’
— although we provide a brief description of the methods used to obtain them. As a rule
the identities, once formulated, are comparatively easy to verify; the labour required is in

finding the correct formulation.

§1. The Jacobian Variety

We shall work with a general curve C of genus 2, over a ground field K of characteristic

not equal to 2, 3 or 5, which may be taken to have hyperelliptic form

C:Y?=F(X)=fo X+ [ X° + uX 4+ X2 + X2+ f1X + fo (1)

with fo,....fe in K, fe # 0, and A(F') # 0, where A(F') is the discriminant of F. In Fj
there is, for example, the curve Y? = X° — X which is not birationally equivalent to the
above form.

Most of the literature on genus 2 considers only the case when F(X) is a quintic; we
do not impose this restriction, and the theory presented will apply to the general case.
This renders unavailable much of the analytic theory of the Jacobian, such as that in [10].
In particular, we may not assume the existence of a Weierstrass point defined over K.

As a group, the Jacobian of a curve of genus 2 has long been well understood in terms
of divisor classes modulo linear equivalence (see [1]). The canonical equivalence class of
divisors of the form (z,y) + (z, —y) , denoted by O, gives the group identity. Any other
element of the Jacobian is represented by an unordered pair of points {(x1,y1), (z2,y2)} on
C, corresponding to the divisor (x1,y1)+(x2, y2) —O, where we also allow +o00 and —oo (the
2 branches of the singularity of C at infinity) to appear in the unordered pair. Generically,
three such elements will sum to O if there is a function of the form Y — (cubic in X') which

meets C at all 6 component points. The Mordell-Weil group is the subgroup invariant
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under Galois action. It consists of pairs of points which are either both in K, or are

conjugate over K and quadratic. We denote this subgroup by D(C).

We wish to express the Jacobian as a projective variety; that is to say, we seek an
abelian variety of dimension 2 defined over K whose points represent elements of the
group described above. Working on C x C, we wish to ‘blow down’ O to a single point.
Let ©F, ©~ be the images of C in the Jacobian via the embeddings P — P — (400) ,
P+ P—(—00) , respectively. If we further let © be the image of C in the Jacobian via the
embedding P + P — oo (where oo is some fixed Weierstrass point over K), then ©F + 0~
is equivalent over K to 20. Now, © is ample, and the Riemann-Roch Theorem gives that
{(n®) =n? (n >1). A theorem of Lefschetz ([6], p.105) implies that a basis for £(30)
gives a projective embedding of the Jacobian into P®. David Grant has independently
developed this point of view in [4], which assumes a Weierstrass point over K and uses the
quintic form for F'(X).

In our case, we wish only to use maps defined over K, and so no analogue of £(30) is
available. We do, however, have an analogue of £(40) — namely £(2(0"+©7)), which is
defined over K. This is equivalent to the space of symmetric functions on C x C which have
at most a double pole at infinity (that is to say, of degree at most 2 in each of X1, Xs) , a
pole of any order at O, and are regular elsewhere. Such functions form a 16-dimensional
vector space. A basis has been given in [2]; we find it convenient to adopt the following

slightly different basis and notation (where (z1,y1), (z2,y2) € C).

Definition 1.1. Let the map J : D(C) — P take D = {(z1,91), (z2,92)} € D(C) to
a = (ao,...a15), where ag, ... a5 is the following basis of £(2(61 +©7)), given in reverse

order.

Regular at O:

2 2 2
a5 =1, a14 = 1 + 22, a13 = 122, a12 = 17 + 2%, a1 = v122(T1 + X2), a0 = (T122)°.
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Simple pole at O:
ag = (y1 — y2)/(z1 — 12), as = (w291 — 21y2)/ (21 — 2),
ar = (2591 — xiy2) /(1 — x2), as = (x3y1 — x7y2)/ (21 — 22).
Double pole at O:
as = (Fo(x1,22) — 2y192)/ (21 — 22)°,
as = (Fi(21,22) — (21 + 22)y192) /(21 — 22)°,
az = (z172)as,
where
Fo(w1,22) =2fo + fi(z1 + 22) + 2f2(w122) + f3(z122) (21 + 22)
+2fa(z122)? + f5(w100) (w1 + x2) + 2f6(w122)°,
Fi(z1,22) =fo(z1 4 x2) + 2f1(z122) + fa(z122) (21 + 32) + 2f3(7122)*
+ fa(@1m2)? (21 4+ 22) + 2f5(x122)> + folwr22)> (21 + 2).
Triple pole at O:
Qg = (G0(90179€2)y1 - G0($2,$1)y2)/(931 - 902)3,
a1 = (G1(z1,72)y1 — Gi(z2,71)y2) /(21 — 1132)3,
where
Go(71,22) =4fo + fi(w1 + 332) + f2(22122 + 223) + f3(3z175 + 73)
+Afa(2123) + f5 (0123 + 3w123) + fo(21a; + 22123),
Gi(z1,22) =fo (221 + 222) + f1(3x120 + 23) + 4fo(x123) + f3(2Fw3 + 32125)
+ f2(22223 + 2x123) + f5 (3235 + x1a5) + Af(x323).
Quadruple pole at O:

an :ag.

The embedding of the Jacobian in P15, given by the image of J, will be denoted J(C).

The canonical divisor class O is mapped by J to (1,0,...,0). We observe that 4 of these
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functions: as, ai3,a14,a15,, give a basis for E(@+ + @_) (that is to to say, they have a
pole of order only 1 at infinity); the restriction of the Jacobian to these 4 functions gives
the Kummer surface in P3.

Having embedded the Jacobian into P, we now wish to give it the structure of a
variety by finding a set of defining equations. The space of quadratic forms on J(C) is of
dimension 72, and a basis of 72 such forms are given in Appendix A. The number 72 comes
from 136 (the number of possible monomials of the form a;a;) minus 64 (the dimension of
L(4(67 +07))). It is easy to verify that these quadratic forms define affine pieces which

cover the J(C). Indeed, the following can be verified.

Theorem 1.2. The 72 quadratic forms given in Appendix A are a set of defining equations

for the projective variety given by the embedding of Definition 1.1. O

Of course, the proof of Theorem 1.2 (as with many of the results in this paper) is
simply by ‘algebraic verification’, for checking that each identity in Appendix A does
indeed hold between the functions of Definition 1.1, to show that all 72 forms given are
linearly independent, and to check non-singularity at the origin. We note that Theorem 1.2.
is a special case of a Theorem of Mumford, that Jacobian varieties may be defined by the
intersection of quadrics (see [9]).

However, we shall try, at this stage, to give the reader a brief idea of the techniques
used to derive such identities. We first introduce two weights on X, Y, and f; with respect

to which C is homogeneous.

Definition 1.3. Let
wt1(X) =0, wtr(Y) =1, wt1(f;) =2, for all 4,

wtg(X) = 1, th(Y) = O, wtg(fi) = —i, for all 3.

Then C is homogeneous with respect to either weight. Each a; is homogeneous with respect
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to the induced weights:
ap a1 a2 az a4 a5 Qg A7 Ag A9 A1p A11 A12 A13 A14 (15

wt1:
4332221111000 0 0 O

ap a1 G2 a3 G4 G5 G Q7 Ag A9 A10 G11 A12 A13 Q14 G15
wtgz_4_2_30_1_22 10-14 3 2 2 1 0

The technique used to find the quadratic forms of Appendix A first searches for pairs
of quadratic monomials: a;a;, ara; which have poles at O of the same order, but whose
difference has a pole of lower order at O in the function field of C?) = (C x C)/Sym. The
difference a;a; — ara; then gives the ‘initial part’ of a quadratic form. For example, a}
and agaiz both have a pole of order 4 at O, but a? — aga;3 (the ‘initial part’ of equation
(A.23)) has only a pole of order 2 at O. If we anticipate §2, this corresponds to the fact
that the local power series expansions of a3 and agaiz at O have the same leading terms.
Having found an initial part, one then successively reduces the remaining poles at O and
at infinity, with terms of the form: A\, naman (Amn € Z[fo, ..., fo]), until an identity in
the function field of C® is obtained.

The quadratic forms of Appendix A have also been chosen to be homogeneous with
respect to wt; and wty. As well as giving forms with a more natural appearance, these
homogeneity requirements proved to be a useful computational device, in that they placed
severe restrictions on the possible monomials A, ,,ama, which could occur in a given

quadratic form.

62. A Pair of Local Parameters

In this section, we find a pair of local parameters on the Jacobian. The approach is
entirely constructive, and it allows the power series which give the expansion of a point
near O to be written out explicitly over the ring of coefficients of C.

We let R be a ring, complete with respect to a discrete non-Archimedean valuation,

with maximal ideal M. We shall assume that fy,..., fs € R (of course C can always be
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transformed to this form even if fy, ..., fg are originally only in the field of fractions of R)
and, for 0 < i < 15 we define s; = a;/ag. We let J(C) be as in Definition 1.1, and let N

denote the following neighbourhood of the origin:
N={aecJ):|s] <1,V1<i<15}. (2)

For each i = 3,...15, consider aga;, a function on C(? with a pole of order at most 4 at
infinity, and at most 6 at 0. Each aga;, for i = 3,...,15, may be written as a quadratic
form in aq,...a;5 defined over R. These are given explicitly by equations (A.1),...,(A.13)
in Appendix A. Dividing each of these through by a3 gives equations of the form:

53 =57 — fosz +...

s4 = 8182 + fof3sss15 + ...

2
S15 = Sx,

where each right hnd side lies in R[sq, ..., $15].
We define one ‘iteration’ to be the alteration of the above equations by the substitution

of each equation into each right hand side. It is clear that after n iterations we have

s; = polynomial in R[s1, s3] + (terms in R[s1,..., s15] of degree > n).
Hence we may derive power series o1,...,015 € R[[s1,s2]] which converge to s1,...,s15
whenever (aq, . ..,a15) € N.

Reduce is ideal for generating as many terms as desired of each power series — one
simply inputs the quadratic form substitutions repeatedly, until all terms up to the required
degree involve only s; and so. The first few terms of each o; are given in Appendix B. The

following result is now immediate.
Theorem 2.1. The functions sy, so are a pair of local parameters for J(C) at the origin.

0J

Note that we could also have deduced this result from the fact that the tangent plane

at O is given by a3 = ... = a15 = 0. The advantage of the above is that it shows that
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the power series expansions are defined over R, and gives us a way of writing them out

explicitly, which will prove useful in §3.

Corollary 2.2. For P = (ag,...,a15) = (1,81,...,815) € N, the map ¢ : P — (s1,52)

gives a bijection between N' and M x M.

Proof. The definition of N, P € Ngives = 51,85 € M; so ¢ is into M x M. Now,
for any (s1,s2) € M x M, take s; = 0;(s1,52) (which converges in M) for 3 < i < 15.
Then the point (1,s1,...,515) € N maps to (s1,52). Hence ¢ is onto. Finally for a
given P, P’ € N with the same s; and so, the power series o3, ...,015 uniquely determine

$3,...,815, and so P = P’. O

We finally note, as an analogue of an elliptic curves result (see [12], p.111), that the
local power series o; are homogeneous with respect to wt; and wts, since each of the

equations used in the recursive substitutions are homogeneous.

§3. The Formal Group Associated with J(C)

The aim of this section is to show that the local parameters s1, so of §2 give a formal
group law which is defined over R, the ring of fo,..., fs (the coefficients of C). For this
section we retain the requirement of §2, namely that R is a ring, complete with respect
to a discrete non-Archimedean valuation, with maximal ideal M and field of fractions K.

Let
a = (ao,...,a15) = (1,81...,815),

b = (bo,...,bu:,) = (1,t1...,t15),
C = (Co,...,015) = (1,U1,...,U15),

be such that ¢ = a+b. From §1, s = (21 ) , = (? ) and u = (Zl ) are local parameters
2 2 2

for a, b and c, respectively. We first note that, if we view J(C) as an abelian variety over

K, the field of fractions of R, then it is an analytic group (see [7]). We therefore have the

following from the general theory of analytic groups.
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Lemma 3.1. There is a formal group law F = (il ) defined over K such that u = F(s,t)
2

in some neighbourhood Nz of O.

For the proof of Lemma 3.1 it is necessary to sift through Chapter 4 of [11] (or some
equivalent), which shows that every analytic group is locally just a formal group over
K. The result we need is on p. 4.22 of [11], that any analytic group chunk contains an
open subgroup which is standard (that is to say, has a group law determined on an open

subgroup by a formal power series over K).

It now remains to show that the F of Lemma 3.1 is defined over R (and so to deduce
that Nz is the same as the A given by equation (2)). Our strategy will be to express F;
and F, as quotients of power series over R, and then to apply a version of Gauss’ Lemma.
The size of the intermediary expressions will be kept to a minimum by use of the following

definitions.

Definition 3.2. A homogeneous polynomial in several variables defined over R is weight-
less if at least one of its coefficients is a unit in R. A power series in several variables over
R is weightless if its polynomial of smallest degree is weightless. A quotient of power series
is n-weightless (respectively d-weightless) if it may be written in the form N/D, where
N, and D are power series over R, with N (respectively D) weightless. Such a quotient is
weightless if it is both n-weightless and d-weightless. For any power series ¢, we let v(¢) de-
note the degree of the lowest degree polynomial of ¢. We extend this to quotients of power
series by setting v(¢/0) = v(¢) —v(0). Let ~ denote the following equivalence relation on
quotients of power series: 17 & g if and only if v(11 — 1) < v(¥1) = v(¥2) and 11 — s
is d-weightless. This extends the ‘has the same polynomial of lowest degree as’ equivalence

relation on power series.

In our case, we shall be working exclusively with power series in R|[[s, t]], and quotients
of power series in R((s,t)), the field of fractions of R|[[s,t]]. The following properties are

immediate.



Lemma 3.3. The properties weightless, n-weightless and d-weightless are all unaffected
by multiplication or division by anything weightless; d-weightless times d-weightless is

again d-weightless (and similarly for n-weightless). Furthermore,

(p1 = @2 and 1Py = 1ha) = P11 = Pathy

and

(P19 = Po1p and 1 weightless) = ¢ = ¢o.

We shall also make use of the following generalisation of Gauss’ Lemma (see [5], p.55).

Lemma 3.4. Let ¢ = 0, where ¢,v and 0 are power series in several variables defined
over K. If 0 and ¢ are defined over R, and 6 is weightless (so that 1) = ¢/ is d-weightless),
then 1 is defined over R.

We now proceed to express Fi, Fo as members of R((s,t)) (that is, as quotients
of power series over R in $p,S2,t1,%2), using Lemma 3.3 to simplify the intermediate
expressions. We assume that a, b, c € N, corresponding to the divisors {(z1,91), (z2,y2)},
{(z3,v3), (x4,y4)}, {(x5,¥5), (r6,ys)}, respectively. It is easy to verify algebraically that
the function pY — (X3 + 3X?2 +~vX + &) meets C at the points (z1,y1), (z2,y2), (¥3,v3),
(4,y4) where

p = aiobis + broais — a14b1r — brgarr + arz(biz2 + b13) + biz(ai2 + a13)
a = arbis + brais + aizbg + bizag — ai1abs — bisas

B = —agbis — beais + ag(bi2 + b13) + bg(a12 + a13) — a11bg — bi1ag

v = agbia + bears — ar(biz + biz) — br(aiz + ai3z) + aghio + boaio

0 = —agbiz — bgaiz + arbi1 + brair — agbip — bsao.

We now divide each of these equations by agby (which has the effect of replacing each
a;,b; by s;,t;, respectively) to obtain the localisations:

ty := ) (apbo) = siotis + ... + tig(s12 + s13) € R|[s, t]],
a, = af(aoby) = s7tis + ... — tiass € R[[s, t]],
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and similarly for 38,,7,,0, € R|[[s,t]]. Then (u,, oy, By,7,,0,) = (o, 5,7,0), and so
the function u,Y — (o, X? + 3,X? + 7,X + §,) also meets C at the points (z;,y;),
i = 1,...,4. Furthermore, the quadratic forms of Appendix A allow us to write out
the power series for each s; € R[[s]] , t; € R|[[t]], which we may use to express
Koy Oy, Byy 7y, 0, as members of R([[s,t]]. For our present purposes we require only the poly-
nomial of lowest degree for each power series:

so~ 1, s1~ sy, S2 = S2, S3~ s%,

54 R 8152, S5 R 53, S~ S5,

S7 A 828, Sg R 5153, S9 A S, (4)

S10 ~ s‘ll, S11 ~ 23?82, S12 & 23?3%,

~ o252 ~ 3 ~ A4

and similarly for each s; replaced by ¢;. We now substitute Y = (o, X3+3,X%+7,X+9,)/ 11,
into C : Y2 = F(X) to give a sextic in X, four of whose roots are x1,x2, 23, 74. From the
discussion at the beginning of §1 (following [1]) we see that the remaining two roots are

x5, e from which we may express (ci13,¢14, ¢15) projectively by
5%575%5(5? - fOM?)»
s13t13 (s15t15(fos — 20,8,) — (s15t14 + s1at15) (@) — fep)), (5)
s13t13815t15 (0, — f6M?);
respectively. On subtituting (3) and then (4) into (5), we may regard these as members of
R[[s, t]] with respective initial terms:
s22s5t5 (sot1 — s1ta) (51 + 1),
28%t%8§t§($2t1 — 81t2)4(81 + tl)(SQ + tg),

S%t%S%t%(Sgtl — 81t2)4(82 + t2)2.

Hence, on multiplying each of these by the weightless (s +t2)?/s3t255t5 (sot1 — s1t2)*,
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we obtain (ci13, c14, c15) projectively as members of R((s,t)) with simple initial terms:

Cci13 ~ (81 + t1)2(82 + t2)2,
c14 ~ 2(s1 + 1) (89 + t2)?, (6)

Cls =~ (82 —+ t2)4.

Note that, up to the relation ~ , our cy3, 14, c15 are the same as s13, s14, $15 in (4),
but with each occurrence of parameters sy, s replaced by (s1 + t1), (s2 + t2) respectively.
It may be verified algebraically that the same is true of the cg,...,c12 € R((s,t)) which
projectively extend the cy3, c14, ¢15 of (6) to give c¢. This verification may be done by hand,
if one makes use of the defining equations of Appendix A (with each a; replaced by ¢;) and
uses Lemma 3.3 to simplify intermediary expressions; the details are not given here. Note
that, since we require only initial terms, we may ignore all terms involving the f;’s in each
quadratic form (in view of wt; defined in 1.3). In particular, we have the following initial

approximations for ¢y, c1,co € R((s,t)):

Co R 89+ 1o, c1 = s1+ 11, co = 1. (7)

We are now in a position to prove:

Theorem 3.5. The formal group law F of Lemma 3.1 is defined over R, and so converges

foralla,b e N.

Proof. Since F; = uy = c¢1/co, Fa = us = ca2/cy, it follows from (7) that Fy, Fy are
d-weightless in R((s,t)). Since, by Lemma 3.1, F; and F» are power series over K, we

may appeal to Lemma 3.4 to deduce that F1, F € R|[[s,]], as required. O

The benefit of using the relation ~ to assist the proof of Theorem 3.5 may be seen by
attempting to express u; and uz as members of R((s,t)) without any intermediary simpli-
fications. Using this rather crude approach (which was our original proof of Theorem 3.5),

it is necessary to check the weightlessness of a polynomial of degree 76.
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The above method provides a way of writing out the terms of the formal group up to
any required degree. We observe that our proof gives the initial (linear) term of F, namely
s+t, as we would hope. In general, if we know that ¥ = ¢/6 and wish to know the lowest
n degree polynomials of ¢, we may derive them from the lowest n degree polynomials of
¢ and 6. So, in theory, we may repeat the intermediary stages given above, but working
mod lowest n degrees (rather than mod lowest degree) to obtain the first n degree terms

of . Up to cubic terms in s, ¢, the formal group is:

Fi(s,t) = s1 +t1 + 2f4s5ty + 2fs51t5 — frs5ta — fisats + ...

Fols,t) = 59 + to + 2fosoty + 2fasots — fssits — fssits + ...

However we observe that, for elliptic curves, it is possible to infer the existence of
the induced formal group without requiring an appeal to the theory of analytic groups to
guarantee the existence of a power series over K. In this respect, the above development
is somewhat unsatisfactory; it seems to the author that it should be possible to imitate
the elliptic curves development. For this purpose, it would be sufficient to express the
global group law in the form: a + b = (vy(a,b),...,115(a,b)), where each v;(a,b) is a
biquadratic form over R in a,b, and vy(a,b) contains the term a3bZ. The localisation of
vo(a,b) would then have a local power series expansion over R containing 1, would be
invertible, and would therefore (without appeal to Lemma 3.1) divide the localisations of
vi(a,b) and vy(a,b). Progress towards an explicit expression of this type for the global
group law is described in Chapter 3 of [3]. An alternative proof of Theorem 3.5 along these
lines, as well as being more direct, would be likely to provide a more efficient method of

computing terms of the formal group.
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(A1)

(A.2)

(A.3)

(A4)

(A.5)

(A.6)

Appendix A. A Set of Defining Equations for the Jacobian

The following 72 quadratic forms are a set of defining equations for the Jacobian

variety, given by the embedding of Definition 1.1.

aoaz = arar — afo — a3fs + dasarsfofs + asaiofifs + 8asaiofife + asaro(4f2fs —
f3f5) +8asans fofo +2a13a15 fo f1.fs + aroars (4 fo f2fo + 2 fo f3 f5 + 3f7 fo) + 4aniars fo 1. fo +
2a10a13(fof3 + 3f1fsfe) + Banawsfofsfe + ato(4fifsfe + Afafafe — fof3 — fife) +
aroar1(4fofsfo +4f1fafs — f1.f2) + airfo(4fafs — f3)

apas = araz + asais fofs + azars(9fofs + fifs) + 2asa1afofs + asa13(20fofo + 3f1f5) +
asa10(7f1 fo+ fof5)+4asaio f2 fo+asaio f3 fo+4arag fo fs+4asag fo fo—4a fo fs—4aras fo fo+
dasas f1fo — 203 f1fo + 4ais 3 f5 + 2a14a15 fo(2fo fo + f1f5) + arzais(14fo f1fe + 6 fo ffs +
ftfs)+arsara(8fof2fot3fofsfs—fifo)taioara(8fofafetfofs+3f1fsf6)+2ai5(10 o f3 fo+
2fofafs+2fifafo+ fifsfs)+aioars(18fo f5 fo+6 fi fafo+ f1f2 +2 o f fo) +4aizars fo fs fo+
2a%o fo(f1fe + fafs) + 2ar0a11 f6(2fo fo + f1fs) + 2a10a12 fo f5 fo

aoas = azas — a2 fo — a3 fe + asais(4fofa — f1f3) + asais f1fs + 4asara fo fs + 8asarafofo —
2aza1afife + 4asarnfife — dagaofife + 4darasfife + ais(4fofafs — fof3 — fifs) +
araars f5(4fo fo—f7)+2a13a15(4 fo fo fo+ fo fa fs =3 f7 fo) +aroars(4 fo fafo— fof5—4f1 f3fe)+
dariais fo(2fofz — fif2) + araans fo(4fo fo — f7) +4daroara fo(fo fs — fifa) —4aroars frfs fo —

dajpar f1fé

apag = a1az — asai1o fs — asag f1 + 4asas fo + 4asas f1 + 2asas fo + 2asar f3 + asais(4fo f2 +
f2)+4arays fo fst+4asars fof1+2asars(2fo fa+ f1f3)+2ara13(2fo f5+ f1.f1) +2asa15(2fo fo+

fifs5) — 2a9a10 fofs + 3asaio f1fs + 2asa11 f1fe + 4arara fo fs + dasaiz fo fs

apary = ai1a4 + ai1a15 f1 + asag fo — asae fa + arars(fofs — fifa) — acaiafofa + agaisfofs +
2aga13(—fofs + fifs) + 2araisfafs + asarsfife — agarofifs + asaro(—fafs + fafa) +
araro(—fsfs + f1) — asaiofsfe + asaiafofa + asara(—fofs + f1.f1) + azarafofa

apag = aias + azar fs + 2asag fe
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(A7)

(A.11)
(A.12)
(A.13)
(A.14)

(A.15)

(A.16)

(A.17)

apag = azas + asag f3 + 3asas fs + 2asar f4 + 4asar fo — agaisfofs + arais(2f1fs — f3) +
asais(2f1fe — fafa) + dagarafofs — asarafsfs — dagais(—fofs — fifs) + agars(4fafs —
f3f1) +2ara13(2f2f6 + f3f5) +asaisfsfe +4agaiofofs +4asaiofsfe +2araio(2ffs — f2) —

2a6a10 f5 fo + 4agarr f1fe + 4agaia fofe — asaiaf3fe
apQ10 = G343
apai1 = 2agays + azais fi + asaio fz + azaio fs

apa12 = 2aa7 + 2a3a15 f2 + asa14f1 + 2a3a10 fo + 204012 f3 — 2a6a9 f3 + 2a7as f3 + 4a3 fu +
dagar fs — arzars f1 f3 + aroais(8fofo + fifs — 3f3) +2an1a15(fo fs — f2f3) — 2a10a13 f3 f5 +
2a11013(3f1f6 — f3fa) + 12a12a13fo f6 + a3of3 + 2a10a11 f3fs + 4ai, f2fe + 4aniaiafife +
4a3s fo fo

apQ13 = a3as

apais = 2a405 + asays f1 + azays f3 + asaio fs
apa1s = asas

azas = apay — 2asag9 fo — asag fi

asay = apas — asa10f5 + asagfo — azasfe + agars fofs + asais(f1fs — f3) + arais(f1fa —
faf3) +asars f1fs —agais fofs —2asais fofa+2ara13(fife— fofs) —asaisfofe+agair fofa+
asai1(—fife + fofs) — asaiafofa + arar2(fife — fofs) — asarafafs

asay = apais + asa1s f2 + asais f3 + 2a3a1s f1 + 3asa13 f5 + 3azars fo + azarn fo + a3y f1fs +
a14a15 f1fa + a1sa15(3f1f5 + 2fafa) + 3ar0a1sf3f5 + ar2a15f1f5 + ar1za14(fife + 2f2f5) +

2a11a14f2f6 + a12a14 f1 f6 + ar0a13(2fafs + f2) + 2a11a13 f3 f6

2a2a8 = apais — asaisfi — asaizfs + asaiofs + 2asainfe — 2035 fofs — daisaisfofs +
2a13a15(—3fo f5— f1f1)—4ar1a1s fo fo—4ara1s fo fs —2a13a14 f1 fs —4araara fo fo—4a3s f1 fo—

2a12a13 f1 f6
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(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

2a2a6 = apa11+4asars fo+3asais fi+asaiofs—asaio fs+2asa11 fotasaie fr+aiaais(4fo fo—
f2) 4+ 6aizais fo fs + ar1a1s5(4fo fa+ fifs) +2a12a15 fo 3 + aroarafi f5 + 2a35(fo fs + fifa) +

2a12a13fo f5

ajag = apaip+3asais fo+3asaisfi+2asai0fot+asaiofs+asaiofitasaiz fot+aizais(2fofo+
f2) + 3awoais f1 f3 + 2a13a14 fo f3 + 2a11a14fo fa + ar0a13(3f1f5 + 2f2f1) + arnars(fofs +

2f1f1) + atyfsfs + aroarr f2f5s + aroar2 f1fs + ar1aiafofs

2a1a7 = apain + azaisfi + 2asaiafo — azaizfs — asarofs — 4aroarafofe — 4aisfofs +
2a10a13 (=3 f1 fo— fofs)—2a11a13 f1 fs —2a12a13 fo fs —2a3 3 fo—4aipai1 f2 fo—4aioara f1 fo—

4aii1a12 fofe

2a1as = apai2 — 2asa15fo — 2asa10 fa — azain fs — 2aqa12 f3 — 4agag f1 + 2agag f3 — 4a3 fo —
2aras f3 — ais [T — 2a14a15 fof3 + 2a13a15 f1 f3 + aroa1s(—8fof6 — f1fs +3f3) — 4aiyfofs +
2a13a14(—3fof5+ f2f3) +2a10a14(— f1fo+ f3 fa) —daraara fo fs+aroais f3 fs —12a12a13 fo fo —
4a%2f0f6

2a1a9 = apais—asais f1+asars fs+2asa14 fa+3asa1s fs+4azar fe+azaiafs+aiiais fifs+
aroais(4fafe+ f3f5) +2a35(f1fe+ fofs) +6a10a13 f3 f6 +2a12a13 f1 fo +aroa1r (4fafs — f2)+

2a10a12f3 f6

asa4 = agars +asa1s fo +asaio f1+asaio fo +ad fo+aisars f1 fs + ar0ars fo fa+ar1ars frfa+
ar0a14(f1fe+ fofs)+ararafifs+aroars(2f2fo+ f3f5)+aiy fafe+aioa11 f3fe+aioaiz fa fe+

a116l12f1f6

apaiz = 2apaiz + 4asaisfo + 2asa14f1 + 4asais fo + dasaio fa + 4asarofs + 4asaiofe +
2a5a11 f3 + ai5(4fof2 — fT) + 4arsais fofs + 2a13a15(4fo fa + f1fs) + aroars(4fafs — f3) +
4ar1a15 f1 fa+4arza1s fo fa+4aisaia fo fs +4aroara(f1fe+ fo.f5) +4aizara fo fs+4ais(fofe +
2f1f5) +4ar0a13(2fafs + fsfs) +4ar2a13(2fo fo + f1f5) + afo(4fafs + f2) + 4aroar fs fs +

dajpaiafafe + dariais fife + 4a3s fofo

aga15 = asag — agais fz — 2arais fa — 2asa15 f5 — 2a6a14 f6 — agaiz fs
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(A.26)
(A.27)
(A.28)
(A.29)

(A.30)

(A.31)
(A.32)
(A.33)
(A.34)
(A.35)

(A.36)

(A.37)
(A.38)
(A.39)
(A.40)
(A.41)
(A.42)
(A.43)
(A.44)

(A.45)

asaiy = 2asag + agays f1 + 2aga1s fo + arays fz — araiz fs — 2aea13 fe
asaiz = asay — 2ag9ais fo — agais f1
asaig = azay — 2agaiz fo — agaiz fi
asarr = 2azag + agais f1 + 2agais fo + arais f3 — araio fs — 2asa10 f6

aza12 = 2asa7+2arais fa+acais fs+agaia f1 +2aga13 fo+3agais fz+4arais fa+3asais fs+

agaiofs + 2aeai1 fo

ajajp = azag — arai3fi — 2agaio f1 — 2agaio f2 — araiofz — 2agaiy fo
ajarr = 2aza7 — 2ag9ai3 fo — agais f1 + agaio f3 + 2araio fa + asaio fs
aja13 = azag — araiofs — 2a6a10 fo

ajais = asag — a7a13fs — 2a6a13 fe

ajaiy = 2asa7 — 2agais fo — agais f1 + agais f3 + 2ara13 fa + agaiz fs

aiai2 = 2azag+arais f1+2aga14 fo +3agars fi +4agais fo+3araiz fs +2asa13 fa+agaio fa+

2agaio fa + again fs

asag = asag — agaisfo — araisf3 — agaisfa — asaiafs — asaizfa — asaisfe — agai2fe

asa7 = agag + agays fo + asaisf1 — araiz fa — agaisfs — asain fe

asag = asa7 + arais f1 + agaiq fo + agai3 f1 + agais fo + araiz f3 — asaio fe

azar = agae — agaizfo — araizfa — agaio fo — asaio fz — araiofa — agarr fr — agaiz fo

azag = asar — agai4 fo — agaiz fi — agaisz fo + araiofs + asaiofe

azag = asag — agais fo + agaiz f3 + arais fi + agais fs + agaio fs + asaii fo

asa1s = a3 — a3sfo — a14a15 fs — a10a15 fo — a3, f1 — a13a14f5 — a12a14f5 — 2a12a13 f6 — 35 fo
asaiy = 2agag + ats f1 — a13a15 f3 — 2a13a14 f1 — 2a10a14 f6 — 3a3s f5 — 2a12a13 f5 — 2a11a12 f6

asa13 = a3 — a3sfo — alsfr — 2a10a13f6 — a11a13fs — aroaiafs
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(A.46)
(A.47)
(A.48)
(A.49)
(A.50)
(A.51)
(A.52)
(A.53)
(A.54)
(A.55)
(A.56)
(A.57)
(A.58)
(A.59)
(A.60)
(A.61)
(A.62)
(A.63)
(A.64)
(A.65)

(A.66)

asaio

asaii

asai2

asals

asaiq

asa13

aszaio

asaii

aszais

aszais

asaiq

asai2

asaio

asall

asai2

aeAdi4

agail

aga13

asgais

arais

a6a13

a% — 2a13a15 fo — arpa1sfo — ariais fi — arzaisfo — a%0f6

2a7ag — 2a14a15 fo — a13a15 f1 + a10a15 f3 — arpais fs — 2a10a11 fe

2a7ag + a14a15 f1 + 2a13a15 f2 + a11a15f3 — a10a14f5 — 2a10a13 f6 — 2a10a12 f6
agag — 13015 f3 — a11a15 f14 — a10a14f6 — 2aisf5 — ai2a13f5 — ar11a12 f

arag + ai — ats fo + a13a15 f2 — arpais fa — 3a10a13 fo — 2a11a13 f5 — 2a10a12 fo
arag — ai14a15fo — a13a15f1 — a10a13f5 — aroai1 fe

ag — a10a15 fo — ar1a1s f1 — 2a12a13 fo — a3 fa — aroar1 fs — a3y fo — ar1ar2 fi — a3y fo
2agar — 2a11a15 fo — 2a12a14 fo — 3a3s f1 — a10a13 f3 — 2a11a13 f2 — 2a12a13 f1 + a3y f5
a? — 2a13a15 fo — aieais fo — a13a14f1 — aisfo — aiy fe

aZ — a5 fo — a10a15 f4 — arpa1afs — 2a10a13 f6 — aipaiafe

2a7ag — 2a14a15 fo — a13a15 f1 + aroa1s f3 — arpais fs — 2a10a11 fe

2a6as — 2a13a15 fo — a11a15f1 — 2a12a15 fo + a10a14 f3 + 2010013 f4 + a10a11 f5
agar — ajiais fo — a10a14f2 — a12a14 fo — 2a35 f1 — a10a13f3 — arnaizfi

agas + a? — 3a13a1s fo — a10a15 f2 — 2a12a15 fo — 2a13a14f1 + ar0a13f1 — a3y fo
agag + arag — ai4ais fo + 2a10a15 f3 + ar1a1s f2 + a11a13 f4 — aroai fe

2a7a13 — again + araiz

—arai4 + 2aga13 + agai2

—arais + agaisq

—aea15 + a7a14

—agaio + agail

—agaig + arai1
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(A.67)
(A.68)
(A.69)
(A.70)
(A.71)

(A.72)

(B.1)

(B.2)

(B.4)

(B.5)

(B.6)

a14a14 = 2a13a15 + a12a15
413013 = A100a15

aiiail = 2a10a13 + a10a12
a12a13 = —2a10a15 + a11014
11015 = 413014

ajpotis = a11013-

Appendix B. Local Power Series Expansions

The following are the local power series expansions of s1, ..., s15 up to terms quadratic
in the f;’s.
51 = 81
S9 = 89

s3 = 57— fosy — fas]+2fo f255+2fo fasTss+4fofssis3+ (18 fofe+ f1f5)s155+ 8 1 fesTs2+
(4fafe — fafs +2f7)st

sy = s152 + fofssS + 4fofas155 + (9fofs + fifa)siss + (20fofe + 3f1f5)sis3 + (9f1f6 +
fafs)siss + Afafestse + fafes?

s5 = 53— fasy— fes1+(4fofa— frfs+213)s5+8fofss155+(18fo fs+ f1f5)sTs5+4f1 fesis3+
2f2f65155 + 2fafest

s¢ = s + 3fos1s3 + 3f1s1s3 + 2fasis3 + fasisy — fasy + fofiss + (ff — 4fof2)s185 +
(6f0f3—3f1f2)s1s5+ (10fofa+3f1fs—2fF)sis5+ (18fofs + f1fa)s1s3 + (30fofs + Tf1fs —
2fafa)s7s3 + (13f1f6 + 2fafs — 2f3fa)s$s2 + (6f2f6 — f3f5 + 2/7)s]
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(B.7) s7 = sa(st+4 foss+ f15155 — fast —2fo0f255+ (2f0f3—2f1f2)s155+ 6 fo fastss+10fo 55755+
(22fofs + 2f1f5)s155 + 8f1f6s7s2 + (4fafs — fafs +2f7)s9)

(B.8) ss = s1(s3— fas3+ [5s1s2+ fosi+(4fofa—f1fs+213)s5+8 o fs5155+ (22f0 fo+2f1f5)s1s5+
101 fests3 + 6f2f65155 + (2f3f6 — 2fafs)ss2 — 2f4fss?)

(B.9) s9 = s — fas5 + fas155 + 245753+ 3f557 55+ 3festsa+ (6fofs — f1fs+2fF)s5+ (13 fofs +
2f1fs—2f2f3)s155 4 (30 fofo + T f1f5 —2f2f1)s1s5+ (18f1 fs + fofs)sts5+ (10 fo fs + 3 faf5 —
2f1)s1s3 4 (6f3fc — 3fafs)siss + (f2 — 4fafe)sSs2 + fsfosi

(B.lO) S10 = 8411—2]008%8 2f481—|—fgsg+4f0f28182+6f0f48 S%+8f0f58182+(36f0f6+2f1f5)
16 f1fesis2 + (8fafe — 2f3f5 + 5f1)st

(B.11) s11 = 25750 —2fos155 4 f15755+ fas1ss —2fasTso+ f558 — fof1s5 +4fofas155 —2f1 fasTs5+
12 fo fasis5+(23 fo fs+f1fa— faf3)s155+(76 fo fo+8f1f5)s355+(32f1 fo+2fafs—2f3f1)s0s5+
(16 fof6 — 2f3f5 + 4fF)sis2 + (fsfo — 3faf5)st

(B.12) s12 = 25753 + 2f0s5 + 4f15185 + 2fas7s5 + Af355s3 + 2fastss + Afss)so + 2f6s8 + (fE —
6.fof2)s5+ (4fofs—8f1fa)s153+(20 fo fat+Aafifs—4fF)sis5+ (40 fo f5 +8f1 fa—4faf3)sis3+
(86fofc +22f1fs — 2fafa + f3)sis3 + (40f1fo + 8fafs — 4fsfa)siss + (20fafs + 4fsfs —
4f3)sSs3 + (4fsfo — 8fafs)sis2 + (f3 — 6fafo)st

(B.13) s13 = s1s5— fosS— fasTs3— fastss — fesS+3fofas5+(6fo fa— f1fa+2[3)sTsS+12f0 fssiss+
(37fof + 2f1fs + fofa)stss +12f1fesyss + (6fafs — fafs +2f7)sSs5 + 3fafest

(B.14) s14 = 25153 + f155 — 2fas155 + fasiss + fss1s5 — 2fess2 + (fofs — 3f1f2)s5 + (16 fofs —
2f1fs+4f3)s155+ (32fof5 + 2f1f12 — 2f2f3)s1s8 + (76 fo fs +8f1f5)s785 + (23 f1fs + fofs —
fafa)siss +12fa2festss — 2fafss5s5 + 4 fafes]s2 — f5[65}

(B.15) s15 = s5—2f285 — 2fesis5 4+ (8fof1—2f1f3+5f3)s5+16fo f5515% + (36 fo fo +2f1f5)s5sS +
8f1f63182 + 6f2f681$2 + 4f4f68182 + f6 81
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