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1 Introduction

One motivation for the analysis in this paper was the observation by Wigton of
instabilities in Navier-Stokes calculations on structured grids [1]. It appeared
that the instabilities might be connected to large variations in the level of tur-
bulent viscosity arising quite properly in certain physical situations. A possible
cause of the instability was thought to be the timestep definition which was
based on Fourier stability theory assuming constant coefficients. Therefore, an
objective of this analysis was to determine sufficient conditions for the stability
of discretisations of the Navier-Stokes equations with nonuniform viscosity.

The second motivation was the requirement for timestep stability limits for
viscous calculations on unstructured grids. Inviscid calculations are now being
performed almost routinely on unstructured grids for complete aircraft geome-
tries (e.g. [2,3,4,5]). Using energy analysis methods, Giles developed sufficient
global and local timestep stability limits for a Galerkin discretisation of the Euler
equations on a tetrahedral grid with two particular Runge-Kutta time integration
schemes [6]; this has been used on an ad hoc basis for calculations using other
algorithms including various upwinding and numerical smoothing formulations
[3,5]. Through parallel computing and efficient multigrid algorithms for unstruc-
tured grids [5], there is now the computational power to perform extremely large
Navier-Stokes calculations on unstructured grids, and so there is a need for the
supporting numerical analysis to give accurate global and local timestep stability
limits.

Fourier stability analysis can only be applied to linear finite difference equa-
tions with constant coefficients on structured grids, and so it is not appropri-
ate for this application. There are two other well-documented stability analysis
methods which can be used with linear discretisations with variable coefficients
on unstructured grids. One is the energy method [7] which relies on the careful
construction of a suitably defined ‘energy’ which can be proven to monotonically
decrease. The difficulty is usually in constructing an appropriate definition for
the energy, but when this method can be applied it is very powerful in giving a
very strong form of stability. It is used in this paper to prove the stability of the
original linearised form of the Navier-Stokes partial differential equations, and
the semi-discretised system of coupled o.d.e.’s that is produced by the Galerkin
spatial discretisation.

The other stability analysis technique involves consideration of the eigen-
values of the matrix representing the discretisation of the spatial differential
operator. This leads to sufficient conditions for asymptotic stability, as t — oo
for unsteady calculations or as n — oo for calculations using local timesteps.
Unfortunately, there are well-documented examples such as the first order up-
winding of the convection equation on a finite 1D domain (e.g. [8,9,10]) for
which this is not a practical stability criterion because it allows an unacceptably
large transient growth before the eventual exponential decay. The next section



reviews this theory showing that the problem of large transient growth can arise
whenever the spatial discretisation matrix is non-normal. It then presents re-
cent results on algebraic and generalised stability for such applications giving
sufficient conditions for stability. It is these new stability conditions which are
used to construct sufficient stability limits for the full Galerkin/Runge-Kutta
Navier-Stokes discretisation.

The analysis is performed for linear perturbations to a steady flow in which all
flow variables are uniform with the exception of the three viscosity coefficients,
i, the shear viscosity, A, the second coefficient of viscosity, and k, the thermal
diffusivity. This choice of model problem is critical in several ways. Although
it is the linearisation of the laminar Navier-Stokes equations that is used, the
viscosity coefficients can each be interpreted as the sum of the laminar value
plus a turbulent value arising from some turbulence model. Accordingly, there
is no assumption of any fixed relationship between the three quantities, either
the Stokes hypothesis linking 1 and A, or the assumption of a constant Prandtl
number linking i and k. The uniformity of the other flow variables is essential for
key parts of the analysis. However, a more fundamental aspect of the uniformity
is that it gives a physical situation in which flow perturbations are naturally
damped, and so the flow is stable. Therefore, an instability of the semi-discrete
or fully discrete equations can be viewed justifiably as an incorrect behaviour.
The timestep limit which gives the onset of this instability can then be defined
as the maximum stable timestep. In contrast, if a vortex sheet were taken as the
steady flow and then linear perturbations were analysed, it would be determined
that both the analytic and discrete equations were unstable. Even worse, the
timescale of the most unstable discrete mode would be proportional to Az so
that it would be impossible to distinguish between a ‘numerical instability’ and
the natural Helmholtz instability of the vortex sheet. It would not therefore be
possible to use this alternative model problem to make any deductions about
stable timestep limits.

After the following section reviewing numerical stability theory, there are
separate sections for the analysis of the differential, semi-discrete and fully dis-
crete Navier-Stokes equations. To focus attention on the important features of
the stability analysis, many of the supporting details are presented in the three
appendices.

2 Review of stability theory for Runge-Kutta
methods

Discretisation of the scalar o.d.e.

— = \u, (2.1)



using an explicit Runge-Kutta method with timestep £ yields a difference equa-
tion of the form
u™) = L(k) ul™ (2.2)

where L(z) is a polynomial function of degree p

L(z) = io 2™, (2.3)

with ap = a1 =1, a, # 0. Discrete solutions of this difference equation on a
finite time interval 0 <t <ty will converge to the analytic solution as k£ — 0. In
addition, the discretisation is said to be absolutely stable for a particular value of
k if it does not allow exponentially growing solutions as ¢ — oo; this is satisfied
provided Ak lies within the stability region S in the complex plane defined by

S=1{z:|L(z)|<1}. (2.4)

Examples of stability regions for different polynomials are given in Appendix A.
Suppose now that a real square matrix C' has a complete set of eigenvectors
and can thus be diagonalised,

C =TAT™, (2.5)

with A being the diagonal matrix of eigenvalues of C, and the columns of T
being the associated eigenvectors. The Runge-Kutta discretisation of the coupled
system of o.d.e.’s,

dU
— =CU 2.6
— , (2.6)
can be written as
Ue+) = L(kC) U™ =T L(kA) T2 U™, (2.7)
since m
om = (TATfl) — TAmT*I_ (28)
Hence
U™ =7 (L(kA)" T~ U, (2.9)

The necessary and sufficient condition for absolute stability as n — oo, re-
quiring that there are no discrete solutions which grow exponentially with n, is
therefore that |L(kA)| <1, or equivalently kA lies in S, for all eigenvalues A of
C'. If this condition is satisfied, then using L, vector and matrix norms it follows
that

[N < (TIHIZEA N7 TN < w(T) [T, (2.10)

where k(T is the condition number of the eigenvector matrix 7.



If the matrix C is normal, meaning that it has an orthogonal set of eigen-
vectors, then the eigenvectors can be normalised so that x(7T")=1. In this case,
|U™)|| is a non-increasing function of n and ||[U™)||? represents a non-increasing
‘energy’ which could be used in an energy stability analysis.

If C is not normal, then the growth in ||[U(]| is bounded by the condition
number of the eigenvector matrix, x(7"). Unfortunately, this can be very large
indeed, allowing a very large transient growth in the solution even when for
each eigenvalue k) lies strictly inside the stability region S and so ||U™)|| must
eventually decay exponentially. This problem can be particularly acute when the
matrix C' comes from the spatial discretisation of a p.d.e. in which case there is
then a family of discretisations arising from a sequence of computational grids of
decreasing mesh spacing h. It is possible in such circumstances for the sequence
of condition numbers &(T') to grow exponentially, with an exponent inversely
proportional to the mesh spacing [8]. There are two practical consequences of this
exponential growth. In applications concerned with the behaviour of the solution
as t — 00, it produces an unacceptably large amplification of machine rounding
errors in linear computations and complete failure of the discrete computation in
nonlinear cases. In applications concerned with a finite time interval, 0 <t <t,, it
prevents convergence of the discrete solution to the analytic solution as h, k—0
except in certain exceptional situations using spectral spatial discretisations.

The stability of discretisations of systems of o.d.e.’s with non-normal matrices
has been a major research topic in the numerical analysis community in recent
years [8,9,11,12,13,14,15]; A recent review article by van Dorsselaer et al [10]
provides an excellent overview of these and many other references. The applica-
tion is often to families of non-normal matrices arising from spatial discretisations
of p.d.e.’s. Ideally, one would hope to prove strong stability,

U™ < ~ U9, (2.11)

with v being a constant which is not only independent of n but is also a uniform
bound applying to all matrices in the family of spatial discretisations for different
mesh spacings h but with the timestep k£ being a function of A. One reason why
strong stability is very desirable is that the Lax Equivalence Theorem proves that
it is a necessary and sufficient condition for convergence of discrete solutions to
the analytic solution on a finite time interval for all possible initial data, provided
that the discretisation of the p.d.e. is consistent for sufficiently smooth initial data
[7].

At present, the conditions under which strong stability can be proved are
too restrictive to be useful in practical computations. Instead, attention has
focussed on weaker definitions of stability which are more easily achieved and
are still useful for practical computations. The one that is used in this paper is
algebraic stability [8,11,12] which allows a linear growth in the transient solution
of the form

(U™ < ynllU®], (2.12)



where 7y is again a uniform constant. A sufficient condition for algebraic stability
is that

7(kC) C S, (2.13)

where the numerical range 7(kC') is a subset of the complex domain defined by
W*CwW

KC) = {k S s W 0} 2.14

r(ke) = (W (2.14)

where W can be any non-zero complex vector of the required dimension and
W* is its Hermitian, the complex conjugate transpose. The proof of sufficiency
is given by Lenferink and Spijker [12]. Tt proceeds in two parts, first showing
that a certain resolvent condition is sufficient for algebraic stability, and then
showing that this resolvent condition is satisfied if the numerical range lies inside
S. Reddy and Trefethen [8] prove that the resolvent condition is necessary as
well as sufficient for algebraic stability.

In related research, Kreiss and Wu [9] have defined generalised stability which
is based on exponentially weighted integrals over time for a inhomogeneous dif-
ference equation with homogeneous initial conditions. A similar restriction on
the numerical range provides a sufficient condition for generalised stability, how-
ever the theory at present applies only to discretisations of hyperbolic p.d.e.’s
and so does not apply to the Navier-Stokes equations considered in this paper.

By considering W to be an eigenvector of C, it can be seen that kX € 7(kC') for
each eigenvalue of C' and so the requirement that 7(kC) C S is a tighter restriction
on the maximum allowable timestep than asymptotic stability. In comparison
to strong stability, algebraic stability allows greater growth in transients when
considering the solution behaviour as ¢ —oo. On the finite time interval, it can
be shown that under some very mild technical conditions they are sufficient for
convergence of discrete solutions to the analytic solution as h, k— 0 provided the
initial data is smooth and the discretisation is consistent. It thus appears that
this stability definition is a useful tool in analysing numerical discretisations, but
additional research is still required.

In the Navier-Stokes application in this paper we will need to consider a slight
generalisation to a system of o.d.e.’s of the form

dUu
M pr Cv, (2.15)
in which M is a real symmetric positive-definite matrix. The ‘energy’ is defined
as U*MU which suggests the definition of new variables,

W = M'"?U, (2.16)

so that ||W||> = U*MU. If M is diagonal then M'/? is the diagonal matrix whose
elements are the positive square root of the corresponding elements of M. If M
is not diagonal then M'/? is equal to T~ 'A'/2T where A is the diagonal matrix of



eigenvalues of M and T is the corresponding matrix of orthonormal eigenvectors.
T-'=T* and hence both M2 and M /2 are symmetric and positive definite.
Under the change of variables, the system of o.d.e.’s becomes

d
d—VZ = M~Y2CMY2 W, (2.17)

which is algebraically stable provided 7(k M~'2CM~'?) c S. If C is either
symmetric or anti-symmetric then so too is M ~Y2CM~1/? because of the sym-
metry of M ~'/2. Therefore, as discussed earlier the condition that the numerical
range lies inside S also ensures that the energy, ||[W||? = U*MU, will be non-
increasing.

3 Analytic equations

The starting point for the analysis is the nonlinear Navier-Stokes equations,

ou N OF, N oF, N oF,
ot ox oy 0z

= 0. (3.1)

U is the vector of conservation variables (p, pu, pv, pw, pE)" and the flux terms
are all defined in Appendix B together with the equation of state for an ideal
gas and the definitions of the stress tensor and the viscous heat flux vector. The
equations are to be solved on a unit cubic domain 2 with periodic boundary
conditions. The choice of periodic b.c.’s avoids the complication of analysing the
influence of different analytic and discrete boundary conditions [16, 17].

The first step is to linearise the Navier-Stokes equations by considering per-
turbations to a steady flow which is uniform apart from spatial variations in
the viscosity parameters pu, A, k. Perturbations to the conserved variables are
then related to the symmetrising variables of Gustafsson and Sundstrom [16]
and Abarbanel and Gottlieb [18], by the equation

U=SW. (3.2)

The uniform transformation matrix S is given in Appendix B. Together, the
linearisation and the change of variables yields an equation of the form

ow ow ow ow 0 ow ow ow
ot gy T, T4, ax( or Py T az>
0 ow ow ow
—\Dyp— +Dyy—+D,,——
+ ( YT Ox Py dy By 82)

dy
0 ow ow ow
9.2 +p, 2 4 p. 2"
+82<Z‘T8x+ Zy8y+ 228,2)’
(3.3)



in which the matrices A, A,, A, and the combined dissipation matrix

Dye Dyy Dy

Dzz Dzy Dzz
are all symmetric. The matrices are listed in detail in Appendix B and it is also
proved that the combined dissipation matrix is positive semi—definite provided
that >0, 2u+3X >0 and k£ > 0. These three conditions are satisfied by the
laminar viscosity coefficients; it will be assumed that they are also satisfied by

the coefficients defined by the turbulence modelling.
The perturbation ‘energy’ is defined as

Ez/Q%W*WdV, (3.4)

where W* again denotes the Hermitian of W, and its rate of change is

dE ow. oW oW oW
- = — d * * dv. (3.
dt /QQ(W at ot W) V= / (W ot (W at>> v (35)

Using the fact that A, is real and symmetric, and then integrating by parts
using the periodic boundary conditions,

/ W*Aa—W v o= [V way - —/W*A—dV
Q ozx Q Ox
oW oW -
— /WA o (WA &U) dv = 0. (3.6)

Similarly,

/W*Aya (WA a_w) vV = 0,
0 dy

B
. OW AN B
/QW AZE+<W AzE> v = 0. (3.7)

Integrating the diffusion terms by parts and noting that

AW \ * oW 1* OW \ * oW
B Dzz ny Dzz B oz Dzz Dzy Dzz B
W oW _ | aw W
By D yx D vy D yz By — | 8y D y D vy D yz By
W oW oW W
o2 Dzac Dzy Dzz o2 92 Dzac Dzy Dzz o2



since the combined dissipation matrix is real and symmetric, yields the final
result,

oW *
£ _ oW D,, D, D AL AT 3.9
TR S yz vy yz oy : (3.9)
ow ow
Bz Dzz Dzy Dzz Bz

Since the combined dissipation matrix is positive semi—definite, the perturbation
‘energy’ is non-increasing thereby proving stability in the energy norm.

4 Semi—discrete equations

Using an unstructured grid of tetrahedral cells with W defined by linear interpo-
lation between nodal values, the standard Galerkin spatial discretisation of the
transformed p.d.e. is

MGCZ—VZ AW = —DW, (4.1)
where
me, = [ NN;Idv
a; = /QNZ-<A aaN A aaN A%—Z)dv
dy; = / (DM%N aéz +nyng aaN +Dma8N an\Zf (4.2)
+Dy1%% +Dyy%88—]\; +D,, an;f a;\zf

The vector W of discrete nodal variables has 5-component subvectors w; at each
node i. For a particular pair of nodes ¢, 7, MGy, i and d;; denote the corre-
sponding 5 x 5 submatrices of the matrices Mg, A and D, respectively. N; is the
piecewise linear function which is equal to unity at node ¢ and zero at all other
nodes, and the viscosity parameters p, A and k& within the dissipation matrices
are defined to be constant on each tetrahedron.

An important point to note is that exactly the same semi-discrete equation
would be obtained if one performed a Galerkin discretisation of the nonlinear
Navier-Stokes equations expressed using the original conservative variables U,
and then linearised the equations and transformed the variables to the sym-
metric variables W. Therefore, the stability analysis to be performed using the
symmetric variables applies equally to actual computations performed using con-
servative variables.
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A standard modification is to ‘mass-lump’ the matrix Mg, turning it into a
diagonal matrix M with

=Y me,, = /QNiIdV — V1, (4.3)
J

where V; is the volume associated with node i, defined as one quarter of the sum
of the volumes of the surrounding tetrahedra.

Another standard modification when interested in accelerating convergence
to a steady-state solution, is to precondition the ‘mass-lumped’ matrix so that

Vi
At;

The objective of this preconditioning is to use local timesteps, At;, which are
larger in large computational cells than in small ones, so that fewer iterations
of the fully-discrete equations will be needed to converge to the steady-state
solution to within some specified tolerance.

The matrix A is antisymmetric since, integrating by parts,

ON; ON;
aj; = —/< N + A, oy N —|—A25Nj> dV
ON; ON;
= N;
/ < Y 0y £ 0z > v
= aﬂ) ) (4.5)

The matrix D is clearly symmetric. Furthermore, for any vector W,

oW\ * oW
* 0 0
WDW = /Q ow D, D, D, || 2% |av. (4.6)
o D., D., D o
92 2x 2y 2z 92
where
UL S\
or —~ Oz
ow ON;
A ; 4.7
dy ; dy v (4.7)
ow ON;

5 T g v

Since the combined dissipation matrix is positive semi-definite, it follows there-
fore that D is also positive semi-definite.
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Defining the ‘energy’ for arbitrary complex W as either F = %W*MGW or
E= %W*MW, depending whether or not mass-lumping is used,

dE
= —L (W*(A+D)W + W*(A+D)'W)
= —1(W"(A+D)W + W*(—A+D)W)
= —W'DW <0 (4.8)

and so the energy is non-increasing. Since both Mg and M are symmetric and
positive definite this in turn implies stability for the semi-discrete equations.
Note that other discretisations of the Navier-Stokes equations will result in

equations of the form,

aU
M— = 4.
o cv, (4.9)

where M is a symmetric positive definite ‘mass’ matrix and C' can be decomposed
into its symmetric and anti-symmetric components,

C=—(A+D), A=-Yc-c", D=-3C+C"). (4.10)

1 1
2 2

Although A is primarily due to the convective discretisation, in general it
may also contain some terms due to the viscous discretisation. Similarly, D
is primarily due to the viscous discretisation but may also contain some terms
due to the numerical smoothing associated with the convective discretisation. D
must still be positive semi—definite to ensure stability.

5 Fully discrete equations

Using Runge-Kutta time integration the fully discrete equations using one of the
two diagonal mass matrices are

Wt = L(kM Loy w™ (5.1)

where L(z) is the Runge-Kutta polynomial with stability region S as defined in
Section 2 and C'=—(A+D). As explained in Section 2, sufficient conditions for
algebraic and generalised stability are that

(kM Y2CM Y% c S (5.2)
where
W*M—I/QCM—l/QW
(kM Y20 M Y?) = {—k T W £ o} : (5.3)

For unsteady calculations with the diagonal mass-lumped matrix, the aim
is simply to find the largest k such that the constraint, Eq. (5.2), is satisfied.
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For steady-state calculations using the pre-conditioned mass matrix, one uses
a pseudo-timestep k£ =1 and then the objective is to define the local timesteps
At; to be as large as possible, again subject to the sufficient stability constraint,

Eq. (5.2).

The difficulty is that direct evaluation of 7(k M~'/2C'M~'/?) is not possi-
ble. Instead, a bounding set is constructed to enclose the numerical range and

sufficient conditions are determined for this bounding set to lie inside S.

There are two choices of bounding set which are relatively easily constructed,
a half-disk and a rectangle. The construction of the bounding half-disk starts

with the observation that, when using L, norms,

< | ren

W*M71/20M71/2W
‘ W W

Let the variable r be defined by

r = max {mil max {Z il Z ||Cﬂ||}}
j j

where
Vi, mass-lumped matrix
mi=1 Vi - _
AL preconditioned mass-lumped matrix
i

Considering an arbitrary vector V', with subvector v; at each node i,
2

M PCMTPVIP = S S emy )
( J

— —1/2 —1/2

< ST Ylesillmg P gl el g ol

1,5,k
< S mytms gl e

1,5,k
< Y oy Plles|

1,5

< 2|V

— M V2OM V2 <7
The third line in the above derivation uses the inequality

—-1/2
J

—-1/2

m 2 ol g ol < 3 (m ! llog 1?4+ mi! o)

(5.4)

(5.6)

(5.7)

(5.8)

followed by an interchange of subscripts to replace my " [|vg||? by m; " ||v;|* given

that ||c;j||||cikl| is symmetric in j and .
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Also, for an arbitrary vector W,
W*CW + (W*CW)* = W*(C+C*")W = =2W*DW <0 (5.9)

and so the real component of W*C'W must be zero or negative. Combined with
the previous bound, this means that 7(kM~'/2CM~'/2) must therefore lie in the
half-disk

{z=z+iy: x<0,|z|<kr}.

For unsteady calculations, the necessary and sufficient condition for the half-
disk to lie inside S, and thus a sufficient condition for algebraic and generalised
stability is

kr <re, (5.10)

where r. is the radius of the half-disk inscribing S, as defined and illustrated in
Appendix A.

For preconditioned steady-state calculations with local timesteps, k=1 and
so the largest value for r for which the half-disk lies inside S is r.. For each node
i, At; is then maximised subject to the definition of r by

rcVi

max {Z cijll Z ||Cﬂ||}
7 J

At; = (5.11)

These stability limits require knowledge of ||¢;;||. Appendix C evaluates ||a;;|]
exactly, using the fact that it is a symmetric matrix. Since a;; = —ag;- = —ayj, it
follows that ||aj|| =||a;;||. Appendix C also constructs a tight upper bound for
|ldi;|l and ||dj;||. From these, an upper bound for ||¢;;|| is obtained. Replacing
|lesj|| by this upper bound in the above stability limits gives a new slightly more
restrictive sufficient stability condition which can be easily evaluated.

The rectangular bounding set is obtained by considering separately the nu-
merical ranges of D and A. Since D is symmetric and positive semidefinite, the
quantity

W*M71/2DM71/2W
W*Ww

J J

W*M—l/QAM—I/QW
Similarly, since A is anti-symmetric, y = i is real and

W*Ww

T = is real and negative with —z; <z <0 and x4 defined

by

ly| <y, with y, defined by

Ya = Max {mil max {Z lagll, > ||ajz'||}} = max {mil > ||a2~j||} . (5.13)
J J J
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Thus the numerical range 7(kM ~"/2CM~'/2) must lie inside the rectangle
R={x+iy: —kry<z<0, ly|<ky,}. (5.14)

For unsteady calculations, a sufficient stability limit is obtained by requiring
that RCS. If the boundary of S can be represented by z=rexp(ifl) with r(6)
being a single-valued function for 5 <6 < 37” then this can written as

Ya
ky/22 +y2 < r(6 tan(f) = —=. 5.15
Ve @), tan(e) = -2 (.19
For preconditioned steady-state calculations, we again let £ =1 and can then
choose any rectangle R which inscribes S. Appendix A shows the particular

example of a half-square for which z;, =y,. The maximum local timestep At;
subject to the definitions of both xp and y4 is then

xd‘/;' ya‘/;'

max {3 [ldill, D ldsill} 3 llais|
J J J

At; = min

(5.16)

The final form of the stability limit is again obtained by using the results of
Appendix C to evaluate ||a;;|| and place an upper bound on ||d;;|| and ||d;]|.

It is difficult to predict a prior: which bounding set will give the least restric-
tive sufficient stability conditions. It depends in part on the particular Runge-
Kutta method which is used. Appendix A shows that for some methods the
inscribing half-disk almost contains the inscribing half-square and other rectan-
gles lying inside S; in this case the half-disk sufficient stability conditions will
probably be less restrictive. With other methods, the half-square almost con-
tains the inscribing half-disk and for these the half-square stability conditions
will probably be less restrictive.

6 Numerical experiments

A number of numerical experiments have been performed to test how close the
predicted sufficient stability limits are to the necessary stability limits.

The calculations use a tetrahedral grid created from a uniform 10 x 10 x 10
Cartesian grid by cutting each hexahedron into six tetrahedra. As indicated
in Table 1, cases 1 and 3 use a grid based on a Cartesian grid with the same
spacing in each direction, whereas for cases 2 and 4, the spacing in the y-direction
is decreased by the specified amount. Periodic boundary conditions are used on
all sides of the grid.

In all of the computations the mean flow is aligned with the z-axis and the
Mach number is 0.5. Cases 1 and 2 are inviscid, while for cases 3 and 4 the cell
Reynolds number Rea, = % is 1.0, the Prandtl number is 0.9 and AZ_%M-



Table 1: Parameters for four numerical test cases

15

Grid stretching ratio | Cell Reynolds number
Case 1 1:1 00
Case 2 10:1 00
Case 3 1:1 1.0
Case 4 100:1 1.0
Case 1 Case 2
10% 1 104 1
) r=4.75 r=+3.75
W|* W12
r=4.5 r=3.5
1001 1004
. r=2.75— 4.25 - r=92.75 — 3.25
0 100 200 300 400 0 100 200 300 400
Iteration Iteration
Case 3 Case 4
104
104 4
100 1 W2 A r=4.0
W |2 - 100 1
1 4
=2.75—5.
r=2.15-=5.15 1 r=2.75 — 3.75
0.01 . . . | —_— : :
0 100 200 300 400 0 100 200 300 400
Tteration Tteration

Figure 1: Evolution of energy in four test cases
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The four-stage Runge-Kutta method described in Appendix A is used for the
time-marching. The time-step is taken to be

rV;

Atl - )
Z ||Cij||bound
J

(6.1)

where ||cij|l},ounq denotes the upper bound for [[cy|| derived in Appendix C. For
each case, calculations were performed for a range of values of r starting with
r=2.75 and increasing in increments of 0.25. The initial conditions for the linear
perturbation variables corresponded to a perturbation in pressure and density
at one corner of the grid, and an equal but opposite perturbation in the centre.
Figure 1 shows the evolution of the energy for the four cases, using a log scale
for the energy.

Case 1 is the inviscid case on an unstretched grid. The theory for the rect-
angular bounding set predicts stability for » < r, and in this case r, ~ 2.828.
The results, however, show the actual stability boundary is at r~4.4. Thus, the
theory underpredicts the stability boundary by approximately 35%.

Case 2 is the inviscid case on a grid with a 10:1 stretching ratio. The theory
again predicts stability for » <r,. The results show the actual stability boundary
to be at r=~3.4 so the sufficient stability theory now underpredicts the stability
boundary by only 15%.

Both of these results are consistent with previous results by the author using
energy analysis for two specific Runge-Kutta methods [6]. In that earlier work,
the sufficient stability limit derived by energy analysis was compared to the
necessary and sufficient Fourier stability limit for a uniform mesh. At worst, when
the Mach number was zero and the grid spacing the same in each direction, the
timestep limit from the energy analysis was 40% less than that from the Fourier
analysis. At best, at high Mach numbers or on stretched grids, the two timestep
limits were almost equal.

Note also that when the timestep is stable the results show a monotonic
decrease in the energy. This is as predicted by the theory since in these two
cases there is only the A matrix, and it is normal.

In case 3, the inviscid and viscous terms are equally important because of the
unit cell Reynolds number. With the unstretched grid, this case is representative
of turbulent flow calculations in combustors and wakes with very high levels of
turbulent viscosity. The theory for the half-disk bounding set predicts stability
for r < r., and for this Runge-Kutta method r. ~ 2.616. The results show the
actual stability boundary is at r~ 5.8 so the theory underpredicts the stability
boundary by 55%.

Case 4 is similar to case 3, but with a grid with a 100:1 stretching ratio
representative of a boundary layer grid. In this case the actual stability boundary
is at ra3.9, and so the amount by which the theory underpredicts the stability
boundary is reduced to 33%.
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It is interesting that in these last two cases there is again a monotonic decrease
in the energy when the timestep is stable. This is not predicted by the theory.
It may be due to the particular choice of initial conditions, but attempts to find
different initial conditions giving a transient energy growth were unsuccessful.

7 Conclusions

This paper has analysed the stability of one class of discretisations of the Navier-
Stokes equations on a tetrahedral grid. The sufficient stability limits for both
global and local timesteps are based on recent advances in numerical analysis.
Numerical results demonstrate that in the worst case the sufficient stability limit
can be less than half the necessary stability limit, but when the grid is highly
stretched or the viscous terms are negligible the sufficient limit is much closer to
the necessary limit.

Future research will consider the application of this method of stability anal-
ysis to other discretisations of the Euler and Navier-Stokes equations. Upwind
approximations of the inviscid fluxes would be a particularly interesting topic
for study. As indicated at the end of Section 4, this would change the definition
of the dissipation matrix D, but the overall approach to the stability analysis
would remain valid. It may also be possible to investigate the stability of differ-
ent Navier-Stokes boundary condition implementations by incorporating these
within the coupled system of o.d.e.’s.
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Appendix A Runge-Kutta stability curves

An example of a Runge-Kutta type of approximation of the o.d.e.

du
— A.l
7 Au, (A.1)

is the following two-stage predictor-corrector method,

uV = kAU
"t = u" kA ul. (A.2)

Combining these two equations gives
u" = L(kA) u", (A.3)

where the Runge-Kutta polynomial function is L(z) = 1 + z + 2%. Figure 2a)
shows the stability region S within which |L| < 1. Tt also shows the largest
half-disk,

{z=zx+iy: <0, |z|<r.},

and the largest half-square,

{ iy - < <0, |y < 2
z=x+1y  ——F=<x<0,|ly|<—F=7,
V2 V2

which lie inside S. If the boundary of S is defined as z = rexp(if) then r, and
r, can be defined as

r.= min r(f), rs = r(&m). (A.4)

3
s s

The values of r. and r, are listed to the right of the figure along with those of
two other important parameters, r, =7(i7), which is the length of the positive
imaginary axis segment within S, and ry=r(7), which is the length of the nega-
tive real axis segment within S. The importance of all four of these parameters
is discussed in the main text in Section 5.

Figures 2b) and 2c) show the corresponding curves and data for two other
popular multistage integration schemes.



15 a) Predictor-corrector
u) = U+ XAt
u"t =+ AALu)
re = 1.0
re = 1.414
ro = 1.0
rda = 1.0
3.0 b) Three-stage scheme
u = W4 IXAtu”
u? = "+ INAL u®)
Wt = u" A A
re = 1.731
rs = 2.375
ro = 1.731
rq = 2.513

c¢) Four-stage scheme

u + %)\ Atu"
u + %)\ AtuV)
u' + %)\ Atu®
u 4+ XAty
2.616

2.704

2.828

2.785

21

Figure 2: Stability boundary and inscribing half-disk and half-square for three

Runge-Kutta methods
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Appendix B vectors, matrices and positivity

Starting with the conservative form of the Navier-Stokes equations, the state
vector and flux vectors are

p
U

U = pv |,
pw
pE
U
pU’Q + p = Tax

F, = puv — Tyx
puw — Tax
pu(E + %) — UTyy — Uy — WTay + Gy
pv
puv — Tay

E, = | po»+p  —1y
pUW — Toy
po(E+1L) —utyy —vTyy — wy + gy
pw
puw — Txz

F, = pUW — Tyz : (B.1)
pw2 + p — T2z

pw(E + %) — UTg, — UTy, — WT,, + ¢,

p,u, v, w,p, F are the density, three Cartesian velocity components, pressure and
total internal energy, respectively. To complete the system of equations requires
an equation of state for an ideal gas,

p=pRT = (y-1) p(E — L(u?+v*+u?)), (B.2)

in which R,T,~ are the gas constant, temperature and uniform specific heat
ratio, respectively, as well as equations defining the heat fluxes,

oT oT oT



23

and the viscous stress terms,

T, :2u@+)\<6u Ov 8_w> Toy = T, :u<@+@>

o oz 0 By 0z )’ e oy Ox)’
o (B e w

Tuy M8y+ 6:1:+8y+ 9, ) T T T TH 6z+ or |’

ow Ju Ov Ow Jv  Ow
_ 9, 2w ou , v ow = (L) B4
Tee =2l +)\<6:1:+8y+ 62’)’ Tyz = Ty M<6z+ 8y> (B-4)

The transformation between the conservative variables and the symmetrising
variables of Gustafsson and Sundstrom [16] and Abarbanel and Gottlieb [18],

(};ﬁ, u, v, w, (1 1)%?)T, is accomplished by the matrix
v(v—
G2 0 0 0 0
viZ p 0 0 0
S=| % 0 p 0 0 (B.5)
G0 0 p o 0
E
i puopvopw ([ E

The linearised, transformed equations are

oW oW ow oW
ARyl
ot Ty T, Ty,

S
8
Q

¢ B, )
+ %(Dm %V;/ +D,, aaW +D,, 86T>(B 6)
where
U %c 0 0 0
%c U 0 0 77710
A, = 0 0 u 0 0 ,
0 0 0 u 0
0 e 000w
v 0 %c 0 0
0 w 0 0 0
A, = %c 0 v 0 77_10 ,
0 0 0 v 0
0 0 =c 0

2
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1
w 00 e 0
0 w 0 0 0
A, = 0 0 w 0 0 : (B.7)
1 y—1
WCOOUJ —c
0 0 0 JXle w
Y
and
0O 0 0 0 0 00 000
0@000 00%00
_ _ nT _ ©
Dyp=|0 0 %0 0 [, D,y=DL, =0 4 00 0|,
0 0 0% 0 00 000
0 0 00 & 00000
rp
00 0 0 0 00 00 0
04 0 0 0 000%0
Dy=|00 220 0 |, D.=DL=[00000],
00 0 & 0 04000
00 0 0 & 00 00 0
rp
000 0 0 000 0 0
040 0 0 000 00
T A
D..,=|00 % 0 0 |, D,,=Dl =| 000 20
00 0 22 0 00 & 00
000 0 & 000 00
rp
(B.8)
The Prandtl number is defined as
HCp YRR
Pr=027%2_ 7" B.9
TR T ok (B9)

but is not assumed to be uniform since A and £ in general represent combinations
of laminar and turbulent viscosities, each with their own Prandtl number.
An important feature of the transformed equations is that the combined dis-

sipation matrix,

DyI Dyy Dyz
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is both symmetric and positive semi-definite. The symmetry is clear from the
above definitions of the component matrices, and the positivity comes from not-
ing that

2" | Dy D,, D,. |z = ﬁ(x3+x7)2+ﬁ(:r4+a:12)2+ﬁ(a:9+x13)2
D., D., D.. P I P
1 [ " 20+ A\ A A To
+ —| s A 20+ A Tg
P T14 A A 2M+)\ T14
g—lf;(xg + a2y + ad). (B.10)
The eigenvalues of
204\ A A
A 204\ A
A A 2u+A

are 2, 241, 2p1+ 3\ and hence the combined dissipation matrix is positive semi-
definite provided >0, 2p+3A>0 and k>0.
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Appendix C L, norms of component matrices

Defining
/QNNNj dv = S, (C.1)

then

aij = S(n,Ay; +nyA,+nA,)

- 1 1 1
w.n —cn —cn —cn 0
v v N

%cnz u.m 0 0 %cnl
_ L =2 = y=1
= S ﬁcny 0 u.n 0 \/ Cly (C 2)

%cnz 0 0 TR ,/%cnz

0 ,/7;—107% ,/Yg—lcny ,/7;—1an u.n

Three of the eigenvalues of S™'a;; are equal to 4.7 and the other two are @.7 + ¢,
and so

lail| = S (|@.7] + ¢), (C.3)

since the Ly norm of a symmetric matrix is the magnitude of the largest eigen-
value.

The quantity S77 can be interpreted geometrically. First note that VN, is
non-zero only on tetrahedra surrounding node j, and that on such a tetrahedron,
labelled o,

1 _‘0'
VN] — W‘S] (C4)
where 5’;’ is the inward-pointing area vector of the face of o opposite node 7,
and V7 is the volume of the tetrahedron. Summing over all tetrahedra for which
both ¢ and j are corner nodes, gives
Si=o3 8 (C5)
n — — . .
1247
Define d7; to be the contribution to d;; from the integration over tetrahedron
o. Therefore,

dig =3 dy; = ldyll < 3 [ldgl (C.6)

where again the summation is over tetrahedra common to both ¢ and j. On



tetrahedron o, VN; and VN; are both uniform and so
0 0 0 0 0
0 p+X ON; ON; A ON; ON; A ON; ON; 0
p Or Bz p %:DN %%V p %IN %Z]V
MVNZ ‘VN; +% Bylﬂl +ﬁ 8;%1
0 ) ON; ON; Lt ON; ON; A ON; ON; 0
df. — Ve p %le %gfv- p Oy Oy p %le %ZN-
! +5 8x16—yj +%VNZ VNJ +% 8zl 8y]
0 A ON; ON; A ON; ON; ptA ON; ON; 0
pﬁz%x]v paz%%vl p 0z 0z
HSreE R HAVNVN;
0 0 0 0 sV N; -V N;
rp
(C.7)
Hence,
2u+ A
ld7|| < Ve max{ Znuat v A |VN| |VN VN, |} (C.8)
P
which can be re-expressed using the values for VN; and VN, as

351

< —max

— 9V

{ 5011871, 2215, S|}

where S7 and S? are as defined previously. Note that the upper bound on the

(C.9)

right-hand-side of Eq. (C.9) is unchanged if 7 and j are interchanged, and so it
is also an upper bound for [|d]|. Hence,

1
max{||d; ||, |d;]|} <> 917

{ 5711591, |SS|}

The exact value for ||a;;]| and the upper bounds for ||d;;||, [|d;;|| can then be
combined by the triangle inequality,

(C.10)

cijll = llaij + dijl| < [la;]] + |||

to get upper bounds for ||¢;;|| and ||¢j|| for use in the sufficient stability limits
derived in Section 5 in the main text

(C.11)
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