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Sediments and sliding

- Till rheology

- Deformation

Drainage in sediments

- Darcy flow

- Canals

Geomorphology

- Meltwater deposits

- Deformational deposits
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Sediments and sliding

3



tan⌥ ⇥ 0.44

⇧f = c0 +N tan⌥

⇧f = c0 + ⌅e tan⌥

�̇ = A(⇧ � ⇧f )
a⌅b

e

�̇ = A⇧a⌅b
e

�̇ = A exp(�⇧/⇧f )

� ⇤ 1

⌅e = P � pw ⇥ N

⌅e = ps � pw

⇧ = ⇧f

Ub = hTA⇧
a
b N

b

Ub = C⇧ab N
b

⇧b = µN

⇧b = ⇥2Ub

⇥2(x, y)

p = q = 1
3

⇧b
N

= µ

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b = µN

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b
N

= f(⌃)

⌃ =
Ub

⇤ANn

f(⌃) = µ

�
⌃

⌃0 + ⌃

⇥1/n

f(⌃) = µq

�
⌃

⌃q
0 + ⌃q

⇥1/n

⇧b
N

= µ

�
⌃

⌃0 + ⌃

⇥1/n

5

tan⌥ ⇥ 0.44

⇧f = c0 +N tan⌥

⇧f = c0 + ⌅e tan⌥

�̇ = A(⇧ � ⇧f )
a⌅b

e

�̇ = A⇧a⌅b
e

�̇ = A exp(�⇧/⇧f )

� ⇤ 1

⌅e = P � pw ⇥ N

⌅e = ps � pw

⇧ = ⇧f

Ub = hTA⇧
a
b N

b

Ub = C⇧ab N
b

⇧b = µN

⇧b = ⇥2Ub

⇥2(x, y)

p = q = 1
3

⇧b
N

= µ

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b = µN

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b
N

= f(⌃)

⌃ =
Ub

⇤ANn

f(⌃) = µ

�
⌃

⌃0 + ⌃

⇥1/n

f(⌃) = µq

�
⌃

⌃q
0 + ⌃q

⇥1/n

⇧b
N

= µ

�
⌃

⌃0 + ⌃

⇥1/n

5

tan⌥ ⇥ 0.44

⇧f = c0 +N tan⌥

⇧f = c0 + ⌅e tan⌥

�̇ = A(⇧ � ⇧f )
a⌅b

e

�̇ = A⇧a⌅b
e

�̇ = A exp(�⇧/⇧f )

� ⇤ 1

⌅e = P � pw ⇥ N

⌅e = ps � pw

⇧ = ⇧f

Ub = hTA⇧
a
b N

b

Ub = C⇧ab N
b

⇧b = µN

⇧b = ⇥2Ub

⇥2(x, y)

p = q = 1
3

⇧b
N

= µ

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b = µN

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b
N

= f(⌃)

⌃ =
Ub

⇤ANn

f(⌃) = µ

�
⌃

⌃0 + ⌃

⇥1/n

f(⌃) = µq

�
⌃

⌃q
0 + ⌃q

⇥1/n

⇧b
N

= µ

�
⌃

⌃0 + ⌃

⇥1/n

5

tan⌥ ⇥ 0.44

⇧f = c0 +N tan⌥

⇧f = c0 + ⌅e tan⌥

�̇ = A(⇧ � ⇧f )
a⌅b

e

�̇ = A⇧a⌅b
e

�̇ = A exp(�⇧/⇧f )

� ⇤ 1

⌅e = P � pw ⇥ N

⌅e = ps � pw

⇧ = ⇧f

Ub = hTA⇧
a
b N

b

Ub = C⇧ab N
b

⇧b = µN

⇧b = ⇥2Ub

⇥2(x, y)

p = q = 1
3

⇧b
N

= µ

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b = µN

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b
N

= f(⌃)

⌃ =
Ub

⇤ANn

f(⌃) = µ

�
⌃

⌃0 + ⌃

⇥1/n

f(⌃) = µq

�
⌃

⌃q
0 + ⌃q

⇥1/n

⇧b
N

= µ

�
⌃

⌃0 + ⌃

⇥1/n

5

Sliding over sediments
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 Ŝ

 t
= Ubhr �KŜNn
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‘Sliding’ could involve:

- Shear deformation of sediment 
layer

- Slip at the ice-till interface

- Slip on slip-planes within the 
sediment layer

- Shear of a finite horizon of the 
sediment
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Macroscopic resistance may come 
from flow around sediment landforms
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Till rheology

Yield stress depends on effective stress
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Figure 5 Results of ring-shear measurements of the deformation properties of three
till samples. (a) Ultimate strength versus effective pressure. The cohesion c and friction
angle ϕ are indicated for each till. (b) Ratio of ultimate strength to effective pressure
versus shearing rate. After Iverson et al. (1998) with additional results for the Des
Moines Lobe till provided by N. Iverson (personal communication). Reprinted from
the Journal of Glaciology with permission of the International Glaciological Society.

important feature of the critical state is that the sediment strength τf and porosity
n, independent physical properties of the soil, become functionally dependent so
that nu(pe) and τu(pe), thereby reducing the number of degrees of freedom in the
system. In the critical state, soil behavior is actually simplified.

3.4.2. CONSOLIDATION AND SWELLING When a porous soil is compressed, its po-
rosity decreases. For water-saturated soils this response is complicated by the fact
that both the soil matrix and pore water are virtually incompressible. Thus to reduce
porosity it is necessary to expel water from the intergranular pore space. The cou-
pled process by which porosity is reduced is termed consolidation and depends on
the hydraulic conductivity KH of the soil as well as the presence of a sink to receive
the expelled water. Unlike ideal elastic solids, soils preserve a memory of their
loading history, and for this reason soil compression is a profoundly irreversible
process; a decompressed soil will not recover its precompression porosity. (In
the soil mechanics literature the decompression process is termed swelling.) The
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angle ϕ are indicated for each till. (b) Ratio of ultimate strength to effective pressure
versus shearing rate. After Iverson et al. (1998) with additional results for the Des
Moines Lobe till provided by N. Iverson (personal communication). Reprinted from
the Journal of Glaciology with permission of the International Glaciological Society.

important feature of the critical state is that the sediment strength τf and porosity
n, independent physical properties of the soil, become functionally dependent so
that nu(pe) and τu(pe), thereby reducing the number of degrees of freedom in the
system. In the critical state, soil behavior is actually simplified.

3.4.2. CONSOLIDATION AND SWELLING When a porous soil is compressed, its po-
rosity decreases. For water-saturated soils this response is complicated by the fact
that both the soil matrix and pore water are virtually incompressible. Thus to reduce
porosity it is necessary to expel water from the intergranular pore space. The cou-
pled process by which porosity is reduced is termed consolidation and depends on
the hydraulic conductivity KH of the soil as well as the presence of a sink to receive
the expelled water. Unlike ideal elastic solids, soils preserve a memory of their
loading history, and for this reason soil compression is a profoundly irreversible
process; a decompressed soil will not recover its precompression porosity. (In
the soil mechanics literature the decompression process is termed swelling.) The
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Iverson et al 1998, Clarke 2005

Hooke & Iverson 1998, Kamb 1991, Iverson 2011, Iverson & Zoet 2015

Laboratory experiments on samples show that 
till has a yield stress

 Ŝ

 t
= Ubhr �KŜNn
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Q̂ = �K̂Ŝ�Ĝ1/2
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Effective pressure at ice-till interface
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N ⇤ Q�3/4n

N(Q)

�N

�Q
< 0

⇥ =
Ub

Nn

⇥ = ⇥c

�h

�t
+⌅ · q =

m

⇤w
+M

⌥̇ = A⇧aN�b

⌥̇ = A(⇧ � ⇧f )
aN�b

⌥̇ = A exp (�⇧/⇧f )

⇧f = c0 + µN

⇧f = c0 + µ⌅e

µ = tan⌃

⇧f = µ⌅e

⇧f = µN

⌅e = P � pw = N + (⇤s � ⇤w)g(Zb � z)

�⇤sw = ⇤s � ⇤w

hT = [⇧ � µN ]/µ�⇤swg

N = pi � pw

µ = tan⌃ ⇥ 0.4

⇧b = ⇥2Ub

⇥2(x, y)

⇥2

p = q = 1
3

9

Coefficient of friction
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Cohesion

Experiments suggest stress is almost 
independent of strain rate (i.e. perfectly 
plastic).

(effective stress increases with depth into the till - 
it is weakest at the top).
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Sliding over till
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Effective stress increases with depth through till

Pore water pressure roughly hydrostatic

Deformation only if Deforming horizon
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Viscous rheology
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�Ŝ

�t
=

m

⇤i
+ Ubhr �KŜNn
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Sliding speed
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Basal shear 
stress
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Figure 3. Model geometry in the numerical shear experi-
ments. Grey particles have a fixed horizontal velocity; zero
for the lower particles and u for the upper particles. The
resultant shear stress (!) is a function of the time (t), the
shear velocity (u), the effective normal stress (" 0), the mate-
rial stiffnesses (kn,t), and the coefficients of friction (#s,d).
The boundaries to the left, right, front, and back are periodic.

tangential force is limited by the Coulomb-friction criterion
of static and dynamic friction:

|| f ij
t || ! #s|| f ij

n || if || Pıt|| = 0
#d|| f ij

n || if || Pıt|| > 0 (8)

where the static friction coefficient (#s) is larger or equal to
the dynamic friction coefficient (#d). If the tangential force
exceeds the static friction, the contact starts to slip along the
contact plane. Strain-softening behavior at the contact can
be introduced by having a lower dynamic than static friction
coefficient value.

[17] The macroscopic geotechnical behavior of the sim-
ulated particle assemblage is generally a result of the self-
organizing complexity of the particles, but it is influenced
by the micromechanical parameters. As demonstrated by
Belheine et al. [2009], the normal and shear stiffnesses (kn,t)
effectively control Young’s modulus and Poisson’s ratio,
which are macroscopic parameters. The friction coefficients
(#s,d) control the level of dilatancy during deformation,
which in turn governs the shear strength.

[18] Our DEM implementation is three-dimensional. This
allows for particle rotation around arbitrary axes, which
facilitates particle interlocking and gives a realistic three-
dimensional geometry of the interparticle voids. Two-
dimensional DEM models tend to overfacilitate particle
rolling [e.g., Morgan, 1999], since the rotational axes of par-
ticles are always parallel. The enhanced rolling in a 2-D
setup ultimately results in low shear strengths of the material.

[19] The kinematic grain behavior is time integrated in
a fully explicit manner, resulting in a simple three-step
algorithm:

[20] 1. Contact search (equation (5)): Interparticle and
wall-particle contacts are identified.

[21] 2. Interaction (equations (6), (7), and (8)): For each
particle contact, the contact forces and rotational moments
are calculated.

[22] 3. Integration (equations (3) and (4)): Particle kine-
matics are updated using the sum of forces and torques, and
time is increased by $t.

[23] For the temporal integration, a second-order half-
step leapfrog Verlet integration scheme is used [Fraige and
Langston, 2004; Kruggel-Emden et al., 2008]. The length
of the time step must be small enough to allow multiple
updates of the kinematics, while the elastic wave travels
through even the smallest particle in the assemblage. We
therefore define the time step value on the basis of the nat-
ural undamped frequency (!0 =

p
k/m) in a linear spring

system ($tcrit = 2/!0) [O’Sullivan and Bray, 2004], which is
a function of the elastic P wave velocity (vp):

$t = f

s
min (m)

max(kn, kt)
= f

min (r)
q

28
9 m–1% min (r)
vp

(9)

where min (m) is the smallest particle mass and min (r) is
the smallest particle radius. The constant f is introduced as a
safety factor to account for the irregular contact network. It
generally depends on the packing and the particle size dis-
tribution. In our experiments, a value of f = 0.075 was used
[Zhang and Campbell, 1992].

[24] To cope with the high-computational requirements,
the algorithm is formulated for graphics-processing unit
computation using the CUDA C API [Kirk and Hwu,
2010; NVIDIA, 2013a, 2013b]. The sphere DEM soft-
ware is a free and open-source software, licensed under the
GNU Public License v. 3 (https://gnu.org/licenses/gpl.html).
The project is maintained at https://github.com/anders-dc/
sphere.

3.1. Model Configuration
[25] We have adapted a model geometry where infinite

shear strains can be obtained with periodic lateral boundaries
(Figure 3). When a particle moves across a periodic bound-
ary, it immediately re-enters through the opposite side. The
particle contact search also works across these boundaries,

Table 1. Micromechanical Properties and Geometrical Values
for Particles in the DEM Shear Experiment

Parameter Symbol Value

Particle count N 10,000
Mean diameter 2Nr 0.04 m
Standard deviation of diameter ! 0.000187 m
Spatial domain dimensions L 0.86! 0.86! 0.94 m
Material density " 2.6! 103 kg m–3

Normal stiffness kn 1.16! 109 Nm–1

Tangential stiffness kt 1.16! 109 Nm–1

Friction coefficient (static) #s 0.3
Friction coefficient (dynamic) #d 0.3
Normal stress range !0 10 to 120 kPa
Shear velocity u 0.0369 ms–1

Wall mass mw 6.42 kg
Time step length $t 6.33! 10–7 s
Simulation length ttotal 20 s
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Figure 6. Force distribution in the nonfixed particles dur-
ing (top) consolidation and during (bottom) shear. !0 =
80 kPa in both cases. The width and color of the line
segments are determined by the magnitude of the contact
normal force (|| fn||). The shear movement in the lower plot
takes place along the top boundary toward the right. Several
of the contacts forces are greatly exceeding the upper limit
of the color bar.

[31] Within the modeled material, stress is distributed
heterogeneously along a complex network of force chains
(Figures 5 and 6). Particles in a force chain are often
subjected to stress magnitudes more than 4 times the macro-
scopic confining stress (Figure 5). The force chains are gen-
erally aligned with the direction of maximum compressive

Figure 7. Trend and plunge of the 50% strongest DEM
interparticle normal forces (fn) during (left) consolidation
and during (right) shear. !0 = 80 kPa in both cases. The plots
are equal angle stereographic projections on the lower hemi-
sphere, with the stereonet equator situated in the horizontal
(x1, x2) plane. The white plus symbols denote the trend and
plunge of the maximum compressive stress (! 0 + "). The
arrows in the right plot denote the shearing direction.
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Figure 8. Laterally averaged strain-depth profiles at the
end of the numerical DEM experiments with varying levels
of overburden normal stress. The individual particle values
for the !0 = 10 kPa experiment are underlain to visualize
the horizontal variance of the displacement. The total shear
distance is 0.738 m.

stress, resulting from the combined influence of the over-
burden normal stress and the shear movement (Figure 7).
Therefore, force chains are predominantly vertical during
consolidation and subhorizontal during shear. In the lat-
ter situation with shear, the force chain network is rapidly
reconfiguring, even faster than the grain reorganization
(A supplementary animation is available at: http://users-cs.
au.dk/adc/files/shear-80kPa-pressures.mp4 (29 MB)).

[32] In the absence of friction from the sides, the shear
zone develops near the top boundary since this configuration
requires a minimum of material to be accelerated. Further-
more, the material strengthens with depth because the weight
of the overburden material increases the normal stress and
the shear strength of particle contacts (equation (8)).

[33] The numerical experiments demonstrate how the ver-
tical particle displacement profiles depend on the applied
normal stress (Figure 8). In the simulations with low normal
stress, a shear band develops at the top boundary and par-
ticle velocities decrease with depth. Due to the absence of
a strong interparticle cohesion, the deformation accumulates
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Figure 9. Porosity values of horizontally integrated slabs
at the final time step in the numerical experiments.
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We address the uncertainty surrounding the influence of N and vice on Qsed using a novel, large-diameter, cryo-
genic ring shear device with a transparent sample chamber, recently constructed at the University of Wiscon-
sin–Madison (Figure 1). To explore the dependencies of Qsed, we slid rings of temperate ice over a till bed at 
realistic subglacial conditions. With this experimental setup, we systematically varied N and vice by changing the 
load applied to the ice ring and its rate of rotation, respectively. We quantified the resultant deformation using 
digital image correlation (DIC) on a photographic time series of the till bed. We find clear, though importantly 
not always monotonic, dependencies of Qsed on N and vice—thereby experimentally addressing this problem in the 
coupled ice-sediment system for the first time.

Figure 1. Experimental setup. (a) A photograph of the cryogenic ring shear device. The sample chamber is suspended between vertical I-beams that make up the load 
frame. Pressure, Pi, is applied by a vertical piston that presses the ice ring into a bed of subglacial till. A motor connected to the gear box rotates the top platen at a 
prescribed velocity, vice, which grips the ice ring with a series of irregular Delrin ® teeth. As the ice ring slides over the till bed, a torque sensor attached to the base of 
the sample chamber measures the resultant drag. (b) An enlarged cutaway of the sample chamber showing ice sliding over subglacial till. Cameras mounted to the outer 
wall monitor movement in the till bed, and three pressure transducers measure pore water pressure, Pw, in the sediment. Twelve drainage lines evacuate water from 
the pore space in the till. (c) A schematic of the sample chamber illustrating various experimental parameters. Grains in the till move horizontally at speed, vx (curved 
brown line), in response to stress exerted by the overriding ice (Photo credit: Ethan Parrish).

Laboratory experiments

Laboratory ring shear experiment visualise till deformation, sediment flux, and ice-till slip
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higher tsb/D50 for sediments with fractal GSD, such as till, than for sediments with uniform granularity (16.7 
compared to 10.3, respectively, in their experiment at a confining stress of 275 kPa).

3.2. Influence of Effective Stress on Sediment Flux
Mean vx profiles computed for different values of N at two sliding velocities, vice = 100 and 300 m/yr initially 
show a widening zone of deformation with increasing N, but past a threshold value the deforming layer thins 
(Figure 5). The shear band at N ∼ 8 kPa (Figure 5a) is the exception to this trend as deformation is slightly more 
distributed than the subsequent stage at N ∼ 22 kPa (Figure 5b). This behavior likely reflects the evolution of the 
experiment over the first 2 days rather than an intrinsic characteristic of the N–Qsed relationship.

We compute the sediment flux at each N by integrating the 1D vx profiles numerically with respect to depth. For 
this calculation, we assume unit width radially (directed into the ring away from the outer sample chamber wall) 
to report Qsed in units of m 3/yr (Table 1). Because the magnitude and vertical distribution of the particle velocities 
both contribute to Qsed, the variable coupling between ice and till introduces scatter in the N–Qsed relationship 
though the rates of till transport are clearly elevated at the faster sliding speed. Dividing each velocity profile 
by its respective maximum vx prior to integration normalizes the influence of velocity and allows for a direct 
comparison of the N–Qsed trends at the two sliding speeds. With this correction applied, both sets of N–Qnorm data 
collapse along similar curves (Figure 6), in which Qnorm increases with increasing N from the point of flotation 
(N = 0 kPa) to a maximum value around N ∼ 50 kPa, before decreasing at higher stresses. This “double-valued” 
N–Qnorm relationship arises from the evolution of tsb with the stress state. Figure 7 shows the variability of tsb/D50 
with N at two sliding speeds, vice = 100 and 300 m/yr. At vice = 100 m/yr, tsb/D50 initially increases to a maximum 
(tsb/D50 ∼ 32 at N ∼ 50 kPa) before reducing at higher stresses.

3.3. Influence of Slip Speed on Sediment Flux
Velocity steps conducted at three different effective stresses demonstrate an increase in Qsed with increasing vice 
(Figures 8a, 8c and 8e). For the velocity steps from 100 to 300 m/yr, we observed an approximately threefold 
increase (3.0×, 3.0×, and 2.8×, respectively) in Qsed with a threefold increase in sliding speed at all three values 
of N. This proportionality is clearly reflected in a side-by side comparison of the normalized horizontal velocity 

Figure 5. Five mean horizontal velocity profiles (vx) computed from the digital image correlation time series for different effective stresses (N) at a single prescribed 
ice velocity (vice = 100 m/yr). Deformation was largely concentrated in a thin zone near the ice-bed interface approximately 0.7–2.5 cm wide throughout the 
experiments. Depth denotes the vertical distance from the inferred ice-bed interface. Error bars show the standard deviation of horizontal velocities at each vertical 
position.
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Drainage through till

Estimates of hydraulic conductivity vary, but it is generally thought to be low.

Although water seeps vertically into the till, horizontal transport through the till is 
most likely insufficient to evacuate the water produced from melting.

cially or else passes directly from englacial conduits into
basal conduits.

The characteristics of subglacial channels coexisting
with a till aquifer (Figure 19) were analyzed by Walder
and Fowler [1994]. The geometry of a sediment-floored
channel develops in response to flow interactions with
both the ice roof and the sediment floor. As in the case
of a rock-floored R channel, the channel is enlarged by
melting of the ice and shrunken by inward creep of the
ice. In addition, the channel may be enlarged by fluvial
erosion and closed by inward creep of the till [Boulton
and Hindmarsh, 1987]. Walder and Fowler showed that
a network of sediment-floored channels may exist in two
asymptotically distinct conditions: either an arborescent
network of sediment-floored R channels at pe ! p̃ or a
nonarborescent network of wide, shallow, ice-roofed ca-
nals eroded into the sediment at pe " p̃, where p̃ is a
“critical” effective pressure. Which drainage network is

stable depends on the magnitude of p̃ (determined pri-
marily by the creep properties of the ice and sediment)
and the hydraulic gradient, which is approximated by the
ice-surface slope. For very low hydraulic gradients typi-
cal of ice streams and ice sheets the drainage network
should comprise nonarborescent canals. For large hy-
draulic gradients typical of alpine glaciers the drainage
system should comprise arborescent R channels over
relatively “stiff” till, with properties like those of the
Breidamerkurjökull till in Iceland [Boulton and Hind-
marsh, 1987]; however, as was pointed out by Fountain
and Walder [1993], for alpine glaciers floored by rela-
tively “soft” till [e.g., Humphrey et al., 1993] the stable
drainage system would consist of nonarborescent canals.

Figure 17. Basal ice resting on unconsolidated sediments at South Cascade Glacier. The photograph was
taken in a Röthlisberger channel near the glacier margin. The tape measure at the right shows the scale in both
inches (numbers in front) and centimeters (numbers in rear).

Figure 18. Drainage through subglacial till. Beneath most
temperate alpine glaciers a thin layer of unconsolidated till lies
between the base of the glacier and the underlying bedrock.

Figure 19. Subglacial “canals” coexisting with subglacial till.
Canals tend to be enlarged as the flowing water removes
sediment as both bed load and suspended load. Enlargement is
counteracted by the tendency for canals to be closed by inward
movement of sediment by creep or mass failures from the canal
walls. Energy dissipated by the flowing water also melts the
overlying ice and counteracts the tendency for ice creep to
close off the canal.
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eg. in Antarctica

Water flows in a patchy film at the ice-till interface, or in some form of channels or 
canals.

Canals

Patchy sheet
Alley 1989, Creyts & Schoof 2009

Walder & Fowler 1994

10

Fountain & Walder 1998



Canals Walder & Fowler 1994, Ng 2000
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N ⇧ G1/6Q�1/3

N ⇧ G�1/3Q�1/3
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Channels - mostly melted into ice

Canals - mostly eroded into sediment

Walder & Fowler suggested two possibilities for steady states:

Canals are favoured when the potential gradient is small (e.g. interior of ice sheets).

Effective pressure in canals DECREASES with increasing discharge

The crucial difference seems to be that erosion tends to produce a wide cross-section.

c0 ⇡ 3 kPa

⌧

a

↵ ⇡ 100

a ⇡ ↵ ⇡ 75

z = Zb

�e = N +�⇢swg(Zb � z)

hT =
[⌧ � µN ]+

µ�⇢swg

Ub

hT
⇡ A⌧

a
b N

�b

⌧b = CU
1/a
b N

b/a

�e  ⌧b/µ

hT ⇡ 0.5� 5 m

q =
KhT

⇢wg
r�

q ⇡
10

�7
· 10

103 · 10
· 10

m s
�1

m

kgm�3 ms�2

Pa

m
⇡ 10

�10
m

2
s
�1

Z
m dx ⇡ 5 · 10

3
mm y

�1
km ⇡ 1.6⇥ 10

�4
m

2
s
�1

�e = N +�⇢swg(Zb � z) +�⇢wig(b� Zb)

N /  
7/15

Q
1/15

N /  
�1/3

Q
�1/3

@N

@Q
< 0

N = c/Q
1/3

m =
G+ ⌧bUb

⇢wL

Q =
G+ ⌧bUb

⇢wL
A

⌧b = CU
p
bN

q

11

c0 ⇡ 3 kPa

⌧

a

↵ ⇡ 100

a ⇡ ↵ ⇡ 75

z = Zb

�e = N +�⇢swg(Zb � z)

hT =
[⌧ � µN ]+

µ�⇢swg

Ub

hT
⇡ A⌧

a
b N

�b

⌧b = CU
1/a
b N

b/a

�e  ⌧b/µ

hT ⇡ 0.5� 5 m

q =
KhT

⇢wg
r�

q ⇡
10

�7
· 10

103 · 10
· 10

m s
�1

m

kgm�3 ms�2

Pa

m
⇡ 10

�10
m

2
s
�1

Z
m dx ⇡ 5 · 10

3
mm y

�1
km ⇡ 1.6⇥ 10

�4
m

2
s
�1

�e = N +�⇢swg(Zb � z) +�⇢wig(b� Zb)

N /  
7/15

Q
1/15

N /  
�1/3

Q
�1/3

@N

@Q
< 0

N = c/Q
1/3

m =
G+ ⌧bUb

⇢wL

Q =
G+ ⌧bUb

⇢wL
A

⌧b = CU
p
bN

q

11

Re =
⇢UL

⌘

Du

Dt
! Du

Dt
+ 2⌦ ^ u+⌦ ^ (⌦ ^ x)

Q Qs A �

@Q

@x
= M

@A

@t
+

@Qs

@x
= Ms

Qs = Qs(Q,�)

� = r�

(a) (b) (c) (d)

⌧b = CU
m
b

⌧ b = CU
m
b
ub

Ub

C = C(x, y)

⌧b micro = 0

⌧b macro = f(Ub)

UR =

✓
k�

⇢iLa

◆
⌧b

⌫2

Tm = T0 � �p

R =

✓
⇢iL

2k�A

◆1/(n+1)

"̇ = A(⌧ � ⌧f )
a
�
�b
e

⌧b = µN + CU
1/a
b N

b/a

⌧b = µN +RU
1/n
b

⌧b = CU
q
b q ⌧ 1

14

(so might expect distributed system)



Interaction of sliding and drainage

Initiation of sliding
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Increased melting

Lower effective pressure

Positive feedback

Increased discharge
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A consequence of is the potential for a positive feedback
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The relationship between ice thickness and speed 
can become multivalued

Fast moving,
lots of water

Slow moving, 
not much water



Surges and ice streaming
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Meltwater deposits

Deposition of sediments in Röthlisberger channels can 
build eskers

Creep

Erosion

Erosion of sediments from canals can create tunnel 
valleys

Creep

Melting

Erosion

Creep

Creep

Melting

Deposition

- Most likely under falling water speed, near margin

- Sediment is flushed from the surrounding bed
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60 m yr!1 from 13 to 8.6 ka BP and then increased to 150 m yr!1 by
7 ka BP (Fig. 16).

4.6. Tributaries

Overall, 475 (1335 interpolated) tributaries were identified for
the mapped eskers, which equates to 0.67 (1.22) tributaries per
100 km of total esker length. The number of tributaries per 100 km
of esker length decreased from 25.8 (91.0) to 0.1 (0.1) between ~13
and ~7 ka BP in the Keewatin sector. In the Labrador sector, the
number of tributaries per 100 km of esker length decreased overall
between ~11.4 ka BP and ~7 ka BP from 1.9 (2.4) to 0 (0.2), but with a
small peak at ~7.5 ka BP.

The extensive fragmentation of the mapped eskers resulted in
the identification of few tributaries. Thus, the majority (96.5%) of

eskers were found to be first-order, with 3.5% second-order tribu-
taries and only two third-order (Table 2). Analysis of tributary
ordering using interpolated eskers reveals, unsurprisingly, a much
more integrated pattern. Interpolated esker systems possess more
tributaries, especially around the Keewatin sector (Fig. 17). Fourth-
order eskers are noted in two locations and second-to fourth-order
eskers account for approximately 25% of all the interpolated eskers
(Table 2).

4.7. Topography/slope

Within the areas where slope was analysed, the majority
(97.5%) of eskers occur on terrain with an elevation of
<700 m a.s.l., and 60% are located between 300 m a.s.l. and
600 m a.s.l. The mean value is 344 m a.s.l. (Fig. 18C). Visual

Fig. 8. Esker distribution in relation to the Precambrian Shield, including the Slave craton and Athabasca and Thelon sedimentary basins (after Wheeler et al., 1996), in the Keewatin
sector of the LIS.

R.D. Storrar et al. / Quaternary Science Reviews 105 (2014) 1e25 9

Eskers

Canadian eskers form predominantly 
on crystalline bedrock.

Storrar et al 2014

Clark & Walder 1994

Probably reflects channelised drainage
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bed (where eskers are rare) to the relatively 

“hard” crystalline bedrock of the Canadian 

Shield (where eskers are far more common) 

(Clark and Walder, 1994; Storrar et al., 2013), 

we focus on deglaciation across the Canadian 

Shield, from ca. 12.7 kyr B.P. to ca. 7.45 kyr 

B.P. To account for the diminishing size of the 

ice sheet (which would theoretically produce 

fewer eskers than a larger ice sheet), the num-

ber of eskers at the ice sheet margin was nor-

malized per 100 km of margin length. Mean ice 

sheet retreat rate was calculated from 20 tran-

sects from the youngest to oldest dated margins 

in each area (Fig. 1C). Standard deviation val-

ues are given as error bars in Figure 2.

RESULTS

Our database includes a total of 20,186 es-

kers, and individual ridges are up to 97.5 km 

in length (mean length of 3.5 km). Systems of 

eskers can be traced for up to 760 km, if small 

gaps (less than a few kilometers) created by 

postglacial modifi cation (or breaks in deposi-

tion) are taken into account. Some appear as 

single ridges, whereas others possess up to 

fourth-order streams (using the Strahler meth-

od). The mean number of eskers per 100 km of 

ice margin is 1.24, but this ranges from 0.05 to 

3.31. The most obvious pattern is their abun-

dance in branching dendritic systems on the 

Canadian Shield, which emanate away from 

the positions of the major ice divides in Kee-

watin and Labrador (Fig. 1). We note, however, 

that eskers are conspicuously absent beneath 

the fi nal location of these ice divides.

Retreat rates in Keewatin were generally 

between 100 and 200 m yr−1 from 13 to 9.5 

kyr B.P., but increased rapidly between 9.5 

and 9 kyr B.P., followed by a sharp decrease 

to between 8.5 and 8 kyr B.P. (see Fig. 2). 

The density of eskers at the ice sheet margin 

broadly matches the retreat rate in both sectors, 

increasing from 0.7 to 2.9 eskers per 100 km 

of ice margin between 12 and 9 kyr B.P. in 

Keewatin, then abruptly decreasing from 2.9 

to 0.8 between 9 and 8.5 kyr B.P., after which 

it decreased more gradually. In contrast, the 

number of tributaries per 100 km of eskers de-

creased steadily from 25.8 to 0.1 from 13 to 7 

kyr B.P. To the east, the Labrador sector of the 

ice sheet shows a similar pattern, esker density 

increasing from 0.1 to 1.8 eskers per 100 km 

of ice margin between 13 and 7.6 kyr B.P. and 

then decreasing to 0.7 by 7 kyr B.P. (Fig. 2B). 

The number of tributaries per 100 km of es-

kers decreased from 1.9 to 0.3 between 11.4 

and 7 kyr B.P.
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Figure 1. A: Landsat Enhanced Thematic Mapper Plus (ETM+) image (red, green, blue: bands 
7, 5, 2), showing eskers in lighter shades. B: Esker crest lines digitized from image shown in A. 
C: Ice sheet margin positions and chronology (modifi ed from Dyke et al., 2003), superimposed 
on mapped eskers (yellow) which refl ect the confi guration of meltwater channels emanating 
from the major ice divides in Keewatin (west of Hudson Bay) and Labrador (east of Hudson 
Bay). Bold boxes indicate areas used for analysis, and dashed lines indicate transects used to 
determine margin retreat rate. D: Close-up of area in Keewatin shown by white box in C. 

Figure 2. Climate and ice margin retreat rate 
plotted against density of eskers and num-
ber of esker tributaries during deglaciation 
in Keewatin (A) and Labrador (B) (see Fig. 1 
for location). Number of eskers per 100 km 
of ice margin includes error bars to indicate 
interpolated ice margin positions. Note log

10
 

y-axis for number of tributaries per 100 km 
of eskers in A. Northern Hemisphere tem-
perature anomaly data are from Shakun et 
al. (2012) and show temperature anomalies 
from their early Holocene (11.5–6.5 kyr B.P.) 
mean. Error bars indicate 1σ uncertainty. 
Mean retreat rate of Laurentide Ice Sheet in-
cludes error bars of 1σ of each measurement 
(n = 20).
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Figure 1. Side and plan views of the esker formation mechanism discussed in this paper. As

the ice-sheet margin retreats, subglacial channels of cross-sectional area S deposit sediments near

the margin, leaving behind an esker of cross-sectional area A. The size of the deposit depends

on sediment supply e, melt-water supply m + mb, channel spacing `c, and retreat rate Vm, all of

which can vary through time. The lower panel shows the same location at a later time.

2 Mathematical model61

The model is primarily concerned with a single subglacial tunnel, beneath a steadily62

retreating ice-sheet margin. A schematic illustration is shown in figures 1 and 2. More63

details and discussion of the assumptions behind this model are provided in the supple-64

mentary material. The tunnel drains a catchment of width `c and length `a. It is fed by65

basal meltwater mb and surface meltwater m from the ice-sheet surface. The timescales66

of interest are large, so the seasonal cycle is ignored; these rates are best treated as max-67

imum summer values since we expect that is when most sediment transport and depo-68

sition occurs. There is a basal sediment supply e from the surrounding bed, which we69

assume to be prescribed. Integrating over the catchment width, mass conservation de-70

termines the channel water flux Q and sediment flux Qs from71

@Q

@x
= `c(mb +m), (1)

72

@Qs

@x
= `ce�D, (2)

where x is distance along the channel, and D is the sediment deposition rate (see below).73

This also controls the cross-sectional area of the deposited sediment A, according to74

@A

@t
=

D

1� ns
, (3)

where ns is the porosity of the deposited sediments. The combination (2)-(3) can equiv-75

alently be expressed as an Exner equation, by eliminating D.76

The standard Röthlisberger theory for a subglacial tunnel has the cross-sectional77

area S evolving due to ice-wall melting and creep closure (figure 2a). Deposition acts as78

an additional mechanism to reduce the size of the tunnel (figure 2b-c), so the equation79

governing cross-sectional area evolution is (Beaud, Flowers, & Venditti, 2016; Creyts,80
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Sediment deposition acts to clog the channel:
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Eskers

Esker size increases roughly quadratically with sediment flux, decreases roughly 
linearly with meltwater flux, and decreases linearly with ice-sheet retreat rate.

Hewitt & Creyts 2019

Boundary-layer analysis leads to an 
approximation of the cross-sectional area:
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Figure 1. A view fromWestport harbour, Co. Mayo, Ireland, of some of the drumlins of Clew Bay. (Online version in colour.)

Figure 2. A digital elevation model of the drumlins of north central Ireland. The drumlins are the small-scale asperities which
cover the landscape. Donegal Bay is visible at top left, and Lough Neagh at top right. Width of 'eld is about 150 km.

out, as shown in figure 1, which is a view from Westport harbour in Co. Mayo of the drumlins of
Clew Bay.

The aspect of pattern which is evident on the ground in many drumlin fields is particularly
notable in satellite photographs, or even better in digital elevation models such as that in figure 2,
which shows that the drumlins of north central Ireland blanket the entire landscape.

The origin of these landforms has been a subject of discussion for well over a hundred years.
Early investigators such as Bryce [1] correctly perceived of drumlins as being formed by the
transport of sediments. Bryce was able to determine, by examination of the kinds of rocks in
the till which formed drumlins in Northern Ireland, that they had formed through the action of
a current which had swept down from the northwest. Those being diluvial times, Bryce assumed
this was a current of water. It was not until Agassiz’s glacial theory that opinion changed, and
Kinahan & Close [2], describing the drumlins in the vicinity of Clew Bay, associated them squarely
with the flow of the great ice sheets of the ice age. Over the following century, the debate on origin
largely centred on the alternative concepts of erosional or depositional origin (e.g. [3]), but this
period is remarkable by its absence of any quantitative theory. It was with the work by Smalley &
Unwin [4], Menzies [5] and Boulton [6] that the role of deforming till was explicitly considered;
but still there was no descriptive theory. Only with the landmark paper of Hindmarsh [7] was
the interaction between ice flow and deformable sediment formulated mathematically, with the
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F igure 12. Digital elevation model of ribbed moraine in south central Ireland. 
Image supplied courtesy of Chris Clark. 
 

                  
F igure 13. A swarm of drumlins in Canada. Approximately 13 km across and 
centred at 58.5°N and 107.4°W, this image is reproduced from Air 
Photograph A-14509-5 of the National Air Photograph Library, Department of 
Energy, Mines and Resources, Canada. 
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F igure 12. Digital elevation model of ribbed moraine in south central Ireland. 
Image supplied courtesy of Chris Clark. 
 

                  
F igure 13. A swarm of drumlins in Canada. Approximately 13 km across and 
centred at 58.5°N and 107.4°W, this image is reproduced from Air 
Photograph A-14509-5 of the National Air Photograph Library, Department of 
Energy, Mines and Resources, Canada. 
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A different evolution occurs in the formation of tunnel valleys, for example in the 
lowlands of Northern Germany (Ehlers 1981). These massive structures, hundreds of metres 
deep and kilometres wide, are evidential of an anastomosing drainage pattern (hence of canal 
type, sediment-controlled). However, the flow is sufficiently rapid (and thus N is low and the 
sediments are very mobile) that the sediments which are squeezed into the channel can be 
efficiently removed, and the channel thus eats its way into the substrate. Figures 9 and 10 
show plan view and section of tunnel valleys in Northern Germany. 

Eskers are, in this scheme, indicative of weak flow or shallow sediments, while tunnel 
valleys suggest larger flows or deeper sediments. Shaw and co-workers (e.g., Shaw et al. 
1989) argue that in fact many of these features are formed in huge subglacial floods by fluvial 
action, but there seems little necessity for supposing this. 
 
 
Streamlined forms 

A variety of landforms, notably drumlins and Rogen or ribbed moraine, may be 
formed subglacially due to the motion of ice over deformable sediments, by analogy with 
dune formation in deserts and rivers. Rogen moraine is a ribbed wave-like formation 
transverse to ice motion, and drumlins represent a three-dimensional development of it 
(Lundqvist 1989), much as ripples and dunes under water evolve to bars; presumably the 
different subglacial landforms are associated with different parametric conditions: see Fig. 11. 
Figure 12 shows the prevalence of ribbed moraine in Ireland, and Figure 13 shows a swarm of 
drumlins in Canada. 
 

 

                            
F igure 11. Formation of drumlins from the basic Rogen instability (Sugden 
and John 1976, page 246). 

 
Although the literature on drumlins is extensive and goes back well over a hundred 

years, dynamic theories are conspicuously absent. Recent work by Hindmarsh (1996, 
1998a,b) has demonstrated that the shearing flow of ice over a deformable layer of till can be 
unstable to the formation of landforms; the instability mechanism is that ice flow over a till 
protuberance causes increased normal stress on the till, and this decelerates the till flow, 
causing an enhancement of the bump. Hindmarsh demonstrated instability numerically in a 
wide variety of conditions, and Fowler (2000) derived analytic criteria for the instability. This 
work was extended by Schoof (2007), who showed numerically that cavities will commonly 
form behind the developing bedforms. Fowler (2009) has developed the theory to include the 
        

Sugden & John 1976
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Figure 1 | Location map for radar survey. Landsat image of the radar
survey on Rutford Ice Stream, West Antarctica. The white arrow indicates
ice flow direction. The lines were oriented orthogonal to the flow with
500 m spacing. The image is a polar stereographic projection, north is to
the left and the grid interval is 10 km. Inset: Location of Rutford Ice Stream
within Antarctica.

overconsolidated, lodgement till that locally outcrops at the
ice–sediment interface. One of the seismic lines was repeated
twice, which showed that one 500-m-wide section of the bed was
eroded by 6m in six years. Subsequently, a 100-m-wide, 10-m-high
bedform was deposited within a period of seven years. Data
recorded by passive seismometers19 showed thatmoremicroseismic
events originated in the area underlain by stiff till, whereas the area
underlain by dilatant till was seismically quiet. This indicates that
the sliding of ice across the surface of the stiff till generates seismic
events, whereas few seismic events arise where movement is accom-
modated by continuous, pervasive deformation of the dilatant till19.
Thus, although low effective pressures and dilatant till can lead to
basal sliding across the till surface6, this scenario seems very unlikely
under Rutford Ice Stream. Significantly, our new data reveal that the
basal sliding zones coincide with areas of the bed that have a more
subdued topography with fewer and poorly streamlined bedforms
(labelled stiff till/basal sliding in Fig. 2), contrasting with the zones
of highly elongate, streamlined bedforms elsewhere.

Both horizontal and vertical gradients in porosity might be
expected to result from similarly directed gradients in effective
pressure and subglacial water pressure20, but the seismic data
(Fig. 3) clearly indicate a binary distribution of subglacial sediment
types based on acoustic impedance9–11. It is possible that such
gradients are below the seismic resolution, but the simplest
interpretation is that where the acoustic impedance of the basal till is
low, it must have high porosity, low density and low shear strength3

and the zone of maximum shear induced by the ice stream motion
is located within the sediment. Very simplemechanical arguments20
show that the thickness of dilatant till is related to the effective
pressure, and we infer that it is this, rather than till porosity, that
reflects trends in the effective pressure.

Ice stream bed properties from radar data
The power of the radar bed reflection is plotted in Fig. 3c.
The ‘brightest’ reflections coincide with the crests of the MSGLs
in the central part of the survey, whereas the reflections are
relatively ‘dim’ where the MSGLs are absent and over MSGLs in
the flanking troughs. In the discussion that follows, we assume
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Figure 2 | Radar results. Top: Three-dimensional image of the bed of
Rutford Ice Stream viewed from the northeast, looking in the downstream
direction. The colour shading is based on the difference between the
short-wavelength topography and a long-wavelength trend surface. Highly
elongate bedforms known as MSGLs dominate the topography. Bottom:
Example radar profile. Data processing comprised band-pass filtering,
spherical-divergence correction and two-dimensional migration.

that high-amplitude radar reflections from the bed indicate free
water in some form (for example, ref. 21); that is, ‘bright’
indicates water of sufficient thickness (>0.04m) to be detectable
at the ice–bed interface.

The radar bed reflection power is high where previous seismic
data11 show that the dilatant till is present but thin; and is lowwhere
the dilatant till is either absent or thick (Fig. 3c,d). This suggests
that there is more water at the ice–till interface in the thin areas
of dilatant till. Conversely, the thick areas of soft sediment and
the basal outcrop of stiff till have little or no free water at the
ice–bed interface, resulting in low bed reflection power. Lateral bed
slopes are an order of magnitude greater than ice surface slopes,
making it difficult to quantify hydraulic pathways, and determine
whether water is flowing parallel or transverse to the MSGLs, and
thus relate brightness return to water flow patterns.We observe that
the thick layer of dilatant/soft till in the northeast and southwest
troughs either side of the central ridge (Fig. 3d) is continuous
downstream (based on seismic data for the northeast trough22),
whereas on the central ridge the dilatant till pinches out against the
basal outcrop of stiff till. In particular, the free water does not seem
to be localized within cavities at the lee ends of the MSGLs. The
presence of free water where the dilatant till is pinching out might
be explained by changes in the hydraulic pathways, ormight equally
arise perhaps from collapse of the dilatant deforming till into stiff
till and the expulsion of the water. The presence of stiff till at the
highest point on the central ridge most likely reflects an increase in
effective pressure due to freeze-on induced by cooling ice above a
topographic rise and the hydrostatic increase of effective pressure
with elevation, possibly facilitated by weak hydraulic gradients at a
meltwater drainage divide along the ridge20,23.

One important implication of the bed reflection data, therefore,
is that the development of individual MSGLs and the distribution
of a free-water layer at the bed are independent of each other. How-
ever, seismically observed changes in till properties clearly show that
sediment porosity, water content and water pressure can change
over significant areas on short (<10 year) timescales10. Thus, both
the shape and the physical properties of the bed (including MSGL
formation) are actively evolving and the boundary between the
MSGL and the ‘stiff till’ area is unlikely to be fixed.

Comparison with palaeo-ice stream beds
The morphology of the MSGL beneath Rutford Ice Stream is
indistinguishable from relict features reported from palaeo-ice
stream beds in both marine14,24 and terrestrial settings12,15 (Fig. 4).

586 NATURE GEOSCIENCE | VOL 2 | AUGUST 2009 | www.nature.com/naturegeoscience

Mega-scale glacial lineations

King et al 2009

Radar profile of bed beneath Rutford ice stream (West Antarctica)

NATURE GEOSCIENCE DOI: 10.1038/NGEO581 ARTICLES

N N

Ice flow at 375 Myr¬1

C1

C2

F1

F2
F3
F4

Erosion/
deposition

zone

AABed form
elevation (m)

A

Dilatant till/deforming bed
Stiff till/basal sliding
Stiff till outcrop boundary

AAA

¬40

0

40

Variation of bedform topography about long-period trend

130,000

140,000

130,000

140,000

Bed reflection power

C1

C2

F1

F2
F3
F4

¬2,100

¬2,000

¬1,900

¬1,800

¬1,700

Distance (km)

Be
d 

el
ev

at
io

n 
(m

) C1 line
SWNE

Central ridge

NE trough

Dilatant till Stiff till

¬1,300,000 ¬1,290,000 ¬1,280,000

¬1,300,000 ¬1,290,000 ¬1,280,000

(km)
(km)

46

¬40

0 2 4 6 8 10

SW trough

0 2,000 4,000 6,000 8,000 10,000 12,000 14,000 16,000 18,000

Eastings (m)

Eastings (m)

N
or

th
in

gs
 (

m
)

N
or

th
in

gs
 (

m
)

0 1 2 3 4 5
0 1 2 3 4 5

a

b

c

d

Figure 3 | Comparison between radar and seismic data. a, Map view of MSGLs beneath Rutford Ice Stream. C1, C2 and F1–4 denote published seismic
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Figure 4 | Comparison of modern and relict bedforms. a, Rutford
bedforms. b, Landsat satellite image of relict bedforms from the Dubawnt
Lake palaeo-ice stream bed16, northern Canada. The images are
reproduced at the same scale and rotated for comparison. The plan forms
and scales are very similar but the active MSGLs beneath Rutford ice
stream have larger amplitudes. On the Dubawnt Lake ice stream,
water-filled moats occur around some initiation points (black in the image).

Like the relict examples, the length andwidth of the RutfordMSGLs
is variable; longer and shorter lineations occur next to each other;
and MSGLs can form directly downstream of (that is, within) the
grooves. The intervening troughs also have variable widths and
some narrow grooves are superimposed on larger lineations. This
has been reported from relictMSGLs (ref. 16) andmay be suggestive
of a composite snapshot landscape of evolving bedforms.

Observations of marine sediments and landform
assemblages14,24,25 associate MSGLs with a soft ‘deformation’ till,
underlain by a consolidated ‘lodgement’ till. We suggest that these
are the direct equivalents of our dilatant and stiff tills, and note
the consistency of the marine geomorphological evidence with our
subglacial observations.

Bedform genesis and elongation
We now use these first observations of MSGLs under an active
ice stream to qualitatively examine current hypotheses of their
formation. The meltwater flood hypothesis17 suggests that high-
discharge, turbulent subglacial water flows erode soft beds into
mega-lineations. The seismic data10 show that one of the Rutford
MSGLs either migrated or extended during the period 1997–2004.
During this period, no ice-surface elevation events due to large-scale
subglacial watermovement26 were recorded in the area. In addition,
we note that most MSGLs are developed in areas of low radar
return, which implies minimal (<0.04m) thickness of meltwater
at the ice–bed interface.

A groove-ploughing theory of MSGL formation16 invokes keels
of ice (created by passage over hard bedrock upstream) ploughing
furrows in subglacial sediment to create largely erosional lineations.
The available seismic data show that the bed of the ice stream is
underlain by till and unlithified sediment at least tens of metres
thick11,27. There is little evidence, therefore, that these MSGLs
are emanating from or controlled by bedrock outcrops upstream
and nor is there any detectable difference between the till within
the MSGLs compared to the intervening furrows, which might
indicate their initiation from more resistant till cores13,20. We
also note MSGLs initiating within some grooves/troughs, which is
difficult to explain through a single episode of groove-ploughing.
As the till is weaker than the ice, the MSGLs must either be
migrating downstream at the same speed as the irregularities in
the basal ice or be forming in place by a process that allows the
ice to flow laterally and vertically to create the bedform (or a
combination of both processes).

One instability theory28 proposes a mechanism for MSGL
formation by suggesting that transverse flows in basal ice, under
extra non-standard assumptions about ice rheology, can happen
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compared with de-glaciated bed of former ice stream.
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effects of cavitation and growth to final steady state. His instability criterion can be framed 
quite generally in terms of assumed basal ice velocity U and till flux q, both assumed to be 

functions of basal stress � and effective pressure N, with 0U
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i.e., the slope of the constant U curves in the (N, �) plane is greater than the slope of the 
constant q curves, as indicated in Figure 14. This criterion is easily satisfied for reasonable 
choices of U and q.  

While the instability theory for drumlin formation is promising, many details remain 
to be understood: in particular, how three-dimensional bedforms are created, and whether 
mega-scale glacial lineations, grooves hundreds of kilometres long which are aligned with the 
ice flow direction, can be understood as an evolution of the drumlin as ice velocity increases. 
Other apparent issues such as the formation of internal stratification appear to be less 
problematic. 

The fact that deformable beds create their own microstructure represents a mechanism 
for enhancing basal friction (and thus sticky spots). Elevated drumlins have relatively high N 
and are thus stiff and immobile, while the sediments at lower elevations are less viscous. 
Indeed, this feature may well be an essential constituent of the mechanism of their formation, 
and indicates that they are closely implicated in the dynamics of ice sheet flow. 
 

                            
 

F igure 14. Instability criterion in terms of the slope of the constant-U and 
constant-q curves. The sliding law is taken to be U = [�/N � �]+, and the till 
flux to be q = U  [�/N � �]+, where [x]+ denotes max(x, 0). Shown are the curves 
(solid) for constant U = 0, 1, 2 and (dashed) for constant q = 0, 4, 12. 
Instability occurs because at any value of � and N, the q�curves are less steep 
than the U curves. 
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The choice of cooling rate qT is based on a conductive heat flux k!T/di, enhanced by horizontal
advection; the value in table 1 is enhanced by 1.5. The viscosity ηi would have a normal value of
2 × 1013 Pa s at a shear stress of 105 Pa, but two orders of magnitude higher at the lower stress
of 104 Pa; however, this is offset by the enhancement of shear stress induced by flow over the
induced bedforms, so we choose an intermediate value. The ‘viscosity’ ηs of till is an effective
viscosity, if we suppose a normal flow rule. Our estimate is based on the definition

τb = ηsu0

dT
, (2.56)

which leads to the value in table 1, unsurprisingly consistent with other estimates of this effective
value [45, p. 170]. It follows from (2.40) that

β = 2dT

3lD
, (2.57)

whence the value in table 3.
The values in table 2 are computed from expressions given in the text. The choice of typical

clast spacing l∗c in table 2 is an essentially arbitrary choice, chosen so that Π ≈ 1. In reality, it
should depend on the granulometry of the till, being small for fine-grained sediments, and larger
for coarser till. However, it should also depend on the small-scale roughness of the bed, since if
streams form, it would seem that l∗c should be comparable to stream width.

(f) A reduced model
The model consists of equations (2.15), (2.18), (2.16), (2.21), (2.30), (2.37), (2.38), (2.42) and (2.48),
which determine b, h, s, ψ , N together with the subsidiary variables A, Φ, Ξ , w, F, ū and H. For
simplicity, we define

ψ = −σx + Ψ . (2.58)

If we simply proceed with a simplification based on the smallness of the parameters λ and ω, we
obtain a reduced model in the form

σ (h3)x = V.[h3Vψ],

Ψ = s − N + Φ,

A = 1
2

[
f (ū, N)

µ
− N

]

+
,

εrht = 1 − ΠhN,

b = s − δh,

bt + V.[Aūi] + σγ [B(τe)h]x = βV.[A3VN] + γ V.[B(τe){hVΨ + θVb}],

τ e = σhi − {hVΨ + θVb}

and αst + ūsx = w(Φ, N).






(2.59)

We have kept the small terms in β and γ to facilitate the discussion below.
This reduced model can be sensibly compared with that of Fowler [15]. It is in fact the same if

σ = 0 (the apparently inconsequential limit of deep ice) whence we can take ψ = −1 as constant,
and neglect β, γ and δ. Consulting (2.59), it seems this is a perfectly good solution. It allows water
to trample roughshod over hills, the Creyts–Schoof water film allowing easy passageway.

It can also be compared to Fowler’s [31] analysis of stream and MSGL formation, which
takes δ = A = 0, and replaces (2.51) with the assumption N = 0, which would follow from the
assumption that Π % 1. It is reasonable to anticipate that the model without both sets of
simplifications will admit both forms of the instability.
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- Ice flow over sediments causes transverse dune-like instability. 

- Water flow carrying sediments causes longitudinal rill-like instability. 
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Figure 4. Contour plots of ReΣ+ as de'ned in (3.12), for parameter values α = 0.1, β = 10−3, γ = 0.3 × 10−2, δ =
0.5 × 10−3, ε = 2.7 × 10−2, κ = 2 × 10−3,µ = 0.6, σ = 0.64, b= 0.3, C = 1, B= 1, ū= 1, R= ūA′ = 1, and with
valuesΠ = 0.7 (a),= 2 (b) and= 10 (c), corresponding to ribs, drumlins and MSGLs, respectively. The negative growth rates
are truncated at ReΣ+ = −1 in order to enhance the colour contrast. Note the di+erent wavenumber scales in the MSGL
'gure, and the di+erent colour scales in each 'gure.

values, accuracy ensues for ε ! 0.5 × 10−3, although lower values of Π make the approximate
result more robust. One noteworthy comment is that the MSGL instability criterion of Fowler [31]
required C > 3B in order that E > 0. In the present combined theory, this criterion is not
necessary. Indeed, approximation of the values of Σ+ taking β = γ = δ = κ = 0 has minimal effect
on the results.

Plotting of these results in terms of length and width (defined as half-periods) is of potential
use in comparison with observed data, although it must be borne in mind that linear stability
results do not necessarily bear close relation to observed finite amplitude results. An example
of such a plot is in figure 5, where the regions of maximal growth lie close to observed ranges of
actual bedforms [46–48], though the mega-ribs of Greenwood & Kleman [49] and the similar-sized
traction ribs of Sergienko & Hindmarsh [50] are somewhat larger. In particular, the suggestion of
our theory that ribs, drumlins and lineations all form through a single process appears to be
consistent with observed length–width distributions of these various bedforms, which appear to
form overlapping clusters in parameter space [48].

Of possible interest, or possible concern, is the retention of the ribbing mode as Π increases,
although it becomes weaker. By comparison with figure 4, this may be associated with the fact
that Re Σ+ decreases slowly to zero as k increases, and does not become negative at a large
wavenumber. We suspect this may be associated with oversimplified physics, which does not
provide a stabilizing mechanism at a large wavenumber, and we expect this may be associated
with an over-simple closure relation, which lacks any spatial derivatives.
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values, accuracy ensues for ε ! 0.5 × 10−3, although lower values of Π make the approximate
result more robust. One noteworthy comment is that the MSGL instability criterion of Fowler [31]
required C > 3B in order that E > 0. In the present combined theory, this criterion is not
necessary. Indeed, approximation of the values of Σ+ taking β = γ = δ = κ = 0 has minimal effect
on the results.

Plotting of these results in terms of length and width (defined as half-periods) is of potential
use in comparison with observed data, although it must be borne in mind that linear stability
results do not necessarily bear close relation to observed finite amplitude results. An example
of such a plot is in figure 5, where the regions of maximal growth lie close to observed ranges of
actual bedforms [46–48], though the mega-ribs of Greenwood & Kleman [49] and the similar-sized
traction ribs of Sergienko & Hindmarsh [50] are somewhat larger. In particular, the suggestion of
our theory that ribs, drumlins and lineations all form through a single process appears to be
consistent with observed length–width distributions of these various bedforms, which appear to
form overlapping clusters in parameter space [48].

Of possible interest, or possible concern, is the retention of the ribbing mode as Π increases,
although it becomes weaker. By comparison with figure 4, this may be associated with the fact
that Re Σ+ decreases slowly to zero as k increases, and does not become negative at a large
wavenumber. We suspect this may be associated with oversimplified physics, which does not
provide a stabilizing mechanism at a large wavenumber, and we expect this may be associated
with an over-simple closure relation, which lacks any spatial derivatives.
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values, accuracy ensues for ε ! 0.5 × 10−3, although lower values of Π make the approximate
result more robust. One noteworthy comment is that the MSGL instability criterion of Fowler [31]
required C > 3B in order that E > 0. In the present combined theory, this criterion is not
necessary. Indeed, approximation of the values of Σ+ taking β = γ = δ = κ = 0 has minimal effect
on the results.

Plotting of these results in terms of length and width (defined as half-periods) is of potential
use in comparison with observed data, although it must be borne in mind that linear stability
results do not necessarily bear close relation to observed finite amplitude results. An example
of such a plot is in figure 5, where the regions of maximal growth lie close to observed ranges of
actual bedforms [46–48], though the mega-ribs of Greenwood & Kleman [49] and the similar-sized
traction ribs of Sergienko & Hindmarsh [50] are somewhat larger. In particular, the suggestion of
our theory that ribs, drumlins and lineations all form through a single process appears to be
consistent with observed length–width distributions of these various bedforms, which appear to
form overlapping clusters in parameter space [48].

Of possible interest, or possible concern, is the retention of the ribbing mode as Π increases,
although it becomes weaker. By comparison with figure 4, this may be associated with the fact
that Re Σ+ decreases slowly to zero as k increases, and does not become negative at a large
wavenumber. We suspect this may be associated with oversimplified physics, which does not
provide a stabilizing mechanism at a large wavenumber, and we expect this may be associated
with an over-simple closure relation, which lacks any spatial derivatives.

 on September 4, 2014rspa.royalsocietypublishing.orgDownloaded from 

Growth rates

25



26

Fannon et al 2017

Instability theory



Barchyn et al 2016

thickness. Sediment thickness exerts a dominating control on the transition from transverse features (ribbed
moraines) to isolated features as in aeolian dunes [Werner, 1995]. In combination, these effects increase
spacing, bed form length, and restrict bed form lateral linking.

Increasing ice speed further creates longer and more streamlined bed forms (Figures 2b and 2c) that trend
toward features that might be described as MSGLs. In reality, ice streams are characterized by both low
Pice and high ice speeds, both of which force elongation by extending cavities and low-pressure lee areas.
This provides an explanation for the positive relation between feature elongation and ice speed, empirically
observed [King et al., 2009] but not resolved mechanistically.

3.2. Bed Form Feedback Moderation and Sediment Thickness

The modeled bed forms are driven by an amplifying feedback (positive dependency between Pice and Qdflow)
but are moderated by (i) pressure gradient-driven flux, which advects sediment from incipient bumps cross-ice,
and (ii) entrainment, which reduces stoss pressure by entraining sediment into the ice and advecting it over the
incipient forms. We use Ensemble 1 to explore variation in moderation mechanisms (Figures 3a, 3c, and 3e).
Ensemble 1 used an initial sediment thickness of 5m; other parameters are specified in Figure 3 or section 2.

Varying the dominant moderation mechanism from entrainment (left side of Figures 3a, 3c, and 3e) to pres-
sure gradient-driven flux (right side) constrains an estimate of fluxes. Simulations moderated dominantly
through entrainment tend to wash out features and promote shallow stoss slopes (entrainment removes
sediment from stoss to moderate pressures). Contrarily, simulations moderated dominantly through pressure

Figure 2. Sample model outputs that resemble (a) ribbed moraine, (b) drumlins, (c) and megascale glacial lineations after
500 years. These simulations were taken from Ensemble 1 (see Figure 3). Note barchanoid ribbed moraine features and
classical bed form pattern cloning in Figure 2a. The transition between Figures 2a and 2b is sharp in the phase space, as
lateral linking breaks up, the morphology trends toward discrete forms. Videos of simulations with the parameters used
above are available in the supporting information or online: Movie S1, https://youtu.be/2RP-NjgcQ18 (Figure 2a); Movie S2,
https://youtu.be/sTRXHGYq5Rk (Figure 2b); and Movie S3, https://youtu.be/DpqVp0ZXqYc (Figure 2c).
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Summary

Friction laws for soft beds are similar to hard-bed sliding laws 
(even though the local slip / deformation mechanism may be different).

Drainage over till may occur through films, cavities and canals.

Ice flow over deforming till can be unstable and produce ribbed 
moraine, drumlins, and mega-scale glacial lineations. 

An important open question is how the development of these bed-forms 
controls/affects ice dynamics. 

Eskers form through deposition in Röthlisberger channels. 
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