Contents

1 Definitions and Basic Examples 11 1.1 Definition of a Non-extending Spin Structure. . . . . . . . . . . . . . . . . 11 1.1.1 Examples and Remarks . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.2 Main Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 1.2.1 Set Up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 1.2.2 Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 1.2.3 Spinor Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.2.4 Kähler Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 1.2.5 L^2 Solutions on C P^1 − {0, ∞} . . . . . . . . . . . . . . . . . . . . . 23

2 Basic Topology 27 2.1 Cohomology Sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.1.1 Remarks and Corollaries . . . . . . . . . . . . . . . . . . . . . . . . 30 2.1.2 Codimensions Other Than Two . . . . . . . . . . . . . . . . . . . . 33 2.1.3 Examples of Non-extending Spin Structures. . . . . . . . . . . . . . 35 2.2 Equivalence of Spin Structures . . . . . . . . . . . . . . . . . . . . . . . . . 37 2.2.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3 Basic Analysis 41 3.1 Removable Singularities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.1.1 Main Remark and Example . . . . . . . . . . . . . . . . . . . . . . 44 3.1.2 Corollaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 3.2 Lack of Self Adjointness for the Dirac Operator . . . . . . . . . . . . . . . 48 3.2.1 Harmonic Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.2.2 A Vanishing Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.2.3 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 3.3 A Growth Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Simplest Cases 61 4.1 Riemann Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 4.2 Bounds on the Dimension of the L^2 Null Space . . . . . . . . . . . . . . . . 63 4.2.1 Examples and Remarks . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.3 Two Dimensional Riemannian Manifolds . . . . . . . . . . . . . . . . . . . 72 4.3.1 Atiyah-Patodi-Singer Boundary Conditions . . . . . . . . . . . . . . 72 4.3.2 Adjoint Atiyah-Patodi-Singer Boundary Conditions . . . . . . . . . 74 4.3.3 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5 Trivial Normal Bundle 79 5.1 Set Up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 5.2 The Form of L^2 Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 5.2.1 Harmonic Spinors Orthogonal to the Null Space of D_Σ . . . . . . . 83 5.2.2 Harmonic Spinors on the Null Space of D_Σ . . . . . . . . . . . . . . 84 5.3 Closure of the Operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 5.4 Atiyah-Patodi-Singer Solutions and L^2 Solutions . . . . . . . . . . . . . . . 87 5.4.1 Eigenvalues of D_{∂Nϵ} . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 5.4.2 Spectral Boundary Conditions . . . . . . . . . . . . . . . . . . . . . 89 iii 6 An Index Theorem 91 6.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 6.2 Fredholm Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 6.2.1 Parametrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 6.2.2 Approximating the Trace . . . . . . . . . . . . . . . . . . . . . . . . 95 6.3 Heat Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 6.4 Proof of the Index Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 104 6.5 Remarks and Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 6.5.1 Deformation Invariance . . . . . . . . . . . . . . . . . . . . . . . . . 107 6.5.2 Hermitian Bundle Twisting . . . . . . . . . . . . . . . . . . . . . . 110 6.5.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 6.6 Symmetry Breaking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 6.6.1 The mod 2 Index as a Limit . . . . . . . . . . . . . . . . . . . . . . 117 6.6.2 The Work of Esnault, Seade and Viehweg . . . . . . . . . . . . . . 120

7 Non Trivial Normal Bundle 123 7.1 Set Up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123 7.2 Operator Expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 7.2.1 Dirac Operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 7.2.2 Spinor Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

8 Conjectures 131 8.1 Main Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 8.2 Arguments for the Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . 132 8.2.1 Qualitative Behaviour . . . . . . . . . . . . . . . . . . . . . . . . . 133 8.2.2 Small Eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133 8.3 Four Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

8.3.1 Excision and Surgery . . . . . . . . . . . . . . . . . . . . . . . . . . 135 8.3.2 Obstructions to Surgery . . . . . . . . . . . . . . . . . . . . . . . . 138 8.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 8.4.1 The Unorientable Rohlin Theorem . . . . . . . . . . . . . . . . . . 138 8.4.2 S-Duality Test Numbers . . . . . . . . . . . . . . . . . . . . . . . . 140

9 The Sen Form 143 9.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 9.2 Set Up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 9.2.1 Vanishing Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . 145 9.2.2 Fredholm Framework. . . . . . . . . . . . . . . . . . . . . . . . . . 146 9.3 Index Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 9.3.1 Asymptotics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154 9.4 Parametrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 9.4.1 Basic Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 9.4.2 The Subspace Z. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 9.5 Index Defect Term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 9.5.1 Evaluation of the Defect Term . . . . . . . . . . . . . . . . . . . . . 162

Introduction

This thesis is in two parts. Part one concerns a smooth Riemannian manifold M^n with a codimension two submanifold Σ^{n−2} whose complement is spin. A removable singularities theorem is proven for square summable harmonic spinors associated to spin structures on M − Σ which extend to M. It is shown that there may be a non-trivial finite dimensional vector space of L^2 harmonic spinors, with interesting new behaviour, associated to a nonextending spin structure on M^n − Σ^{n−2}. Bounds are obtained for the dimension of this null space for any spin structure on a punctured Riemann surface. These bounds are seen to be sharp in certain cases.

An index theorem for Dirac operators associated to non-extending spin structures on M^n − Σ^{n−2} is proved when Σ has non-trivial normal bundle. This index is computable in terms of characteristic classes of M and Σ. It does not depend on Σ being orientable nor does it depend on the smooth metric on M. Reducing this index theorem modulo two gives a generalisation of the work of Esnault, Seade and Viehweg [ESV92] to the smooth category.

An index theorem is conjectured for non-extending spin structures on M − Σ when Σ has non-trivial normal bundle. Evidence from a number of sources is presented for this. In part two the author proves the uniqueness of the Sen form on the two monopole moduli space. This was conjectured by Sen in 1994 motivated by physical arguments from S-duality in non-abelian gauge theory.

2

Overview

The outline of this thesis is as follows. In chapters one to eight we study the Riemannian Dirac operator on certain incomplete manifolds. In chapter nine we study the index of another Dirac operator, the signature operator, on a specific complete manifold known as the reduced two monopole moduli space.

In Chapter One we introduce the concept of a non-extending spin structure on a smooth compact Riemannian manifold M^n with a codimension k submanifold removed. The primary object of study for chapters one to eight of this thesis is the codimension two case of this definition. We always assume that M − Σ inherits a smooth metric from M so that M − Σ is incomplete.

Having recalled some well known facts about spin structures, and presented our definition, we illustrate it with examples and remarks. The principal fact here is that non extending and extending spin structures on M − Σ can be distinguished by the equivalence class of the spin structure induced upon the boundary circle of any two disc transverse to Σ^{n−2}. We then present a detailed study of the unique non-extending spin structure on C P^1 with two distinct points removed. We assume that this space inherits the Fubini-Study metric from C P^1 . This simple example is the key reference point for most of the results that follow. We show that the dimension of the L^2 kernel of the Dirac operator associated to the non-extending spin structure is one dimensional. This is the crux of our study of non-extending spin structures in the codimension two case: that there exists an interesting

4 finite dimensional vector space of L^2 solutions for Dirac operators associated to them. We end chapter one by using the example to illustrate the cobordism classification at the start of the chapter.

Chapter Two contains the basic topological results for non-extending spin structures. The principal result is that M^n − Σ^{n−2} has a non-extending spin structure if and only if there is a union of connected components of Σ which is characteristic. A submanifold is said to be characteristic if it represents the second Stiefel Whitney class of the manifold M. It is also shown that if M − Σ is spin and Σ is of codimension two then M is orientable. Examples are then presented to exhibit manifolds M^n − Σ^{n−2} with non-extending spin structures where Σ is orientable and where Σ is unorientable. The fact that non-extending spin structures may be obtained by removing submanifolds of codimension less than two is briefly discussed and it is shown that in such cases the dimension of the L^2 kernel of the associated Dirac operator may be unbounded. From this point onwards only non-extending spin structures on manifolds M − Σ where Σ is of codimension two are studied. Finally in this chapter, we return to a point that was raised immediately after the definition of a non-extending spin structure. This point is that distinct spin structures may be abstractly equivalent as principal Spin bundles. This adds an extra subtlety to our classification of spin structures on M^n − Σ^{n−k} since a non-extending spin structure may be topologically trivial and extending and non-extending spin structures may be isomorphic as principal Spin bundles. The discussion of this point is reserved until this section where we have enough examples to illustrate it fully. In particular we show that all spin structures on punctured Riemann surfaces are holomorphically trivial.

Chapter Three contains the basic analytical remarks for non-extending spin structures. It is here that we justify our classification of spin structures on M^n − Σ^{n−2} as being extending or non extending. Precisely, we show that every L^2 solution to the Dirac equation on

5 M^n − Σ^{n−2}, which is a section associated to an extending spin structure, is actually the restriction of an L^2 harmonic spinor on the manifold M. This result is stated as a removable singularities theorem. We saw in the main example in chapter one that this fact does not hold true for non-extending spin structures .

Corollaries of the removable singularities theorem are then stated. In particular we have that the L^2 index of the Dirac operator associated to an extending spin structure on M^n − Σ^{n−2} is just equal to the ^A genus of M.

In Section 3.2 we consider the lack of self adjointness of the Dirac operator for nonextending spin structures on M − Σ. Because of this lack of self adjointness there is an ambiguity in the phrase ‘harmonic spinor’ since it may no longer be the case that dim ker D̸^2 ∩ L^2 ⊂ dim ker D̸ ∩ L^2. Despite this we will continue to refer to any solution to the Dirac operator as a harmonic spinor. We give explicit examples of the lack of self adjointness of D̸. From these examples we are able to deduce that all L^2 harmonic spinors associated to a non-extending spin structure may not, in general, be included in any domain on which the Dirac operator is self adjoint. We conclude the chapter with the proof of an a priori growth lemma which is not used anywhere else in this thesis. We begin Chapter Four by studying the simple case of non-extending spin structures on Riemann surfaces with points removed. We denote a Riemann surface of genus g with m distinct points removed by S_g − m. We show via an identification using the metric, that for any spin structure on S_g − m the quantity

dim ker D̸^+ ∩ L^2 − dim ker D̸^− ∩ L^2 (0.1)

is always zero. The main point is that for a non-extending spin structure this expression is not the index of any elliptic operator. This is a consequence of the lack of self adjointness comments in the previous chapter.

We then expand on an observation for the punctured sphere to show that the number of points around which the spinor connection has non trivial holonomy must be even for any spin structure on S_g − m. This enables us to obtain upper and lower bounds on the dimension of the vector space of L^2 harmonic spinors on S_g − m. These bounds are sharp for all spin structures on surfaces of genus zero or one. Thus we deduce dim ker D̸ ∩ L^2 for all of the spin structures on S_0 and S_1 with an arbitrary number of points removed. The bounds obtained are also seen to be sharp for all spin structures on punctured surfaces S_g with non trivial holonomy about g or more distinct points.

By considering a genus two surface with two points removed we show that, in general for genera g ⩾ 2, the dimension of the vector space ker D̸ ∩ L^2 depends on the two distinct points removed. We remark on the striking similarity between the qualitative behaviour of dim ker D̸ ∩ L^2 for spin structures on S_g − 2 and S_{g+1}.

In Section 4.3 we show that a natural self adjoint index problem D̸ : L^2_1 −→ L^2 for S_g − m can be interpreted as the Atiyah-Patodi-Singer index on the manifold obtained by removing disjoint open discs about the deleted points in {m}. This index is natural in the sense that it automatically shows that there must be be an even number of points around which the spinor connection has non trivial holonomy. We close the chapter by recalling two distinct closures of the Dirac operator on incomplete manifolds. This remark is fundamental to all the chapters which follow and as always we illustrate it using the main example where things are clearest.

Chapter Five presents calculations of the explicit forms that a L^2 harmonic spinor on M − Σ may take near Σ. Throughout this chapter it is assumed that Σ has trivial normal bundle and a suitably amenable metric near Σ. We draw a heavy distinction between which types of L^2 spinor may occur for extending and non-extending spin structures. The form of these spinors near Σ is key to the closure of the Dirac operator on M^n − Σ^{n−2} whose index we calculate in chapter six. We describe this closure of the operator in detail in Section 5.3. It is stressed that this closure is not the same as the operator D̸ : L^2_1 −→ L^2

7 for we allow the possibility of harmonic spinors which lie in L^2 −L^2_1 in both the domain and the range of the operator. Lastly, we recall that in two dimensions we could relate Atiyah- Patodi-Singer solutions on a manifold with boundary to L^2 solutions of spin structures on punctured surfaces. We end the chapter by showing that, in general, we cannot extend this relationship to higher dimensions.

Chapter Six contains the proof of an index theorem for the Dirac operator whose closure was described in chapter five. Explicitly, for M of even real dimension, the index of the Dirac operator associated to a non-extending spin structure on M^{2n} − Σ^{2n−2} equals, ^A(M) if dimRM = 4k or, 1 2 ^A(Σ) if dimRM = 4k + 2.

(0.2)

For this, and all the other results in this chapter, we assume that Σ has trivial normal bundle.

The theorem is proved by assuming, for simplicity, that Σ is spin and that M^{2n} − Σ^{2n−2} has a specific form of metric near Σ. Since the proof uses a local heat kernel method on M − Σ, the result holds even when Σ is unorientable. By appealing to the work of [BS88] we argue that this theorem is independent of the smooth metric chosen on M. We emphasise that this index is fundamentally different from all other indices on incomplete manifolds because of the closure of the operator taken.

When Σ is spin the integrality of the invariants in equation 0.2 is proved independently by Spin cobordism arguments. Our theorem however gives an interpretation of these integers. When Σ is just orientable we are able to show that (0.2) equals a certain SpinC index on M. In Section 6.5.3 we illustrate the index theorem by a transparent example where we can clearly see precisely what the index counts in terms of the domain of the closure for the operator expounded in chapter five. We emphasise that this index is not an L^2 index: it does not equal

dim ker D̸^+ ∩ L^2 − dim ker D̸^− ∩ L^2. (0.3)

Another example is then presented which shows that this index breaks the quaternionic symmetry of the Clifford algebra in 8k + 4 dimensions. The key reason for this is again the particular closure of Dirac operator taken in chapter five. We explain in detail how symmetry is broken and conclude that when it is, the index theorem proves the existence of a harmonic spinor on M^{8k+4} − Σ^{8k+2}, associated to a non-extending spin structure, which is in L^2 − L^2_1.

The symmetry breaking in 8k + 4 dimensions is explored further by considering the index (0.2) modulo two when Σ is spin. It was observed in Remark 5.1.2 that in this case a non-extending spin structure on M − Σ induces a spin structure upon Σ. By writing the index (0.2) as a limit of an Atiyah-Patodi-Singer index we are able to show that the ^A genus of M is even if and only if the spin structure induced upon Σ is also even. This is because the index theorem modulo two equals the mod 2 index for the induced spin structure of Σ. This is a partial extension of the results of Esnault, Seade and Viehweg [ESV92] who showed this result for complex manifolds.

Chapter Seven presents preliminary calculations for the case where Σ has non trivial normal bundle in M. Here we express the Dirac operator and Spinor Laplacian in terms involving Clifford multiplication by the Euler class of the normal bundle of Σ in M. These preliminary calculations should allow us to prove an index theorem for non-extending spin structures on M^{2n} − Σ^{2n−2} when Σ has non trivial normal bundle. This has not yet been carried out successfully by the author.

Chapter Eight contains the conjectured form of the index theorem in the case where Σ has non trivial normal bundle. In fact the conjecture is stated in the full generality that the author believes successful application of the methods in chapter six would yield. This

9 is an index for the Dirac operator associated to a non-extending spin structure on M − Σ twisted by a complex line bundle over M. As before this is shown to equal a certain SpinC index on M when Σ is orientable.

We present qualitative arguments as to why this index theorem holds. These arguments are based on the work in chapter six. The examples that we present to illustrate the conjectured index theorem are both in four dimensions. Because of this we present further arguments for the form of the index in these dimensions. These use an excision argument to deduce the form of the index. This excision result is conjectured as a lemma by analogy with a result due to Krönheimer and Mrowka [KM93].

Lastly, we present two simple applications of the conjectured theorem in four dimensions. In both examples we do not assume that Σ is orientable. Firstly we show that reducing the index modulo Z for an untwisted Dirac operator retrieves the generalisation of the Rohlin theorem, due to Guillou and Marin [GM77, GM86b], when M^4 has an unorientable characteristic submanifold. Lastly we calculate indices for the Dirac operator on C P^2 −RP^2 coupled to the n/2^{th} power of the hyperplane bundle of C P^2 − RP^2. These indices, from our conjectured theorem, agree with S-duality test numbers of Sethi, Stern and Zaslow in [SSZ95] on the reduced two monopole moduli space. We make no attempt to explain this other than to remark that there is an SO_3 equivariant diffeomorphism from this space to

C P^2 − RP^2.

In Chapter Nine we cease to study the solutions of the Dirac operator associated to non-extending spin structures and concentrate on another Dirac operator, the signature operator. Specifically, we study this operator on a certain complete manifold known as the reduced two monopole moduli space M^0_2 . We use index techniques to show that there is a unique L^2 harmonic form on this space. This form is known for physical reasons as the Sen form and it was conjectured to be unique on this space in 1994.

10 Firstly we show that vanishing criteria apply so that the L^2 index of the signature operator

dim ker(d + d^∗)_+ ∩ L^2 − dim ker(d + d^∗)_− ∩ L^2 (0.4)

will actually count the number of anti self dual harmonic forms on M^0_2 . Furthermore, we use conformal invariance of the quantity (0.4), and the specific known form of the metric on M^0_2 , to show that (0.4) is the index of a Fredholm operator. With this understood we then appeal to a known index theorem of Stern which reduces the problem to a calculation similar to those carried out in [SSZ95].

Chapter 1

Definitions and Basic Examples

1.1 Definition of a Non-extending Spin Structure.

This section presents the concept of a non-extending spin structure. A very simple example of a non-extending spin structure is then presented and two local characterisations of non-extending spin structures are explained.

Throughout this section we will be considering a compact smooth Riemannian manifold M^n and a closed codimension k submanifold Σ^{n−k} ⊂ M^n. Here n denotes the real dimension of M. The space we study is M^n − Σ^{n−k} with metric obtained by restricting a smooth metric on M^n. We will always assume that M^n − Σ^{n−k} is a spin manifold. Recall that a spin structure on the manifold M^n is a double cover of the principal bundle of oriented frames which restricts fibrewise to the non trivial double cover Spin_n −→ SO_n. principal bundle of frames. Two distinct spin structures on M differ by a non trivial element of the cohomology group H^1(M, Z/2Z). With these facts in mind we make the main definition of this thesis.

Definition 1.1.1 If M^n is a spin manifold then a non-extending spin structure is a spin structure on M^n − Σ^{n−k} which is not the restriction of a spin structure on M^n. If

12 M^n is not spin then every spin structure on M^n − Σ^{n−k} is said to be non-extending. Spin structures on M^n − Σ^{n−k} which are the restrictions of spin structures on M^n are said to be extending.

A word of caution is needed here. Recall the fact that Spin bundles associated to distinct spin structures may be equivalent as principal bundles [LM89, p.85]. Thus our classification of spin bundles on M − Σ as being non extending does not refer to a topological obstruction to the associated principal Spin bundles being the restriction of a principal Spin bundle on M. Having observed this subtlety we postpone further discussion of it until Section 2.2 when we shall have enough examples to illustrate it properly.

1.1.1 Examples and Remarks

Example 1.1.2 Whilst not an example of the definition, the spin structures on the unit circle are fundamental to our understanding. Since H^1(S^1, Z/2Z) = Z/2Z there are precisely two such structures. The principal bundle of frames for the circle is simply P_{SO}(S^1) = S^1 and consequently the two spin structures on S^1 correspond to the two double covers of S^1. One of these spin structures is therefore the trivial double cover S^1 × {−1, 1} and as such it is disconnected. The other double cover is S^1 itself where the projection is the squaring map sending e^{iθ} to e^{2iθ} for 0 ⩽ θ < 2π. As a result this spin structure is connected.

Example 1.1.3 The simplest example of Definition 1.1.1 is the punctured unit disc U − {0}. The disc is contractible and U − {0} is homotopic to the unit circle S^1. Thus the cohomology homomorphism, i^∗ : H^1(U, Z/2Z) −→ H^1(U − {0}, Z/2Z), (1.1) induced by the inclusion i : U − {0} −→ U, maps 0 −→ Z/2Z. Hence U − {0} possesses one extending spin structure and one non-extending spin structure.

13 Take a polar coordinate system (r, θ) on U − {0} and assume that U − {0} inherits a metric dr^2 + r^2dθ^2 from U. The principal bundle of frames is trivial P_{SO} = U − {0} × S^1 and the two spin structures are also both topologically trivial. This is simply because any fibre bundle over U − {0}, with connected fibre, is trivial. Writing both spin structures as P_{Spin} = U − {0} × S^1, and denoting the fibre coordinate by e^{it}, we distinguish the distinct spin structures by their covering maps. These are π_1(r, θ, e^{it}) = (r, θ, e^{iθ}e^{2it}) ∈ P_{SO} (1.2) and π_2(r, θ, e^{it}) = (r, θ, e^{2it}) ∈ P_{SO} (1.3) as in [Sha78, p.159].

With respect to the trivialisation of the principal bundle of frames by the global section (∂_r, r^{−1}∂_θ), the non-extending spin structure on U − {0} corresponds to the projection π_1. This is because it is the restriction of the unique spin structure on U to U − {0}. The two spin structures on U − {0} may be distinguished by the fact that the pre-images π^{−1}_1 (1 × S^1 × 1) ⊂ P_{SO} and π^{−1}_2 (1 × S^1 × 1) ⊂ P_{SO} are connected and disconnected respectively (see Figures 1.1 and 1.2). Since we have trivialised the frame bundle with respect to the section (∂_r, r^{−1}∂_θ), these pre images are precisely the spin structures induced on the circle, as in Example 1.1.2, by considering it as the boundary of U − {0}.

Remark 1.1.4 In this Remark we show that non-extending spin structures have a local characterisation in terms of spin cobordism when the submanifold is of codimension two. We cannot get such a classification globally since if Σ^{n−2} is connected and N_ϵ is any open ϵ tubular neighbourhood of Σ^{n−2} then the boundary of this tube is trivially spin cobordant to zero.

We show here that when Σ is connected

14

π^{−1}_1 (1 � S^1 � 1)

1 � S^1 � 1 π/2 3π/2 �π/2

U − {0}

π_1

P_{Spin2}

P_{SO2} π

× S^1

Figure 1.1: The Extending Spin Structure on the Punctured Plane

U − {0}

P_{Spin2}

P_{SO2} π

× S^1

π/2 3π/2 �π/2 π_2 π^{−1}_2 (1 � S^1 � 1)

1 � S^1 � 1

Figure 1.2: The Non-Extending Spin Structure on the Punctured Plane

15 we can distinguish non-extending and extending spin structures on M − Σ by the class of the spin structure induced on the boundary of any transverse two disc.

This local characterisation is easily generalised to the case where Σ is not connected. The statement is proven as follows.

We have a spin structure on the tangent bundle of M − Σ which restricts to the boundary ∂N of the tubular neighbourhood N of Σ. Hence the obstruction to extending the spin structure to M is a relative second Stiefel Whitney class in H^2(N, ∂N, Z/2Z). This relative cohomology group is isomorphic to H^2(U, ∂U, Z/2Z), by the inclusion of any fibre, and to H^0(Σ) by the Thom isomorphism theorem. If Σ is connected we have that H^0(Σ, Z/2Z) =

Z/2Z. Consequently, if Σ is connected and U is any two disc transverse to Σ^{n−2}, we may

distinguish extending and non extending spin structures on M − Σ by the spin structure induced upon the boundary of U.

We reinterpret this statement in terms of the Spin cobordism class of the spin structure on the boundary of U. Recall here how the two spin structures on the circle were obtained by restricting either the non extending or the extending spin structure on the punctured disc to the boundary (Example 1.1.3). Denote the one dimensional Spin cobordism group by Ω^{Spin}_1 . As in Example 1.1.2 this group is isomorphic to Z/2Z and is generated by the connected spin structure on the circle. If Σ is connected, a non-extending spin structure on M − Σ will therefore always induce the non trivial element of Ω^{Spin}_1 upon the boundary of any two disc transverse to Σ. An extending spin structure on M − Σ will induce the trivial element of Ω^{Spin}_1 . Since spin structures on S^1 are just double covers we have the simple picture as in Figure 1.3.

Remark 1.1.5 Extending and non-extending spin structures can also be characterised locally by the natural S^1 action about the submanifold Σ^{n−2}. This fact will be relevant

16 Spin structure induced on boundary of 2 disc is disconnected and generates Ω^{Spin}_1 = Z/2Z on boundary of 2 disc is

Σ^{n−2} π M^n

2 Disc connected and trivial in Ω^{Spin}_1 = Z/2Z

Spin structure induced

Extending Spin Structure

Σ^{n−2} 2 Disc π M^n

Non-extending Spin Structure

Figure 1.3: Induced Spin Structures

later in Remark 1.2.2. Suppose that Σ^{n−2} is connected. Take Fermi coordinates (r, θ, z) on a neighbourhood of a point z_0 ∈ Σ. Consider the natural S^1 action on this neighbourhood

e^{iφ} : (r, θ, z) → (r, θ + φ, z). (1.4)

Denote the disc through z_0 by U_0. Fix a trivialising section (∂_r, ∂_θ) of the tangent bundle of U_0, where {∂_r, ∂_θ} denotes an orthonormal basis of radial and angular tangent vectors. The principal S^1 bundle of frames is given by P_{SO} = U_0 × S^1 and the local S^1 action (1.4) induces an action on P_{SO} given by

e^{iφ} : (r, θ, w) → (r, θ + φ, w). (1.5)

For the non-extending spin structure on M^n − Σ^{n−2}, the spin structure induced upon U_0, by restriction, is topologically U_0 × S^1 with the covering map π_2 : P_{Spin} −→ P_{SO} given by

π_2(r, θ, z) = (r, θ, z^2). (1.6)

For this spin structure we can lift the local S^1 action from the principal bundle of frames to the spin structure itself by defining

e^{iφ} : (r, θ, z) → (r, θ + φ, z). (1.7)

17 The extending spin structure on M^n − Σ^{n−2} induces the trivial element of Ω^{spin}_1 = Z/2Z on the boundary of U_0. This has covering map π_1 : U_0 × S^1 → U_0 × S^1 given by

π_1(r, θ, z) = (r, θ, e^{iθ}z^2). (1.8)

The natural action of S^1 does not lift to this spin structure. If it did there would be a continuous family of maps g_φ : S^1 → S^1 such that,

g^2_φ(z) = e^{−iφ}z^2, (1.9)

which is impossible (see [Sha78, p.161]).

In the terminology of [LM89, p.295] global S^1 actions on spin manifolds are classified as being even if they lift to actions on the spin structure and odd if they do not. Abusing this terminology we can state For a non-extending spin structure on M^n − Σ^{n−2} the natural local S^1 action about Σ^{n−2} is even. For an extending spin structure this S^1 action is odd. Thus we can characterise extending and non-extending spin structures on M^n − Σ^{n−2} in terms of the parity of the natural local S^1 action on transverse slices through points of Σ^{n−2}.

Remark 1.1.6 Since we made no assumption on the orientability of M^n in Definition 1.1.1 we cannot adapt the familiar definition of a spin structure [LM89, p.80] easily to our situation. This is because this definition involves consideration of the principal SO_n bundle of frames.

The primary focus of this thesis is on submanifolds of codimension two. As we shall see in Corollary 2.1.2, orientability of M^n − Σ^{n−2} implies orientability of M^n. Restricting to codimension two submanifolds, and assuming Corollary 2.1.2, we can reformulate the usual definition of a spin structure as follows.

18 Definition 1.1.7 When n ⩾ 3 consider the fibration of the principal SO_n bundle of frames, SO_n −→ P_{SO}(T_M )^π−→ M, where T_M denotes the tangent bundle of M. This has associated to it (via the Serre Spectral Sequence [LM89, p.81] ) the exact sequence

0 −→ H^1(M)^{π∗}−→ H^1(P_{SO}T_M ) −→ H^1(SO_n) −→ H^2(M) (1.10)

where Z/2Z coefficients are understood. The non-trivial element of H^1(SO_n) = Z/2Z is identified with the group Spin_n. Let j : M^n − Σ^{n−2} −→ M^n denote inclusion. The following diagram commutes ? H^1(P_{SO}T_{M−Σ}) −→ H^1(SO_n) = Z/2Z

H^1(P_{SO}T_M ) −→ H^1(SO_n) = Z/2Z j^∗

Spin structures considered as double covers of the principal bundle of frames are identified with elements of H^1(P_{SO}) which map to [Spin_n] under j^∗. With respect to this identification extending spin structures are those elements of H^1(P_{SO}T_{M−Σ}) which lie in the image of j^∗. The non-extending spin structures are those elements of H^1(P_{SO}T_{M−Σ}) which map to [Spin_n] but do not lie in the image of j^∗. This definition can easily be adapted to include the n = 2 case as in [LM89, p.81].

19 1.2 Main Example

In this section we present in detail the main example that will illustrate the comments in the basic sections which follow. Throughout this section, cohomology groups with Z/2Z coefficients will be understood, unless explicitly stated otherwise.

1.2.1 Set Up

Consider the Riemannian sphere C P^1 with the two points zero and infinity removed. This is an oriented complex one manifold and we equip it with the usual Fubini-Study metric g = dzdz (1 + zz)^2

. (1.11)

Its frame bundle is a principal U_1 bundle P_{U1} . A spin structure on the frame bundle P_{U1} is a square root of this U_1 bundle [Hit74, Ati71]. Note that this is no longer a holomorphic classification because we are on a non-compact manifold, see Remark 2.2.2. Since H^1(C P^1 −{0, ∞}) = Z/2Zthere are two choices of such a square root. Now C P^1 is simply connected so H^1(C P^1 ) = 0 and thus one of the spin structures is a non-extending spin structure. Observe here that C P^1 − {0, ∞} is just the punctured disc of Example 1.1.3 with a different metric.

1.2.2 Algebra

Identify the Clifford algebra of R^2, denoted by Cl_2, with the quaternions as in [Mor96]

Cl_2 ∼= H e_1 → j e_2 → k e_1e_2 → i. (1.12)

The subgroup P in_2 of Cl_2 corresponds to the subgroup of H generated by all the elements of the form cos θ.j + sin θ.k for e^{iθ} ∈ U_1. Thus P in_2 is the union of two circles in H : the usual unit circle and j times it. The group Spin_2 = SO_2 = U_1 is just the group of all even

20 elements of P in_2. These are all the elements of the form cos θ + i sin θ ∈ C ⊂ H . Thus Spin_2 is the usual unit circle U_1 ⊂ C ⊂ H .

Identify H = C ⊕ jC and define a map from H to C [2], the algebra of 2 × 2 complex matrices, by sending

α + j.β → α −β β α . (1.13)

This extends naturally to an isomorphism of the complexified algebra, Cl_2 ⊗ C , with

C [2]. Considering C [2] as automorphisms of C^2 we obtain the unique (up to isomorphism)

irreducible finite dimensional complex representation of Cl_2. The spinor representation Δ : Spin_2 → Aut C^2 is just this representation restricted to the subgroup Spin_2. Hence the action of Spin_2 on C^2 is given by

z → z 0 0 z for all z ∈ U^1. (1.14)

1.2.3 Spinor Bundles

Form the spinor bundle S̸ as an associated bundle of the chosen spin structure S̸ = P_{Spin}×_Δ

C^2 . The representation (1.14) shows that S̸ is the direct sum of two complex line bundles.

One line bundle is associated to P_{Spin} by the standard representation of U_1 whilst the other is associated via the conjugate representation. Since for U_1 valued transition functions g^{−1}_{αβ} = g_{αβ} the second line bundle is the inverse of the first. The line bundle associated to the conjugate of the standard representation is a square root of the canonical bundle K^{1/2}. The line bundle associated to the standard representation is therefore K^{−1/2}. The complex volume element of the Clifford algebra is ωC = ie1e2 = −1 0 0 1 (1.15)

21 so the grading of the spinor bundle into plus and minus eigenspaces of ωC , namely S̸ = S̸^+ ⊕ S̸^−, is exactly the above decomposition into line bundles. In summary we see that

S̸^+ = K^{1/2} and S̸^− = K^{−1/2}. (1.16)

We will refer to sections of S̸^+ as positive chiral spinors and sections of S̸^− as negative chiral spinors.

Having formed the spinor bundles it is important to note that the choice of spin structure (non-extending or extending) is now encoded in the choice of square root of the canonical bundle K^{1/2}.

Consider C P^1 − {0, ∞} with its usual two element set of coordinate charts: one a neighbourhood of zero and the other of infinity. Call these charts U_0 and U_∞ respectively. Note that since we work on the punctured sphere that we are taking 0 ∉ U_0 and ∞ ∉ U_∞. The holomorphic transition function between these two charts is z → z^{−1} = w. The canonical bundle KC_P 1 of C P^1 has a meromorphic section s with two simple poles

s = z^{−1}dz on U_0 ∪ {0} −w^{−1}dw on U_∞ ∪ {∞} . (1.17)

This section restricts to give a global non-vanishing section of K.

By the fundamental work of Hitchin [Hit74] and Atiyah [Ati71], spin structures on a compact Kähler manifold are in one to one correspondence with holomorphic square roots of the canonical bundle. For C P^1 the canonical bundle is H^{−2} so the unique spin structure

on C P^1 is the tautological Hopf bundle. The restriction of this holomorphic line bundle to C P^1 − {0, ∞} corresponds to one of the spin structures on C P^1 − {0, ∞}: in this case it

will be the extending spin structure (since by definition an extending spin structure is one which is the restriction of a spin structure on the ambient manifold).

22 Now dz is a meromorphic section of KC_P 1 which restricts to a global holomorphic section of K on C P^1 − {0, ∞}. The unique holomorphic square root of KC_P 1 restricts to give a holomorphically trivial square root of K. Denote a global holomorphic section of this root by (dz)^{1/2}.

The other choice of square root of K corresponds to the twisting of the above square root with the non-trivial element of H^1(C P^1 − {0, ∞}). This is a flat line bundle and the choice of K^{1/2} corresponding to the non-extending spin structure can thus be globally holomorphically trivialised by z^{1/2}(dz)^{1/2}. Here, z^{1/2} is the usual multi-form function on the punctured plane.

In conclusion, the positive spinor bundles associated to the extending and non-extending spin structures on C P^1 − {0, ∞} are holomorphically trivial. The spinor bundle associated to the non-extending spin structure is trivialised by z^{1/2}(dz)^{1/2} and the one associated to the extending spin structure is trivialised by (dz)^{1/2}.

1.2.4 Kähler Structure

Since C P^1 − {0, ∞} is Kähler we have the standard identification of the positive Dirac operator D̸^+ : S̸^+ → S̸^− with ∂ : K^{1/2} → KK^{1/2}. Since the metric g is a global section of

KCP^1 ⊗ KCP^1 we have the identifications as shown in Figure 1.4.

In Figure 1.4 c denotes complex conjugation, and c ∘ g^{−1/2} = g^{−1/2} ∘ c. Hence, by using the Kähler coordinate system to identify D̸^+ with ∂ : K^{1/2} → KK^{1/2}, we see that we must identify D̸^− with

c ∘ g^{−1/2} ∘ ∂ ∘ c ∘ g^{−1/2} : KK^{1/2} → K^{1/2}. (1.18)

23

K^{1/2}K ∼= K^{1/2} K^{1/2}K ∼= K^{1/2} ∂

D̸^+

D̸^−

S̸^− ∼= S̸^+ S̸^− ∼= S̸^+

c ∘ g^{−1/2} g

c ∘ g^{−1/2}

Figure 1.4: Identifications

1.2.5 L^2 Solutions on C P^1 − {0, ∞}

We now consider L^2 solutions to the Dirac operator on C P^1 − {0, ∞} for the nonextending spin structure. First we look for positive chiral solutions. The identification of D̸^+ with ∂ shows that a solution of positive chirality must be of the form, ∑ n∈Z a_nz^{n+1/2}(dz)^{1/2}, (1.19)

where the a_n are complex numbers. To be square summable it must also satisfy ∫_∞ 0 ∑ |a_n|2r2n+2 (1 + r^2) dr < ∞, (1.20) and we deduce from equation (1.20) that a_n = 0 unless n = −1. Thus we see that there exists a positive chiral L^2 harmonic spinor on C P^1 − {0, ∞} associated to the non-extending spin structure. This spinor is unique in the sense that all other L^2 spinors will be linear multiples of it. This spinor is explicitly

ψ^+_{ness} := z^{−1/2}(dz)^{1/2} on U_0 w^{1/2}(−w^{−2}dw)^{1/2} on U_∞

(1.21)

24 Under the identification D̸^− = c ∘ g^{−1/2} ∘ ∂ ∘ c ∘ g^{−1/2} (see Figure 1.4) we note that any L^2 harmonic spinor of negative chirality must be of the form g^{1/2}φ where φ is an L^2 harmonic spinor of positive chirality (a section of K^{1/2}). This is simply because the isomorphisms K^{1/2} ∼=_{g1/2∘c} K^{1/2}K ∼=_{g−1/2∘c} K^{1/2} (1.22) both preserve the L^2 condition on C P^1 − {0, ∞} since g is smooth on C P^1 . Therefore there is a unique negative chiral L^2 harmonic spinor on C P^1 − {0, ∞} associated to the non-extending spin structure. This takes the form ψ^−_{ness} := g^{1/2}ψ^+_{ness} = dz(dz)^{1/2} z^{1/2}(1 + zz) on U_0 (1.23) under the identification of S̸^− with KK^{1/2}.

The same methods show that for the extending spin structure there are no L^2 solutions of the Dirac operator of either chirality. This is easily seen by replacing n in equation (1.19) with m − 1/2 and checking that the bounds on m imposed by the L^2 condition at zero and infinity are mutually exclusive.

This absence of any harmonic spinors for the extending spin structure is symptomatic of the general Removable Singularities Theorem 3.1.1 and a vanishing theorem.

Remark 1.2.1 This calculation can be generalised to C P^1 with an arbitrary pair of distinct points {z_0, z_∞} removed. This is because z_0 and z_∞ can be mapped biholomorphically to 0 and ∞ respectively by the Möbius transformation z −→ 1 (z_0 − z_∞) ( z − z_0 z − z_∞ ) . (1.24) Using this map, the unique positive chiral spinor associated to the non-extending spin structure on C P^1 − {z_0, z_∞} is, (dz)^{1/2} (z − z_∞)^{1/2}(z − z_0)^{1/2}

. (1.25)

25 Remark 1.2.2 In Remark 1.1.4 we presented a way of determining whether a spin structure on M^n − Σ^{n−2} was extending or not. This involved taking a 2-disc transversely intersecting the submanifold Σ and seeing what the cobordism class of the spin structure induced upon the boundary of this disc was. The example here shows this clearly. Take equation (1.21) as a section of the non-extending spin structure. Denote the inclusion of the unit circle in the chart U_0 by r : S^1 → U_0. The pullback of section (1.21) is

r^∗(z^{−1/2}(dz)^{1/2}) = (e^{−iθ}de^{iθ})^{1/2}. (1.26)

where z = e^{iθ} for 0 ⩽ θ < 2π. This is periodic, under θ → θ + 2π, and is thus a section of the disconnected spin structure on the circle.

Similarly a section of the extending spin structure, say (dz)^{1/2}, pulls back to

r^∗(dz)^{1/2} = e^{iθ/2}(idθ)^{1/2}. (1.27)

This is aperiodic, under θ → θ + 2π, and is thus a section of the connected spin structure. Another way to see this is to recall that the mod 2 index

dim ker D̸^+ mod 2 ∈ Z/2Z= Ω^{Spin}_1 = KO^{−1}(pt) (1.28)

is a spin cobordism invariant. The Dirac operator on r(S^1) is simply i∂_θ. Thus, sections in Ker D̸^+ are just a constant functions on the circle. For the disconnected spin structure on S^1 we therefore have a one dimensional kernel. For the connected spin structure, since spinors must be aperiodic functions, the kernel is trivial. Consequently, the pullback of the section (dz)^{1/2} gives a section of the spin structure on S^1 which isn’t spin cobordant to zero and the pullback of section (1.21) gives a section of the spin structure which generates Ω^{Spin}_1 .

26

Chapter 2

Basic Topology

In this chapter we carry out some basic topological calculations concerning non-extending spin structures. The principal result is that M^n − Σ^{n−2} has a non-extending spin structure if and only if there is a union of connected components of Σ^{n−2} which is characteristic (represents w_2(M)). Throughout this section, cohomology with Z/2Z coefficients will be understood, unless explicitly stated otherwise. We work primarily with codimension two submanifolds. Other codimensions are discussed in Section 2.1.2.

2.1 Cohomology Sequences

In this section we consider a compact n dimensional Riemannian manifold M^n and a closed codimension two submanifold Σ^{n−2} −→ M^n. The metric and embedding will be irrelevant in the topological remarks that we make. Since we only wish M^n − Σ^{n−2} to be spin, we do not assume that either M^n or Σ^{n−2} are orientable. Ultimately M^n will be seen to be oriented. For completeness we start by recalling some well known facts in the form of a Lemma.

28 Lemma 2.1.1 There is the following long exact sequence in cohomology . . . −→ H^∗(M − Σ) −→ H^{∗+1−2}(Σ)^{α∗}−→ H^{∗+1}(M)^{β∗}−→ H^{∗+1}(M − Σ) → . . . (2.1) Here cohomology with Z/2Z coefficients is understood. When ∗ + 1 − 2 = 0 and Σ is connected the non-trivial class in H^0(Σ) = Z/2Z gets mapped to the cohomology class dual to Σ by α^∗. This class is in turn mapped to the second Stiefel Whitney class of the normal bundle N of Σ by the restriction homomorphism H^∗(M) → H^∗(Σ).

H^0(Σ)^{α∗}−→ H^2(M)−→ H^2(Σ) 1 −→ P.D.[Σ]−→ w_2(N) (2.2)

The map β^∗ is the obvious restriction homomorphism.

Proof We split the proof into four steps. Steps one to three establish the sequence whilst the last step establishes the maps.

Step 1: [MS74, p.144] The sequence follows from the long exact sequence of the pair (M, M − Σ) . . . −→ H^i(M, M − Σ)^{γ∗}−→ H^i(M)^{β∗}−→ H^i(M − Σ) −→ H^{i+1}(M, M − Σ)^{γ∗}−→ . . . (2.3) where γ^∗ and β^∗ are the cohomology maps induced from the natural restrictions. Denote an ϵ tubular neighbourhood of Σ by T_ϵ. Define the normal bundle π : N −→ Σ via the exact sequence

0 −→ T_Σ −→ T_M |_Σ−→ N −→ 0 (2.4)

where T_M and T_Σ are the tangent bundles of M and Σ respectively. We identify Σ with the zero section of the normal bundle and denote the normal bundle with the zero set removed by N_0.

29 Step 2: H^∗(M, M − Σ) ∼= H^∗(N, N_0) [MS74, p.117]

Since the tubular neighbourhood T_ϵ and the complement M − Σ are open subsets with union M and intersection T_ϵ − Σ there is an excision isomorphism

H^∗(M, M − Σ) ∼= H^∗(T_ϵ, T_ϵ − Σ). (2.5)

Let N_ϵ denote a neighbourhood of the zero section of the normal bundle. Define also N_{ϵ,0} = N_ϵ ∩ N_0. Excision and the exponential map induce isomorphisms

H^∗(N, N_0) ∼= H^∗(N_ϵ, N_{ϵ,0}) ∼= H^∗(T_ϵ, T_ϵ − Σ). (2.6)

Combining (2.5) and (2.6) we obtain the isomorphism

H^∗(M, M − Σ) ∼= H^∗(N, N_0), (2.7)

which is independent of the ϵ neighbourhood chosen, and independent of the Riemannian metric on M.

Step 3: H^∗(Σ) ∼= H^{∗+2}(N, N_0)

This is just the Thom isomorphism see [MS74, p.90]

H^∗(Σ)^π ∗ ∼= H^∗(N)^{∪ΦN}∼= H^{∗+2}(N, N_0). (2.8)

Here ∪Φ_N denotes the cup product with the Thom class of the normal bundle π : N −→ Σ. This establishes the sequence 2.1.

Step 4: The maps α^∗ and β^∗

From the long exact sequence of the pair (2.3) the map β^∗ : H^∗(M) −→ H^∗(M − Σ) is just the restriction map. The image of Φ_N in H^2(M) under the above identification is by

30 definition [MS74, p.120] the Poincaré dual of the homology class of the submanifold Σ^{n−2}. The Poincaré duality isomorphism

H_{n−2}(M)^{P.D.}−→ H^2(M) (2.9)

therefore maps

[Σ] −→ γ^∗Φ_N (2.10)

where we consider the Thom class Φ_N as a class in H^2(M, M − Σ) by Step Two and γ^∗ is the usual restriction homomorphism.

Under the further restriction H^2(M) −→ H^2(Σ) the image of the Thom class gets mapped to the top Stiefel Whitney class w_2(N) of the normal bundle [MS74, p.119]. In order to complete the proof of the lemma, we note that when Σ is connected the non-trivial class in H^0(Σ) ∼= Z/2Z is mapped to the Thom class Φ_N via the Thom isomorphism in Step Three. This is because Φ_N generates H^n(N, N_0). □

2.1.1 Remarks and Corollaries

Corollary 2.1.2 The manifold M is always orientable if Σ is of codimension two and M − Σ is spin.

Proof This follows simply from part of the sequence above. Since M − Σ is spin we have that w_1(M − Σ) = 0. The sequence (2.1) then shows that

0 = H^1(N, N_0) −→H^1(M) −→H^1(M − Σ) w_1 −→w_1 |_{M−Σ}= 0 (2.11)

where the isomorphism comes from the fact that N is of rank two. Thus w_1(M) = 0 and M must be orientable. □

31 Remark 2.1.3 By the above corollary M is always orientable. Thus if Σ is orientable then its normal bundle must be too. Note that when Σ is orientable Lemma 2.1.1 holds with integer coefficients. The only difference here is that under the restriction H^2(M, Z) −→ H^2(Σ, Z) the Poincaré dual P.D.[Σ] of Σ maps to the Euler class of the normal bundle e(N). The natural coefficient homomorphism H^2(Σ, Z) −→ H^2(Σ, Z/2Z) then carries the Euler class e(N) to w_2(N).

Corollary 2.1.4 Suppose that M^n − Σ^{n−2} has a non-extending spin structure where Σ is connected. Then the Poincaré dual in H^2(M, Z/2Z) of the homology class defined by Σ equals the second Stiefel Whitney class w_2(M) of M

P.D.[Σ] = w_2(M). (2.12)

If Σ is not connected the w_2(M) must be supported on P.D.[Σ]. That is, there exists a non-empty subset of connected components of Σ, say {Σ_i}, such that P.D.[Σ_0 ∪ . . . ∪ Σ_n] = w_2(M).

Proof We split the proof into two cases: when M is spin and when it is not.

Step 1: When M is not spin

When Σ is connected then H^0(Σ) ∼= Z/2Zand the result follows from the exactness of the following portion of the long exact sequence

Φ_N H^2(N, N_ϵ)

H^0(Σ) −→ H^2(M) −→ H^2(M − Σ) −→ . . .

1 −→ P.D.[Σ]

ω_2 ≠ 0 −→ ω_2|_{M−Σ} = 0

The proof for Σ disconnected is similar.

32 Step 2: When M is spin

By definition if M − Σ has a non-extending spin structure then there exists an element a ∈ H^1(M − Σ) which is not in the image of H^1(M) under the restriction map β^∗. From the exactness of the sequence (2.1) a maps via the coboundary map to a non-zero element of H^0(Σ) and then to zero thereafter. From Lemma 2.1.1 we see that P.D.[Σ] = 0 ∈ H^2(M) if Σ is connected as required. The disconnected case is similar □

Remark 2.1.5 From Corollary 2.1.4 we see that there is a close link between non-extending spin structures and characteristic submanifolds. Rohlin [GM86b] initially defined a characteristic submanifold to be a surface in a four manifold which represented w_2. There is an obvious higher dimensional analogue of this definition see for instance [ESV92]. Rewriting Corollary 2.1.4 in these terms gives

Corollary 2.1.6 The space M^n − Σ^{n−2} has a non-extending spin structure if and only if there is a non-empty union of connected components of Σ which is characteristic.

Of course this non-extending spin structure need not be unique.

Remark 2.1.7 As M^n − Σ^{n−2} is spin distinct spin structures upon it differ by a non trivial element of H^1(M − Σ). Denote the number of distinct elements of H^1(M) by b and the number of distinct elements of H^1(M − Σ) by a. If M is spin then M − Σ has a − b non-extending spin structures because, by Lemma 2.1.1, H^1(M) −→ H^1(M − Σ) is always injective. If M isn’t spin then M − Σ has a non-extending spin structures by definition.

Remark 2.1.8 Lemma 2.1.1 shows that every manifold with a non-extending spin structure is canonically a SpinC manifold when the submanifold Σ is oriented. In this case the submanifold representing w_2 defines a complex line bundle L_Σ over M with first Chern class c_1(L_Σ) = P.D.[Σ]. Then w_2(M) = c_1(L_Σ) mod 2 and M has a canonical SpinC

33 structure with associated complex line bundle L_Σ. By Remark 2.1.3 pulling back L_Σ to Σ gives an oriented 2 plane bundle C^∞ isomorphic to N_Σ.

Corollary 2.1.9 If M − Σ has a non-extending spin structure then the following are equivalent

• Σ is spin

• Σ is orientable

• Σ is co-oriented.

Proof It is an immediate from the Lemma 2.1.1 that if M − Σ has a non-extending spin structure then i^∗w_2(M) = w_2(N) independent of whether M is spin or not. Using the Whitney product formula

i^∗w_2(M) = w_2(i^∗T_M ) = w_2(N ⊕ T_Σ) = w_2(T_Σ) + w_2(N)w_2(T_Σ) + w_2(N), (2.13)

so that,

w_2(T_Σ) = w_1(N)w_1(T_Σ). (2.14)

This completes the proof. □

2.1.2 Codimensions Other Than Two

Remark 2.1.10 We remark here that non-extending spin structures can not occur by removing submanifolds of codimension ⩾ 3. The whole of Lemma 2.1.1 holds verbatim for a codimension k submanifold Σ^{n−k} simply by replacing each occurrence of the number 2 in a cohomology group index by k. Using this generalisation of the lemma we see that if M

34 isn’t spin then M^n − Σ^{n−k} cannot be either. This follows since the modified lemma shows that β^∗ : H^2(M) −→ H^2(M − Σ) is injective

0 =H^2(N, N_0) −→H^2(M) −→ H^2(M − Σ) w_2 −→w_2 |_{M−Σ}= 0. (2.15)

Furthermore, since

0 = H^1(N, N_0) −→ H^2(M) −→ H^1(M − Σ) −→ H^2(N, N_0) = 0 (2.16)

is exact, H^1(M) is isomorphic to H^1(M − Σ). As a consequence even if M is spin we cannot obtain a non-extending spin structure by removing a submanifold of codimension ⩾ 3.

This can also be seen from an elementary deformation argument i.e. that

π_i(M^n − Σ^{n−k}) = π_i(M^n) for i ⩽ n − k − 1. (2.17)

Remark 2.1.11 We note here that by removing submanifolds of codimension one we can still obtain non-extending spin structures. This is however a completely different problem. For example we could consider spaces like RP^2 − RP^1 = R^2. Considering RP^2 as the quotient of C P^1 with metric as in (1.11) exhibits RP^2 − RP^1 as the open unit disc in the complex plane with metric dzdz (1 + zz)^2

. (2.18)

Following Section 1.2.5 it is elementary to show that the dimension of the space of L^2 harmonic spinors on this space is unbounded. We therefore concentrate on the highest codimension in which non-extending spin structures occur and only consider (except in Remark 2.1.10 and here) the case where Σ is of codimension two.

35 2.1.3 Examples of Non-extending Spin Structures.

Example 2.1.12 Consider complex projective space C P^n . The total Chern class of C P^n is well known to be

c(TCP^n ) = (1 + c1(Hn))^{n+1} . (2.19)

Here c_1(H_n) is the generator of H^2(C P^n , Z) = Z : the first Chern class of the hyperplane bundle H_n of C P^n . The coefficient homomorphism H^∗(M, Z) −→ H^∗(M, Z/2Z) maps the total Chern class c to the total Stiefel Whitney class ([MS74, p.171]). Thus w_2(C P^n ) = (n + 1)c_1(H_n) mod 2. (2.20) Now consider the embedded hypersurface C P^{n−1} in C P^n . It is elementary that P.D.[C P^{n−1} ] = c_1(H_n) (2.21) in H^2(C P^n , Z). Therefore we see that when n is even C P^n is not spin but C P^n − C P^{n−1} has a non-extending spin structure. As C P^n − C P^{n−1} = C^n this space is contractible for all n. Hence C P^n − C P^{n−1} always has a unique spin structure. This spin structure is non-extending if and only if n is even.

Example 2.1.13 We exhibit here an example of a non-extending spin structure obtained by the removal of an unoriented codimension two submanifold. To do this we follow Lawson [Law82] who shows that C P^2 is diffeomorphic to the twisted double N_1 ∪_α T_4 where N_1 is the unorientable 2 disc bundle over RP^2 with Euler number 1 and T_4 is the 2 disc bundle over S^2 with Euler number 2. The glueing map α is just α[(x, y)] = [(y, x)]. Explicitly T_2 = {(x, y) ∈ S^2 × D^3 : x.y = 0} T_4 = T_2/(x, y) ∼ (x, −y) (2.22) N_1 = T_2/(x, y) ∼ (−x, y)

36 Under this identification the RP^2 in N_1 is just the standard RP^2 ⊂ C P^2 and S^2 ⊂ T_4 represents 2[C P^2 ] homologically. For all these facts see [Law82].

Hence removing the standard RP^2 from C P^2 leaves a space which retracts onto S^2. By the homotopy invariance of the Stiefel Whitney classes [LM89, p.86] we see that w_2(C P^2 −

RP^2) = w2(S^2) = 0.

Consequently C P^2 −RP^2 has a non-extending spin structure. It is the unique spin structure on this space since H^1(C P^2 − RP^2, Z/2Z) = 0. The Bockstein sequence shows that

H^2(C P^2 , Z) −→ H^2(C P^2 , Z/2Z) (2.23)

is surjective. Hence H^2(C P^2 , Z/2Z) = Z/2Zand so P.D.[C P^1 ] = w_2(C P^1 ).

As C P^2 − RP^2 has a non-extending spin structure we see that the unoriented coho-

mology class P.D.[RP^2] equals w_2(C P^2 ). Thus the unoriented class P.D.[RP^2] generates H^2(C P^2 , Z/2Z) as well.

Note that we could use Corollary 2.1.9 here to see how C P^2 − RP^2 possessing a nonextending spin structure links the simple facts that RP^2 is neither spin nor orientable. In this case however the remark is content free as any manifold of dimension less than or equal to three is trivially spin if and only if it is orientable [LM89, p.86].

Example 2.1.14 In the example above we showed that H^2(C P^2 , Z/2Z) was generated by either P.D.[RP^2] or P.D.[C P^1 ]. Now C P^2 can be considered as

S^2 × S^2/(x, y) ∼ (y, x) (2.24)

see [Law82]. We can consider other quotients of S^2 × S^2. In particular we consider the quotient of Habegger [Hab82] namely M = S^2 × S^2/(x, y) ∼ (−x, −y). (2.25)

37 This space is thoroughly investigated in [AL97].

The manifold M is an oriented four manifold. It has an embedded RP^2 which is the image of the diagonal Δ in S^2 × S^2. Since [Δ].[Δ] = 2 in S^2 × S^2 we see that [RP^2].[RP^2] = 1 in M. We can deduce from this fact that M is not spin as follows. Denote P.D.[RP^2] ∈ H^2(M, Z/2Z) by γ. Then since (γ∪γ) = [RP^2].[RP^2] = 1 we see that w_2(M)∪γ = γ∪γ ≠ 0 so that w_2 ≠ 0 and M is not spin.

There are two copies of S^2 in M. These are the images of S^2 × 1 and 1 × S^2 under the quotient. Either of these can be taken together with [RP^2] to form a basis for H_2(M, Z/2Z) ∼= Z/2Z⊕ Z/2Z (see [AL97]). Denoting this basis element by [S^2] the intersection matrix for H_2(M, Z/2Z) is shown in [AL97] to be 1 1 1 0 = [RP^2] . [RP^2] [S^2] . [RP^2] [RP^2] . [S^2] [S^2] . [S^2]

. (2.26)

Thus we see that w_2 = P.D.[S^2] whilst P.D.[RP^2] = 0. In conclusion we see that M − RP^2 does not have a non-extending spin structure whereas M − S^2 does. Contrast this with Example 2.1.13 where we could remove either a S^2 or RP^2 to obtain a non-extending spin structure.

2.2 Equivalence of Spin Structures

One of the least salient aspects of spin structures is that distinct spin structures can be topologically equivalent as principal bundles. This fact was first pointed out by Milnor [LM89, p.84]. This result comes from the fact that spin structures on a spin manifold M are in one to one correspondence with elements of H^1(M, Z/2Z). To see how many topologically distinct spin structures there can be over M, one must consider the exact sequence [LM89, p.83] 0 −→ Z/2Z−→ Spin_n −→ SO_n −→ 0. (2.27)

38 This gives rise to an exact sequence

H^0(M, SO_n)^δ−→ H^1(M, Z/2Z) −→ H^1(M, Spin_n) −→ H^1(M, SO_n) (2.28) see [LM89, p.37]. Here H^1(M, Spin_n) and H^1(M, SO_n) are sets of topological equivalence classes of principal Spin_n and SO_n bundles respectively. Since Z/2Zis a field H^1(M, Z/2Z) can be thought of as either the topological equivalence classes of Z/2Zbundles or as the first cohomology group of M with coefficients in Z/2Z.

The sequence is exact in the sense that the sets of topological equivalence classes have distinguished elements: the equivalence class containing the trivial bundle. Choosing a spin structure on M gives an element of H^1(M, Spin_n). The sequence shows that the topological equivalence classes of spin structures, when considered as principal Spin_n bundles, are in one to one correspondence with elements of H^1(M, Z/2Z)/δH^0(M, SO_N ). (2.29) The coboundary map δ can be surjective. For instance any class in H^1(M, Z/2Z) which is the mod 2 reduction of an integral class is in the image of δ [LM89, p.84]. Our classification of spin structures on M − Σ into extending and non-extending is misleading in the sense that a non-extending spin structure may be topologically trivial. Furthermore, non-extending spin structures and extending spin structures can be isomorphic as principal Spin bundles.

The terms non-extending and extending for spin structures on M − Σ do not refer to a topological obstruction to the associated principal Spin bundle on M − Σ being the restriction of a principal Spin bundle on M.

2.2.1 Examples

Example 2.2.1 The main example C P^1 − {0, ∞} illustrates clearly the main point of Section 2.2. On the complex manifold C P^1 the unique spin structure corresponds to the

39 unique holomorphic square root of the canonical bundle KC_P 1 of C P^1 . For C P^1 − {0, ∞} the canonical bundle K is holomorphically trivial. The two spin structures on C P^1 − {0, ∞} correspond to two holomorphically trivial square roots of K. Holomorphic global sections of both roots are given on page 22. Hence, in this case, the non-extending and the extending spin structures are both holomorphically equivalent to the trivial bundle when considered as principal U_1 bundles.

Example 2.2.2 Any holomorphic line bundle on a punctured Riemann surface, S_g − m, is holomorphically trivial. This is because H^1(S_g − m, O) = H^2(S_g − m, Z) = 0 so that H^1(S_g − m, O^∗) = 0. Consequently, all spin structures on punctured Riemann surfaces will be holomorphically equivalent as principal U_1 bundles.

Example 2.2.3 For n ⩾ 3 consider the n sphere with an embedded n − 2 sphere removed: S^n − S^{n−2}. We can regard C P^1 − {0, ∞} as the exceptional case S^2 − S^0. Now S^n − S^{n−2} is homotopy equivalent to the unit circle so H^1(S^n − S^{n−2}) ∼= Z/2Z. Thus S^n − S^{n−2} has two spin structures whereas S^n has only one. The Bockstein sequence

. . . −→ H^1(S^n − S^{n−2}, Z) −→ H^1(S^n − S^{n−2}, Z) −→ H^1(S^n − S^{n−2}, Z/2Z) −→ 0 (2.30)

shows that every class in H^1(S^n − S^{n−2}, Z/2Z) is the mod 2 reduction of an integral class. Such classes are in the image of the coboundary map δ in equation (2.28) see [LM89, p.84]. Thus the two spin structures, on S^n − S^{n−2}, when regarded as principal Spin_n bundles are both topologically trivial. In the terminology used here, however, only one of them is extending.

40

Chapter 3

Basic Analysis

It was shown in the previous section that non-extending spin structures, when considered as principal Spin bundles, could be topologically trivial. In this section we present the basic analytical facts concerning non-extending spin structures. We concentrate on square summable (L^2) solutions of the Dirac operator on M^n − Σ^{n−2}.

The principal result in this section is that any L^2 solution for the Dirac operator on M^n − Σ^{n−2}, associated to the extending spin structure, is the restriction of a harmonic spinor on M.

This justifies the use of the term ‘extending spin structure’: its L^2 harmonic spinors extend to be spinors on M^n. For a non-extending spin structure we have already seen that an L^2 harmonic spinor on M^n − Σ^{n−2} need not be the restriction of an L^2 spinor on M (see Section 1.2.5). This justifies the terminology of a non-extending spin structure.

We explain in detail the lack of self adjointness of the Dirac operator associated to nonextending spin structures on M − Σ and prove an a priori lemma for the growth of solutions to such operators.

42 3.1 Removable Singularities

In this section we prove that every L^2 solution of the Dirac equation, associated to an extending spin structure on M^n − Σ^{n−2}, is just the restriction of a smooth spinor on M. The basic idea of the proof is as follows. Since the solution to the Dirac operator is L^2 it may be regarded as a distribution on M. Using suitably constructed bump functions, it is then possible to show that the spinor is a distributional solution to the Dirac equation on the whole manifold. Appealing to standard results of elliptic regularity the spinor is then seen to extend smoothly to the whole of M. This proof is, in essence, that of Harvey and Polking in [HP70] adapted to our situation.

Theorem 3.1.1 Let M^n be a compact Riemannian spin manifold and Σ^{n−2} a closed embedded submanifold of codimension two. Consider a metric on M^n − Σ^{n−2} obtained by restricting a smooth metric on M. Let Ψ be an L^2 solution to the Dirac operator D̸ on M − Σ. If Ψ is associated to an extending spin structure on M − Σ then it is the restriction of a smooth spinor on M which satisfies the Dirac equation on M.

Proof Since Ψ is an L^2 section of the spinor bundle S̸, associated to the extending spin structure, then it is locally a L^2 section of a spinor bundle S̸_M on M. This is simply because the extending spin structure on M^n − Σ^{n−2} is the restriction of a spin structure on M and so we have a natural inclusion S̸ ⊂ S̸_M . In this way we may consider Ψ as a distribution on M. It is important to note that since Ψ is a section of a spinor bundle associated to an extending spin structure, both the spinor bundle and, the Dirac operator on M − Σ have natural extensions to M. Specifically these are the spinor bundle S̸_M and the Dirac operator D̸_M on M.

Consider any compact subset B ⊂ Σ. Let μ : (0, ∞) → R be a smooth function with 0 ⩽ μ ⩽ 1, supp μ ⊂ [0, 2] and μ (t) = 1 for t ∈ [0, 1]. Let d (x) be the infimum of the

43 geodesic distance between x ∈ M and B. Then for every ϵ > 0 set φ_ϵ (x) = μ ( d (x) ϵ ) . (3.1) Denote by B_ϵ the union of all the geodesic balls of radius ϵ around every point of B. Then for every ϵ > 0, φ_ϵ is Lipschitz and hence differentiable almost everywhere on M. By construction B_ϵ has the following properties (see [Dod81]),

0 ⩽ φ_ϵ (x) ⩽ 1 for all x ∈ M φ_ϵ (x) = 1 for all x ∈ B_ϵ (3.2) | dφ_ϵ (x) |⩽ C_0/ϵ almost everywhere on M supp φ_ϵ ⊂ B_{2ϵ}, where C_0 is a constant independent of ϵ.

Since M is compact the closure of B_ϵ, denoted B_ϵ, is compact for all ϵ > 0. Now fix a smooth compactly supported section of S̸_M , ϕ_0 ∈ C^∞_0 (M, S̸_M ). Fix B as being the set supp ϕ_0 ∩ Σ. Then the distributional support of D̸Ψ is contained in Σ. With the φ_ϵ constructed as above consider the distributional pairing of D̸Ψ and ϕ_0. Since the Dirac operator is self adjoint on a compact manifold, (D̸Ψ, ϕ_0) = (D̸Ψ, φ_ϵϕ_0) = (Ψ, D̸ (φ_ϵϕ_0)) , (3.3) where the round brackets denote the distributional pairing. Using Hölders inequality one obtains that the right hand side of this expression is less than or equal to ‖D̸ (φ_ϵϕ_0) ‖_∞.‖χ_{Bϵ}Ψ‖_1. (3.4) Since B_ϵ is compact in M the integral of its indicator function can be compared to n dimensional Lebesgue measure λ. Using Hölders inequality again shows that the above expression is in turn less than or equal to const.‖D̸ (φ_ϵϕ_0) ‖_∞.λ (B_ϵ)^{12} .‖χ_{Bϵ}Ψ‖_2. (3.5)

44 The constant in this expression depends only upon B. By the construction of φ_ϵ this is less than a constant multiple of

ϵ^{−1}λ (B_ϵ)^{12} .‖χ_{Bϵ}Ψ‖_2 = ( ϵ^{−2}λ (B_ϵ)

) 1_2 .‖χ_{Bϵ}Ψ‖_2. (3.6)

Since Σ is a smooth submanifold, the limit as ϵ tends to zero of ϵ^{−2}λ (B_ϵ), is precisely the (n − 2) dimensional Lebesgue measure of B. This is finite so for small ϵ > 0,

(D̸Ψ, ϕ_0) ⩽ const.‖χ_{Bϵ} Ψ‖_2, (3.7)

where again the constant depends only on B.

Lastly since Ψ is square summable on M, the right hand side can be made arbitrarily small. Thus (D̸Ψ, ϕ_0) = 0 for all ϕ_0 ∈ C^∞_0 (M, S̸_M ) and we conclude that Ψ is a distributional solution of D̸ on M. Using the standard results of elliptic theory, see [Mor66], Ψ is therefore a smooth solution to D̸ on M as required. □

3.1.1 Main Remark and Example

Remark 3.1.2 Note that in this proof we implicitly use the fact that the spin structure on M − Σ is the restriction of a spin structure on M. This is because spinors are sections of vector bundles and for the above proof to work we must be able to interpret them as vector valued functions in a neighbourhood of Σ. Furthermore the Dirac operator on M − Σ must have an interpretation on the whole of M as well.

For the extending spin structures we have these interpretations: we can consider the Dirac operator on M − Σ acting on sections of S̸ as being the restriction of the Dirac operator on M acting on sections of S̸_M .

Remark 3.1.3 We cannot prove a removable singularities theorem for nonextending spin structures on M − Σ.

45 When M is not spin then this is clear since there is no spinor bundle which we can consider the section Ψ ∈ L^2(M − Σ, S̸_{M−Σ}) as being a distributional section of. When M is spin then non-extending spin structures correspond to elements of H^1(M − Σ) which are not in the restriction H^1(M) −→ H^1(M − Σ). From the isomorphism

H^1(M − Σ) = Hom(π_1(M − Σ), Z/2Z) (3.8)

these elements are seen to be flat line bundles over M − Σ. Those not in the image of the restriction are flat line bundles with holonomy −1 about the submanifold Σ. From this we see that when M is spin we can view a non-extending spin structure on M − Σ as a twisting of an extending spin structure on M by a flat line bundle of order two on M − Σ.

Since a flat line bundle is C^∞ trivial there are bundles on M which we could possibly consider an L^2 solution, on the complement, as extending to be a distributional section of. The twisting, however, adds a non trivial holonomy term to the Dirac operator which is an obstruction to considering it as an operator on M. Consequently there is no regularity theorem to say that the solution extends smoothly. This is all immediate from the L^2 harmonic spinor associated to the non-extending spin structure exhibited in the main example.

Example 3.1.4 We illustrate here the point of view explained in Remark 3.1.3 using the basic Example 1.1.3. Recall that U − {0} is the unit two disc, equipped with the usual flat metric, with the origin removed. On U − {0} we have two natural coordinate systems (x, y) and (r, θ). The two corresponding orthonormal bases ( ~e_1, ~e_2) = (∂_x, ∂_y) and (e_1, e_2) = (∂_r, r^{−1}∂_θ) are both trivialising sections of the tangent bundle U − {0} × R^2. Call these sections ~s and s respectively. Consider the principal SO_2 bundle of frames P_{SO} = U − {0} × SO_2 as being trivialised by ~s. With respect to this basis the trivialising

46 section s is given by cos θ − sin θ sin θ cos θ

. (3.9)

The Levi-Civita connection on U − {0} with respect to the basis ( ~e_1, ~e_2) is the exterior derivative. With respect to (e_1, e_2) it is

d + 0 −dθ dθ 0 . (3.10)

The section ~s extends to a trivialising section of the principal bundle of frames for the un punctured disc. Both spin structures on U − {0} are topologically trivial (see Example 1.1.3). The section ~s lifts to a global trivialising section of the extending spin structure and s lifts to a global trivialising section of the non-extending spin structure. When we represent spinors associated to the non-extending spin structure as complex valued functions we are trivialising the spinor bundle with respect to the lift of s. The spinor derivative is d + A_θdθ = d + dθ 2 e_{12} (3.11)

with respect to this basis (just (3.10) under the Lie algebra identification spin_2 = so_2). The A_θ term is the holonomy term that makes the flat connection non-trivial and prevents the Dirac operator extending.

For the non-extending spin structure we may change gauge and consider the spinor derivative locally as d. Doing this involves representing spinors with respect to the section which is the lift if s. The lifts of s are however ± (cos θ/2 + e_1e_2 sin θ/2). (3.12) In this gauge sections of the spinor bundle will be aperiodic in theta so we may no longer consider spinors as complex valued functions.

47 3.1.2 Corollaries

Remark 3.1.5 Theorem 3.1.1 shows that for extending spin structures there is no interesting new behaviour to study when we restrict attention to L^2 harmonic spinors. The L^2 index of an extending spin structure on M^n − Σ^{n−2} is the same as the L^2 index on the compact manifold M. Consequently, it equals the ^A genus of the compact manifold M.

Remark 3.1.6 Theorem 3.1.1 has a trivial application to our main example. Using it we see that the index for the extending spin structure on C P^1 with two points removed is zero. Further since the two sphere has strictly positive scalar curvature, the Bochner identity tells us that there are no harmonic spinors for the extending spin structure on C P^1 . This argument can therefore replace the explicit calculation in Section 1.2.5.

Remark 3.1.7 The Removable Singularities Theorem 3.1.1 shows that the L^2 index of the Dirac operator for any non-extending spin structure on C P^1 with the three points 0, 1, ∞ removed is always zero. The removal of the third point adds no new types of spin structure to those considered in the main example with two points removed. Specifically all the spin structures on C P^1 − {0, 1, ∞} have either spinor derivative with trivial holonomy about all the points or holonomy −1 about two of the points. Since there are three ways to chose these two points this accounts for all four spin structures on C P^1 − {0, 1, ∞}. Therefore any L^2 harmonic spinor on C P^1 − {0, 1, ∞} must be smooth over at least one point. For each of the three non-extending spin structures on C P^1 − {0, 1, ∞} we see therefore that the situation is unchanged from that in the main example: the vector space of L^2 solutions has dimension two and dim ker D̸^+ ∩ L^2 − dim ker D̸^+ ∩ L^2 = 0. Again this result holds for any three distinct points on C P^1 since any three such points can be mapped biholomorphically to 0, 1 and ∞. In Remark 4.2.1 we generalise these ideas to show that we must remove an even number of points from a Riemann surface to get new types of spin structures. In Example 4.2.5 we calculate the dimensions of dim ker D̸^+ ∩ L^2 and

48 dim ker D̸^− ∩ L^2 for all spin structures on C P^1 with 2m distinct points removed.

Remark 3.1.8 The Removable Singularities Theorem for extending spin structures tells us that the usual vanishing theorems continue to hold. For example we have

Corollary 3.1.9 Let Ψ be an L^2 harmonic spinor associated to an extending spin structure on M − Σ. If M is compact and has non-negative scalar curvature then Ψ is parallel ∇Ψ = 0. There are no harmonic spinors if the scalar curvature is strictly positive at some point.

Remark 3.1.10 We remark here how the criteria on M may be weakened. The removable singularities theorem holds verbatim if M is just assumed complete see [Dod81]. The corollary can then be rephrased thus.

Corollary 3.1.11 Let Σ be compact and M complete with non-negative bounded scalar curvature. There are no L^2 harmonic spinors on M − Σ associated to an extending spin structure, if either the volume of M − Σ is infinite or, if the scalar curvature is positive at some point.

To avoid any unnecessary confusion, we will always assume M to be compact in this thesis.

3.2 Lack of Self Adjointness for the Dirac Operator

Neighbourhoods, of points of Σ^{n−2}, are not simply connected in M^n − Σ^{n−2}. Since the metric on M^n − Σ^{n−2} is obtained by restricting a smooth metric on M^n the space M^n − Σ^{n−2} is not complete. This lack of completeness prevents the Dirac operator D̸ from being self adjoint in general (on a complete manifold the associated Dirac operator is always self adjoint [LM89, p.117]).

49 The main point of this section is to exhibit this lack of self adjointness and to show the sort of domain on which self adjointness may be asserted. We start with the most fundamental ambiguity arising from the lack of self-adjointness.

3.2.1 Harmonic Spinors

When the Dirac operator is not self adjoint there is an ambiguity in the phrase ‘harmonic spinor’. This phrase usually refers to a solution of the spinor Laplacian. On a complete manifold Ψ is a solution of D̸_M if and only if Ψ is a solution of the spinor Laplacian D̸^2_M . Thus every harmonic spinor is a solution of the Dirac equation.

We will show that the Dirac operator on M − Σ is not, in general, self adjoint. Thus it may no longer be the case that ker D̸^2 ⊂ ker D̸. For L^2 solutions associated to an extending spin structure on M − Σ the Removable Singularities Theorem 3.1.1 tells us that ker_L2 D̸ = ker D̸_M . The ambiguity thus only arises for non-extending spin structures where we may have spinors which are in ker D̸^2 ∩ L^2 but which are not in ker D̸ ∩ L^2. Despite this we will continue to call any solution to the Dirac operator a ‘harmonic spinor’.

3.2.2 A Vanishing Theorem

We investigate the lack of self adjointness of the Dirac operator by proving a vanishing theorem. To assert a vanishing theorem for non-extending spin structures we just need to justify integration by parts. This can be done if we restrict the domain of our spinors suitably. Denote by L^2_1 the first Sobolev space: the domain of spinors Ψ such that

‖∇Ψ‖ + ‖Ψ‖ (3.13)

is finite. Here, ∇ denotes the covariant spinor derivative, and ‖ . ‖ is the usual L^2 norm. There is a natural inclusion L^2_1 ⊂ L^2.

50 Lemma 3.2.1 Let M have non-negative scalar curvature and let M − Σ have a nonextending spin structure. Then every harmonic spinor on M − Σ in the first Sobolev space L^2_1 is parallel. If the scalar curvature is strictly positive at some point then there are no harmonic spinors on M − Σ in L^2_1.

Proof Choose an orthonormal basis {e_i}|_{x0} for the tangent space at some point x_0 ∈ M − Σ. Parallel translate this to obtain a geodesic basis {e_i} in a neighbourhood of x_0. The Weitzenböck identity says that

D̸^2 = −∇_i∇_i + 1 4 κ, (3.14)

at x_0, where κ is the scalar curvature of the manifold and ∇ is once again the spinor derivative. Thus, ⟨ Ψ, D̸^2Ψ ⟩ = − ⟨ Ψ, ∇^2_i Ψ ⟩ + 1 4 ⟨Ψ, κΨ⟩ , (3.15)

at x_0, where the angle brackets denote the Hermitian inner product on S̸. We have also that

d[⟨Ψ, ∇_iΨ⟩ e_i⌞μ] = [⟨∇_iΨ, ∇_iΨ⟩ + ⟨Ψ, ∇_i∇_iΨ⟩]μ (3.16)

where e_i⌞μ denotes the contraction of the i^{th} basis vector with the volume form of M − Σ. Combining these two pointwise expressions we see that for a harmonic spinor the following global identity holds d[⟨Ψ, ∇Ψ⟩ ⌞μ] = ⟨∇Ψ, ∇Ψ⟩ + 1 4 ⟨Ψ, κΨ⟩ . (3.17)

Denote an ϵ tubular neighbourhood of Σ by N_ϵ. Integrating equation (3.17) over N_ϵ we see that for all ϵ > 0 | | ∫ ∂N_ϵ ⟨Ψ, ∇Ψ⟩ ⌞μ | | ⩽ ∫ N_ϵ ( |∇Ψ|^2 + 1 4 ⟨Ψ, κΨ⟩ ) μ ⩽ const. ∫ N_ϵ ( |∇Ψ|^2 + |Ψ|^2 ) μ. (3.18)

51 Now since Ψ ∈ L^2_1 we see that the right hand side of equation (3.18) tends to zero as ϵ does. Lastly, integrating (3.17) over M − N_ϵ, gives ∫ ∂N_ϵ ⟨Ψ, ∇Ψ⟩ ⌞μ = ∫ M−N_ϵ ( |∇Ψ|^2 + 1 4 ⟨Ψ, κΨ⟩ ) μ. (3.19)

By equation (3.18), above, as ϵ tends to zero we see that ∫ M ( |∇Ψ|^2 + 1 4 ⟨Ψ, κΨ⟩ ) μ = 0 (3.20)

and the vanishing theorem is obtained in the usual way. □

3.2.3 Remarks

Remark 3.2.2 Using our main example we can see clearly what is going on. On C P^1 − {0, ∞} we have the positive chiral spinor represented by Ψ = z^{−1/2}(dz)^{1/2} on U_0. This is not a parallel spinor since

∇ (Ψ) = ∇ ( dz^{1/2} z^{1/2} ) = (∂ + ∂) ( dz^{1/2} z^{1/2} ) = − dzdz^{1/2} z^{3/2} = −Ψ^3 2 (3.21)

This violates the vanishing Lemma 3.2.1. Alternatively a parallel spinor must have constant length which is clearly not the case here. Pointwise we have that ⟨∇_iΨ, Ψ⟩ μ = ⟨Ψ, ∇_iΨ⟩ μ − d[⟨Ψ, Ψ⟩ e_i⌞μ]. (3.22) We see however that ∫ B_ϵ d[⟨Ψ, Ψ⟩ e_i⌞μ] = ∫ ∂B_ϵ dθ (1 + ϵ^2)^2 = 2π (1 + ϵ^2)^2

(3.23)

which does not tend to zero as ϵ does. This shows that, in general, the spinor covariant derivative is not self adjoint.

We can see similarly that the Dirac operator is not self adjoint ( dzdz^{1/2}, D̸(z^{−1/2}dz^{1/2}) ) = 0, (3.24)

52 but ⟨ D̸(dzdz^{1/2}), z^{−1/2}dz^{1/2} ⟩ = zz^{−1/2}(1 + zz)^2, (3.25)

which is not even integrable near zero.

We conclude that all the L^2 harmonic spinors associated to a non-extending spin structure may not, in general, be included in any domain on which the Dirac operator is self adjoint.

53 3.3 A Growth Lemma

In this section we prove the following Lemma.

Lemma 3.3.1 If Ψ is a L^2 harmonic spinor, associated to a non-extending spin structure on M^n − Σ^{n−2}, then

|Ψ(y)| ⩽ const.d(y, Σ)^{−1}. (3.26)

In this expression d( . , Σ) is the geodesic distance of y ∈ M − Σ from Σ and the constant is independent of y.

This Lemma is used nowhere else in this thesis.

Remark 3.3.2 This estimate is not optimal. As will be seen in Section 5.2.1 any L^2 harmonic spinor on M − Σ, with product metric, has growth of order O(r^{−1/2}). The method of proof only involves the presence of a flat connection with holonomy e^{iα}, and not specifically the case α = π. The estimate reflects this as follows.

Consider the Dirac operator, on the punctured disc, twisted by a flat line bundle of holonomy α

D̸^+_α = − ( ∂_r +

1 + α 2r + i r ∂_θ ) . (3.27)

This shows that, for such connections, L^2 solutions can vary as r^β for all β > −1.

Proof (Lemma 3.3.1) The growth estimate is proved first in the Euclidean case by approximating a Greens function on a thin annulus about Σ. The final step in the proof argues that for a general metric on M − Σ the use of normal coordinates just adds error terms which do not effect the overall essence of the proof.

54 Step 1 Set up

For notational convenience we take 1 ⩽ j ⩽ n and 1 ⩽ i ⩽ 2 throughout this proof. Fix a point a = (a_1 . . . a_n) ∈ M − Σ. We work throughout on a neighbourhood of a point on Σ which contains a. Assume that the metric on this neighbourhood is Euclidean, and that we have coordinates (x_1 . . . x_n) ≡ (x, y, z_1, . . . , z_{n−2}), such that {x = y = 0} is the intersection of Σ with the neighbourhood.

Choose a trivialising section for T_M given by (e_1 . . . e_n) = (∂_x, ∂_y, ∂_{z1}, . . . , ∂_{zn−2} ). Denote Clifford multiplication by e_j and then e_i by e_{ij} .

We always work in the gauge of the spinor bundle determined by the lift of this section.

There is a polar coordinate system about Σ, namely (r, θ, z_i), and a corresponding orthonormal basis for T_{M−Σ} : (∂_r, r^{−1}∂_θ, ∂_{zi} ). Denote the elements of the Clifford algebra induced by this section by ~e_i. Note that e_{12} = ~e_{12}. Locally a section of the spinor bundle associated to a non-extending spin structure on M − Σ is therefore given by αf where f is a function and α is the (locally trivialising) section, see equation (3.12)

α = (cos θ/2 + e_{12} sin θ/2). (3.28)

Let r(y) = d(y, Σ) be the geodesic distance of the point y from Σ and define p_0 = d(a, Σ). Let p(y) = r(y−a). We may also assume that the unique point b ∈ Σ such that d(a, b) = p_0 has coordinates {x = y = z_i = 0}.

Finally, choose ϵ and δ such that 0 < ϵ < p_0/4 and 0 < δ < ϵ. We use these to define the sets shown in Figure 3.1.

Now D̸ = e_j∇_j = e_j ∂_j where ∂_j is the j^{th} coordinate derivative and thus,

α^{−1}D̸(αf) = ( e_j ∂_j + α^{−1}D̸(α) ) f = ( e_j∂_j + ~e_1 2r ) f. (3.29)

55

Σ

F^+_ϵ = {p_0/2 ⩽ r ⩽ R_0, z = ϵ}

F^−_ϵ = {p_0/2 ⩽ r ⩽ R_0, z = −ϵ} a T_{p0/2} = {r = p_0/2, |z| ⩽ ϵ} T_{R0} = {r = R_0, |z| ⩽ ϵ}

B = {p_0/2 ⩽ r ⩽ R_0, |z| ⩽ ϵ} C_δ = {p ⩽ δ, |z| ⩽ ϵ}

Figure 3.1: Definitions

Step 2 If αf is a harmonic spinor then ( ∇_j α^{−1} ) a_i − y_i 4πp^2 e_{ij} .αf.μ = d ( α^{−1} (a_i − y_i) 4πp^2 e_{ij} .αf.[e_j ⌞μ] ) . (3.30)

We record that |α| = O(1) αe_k = e_kα k ⩾ 3 (3.31) e_iα = α^{−1}e_i 1 ⩽ i ⩽ 2 and

|∇_j α^{−1}| = O(1) j ⩾ 3 O(r^{−1}) j = 1, 2.

(3.32)

Step 3 We show here that if expression (3.30) is integrated over B − C_δ then the limit exists as δ −→ 0. Dividing (3.30) by ϵ and integrating over B − C_δ gives that ∫ B−C_δ ( ∇_j α^{−1} ) y_i − a_i 4πp^2ϵ e_{ij} .αf.μ = ∫ ∂B−∂C_δ α^{−1} (y_i − a_i) 4πp^2ϵ e_{ij} .αf.[e_j ⌞μ]. (3.33)

56 We calculate first the explicit limit, as δ −→ 0, of the integral over ∂C_δ. Recall that in

general

e_j⌞μ = η_jdS (3.34)

where η_j is the j^{th} component of the unit normal to the surface and dS is the surface area

element.

For ∂C_δ the unit normal is η = (y_i − a_i) p e_i (3.35)

Thus α^{−1}.η = η.α and we can rewrite the right hand side of (3.33) in terms of Clifford

multiplication by the unit normal to ∂C_δ ∫ ∂C_δ α^{−1} (y_i − a_i) 4πp^2ϵ e_i.η.αf.dS = ∫ ∂C_δ f 4πpϵ dS. (3.36)

This expression tends uniformly to −f(a + δ_1), as δ −→ 0, where δ_1 −→ 0 uniformly as ϵ −→ 0. Consequently, not only may we take the limit of (3.33) as δ −→ 0 but, we may divide

(3.30) by ϵ and take the limit of the integral over B as ϵ −→ 0. Writing this expression

out gives

f(a) = lim_{ϵ−→0} 1 ϵ ∫ B ( ∇_j α^{−1} ) (y_i − a_i) 4πp^2 e_{ij} .αf.μ − 1 ϵ ∫ ∂B α^{−1} (y_i − a_i) 4πp^2 e_{ij} .αf.[e_j ⌞μ]. (3.37) It remains only to produce bounds on the two right hand terms. We consider these sepa-

rately starting with the right hand term.

Step 4 Second Term

To show that the second term is bounded we split the boundary ∂B into faces F^−_ϵ and F^+_ϵ

and tubes T_{R0} and T^p0_2 (see Figure 3.1). We show that as ϵ tends to zero the face terms

tend uniformly to zero and the tube terms are of the order O(p^{−1/2}_0 ).

57 The integral of the second term in this expression over the tubes is equal to 1 ϵ ∫ T_{R0} ∪T p_{02}

(y^i − a^i) 4πp^2 e_i.η.fdS (3.38)

where η = 2∑ i=1 (y_i) r e_i is the unit normal. (3.39)

Since r = p_0/2 and p ⩾ p_0/2 on T^p0_2 it is seen that , | | | 1 ϵ ∫ T p_{02}

(y_i − a_i) 4πp^2 e_i.η.fdS | | | ⩽ 1 2πϵp_0 ∫ T p_{02} |f|dS

= 1 4πϵ ∫_ϵ −ϵ (∫ C(b) |f|dθ + δ_2 ) dz, (3.40)

where C(b) is the circle {y ∈ M − Σ : d(y, b) = p_0/2} and δ_2 −→ 0 as ϵ −→ 0. Letting

ϵ → 0 therefore shows the right hand side to be equal to 1 2π ∫ C(b) |f|dθ ⩽ 1 2π (∫ C(b) | f |^2 dθ )_{1/2} (πp_0)^{1/2} by Hölder ⩽ 1 2 √ πp_0 ( p^2_0 ∫ C(b) | f |^2 dθ )_{1/2} . (3.41)

Since f is L^2, Fubinis’ theorem says that the term in parenthesis is bounded as p_0 −→ 0

(see [SS92]).

Following precisely the same method for the integral on T_{R0} , and noticing that r = R_0 and

p ⩾ R_0 − p_0 on T_{R0} , it is seen that

lim_{ϵ→0} | | | 1 ϵ ∫ T_{R0} (x^i_o − y^i) 4πp^2 e_i.η.fdS | | | ⩽ R^{3/2}_0 √ 2π (R_0 − p_0) (∫ C(b) | f |^2 dθ )_{1/2} , (3.42)

which is bounded independently of x_0.

Now consider the face terms in the boundary expression namely 1 ϵ ∫ F^+_ϵ ∪F^−_ϵ α^{−1} (y_i − a_i) 4πp^2 e_{ij} .αf [e_j ⌞μ] = 1 ϵ ∫ F^+_ϵ ∪F^−_ϵ α^{−1} (y_i − a_i) 4πp^2 e_i.α.η.fdS. (3.43)

58 The modulus of this expression is less than or equal to 1 4π ∫_{R0} p_0/2 ∫_{2π} 0 | | | ( f (y − ϵ) − f (y) ϵ ) − ( f (y + ϵ) − f (y) ϵ )| | rdrdθ. (3.44)

Consequently the face terms tend uniformly to zero as ϵ does.

Step 5 First Term

To show that the first term is bounded we split the integral over B into two pieces. These

pieces are the sets {p > p_0/2} and {p < p_0/2}. We show that each piece is of order p^{−1}_0 .

For the set {p > p_0/2} we have that r > p_0/2. Using the expressions in (3.31) and (3.32)

we see that the integral of the first term over this set is bounded by ∫ p>p_0/2 |f| rpϵ μ ⩽ 4 p^2_0ϵ ∫ p>p_0/2 |f|μ ⩽ 4 p^2_0 (∫ U |f|^2rdrdθ )_{1/2} (

πp^2_0 4 )_{1/2} = const.p^{−1}_0 . (3.45)

The last inequality is Hölders, U is the disc through b and the constant depends only on

the L^2 norm.

For the set {p < p_0/2} we can once again use equation (3.30) and to obtain ∫ p<p_0/2 ( ∇_j α^{−1} ) y_i − a_i 4πp^2ϵ e_{ij} .αf.μ = ∫ p=p_0/2 ( α^{−1}(a_i − y_i)e_{ij} .αf 4πp^2ϵ ) η_jdS. (3.46)

The face terms of the boundary vanish as ϵ −→ 0 in a similar manner to those in (3.43).

The outer unit normal to {p < p_0/2} is simply η = 2p^{−1}_0 (y_k − a_k)e_k where 1 ⩽ k ⩽ 2.

Putting this into equation (3.46) shows that the integral of the first term over the set

p < p_0/2 is bounded by ∫ p=p_0/2 |f.dS| 2πp_0ϵ ⩽ const.

p_0 ( p^2_0 ∫ C(b) |f|^2dθ )_{1/2} = const.p^{−1}_0 . (3.47)

Again the second inequality is Hölders and the constants are dependent only on the L^2

norm of the harmonic spinor.

59 Step 6

When the metric is no longer a product we simply use normal coordinates at a. Let

γ : [0, 1] −→ M be the geodesic from b to a. Fix an orthonormal basis of T_Σ|_b where

b is the point of Σ where d(a, b) = p_0. Define e_1 ∈ T_M |_b by e_1 =^.γ(0). Extend this

basis to an orthonormal basis of T_M |_b by adding {e_1, e_2}. Parallel translate this basis to a

along the geodesic γ. Finally, use the resulting basis of T_M |_a to form a normal coordinate

system {x_1, . . . , x_n} centred on b. Approximate a fundamental solution to D̸ by using the

Euclidean fundamental solution. Since

|∇e_i| = O(ϵ + p) (3.48)

in a suitable neighbourhood of b, Step 2 now yields that d ( α^{−1}_0

(a_i − y_i) 4πp^2 e_{ij} .α_0f.[e_j⌞μ] ) = ( ∇_j (α^{−1}_0 ) + const.(ϵ + p)

) (y_i − a^i) 4πp^2 e_{ij} .α_0f.μ. (3.49) when α_0f is a harmonic spinor and α_0 is the trivialising section of the spinor bundle

associated with the non-extending spin structure. Noting that

|∇(α^{−1}_0 )| = const. ( 1 r + ϵ + p ) (3.50)

we see that the above proof carries through with only minor changes: proving the result

in general. □

60

Chapter 4

Simplest Cases

In the spirit of the main example we investigate here the simplest examples of non-extending spin structures: those on Riemann surfaces with points removed.

Firstly, we make the simple observation that the difference between the dimensions of the vector spaces of positive and negative L^2 harmonic spinors is always zero. This is true for any spin structure on a punctured Riemann surface.

The main point of this chapter is that this difference is not, in general, the index of any operator. Remark 4.1.2 explains this.

Elementary means are then used to apply the Riemann-Roch theorem to the problem. The main result of this chapter is that this gives an index which is a special case of that in Chapter 6. From this we are able to calculate bounds for the dimension of the L^2 null space in general and to ascertain the exact dimension in specific cases.

The constructions in this chapter are independent of those in subsequent chapters. Only Remark 4.3.4 is fundamental to all the work which follows.

62 4.1 Riemann Surfaces

For ease of notation we denote a Riemann surface with m distinct points removed by S_g − m. For any spin structure on S_g − m we will show in Lemma 4.2.4 that the vector space ker D̸ ∩ L^2 is finite dimensional. With this assumed the most basic result of this chapter is the following lemma.

Lemma 4.1.1 Denote the L^2 kernel of the positive Dirac operator by ker D̸^+ ∩ L^2. Use similar notation for the L^2 kernel of D̸^−. For any spin structure on S_g − m

dim ker D̸^+ ∩ L^2 − dim ker D̸^− ∩ L^2 = 0 (4.1)

Proof For the extending spin structures the Kähler structure on the Riemann surface and the Removable Singularities Theorem 3.1.1 show that equation (4.1) equals

h^0(S_g, O(K^{1/2})) − h^1(S_g, O(K^{1/2})). (4.2)

Here, O(L) denotes the sheaf of holomorphic sections of L, and h^i = dim H^i. This expression is always zero by Kodaira-Serre duality.

For the non-extending spin structure we still have the same identifications as in the Example 1.2. The spinor bundles are

S̸^+ = K^{1/2} S̸^− = K^{−1/2 ⊗g}∼= KK^{1/2}, (4.3)

and the chiral restrictions of the Dirac operator are D̸^+ = g^{−1} ∘ ∂ : K^{1/2} −→ K^{−1/2} D̸^− = g^{−1/2} c ∂ g^{1/2} c : K^{−1/2} −→

(4.4)

The g here is the metric on S_g − m. As in the main example, if Ψ is a L^2 holomorphic section of K^{1/2} then g^{−1/2}Ψ is a L^2 section of K^{−1/2} satisfying D̸^−(g^{−1/2}Ψ) = 0 under the identification of D̸^− in equation (4.4). Again this is simply because the C^∞ isomorphism

63 g^{1/2} ∘ c : K^{1/2} −→ KK^{1/2} preserves the L^2 condition since g is a smooth global section of K_{Sg} K_{Sg} . Hence (4.1) is zero once more. □

Remark 4.1.2 The main point here is that for the non-extending spin structure (4.1) is not in general the index of any elliptic operator.

For the extending spin structure we can apply Theorem 3.1.1 to show that (4.1) is just the index of the Dirac operator on S_g. For a non-extending spin structure we saw in Section 3.2 that the vector space ker D̸ ∩ L^2 could not, in general, be included in any domain on which the Dirac operator was self adjoint. Thus for the non-extending spin structure equation (4.1) is not in general equal to

dim ker A − dim coker A (4.5)

for any operator A. As a consequence of this we cannot quote any form of duality to show that (4.1) is zero for the non-extending spin structure: we must identify the spaces using the ambient metric.

4.2 Bounds on the Dimension of the L^2 Null Space

Remark 4.2.1 The punctured Riemann surface S_g − m is easily seen to be homotopic to the wedge product (denoted by Λ) of 2g + m − 1 copies of S^1 (see Figure 4.1). Thus S_g − m has 2^{2g+m−1} spin structures 2^{2g}(2^{m−1} − 1) of which are non-extending. The number of points in the set {m} around which the spinor connection has non-trivial holonomy must be even. We see this as follows.

Removing one point from S_g induces no non-extending spin structures whilst removing two gives 2^{2g} non-extending spin structures. Removing three points generates essentially no new spin structures since the three ways of choosing the two points accounts for all the

64

∼=

∼=

∼=

∼= Λ^{m+2g}�^4S^1

Λ^mS^1

Σ_g Λ^{m+2p}S^1

Λ^{m+2g}�^1S^1 g − 1 − p g − 1 m - points

Figure 4.1: S_g − m ∼ Λ^{m+2g−1}S^1

non-extending spin structures. In general the elementary identities

2^{2n} = n∑ p=0 2n + 1 2p and 2^{2n−1} = n∑ p=0 2n 2p (4.6)

show that removing 2n + 1 points from S_g gives non-trivial holonomy about at most 2n of them. Thus any spin structure on S_g − (2n + 1) can be considered as the restriction of a spin structure on S_g − 2n and the Removable Singularities Theorem 3.1.1 shows that any L^2 harmonic spinor will extend smoothly over at least one of the points. Thus, in terms of the L^2 harmonic spinors, we get no new behaviour removing 2n + 1 points than we did removing 2n points.

We shall see later how our index theorem produces these results in a more general context. As a consequence of Remark 4.2.1 the hypothesis of the following Lemma loses no generality.

Lemma 4.2.2 There exist at least 2m linearly independent L^2 harmonic spinors on S_g − 2m for any spin structure which has non-trivial holonomy around exactly 2m of its removed points.

65 Proof By Lemma 4.1.1 it is enough to consider solutions to the positive Dirac operator. We look for holomorphic sections of the spin line bundle K^{1/2} which are of the form f(z) ( dz z )_{1/2} (4.7) locally at the 2m distinct points {x_j }. These 2m points define a divisor D. Let s_0 be some section of K^{1/2} with the behaviour above. If no such s_0 exists then the dimension of the null space is zero. If there is such a section denote the points where it vanishes by p_1, . . . , p_n. These points may coincide and indeed might include some of the x_j . Consider s^2_0. This is a meromorphic section of K with at most simple poles on D. Denote the line bundle of the divisor by D also and denote its tautological section by δ. The section δs^2_0 can then be interpreted as a holomorphic section of KD. Considering divisor classes 2 ∑ i p_i = K + D (4.8)

and so the line bundle L corresponding to the divisor ∑ p_i satisfies L^2 = KD. (4.9) If s is any other L^2 holomorphic section of K^{1/2} then ss_0 is also a meromorphic section of K with at most simple poles on D. Thus the positive L^2 null space can be embedded by the map s −→ δss_0 as a subspace of H^0(S_g, O(KD)). In particular it is seen to be finite dimensional. Now δss_0 vanishes at p_1, . . . p_n and at further points q_1, . . . q_N which are the zeros of s. Also, L ∼ ∑ p_i and L^2 = KD so that L ∼ ∑ q_i too. In other words the zeros of all L^2 holomorphic sections of K^{1/2} lie in a linear system equivalent to L. Conversely, if we denote by t a section of L with divisor ∑ p_i and let u by any other holomorphic section of L then us_0/t is an L^2 holomorphic section of K^{1/2}. It follows from this that our dimension, if non-zero, is equal to dim H^0(S_g, O(L)). (4.10)

66 The Riemann-Roch theorem says that

h^0(S_g, O(L)) − h^1(S_g, O(L)) = deg L + (1 − g) = m. (4.11)

Consequently, if there is a positive L^2 solution, then

dim ker D̸^+ ∩ L^2 = dim H^0(S_g, O(L)) ⩾ h^0(S_g, O(L)) − h^1(S_g, O(L)) = m. (4.12)

In some cases, as we shall see below, the dimension of the kernel may vary, but this formula shows us that if there is at least one L^2 solution to the positive Dirac operator then there are at least m linearly independent ones. To complete the proof of the Lemma it remains only to show that there exists a solution when m > 0.

Recall that a non-extending spin structure can be regarded as an extending spin structure tensored with a flat line bundle of order two on S_g − 2m. Moreover, recall the assumption that the holonomy is −1 precisely around the 2m removed points. Choose a line bundle L on S_g such that L^2 = KD. There are 2^{2g} such choices exhausting all spin structures. Now

deg L = 1 2 (deg K + deg D) = g − 1 + m (4.13)

so, as in 4.12, for m > 0 the line bundle L has at least one holomorphic section s_L. Then s_L/ √ δ is the required section of K^{1/2}.

Having shown that equation (4.12) always holds, we obtain the lower bound on the dimension of the vector space of L^2 solutions on S_g − 2m simply by recalling Lemma 4.1.1. □

Remark 4.2.3 For the non-extending spin structure on C P^1 with two distinct points removed we have already shown that this bound is sharp. Using the upper bound established below we will see that it is also sharp for any non-extending spin structure on any Riemann surface of genus 0 or 1 with any number of points removed.

67 Following Hitchin [Hit74] we may obtain an upper bound on the dimension of the L^2 null space.

Lemma 4.2.4 The dimension of the vector space ker D̸^+ ∩ L^2 on S_g − m is at most [g/2 + m], for m ⩾ 1, where square brackets denote the integer part. For the case m = 0 then the dimension is at most [(g + 1)/2].

Proof Let V be the vector space of all holomorphic sections of K^{1/2} having at most singularities of the form (dz/z)^{1/2} around m distinct points x_i. Multiplying any two sections together gives a map

~q : V × V −→ W (4.14)

where W is the space of holomorphic sections having at most simple poles at the x_i. The map ~q induces a differentiable map q on the product of the projective spaces

q : P (V ) × P (V ) −→ P (W ). (4.15)

Points of P (V ) are zeros of holomorphic sections (effective divisors) of V . Now q^{−1}{pt.} is finite since there is only a finite number of ways of dividing up the finite number of zeros of a holomorphic section of W . Thus 2 dim P (V ) ⩽ dim P (W ). Now W = H^0(S_g, O(KL_{x1} . . . L_{xm} )) where L_{xi} is the line bundle defined by x. By Riemann-Roch W has dimension

deg K + 1 − g + m = g − 1 + m (4.16)

assuming that m ⩾ 1. So dim V ⩽ (g + 2m)/2 = (g + m)/2. If m = 0 then W has dimension g and so dim V ⩽ (g + 1)/2 completing the proof. □

68 From Lemma 4.2.2 and Lemma 4.2.4 we see that N = dim ker D̸^+ ∩ L^2 + dim ker D̸^− ∩ L^2 on S_g − m is such that 2 × [m 2 ] ⩽ N ⩽ 2 × [ g + m 2 ] . (4.17)

4.2.1 Examples and Remarks

Example 4.2.5 For surfaces of genus zero or one, the bounds above give exactly the dimensions of the L^2 null space, associated to the non-extending spin structures on S_g − m. This is most easily tabulated in terms of the number of points around which the spinor connection has holonomy −1. Call this number n. We showed in Remark 4.2.1 that n must be even.

Note that in the two cases, g = 0 or g = 1, n is equal to the dimension of the null space N. Except for n = 0 all the spin structures in Figure 4.2 are non-extending. Thus for C P^1 −m there are spin structures with 0, 2, 4, . . . and 2 × [m/2] L^2 harmonic spinors. There can of course be more than one spin structure with the same n. The table in Figure 4.3 is a simple consequence of Remark 4.2.1 for arbitrary g.

Remark 4.2.6 Recall here that equation (4.12) in the proof of Lemma 4.2.2 showed that

dim ker D̸^+ ∩ L^2 = h^0(S_g, O(L)). (4.18)

The degree of the line bundle K − L is negative precisely when

deg L > 2(g − 1). (4.19)

Since the degree of L is g − 1 + m we see that K − L has negative degree when m > g − 1. Since

0 = h^0(S_g, O(K − L)) = h^1(S_g, O(L)) (4.20)

69

n dim ker D̸^+ ∩ L^2 dim ker D̸^− ∩ L^2 0 0 0 2 1 1 4 2 2 . . . . . . 2 × [_m 2 ] [_m 2 ] [_m 2 ]

Figure 4.2: Dimensions of the spaces of L^2 harmonic spinors on S_g − m for g = 0 or 1

Number of spin structures n on S_g − m with this n 0 2^{2g}

2 2^{2g} m 2 . . . . 2p 2^{2g} m 2p . . . . 2 × [_m 2 ] 2^{2g} (m even)

2^{2g}m (m odd)

Figure 4.3: Number of spin structures on S_g − m with non-trivial holonomy about n points

70 in these cases, Riemann Roch gives the dimension of ker D̸^+ ∩ L^2 on S_g − 2m as precisely m. Thus, when m = 1 and g = 0 or 1 we obtain again the exact dimensions of the spaces of L^2 harmonic spinors. This observation also allows us to obtain the precise dimensions for higher genera g when m ⩾ g.

Remark 4.2.7 In view of Remark 4.2.6 we may probe the genus two case further. When g = 2 the surface S_g is hyperelliptic so we may describe S_2 as a two sheeted branched cover p : S_2 −→ C P^1 . Let m = 1 so that we consider S_2 with two points removed. As in 4.2.2 these points define a divisor D and this in turn defines another line bundle L, of degree 2, such that

L^2 = KD. (4.21)

In this equation K denotes the canonical bundle of S_2. Since L is of degree 2

h^0(S_2, O(K − L)) =

0 when L ≠ K 1 when L = K,

(4.22)

see [GH94, p.247]. Thus, by Riemann Roch

dim ker D̸^+ ∩ L^2 =

1 when L ≠ K 2 when L = K.

(4.23)

By equation (4.21) if L = K then K = D. However, p^∗O(1) = K where O(1) is the line bundle defined by a single point on C P^1 . From this it is clear that if {p_1, p_2} denotes the two distinct points removed from S_2 then

dim ker D̸^+ ∩ L^2 = h^0(S_g, O(L)) =

1 if {p_1, p_2} = p^{−1}(x) for x ∈ C P^1 2 otherwise.

(4.24)

Hence we see that unlike the genus zero and one cases, the dimension of ker D̸^+∩ L^2, and consequently ker D̸ ∩ L^2, is dependent on which two points we remove.

71 Recall here that, by Remark 4.2.6, spin structures on S_2 with non trivial holonomy around three or more removed points will have dim ker D̸^+ ∩ L^2 fixed.

Remark 4.2.8 We observe here the curious stepping down of behaviour compared to the compact Riemann surface case described in [Hit74, p.17-19]. Table 4.4 compares dim ker D̸^+ ∩ L^2, qualitatively, for spin structures on S_g and S_g − 2 for genera from zero to three.

g S_g S_g − 2 0 Zero Fixed number 1 Fixed number Fixed number 2 Fixed number Varies depending on points 3 Varies depending on complex - structure

Figure 4.4: Dimension of ker D̸ ∩ L^2

72 4.3 Two Dimensional Riemannian Manifolds

In this section we set up an index problem for non-extending spin structures on punctured surfaces M^2 − m.

The main result is that the natural index for these spaces is the Atiyah-Patodi- Singer Index Theorem [APS75], for the manifold with boundary M^2 −B_i, where the B_i are certain pairwise disjoint neighbourhoods of the removed points. This index is not an L^2 index. With this index the fact that we must remove an even number of points to get new behaviour is transparent.

The main point of this section is to exhibit this index as a toy model of the index theorem we shall prove in the next chapter. We appeal to the Atiyah-Patodi- Singer index theorem solely to keep the analysis in Chapter 5 self contained. Only the basic Remark 4.3.4 is key to the work which follows.

4.3.1 Atiyah-Patodi-Singer Boundary Conditions

We consider the manifold M^2 − m, with metric of form dr^2 + r^2dθ^2, near to all of the removed points p_i around which the spinor derivative has non trivial holonomy. Without loss of generality we may assume that the metric is of this form for all r ∈ [0, 1] and that {r = 0} = {p_i}.

Identify S̸^+|_{r=const.} with S̸^+|_{r=1} for all r ∈ (0, 1]. Identify also S̸^+ with S̸^− via Clifford multiplication by the unit normal tangent vector e_i = ∂_r. Under these identifications the positive Dirac operator is just

D̸^+ = e_1 [ ∂_r + 1 2r + i r ∂_θ ] =: e_1 ( ∂_r + 1 2r + A r ) . (4.25)

Trivialise the tangent bundle near p_i by the section (∂_r, r^{−1}∂_θ). Locally we may decompose a spinor near p_i as f^+ = a_n(r)e^{inθ}. Doing this we see that f^+ locally represents a section of

73 the spinor bundle associated to, the non-extending spin structure if n ∈ Zor, the extending spin structure if n ∈ Z+ 1/2. The a_n are smooth functions of r on B_i − p_i, where the B_i are pairwise disjoint neighbourhoods of the p_i, on which the metric is of the desired form. If D̸^+f^+ = 0 we see that ∂_ra_n = (n − 1/2) a_n r for all n. (4.26) Integrating (4.26) gives that a(r) = r^{(n−1/2)}a_n(1). (4.27) Now consider the manifold with boundary M := M −∪B_i. The Atiyah-Patodi-Singer index theorem allows solutions of the Dirac operator on M whose projection onto the positive, {λ > 0}, eigenspaces of D̸_{∂M} are zero. Denote this projection by 1 − P_−. In this simple case D̸_{∂M} = A and if (1 − P_−)f = 0 then f^+ = ∑ n¿0 a_n(r)e^{inθ}. (4.28) Integrating over the neighbourhood B_i we have that ∫ B_i |f^+|^2rdrdθ = 2π ∑ n ∫ (0,1] r|a_n(r)|^2dr = 2π ∑ n |a_n(1)|^2 ∫ (0,1]

r^{2n}dr. (4.29) Hence, for either spin structure, the section represented by f is L^2 if and only if n > −1/2. For the non-extending spin structure, where n ∈ Z, we see that the Atiyah-Patodi-Singer boundary condition coincides exactly with the L^2 condition on the positive spinor bundle. Explicitly if M − m has a non-extending spin structure then harmonic spinors on M in S̸^+ which satisfy the Atiyah-Patodi-Singer boundary condition, (1 − P_−)f = 0, extend to L^2 harmonic spinors on M −m. Conversely every positive L^2 harmonic spinor on M − m, associated to a non-extending spin structure, satisfies the Atiyah-Patodi-Singer condition, (1 − P_−)f = 0, when restricted to M. This statement remains true for the extending spin structure.

74 4.3.2 Adjoint Atiyah-Patodi-Singer Boundary Conditions

Consider now the adjoint Atiyah-Patodi-Singer boundary conditions on S̸^−. These say that any solution on M must project onto the positive part of the spectrum of A i.e. P_−f = 0. With respect to our identification S̸^− = e_1S̸^+, the adjoint operator is just − e_1D̸^+e_1 = e_1 ( ∂_r + 1 2r − i r ∂_θ ) = e_1 ( ∂_r + 1 2r − A r ) . (4.30)

Let f^− = b_n(r)e^{inθ} represent a harmonic spinor in S̸^−. If f^− satisfies the adjoint Atiyah- Patodi-Singer boundary condition then P_−f^− = 0 and

f^− = ∑ n<0 b_n(r)e^{inθ}. (4.31)

Then by equation (4.30)

∂_nb_n = −(n + 1/2)b_n, (4.32)

for all n, so that

b_n(r) = r^{−n+1/2}b_n(1). (4.33)

In this case the Atiyah-Patodi-Singer boundary condition translates as n < 0, however, f^− is L^2 if and only if n < 1/2.

When f^− is associated to the extending spin structure n ∈ Z+ 1/2 and the Atiyah-Patodi- Singer and L^2 conditions coincide once more. When f^− is associated to the non-extending spin structure then n ∈ Zso negative harmonic spinors which lie in the positive eigenspaces of A always extend to give L^2 spinors. The converse is not true.

Every negative L^2 spinor, associated to a non-extending spin structure, lies either in the positive eigenspaces of A or in the null space of A. Thus, for the non-extending spin structure, not every L^2 harmonic spinor in S̸^−, on M −m, need satisfy the adjoint Atiyah-Patodi-Singer boundary condition when restricted to the boundary of M

75 4.3.3 Remarks

Remark 4.3.1 As a consequence of Sections 4.3.1 and 4.3.2, the Atiyah-Patodi-Singer index theorem on M, gives a valid index for any spin structure on M − m. It says that

indexD̸ = h 2 ∈ Z (4.34)

where h is the dimension of the null space of A. The dimension of the null space h is just the number of points p_i around which ∇̸^S has non-trivial holonomy. Thus, this index agrees with the elementary Riemann-Roch calculation (4.11), that we used to get a lower bound on the dimension of the L^2 null space.

As the index is always an integer the Atiyah-Patodi-Singer index shows immediately that we must have an even number number of points around which the connection has nontrivial holonomy. Thus approaching the index from this point of view is more natural as we do not need to go through the argument in Remark 4.2.1.

We stress that this index is not an L^2 index if h is non zero. From Sections 4.3.1 and 4.3.2 it is,

dim ker D̸^+ ∩ L^2 − dim ker D̸^− ∩ L^2 ∩ H^⊥, (4.35)

where H^⊥ is the orthogonal complement of the null space of A. This is equal in turn to

dim ker D̸^+ ∩ L^2 − dim ker D̸^− ∩ L^2_1. (4.36)

Remark 4.3.2 For the Riemann-Roch result (4.11) it is not immediate how to interpret the second space H^1(S_g, O(L)) = (H^0(S_g, O(LD^∗)))^∗ as spinors of opposite chirality. From the Atiyah-Patodi-Singer interpretation things are clearer.

Recall that the space H^0(S_g, O(L)) was identified with the space of L^2 solutions of D̸^+ in Lemma 4.2.2. The elements of H^0(S_g, O(LD^∗)) are just holomorphic sections of L which vanish on D. Thus, the elements of H^1(S_g, O(L)) are interpreted as L^2_1 spinors of

76 the opposite chirality. Here the duality is the usual pairing. This is simply because the Atiyah-Patodi-Singer index on M gives the index of the Dirac operator D̸ : L^2_1 −→ L^2. In fact the calculation above calculates the index of the adjoint of this operator: the Atiyah-Patodi-Singer boundary conditions have been switched from the usual

D̸ : C^∞(S̸^+, P_+) −→ C^∞(S̸^−, 1 − P_+) (4.37) to D̸ : C^∞(S̸^+, 1 − P_−) −→ C^∞(S̸^−, P_−) (4.38)

to emphasise the link with the Riemann-Roch result. The notation here is as in [APS75] with P_+ denoting projection onto the positive eigenspaces of A, {λ ⩾ 0}, and P_− projection onto the negative eigenspaces {λ ⩽ 0}.

Remark 4.3.3 Since the Atiyah-Patodi-Singer index is the index of a boundary value problem we see that h, and thus the index (4.36), is invariant under change of orientation. We may use this fact and a simple counting argument to infer that the dimension of the quotient vector space ker D̸ ∩ L^2/ ker D̸ ∩ L^2_1 is always even for any spin structure on a punctured surface.

This fact is also easily deduced from the identification between the chiral spinor bundles, via the metric, in Lemma 4.1.1.

For what follows it serves us to forget about the Atiyah-Patodi-Singer boundary value problem on M and reinterpret this index as the index of an operator on M − m. We have the following well known fact (see [LM89, p.116]) that is fundamental for all which follows.

Remark 4.3.4 Denote the space of L^2 sections of S̸ by L^2(S̸). This is the completion of the space of compactly supported sections of S̸, C^∞_0 (S̸) with respect to the Hilbert space

77 norm ‖ ‖. We can consider D̸ as a symmetric operator on C^∞_0 (S̸) (see 3.2.1) and take its closure in L^2(S̸). The domain of this closure consists of all ϕ ∈ C^∞_0 (S̸) for which there is a sequence {ϕ_n} ⊂ C^∞_0 (S̸) and an element “D̸ϕ” = ψ ∈ L^2 such that ‖ϕ_n − ϕ‖ −→ 0 and ‖D̸ϕ_n − ψ‖ −→ 0 in L^2. Denote this closure of D̸ in L^2(S̸) by D_0 and the domain of this closure by dom(D_0).

We can also consider another extension of this operator: we will denote this operator simply by D. The domain of D, dom(D), consists of all ϕ ∈ L^2(S̸) such that the distributional image D̸ϕ is also in L^2. Note that dom(D_0) ⊂ dom(D) and that dom(D_0) is dense. Now D_0 is simply the adjoint of D and vice versa. Recall that ψ ∈ L^2(S̸) is in the domain of the adjoint D^∗_0 if ϕ −→ (D_0ϕ, ψ) is continuous on dom(D_0). As dom(D_0) is dense there exists a unique element D^∗_0ψ ∈ L^2(S̸) such that (D_0ϕ, ψ) = (ϕ, D^∗_0ψ) for all ϕ ∈ dom(D_0). Then D^∗_0ψ is just the distributional image of ψ under D_0 so that D^∗_0 = D. On a complete manifold the Dirac operator is essentially self adjoint so dom(D^∗) = dom(D_0) = dom(D) (see [LM89, p.117]) . The manifold we consider, namely M − m, is not complete and therefore the index of the operator D : S̸^+ −→ S̸^− on M − m is just

dim ker D^+ − dim ker D^−_0 . (4.39)

The lack of completeness of M − m means that D_0 no longer has the same domain as D. The index (4.39) on M − m is clearly that in Remark 4.3.1. This will be shown rigourously in Remark 6.5.3.

Example 4.3.5 The fact that dom(D) ⊄ dom(D_0) is clear for the non-extending spin structure from the main example. The spinor z^{−1/2}(dz)^{1/2} and D̸(z^{−1/2}(dz)^{1/2}) = 0 are in L^2(S̸) so that z^{−1/2}(dz)^{1/2} ∈ dom(D). The spinor z^{−1/2}(dz)^{1/2} is, however, not in dom(D_0) by the lack of self adjointness shown in (3.24).

78

Chapter 5

Trivial Normal Bundle

In this chapter we investigate the form of harmonic spinors on M^{2n} − Σ^{2n−2}. We concentrate on the case where Σ has trivial normal bundle and an amenable metric near Σ. The main results of this Chapter are the explicit forms that a L^2 harmonic spinor on M − Σ may take near Σ.

The main point of this Chapter is to explain the closure of the Dirac operator we will study and how this exploits the growth of the harmonic spinors near Σ. The closure of the Dirac operator recalls Remark 4.3.4.

5.1 Set Up

In this section we investigate the form of L^2 harmonic spinors on M^{2n} − Σ^{2n−2} where Σ has trivial normal bundle and n ⩾ 2. We assume throughout this chapter that Σ is spin and that the metric is locally of the form

dr^2 + r^2dθ^2 + ds^2_Σ (5.1)

near to Σ, where ds^2_Σ is the metric on Σ . We may always patch such a metric onto M if Σ has trivial normal bundle.

80 Remark 5.1.1 From now on whenever we say that M − Σ has a non-extending spin structure we will always assume that every two disc, transverse to Σ, has the generator of Ω^{spin}_1 induced upon its boundary by the spin structure on M − Σ. When Σ is connected this is clear and we may always reduce the number of disconnected components of Σ such that this is true.

Remark 5.1.2 In assuming that Σ is spin we are assuming that the spin structure on Σ is induced from the non-extending spin structure on M − Σ . This spin structure on Σ is as follows. Denote an ϵ tubular neighbourhood of Σ by N and denote the tangent bundle of the boundary of this neighbourhood by T_{∂N} . Since Σ has trivial normal bundle we can lift any section s of the tangent bundle T_Σ to T_{∂N} by mapping it to {ϵ^{−1}∂_θ, s}. This induces an inclusion of the corresponding principal frame bundles

i : P_{SO}(T_Σ) −→ P_{SO}(T_{∂N} ). (5.2)

There is a similar inclusion of P_{SO}(T_{∂N} ) in P_{SO}(T_N ).

These inclusions define reductions of the principal spin bundle on M − Σ which are spin structures on ∂N_ϵ and Σ. We refer to these spin structures simply as the spin structures induced on Σ and ∂N by the non-extending spin structure on M − Σ. The induced representations of the structure groups also allow us to consider the bundle of spinors of Σ, denoted by S_Σ, as being canonically embedded in the spinor bundle of M − Σ. This embedding will be implicitly assumed in all that follows.

Let V be any real vector space with basis {e_k} where 3 ⩽ k ⩽ 2n. Denote a basis of R^2 by {e_1, e_2}. There is the following well known isomorphism of complexified Clifford algebras

C l(V ⊕ R^2) = C l(R^2 ) ⊗C C l(V ) (5.3)

81 defined, see [Mor96, p.16], by

e_j −→ e_j ⊗ 1 1 ⩽ j ⩽ 2 (5.4) e_k −→ ie_1.e_2 ⊗ e_k 3 ⩽ k ⩽ 2n. We saw in Section 1.2.2 that C l_2 = C [2] so C l(V ⊕R^2) can be represented as a 2×2 matrix algebra over C l(V ). Denote the complex volume element of the vector space V by ω^VC . Using the isomorphism (5.3) we see that

ω^{V ⊕}R^2C = ie_{12}ω^VC =

−ω^VC 0 0 ω^VC

. (5.5)

Write an ϵ tubular neighbourhood, N, of Σ as U × Σ where U denotes a disc. Denote the spinor bundles on N, U and Σ by S, S_U and S_Σ respectively. Locally, near Σ we have the following splittings of the chiral spinor bundles S^+ =(S^+_U ⊗ S^+_Σ ) ⊕ (S^−_U ⊗ S^−_Σ ) S^− =(S^−_U ⊗ S^+_Σ ) ⊕ (S^+_U ⊗ S^−_Σ )

(5.6)

where S^±_U and S^±_Σ denote the eigenspaces of ω^UC and ω^ΣC respectively. This follows simply from equation (5.3).

Let e_1 = ∂_r and e_2 = r^{−1}∂_θ be orthonormal tangent vectors in T_U . Let {e_k}, for 3 ⩽ k ⩽ 2n, form a local orthonormal basis for T_Σ. Then s = (e_1, . . . , e_{2n}) is a local trivialising section of T_{U×Σ} which lifts locally to a section ~s of the spinor bundle.

For either spin structure we will always represent spinors and the operators which act upon them, with respect to this section ~s.

With respect to the splitting (5.6), the representation (1.13) of C l_2 , and the section ~s, the Dirac operator is locally given by

D̸ = D_U + D_Σ =

−D_Σ −∂_r −^1_{2r} −^i_r ∂_θ ∂_r +^1_{2r} −^i_r ∂_θ D_Σ

(5.7)

82 mapping

S̸^+ =

S^−_U ⊗ S^−_Σ S^+_U ⊗ S^+_Σ −→ S^−_U ⊗ S^+_Σ S^+_U ⊗ S^−_Σ

= S̸^−. (5.8)

The spinor Laplacian, with respect to the section ~s, is

D̸^2_U + D̸^2_Σ = D^2_Σ − ∂^2_r − 1 r^2

∂^2_θ − e_{12} r^2

∂_θ + 1 4r^2 − 1 r ∂_r (5.9)

Remark 5.1.3 We could also use the lift of the local trivialisation (∂_x, ∂_y, e_3, . . . , e_{2n}) to represent spinors with respect to. The change of basis (3.12), with respect to ~s, is then simply e^{−iθ/2} 0 0 e^{iθ/2} . (5.10)

5.2 The Form of L^2 Spinors

For future reference we make the following definition.

Definition 5.2.1 The local S^1 action on a tubular neighbourhood N of Σ induces a vector field V on N − Σ. Denote the Lie derivative of this vector field by L_V .

We now separate variables to calculate the possible forms of L^2 harmonic spinors locally near Σ. Firstly decompose spinors on U × Σ into eigenspaces of D_Σ, the Dirac operator associated to Σ. Denote a unit eigenspinor of D_Σ by ϕ_λ so that D_Σϕ_λ = λϕ_λ. We may also decompose each spinor into eigenspaces of L_V thus ϕ_λ = ∑ n ϕ_λe^{inθ}. Hence we may write any spinor locally near Σ as

Ψ = ∑ n,λ ~se^{inθ} f_n(r)ϕ^−_λ g_n(r)ϕ^+_λ

. (5.11)

83 The functions f_n(r)e^{inθ} and g_n(r)e^{inθ} are considered as sections of either S^+_U or S^−_U depending on the chirality of Ψ. Because we have used the local trivialising section ~s with which to represent our spinor, n ∈ Z for the non-extending spin structure and

n ∈ Z+ 1/2 for the extending spin structure.

5.2.1 Harmonic Spinors Orthogonal to the Null Space of D_Σ

Let Ψ in equation (5.11) represent a harmonic spinor, associated to either spin structure, on M^{2n} − Σ^{2n−2}. By (5.9) the components of the spinor Ψ must locally satisfy f^{′′}_n +^1_r f^′_n −^{(n+1/2)2}_{r2} f_n 0 0 g^{′′}_n +^1_r g^′_n −^{(n−1/2)2}_{r2} g_n = λ^2 f_n g_n (5.12)

near Σ. Here λ and n are the eigenspaces of D_Σ and L_V that we assume Ψ to lie in. For simplicity we assume the λ ≠ 0 so that in general f_n(r) = a_nJ_{±|n+1/2|}(iλr) g_n(r) = b_nJ_{±|n−1/2|}(iλr). (5.13)

In this expression J_n denotes the n^{th} Bessel function and a_n, b_n are suitably regularised complex constants. Recall that the n^{th} Bessel function J_n(z) grows as O(z^n) as |z| −→ 0. Using the form of the Dirac operator (5.7) and the identities, ∂_rJ_ν (iλr) = ν r J_ν (iλr) − iλJ_{ν+1}(iλr) (5.14) ∂_rJ_ν (iλr) + ν r J_ν (iλr) = iλJ_{ν−1}(iλr), (5.15) it is straightforward to show the following.

Positive L^2 harmonic spinors must, locally near Σ, be linear combinations of the following forms.

~se^{inθ} iJ_{n+1/2} (iλr) ϕ^−_λ J_{n−1/2} (iλr) ϕ^+_λ ∈ S^−_U ⊗ S^−_Σ S^+_U ⊗ S^+_Σ

= S̸^+ for n ⩾ 1/2 (5.16)

84 and

~se^{inθ} −iJ_{−(n+1/2)} (iλr) ϕ^−_λ J_{−(n−1/2)} (iλr) ϕ^+_λ ∈ S^−_U ⊗ S^−_Σ S^+_U ⊗ S^+_Σ

= S̸^+ for n ⩽ −1/2. (5.17)

For the non-extending spin structure there are two extra possible forms that a positive L^2 spinor could take. These are

~s iJ_{1/2} (iλr) ϕ^−_λ J_{−1/2} (iλr) ϕ^+_λ or ~s −iJ_{−1/2} (iλr) ϕ^−_λ J_{1/2} (iλr) ϕ^+_λ .

(5.18)

Note that both these extra forms lie in the n = 0 eigenspace of L_V . For the extending spin structure the possibilities in equation (5.18) do not occur. To obtain the form of a negative L^2 harmonic spinor we may just interchange the roles of, ϕ^−_λ and ϕ^+_λ , and, S^−_Σ and S^+_Σ in equations (5.16), (5.17) and (5.18).

We conclude that for the non-extending spin structure we may have L^2 harmonic spinors which grow like O(r^{−1/2}) as r −→ 0. For the extending spin structure we see that all L^2 spinors must be O(r^{1/2}).

This last observation is consistent with the Removable Singularities Theorem 3.1.1. For an extending spin structure the L^2 spinors extend smoothly across Σ.

5.2.2 Harmonic Spinors on the Null Space of D_Σ

If Ψ represents a harmonic spinor which lies in the null space of D_Σ then equation (5.12) holds with λ = 0. From this it is elementary that such L^2 solutions of the Dirac operator must be of the form

~se^{inθ} a_nr^{|n+1/2|}ϕ^−_0 0 if n ⩽ −1/2, or ~se^{inθ} 0 b_nr^{|n−1/2|}ϕ^+_0 if n ⩾ 1/2. (5.19)

This is true for either spin structure. Recall that for the non-extending spin structure

n ∈ Z and for the extending spin structure n ∈ Z+ 1/2. Once again we have split the

85 harmonic spinors into the eigenspaces induced by the S^1 action and a and b are complex numbers.

For the non-extending spin structure there is an extra possible form a L^2 solution can take near Σ . This is

~s a_0r^{−1/2}ϕ^−_0 b_0r^{−1/2}ϕ^+_0

(5.20)

and it lies in the zero eigenspace of L_V .

The possible forms, (5.18) and (5.20), that a L^2 harmonic spinor associated to a nonextending spin structure may take near Σ prevent the index we calculate in Theorem 6.4.1 from being an L^2 index. We explain this fact in Section 6.5.7.

5.3 Closure of the Operator

We have exhibited the explicit form of L^2 spinors associated to a non-extending spin structure on M − Σ with product metric. In this section we construct a self adjoint operator whose index we will calculate in the next Chapter. We stress that this operator is not the same as D̸ : L^2_1 −→ L^2 and thus gives a different index from all previous work. This is explained in depth in Remark 6.5.4. In particular it gives a computable index in terms of characteristic classes of M and Σ. More fundamentally, the index does not reflect the quaternionic structure of the Clifford algebra in 8k + 4 dimensions. This fact is explained fully in Section 6.6.

Consider a positive L^2 harmonic spinor, associated to a non-extending spin structure, which does not lie in the null space of D_Σ. This spinor must be of the form (5.16), (5.17) or (5.18). Its growth as r −→ 0 can therefore be unbounded in only ever one component of the direct sum decomposition of S̸^+ (equation (5.6)). We set up an index to exploit this observation.

86 Recall the local form of the Dirac operator (5.7) and the two ways in which the Dirac operator on the punctured disc could be closed (Remark 4.3.4). Recall that one of these operators, D_0, was the closure of the Dirac operator on the space of compactly supported spinors with respect to the L^2 norm. The other operator D had as its domain the space of L^2 spinors whose distributional image was also in L^2. Recall how these two domains were not equal and how the operators were the adjoint of one another D^∗_0 = D. Consider the closure of the Dirac operator on M − Σ whose local form near Σ, with respect to the decomposition (5.6), is ( D^−_0 ⊗ 1 ) ⊕ ( D^+ ⊗ 1 ) + ( 1 ⊗ −D^−_Σ ) ⊕ ( 1 ⊗ D^+_Σ ) = −D^−_Σ D^+ D^−_0 D^+_Σ

(5.21)

when restricted to the positive spinor bundle, and ( D^−_0 ⊗ 1 ) ⊕ ( D^+ ⊗ 1 ) + ( 1 ⊗ −D^+_Σ ) ⊕ ( 1 ⊗ D^−_Σ ) = −D^+_Σ D^+ D^−_0 D^−_Σ

(5.22)

when restricted to the negative spinor bundle.

Since the Dirac operator on M − Σ with this domain is the only operator which we now consider we will denote it simply by D̸. This operator is self-adjoint D̸ : S̸^+ ⊕ S̸^− −→ S̸^− ⊕ S̸^+. The index we calculate in Section 6 is the index of D̸. We do this using a local heat kernel argument.

For clarity, we may define the domain of D̸ in terms of growth conditions near Σ. Recall from Remark 4.3.4 how we could define the domains of D_0 and D in this way. The domain of D_0 contains all spinors which grow like O(r^{1/2}) near Σ and the domain of D contains all spinors which grow like O(r^{−1/2}). Consider the vector space of solutions which lie in the domain of the operator D̸. All positive spinors in this vector space must grow as O(r^{1/2}) O(r^{−1/2}) ∈ S^−_U ⊗ S^−_Σ S^+_U ⊗ S^+_Σ

= S̸^+, (5.23)

87 near Σ, and all negative spinors must grow as O(r^{1/2}) O(r^{−1/2}) ∈ S^−_U ⊗ S^+_Σ S^+_U ⊗ S^−_Σ

= S̸^−. (5.24)

For future reference we define two more self adjoint operators thus

Δ_N := D_0D (5.25) Δ_D := DD_0. (5.26)

With this notation the spinor Laplacian of the Dirac operator, see (5.9), takes the form

(1 ⊗ Δ^−_D + D^{2,−}_Σ ⊗ 1) ⊕ (1 ⊗ Δ^+_N + D^{2,+}_Σ ⊗ 1) =

D^{2,−}_Σ + Δ^−_D 0 0 D^{2,+}_Σ + Δ^+_N

(5.27)

when restricted to the positive spinor bundle near the submanifold and

(1 ⊗ Δ^+_D + D^{2,+}_Σ ⊗ 1) ⊕ (1 ⊗ Δ^−_N + D^{2,−}_Σ ⊗ 1) =

D^{2,+}_Σ + Δ^+_D 0 0 D^{2,−}_Σ + Δ^−_N

(5.28)

when restricted to the negative spinor bundle.

5.4 Atiyah-Patodi-Singer Solutions and L^2 Solutions

We noted in Section 4.3 that an index for non-extending spin structures on surfaces could be interpreted as the Atiyah-Patodi-Singer index on a manifold with boundary. We show here that this is not true, in general, for higher dimensions.

Firstly we consider an ϵ neighbourhood of Σ, namely N_ϵ, and calculate the eigenvalues of the Dirac operator associated to the boundary ∂N_ϵ = S^1_ϵ × Σ. Then we show that, for dimensions higher than two, harmonic spinors on the manifold with boundary M − N_ϵ, which satisfy the Atiyah-Patodi-Singer boundary conditions, may not extend to L^2 solutions on M − Σ.

88 5.4.1 Eigenvalues of D_{∂Nffl}

The boundary Dirac operator on M − N_ϵ which the Atiyah-Patodi-Singer boundary conditions apply to is

A_ϵ =

−^i_ϵ ∂_θ D_Σ D_Σ^i_ϵ ∂_θ

. (5.29)

Off of the null space of D_Σ it is straightforward to show that, when m ≠ 0, A_ϵ has unit eigenspinors of the form e^{imθ} √ 2β_0(β_0 ± m)

(m ± β_0)ϕ^−_λ ϵλϕ^+_λ (5.30)

with eigenvalues ± β_0 ϵ . (5.31)

Here β_0 = β_0(λ, m, ϵ) = √ m^2 + λ^2ϵ^2 for all m ≠ 0. Recall that m denotes the eigenspace of L_V which the spinor lies in and ϕ_λ represents a chiral unit eigenspinor of D_Σ with eigenvalue λ.

When λ = 0 and m ≠ 0 there are unit eigenspinors of A_ϵ of form

e^{imθ} 0 ϕ^+_0 and e^{imθ} ϕ^−_0 0 (5.32)

with eigenvalues −m/ϵ and m/ϵ respectively. Finally, when m = 0 there are unit eigenspinors 1 √ 2 ϕ^−_λ ϕ^+_λ

(5.33)

with eigenvalue λ, for all λ in the spectrum of D_Σ.

89 5.4.2 Spectral Boundary Conditions

In two dimensions we saw, see page 72, that every Atiyah-Patodi-Singer solution, on the manifold with boundary M, could be extended to an L^2 harmonic spinor on M − m. Here we show that propagating a harmonic spinor satisfying the Atiyah-Patodi-Singer boundary conditions on M^{2n} − N_ϵ, where n ⩾ 2, to be solutions on M^{2n} − Σ^{2n−2} need not give L^2 solutions for any ϵ > 0. Consider the positive spinor

Φ = (1 − β_0)e^{iθ} √ 2β_0(β_0 − 1) −iJ_{−3/2}(iλr)ϕ^−_λ J_{−1/2}ϕ^+_λ + ϵλe^{−iθ} √ 2β_0(β_0 + 1) J_{−1/2}(iλr)ϕ^−_λ −iJ_{−3/2}ϕ^+_λ (5.34)

where λ ≠ 0. This spinor is not L^2 because of the J_{−3/2} terms. The Atiyah-Patodi- Singer projection (1 − P_−) onto the spectrum of the boundary operator corresponds to taking (β_0 + m) in equation (5.30) and projecting onto these eigenspinors. An elementary calculation then shows that

(1 − P_−)Φ = 0. (5.35)

Using the form of the Dirac operator (5.7) and the identities (5.14) and (5.15) one can show that Ψ is also a solution of the Dirac operator. Thus Ψ satisfies the Atiyah-Patodi-Singer boundary condition on the positive spinor bundle, for all ϵ, but does not propagate to a L^2 spinor on M^{2n} − Σ^{2n−2}.

90

Chapter 6

An Index Theorem

In this Chapter we investigate the index of the Dirac operator on M^{2n} − Σ^{2n−2} whose closure was described in Section 5.3.

The main result of this chapter is an index theorem for non-extending spin structures on M^{2n} − Σ^{2n−2} for n ⩾ 2. This is Theorem 6.4.1 which expresses the index in terms of topological data on M^{2n} − Σ^{2n−2}. When Σ is spin we show that this index is equal to a SpinC index in M.

The main point of this chapter is that this index is fundamentally different from all previous indices calculated for non-compact manifolds. The clearest manifestation of this is the breaking of the quaternionic symmetry of the Clifford algebra in 8k + 4 dimensions. The key reason for this is the particular closure of the Dirac operator we took in Section 5.3.

Numerous corollaries are proved from Theorem 6.4.1. Chief among these is a partial extension of the results, on characteristic submanifolds, of Esnault, Seade and Viehweg [ESV92] from the holomorphic category to smooth manifolds. We relate the breaking of the quaternionic symmetry in 8k +4 dimensions to the parity of the spin structure induced on Σ.

92 Throughout this chapter we assume as in Chapter 5 that Σ^{2n−2} has trivial normal bundle in M. We will also assume for simplicity that Σ^{2n−2} is spin and that the metric on M − Σ is of the form (5.1) near Σ.

We will argue in Remark 6.5.1 that the results obtained in this chapter are independent of the metric on M. Furthermore in Remark 6.5.1 we show that we need not assume that Σ is either spin or orientable for the index theorem to hold.

6.1 Outline

The index of the Dirac operator is calculated using the heat equation method. This says, see for example [BGV92], that

Index(D̸) = Tr e^{−t}̸^D̸^D+ − Tr e^{−t}̸^D̸^D− . (6.1)

where Tr denotes the global trace. To apply this method of computing the index we must show that the heat kernels of our operators are trace class and that the results of Fredholm theory can be applied.

Showing that the index problem is Fredholm is an application of the work of Bruning and Seeley [BS88]. The general framework of Bruning and Seeley also allows us to argue that our index is deformation invariant. These standard arguments are outlined in Section 6.2. To actually compute the index we first show that we can approximate the trace (6.1), to an arbitrary order of t, as the trace of the heat kernel over the compact set M − N_ϵ, plus the trace of another heat kernel over N_ϵ − Σ. This is a standard argument from the work of [Che79, Cho85, BS88] and is outlined in Section 6.2.2.

The relevant heat kernels on M − N_ϵ and N_ϵ − Σ are calculated in Section 6.3. The index theorem is proved in Section 6.4.

93 6.2 Fredholm Framework

We show here that the operator D̸, closed as in Section 5.3, is Fredholm. From standard Fredholm theory we conclude from this that the eigenvalues of D̸^2 on M − Σ are discrete and L^2 completeness of the eigenspinors of D̸^2 holds (see also [Cho85] ). We also show that the heat kernel is trace class and that we may approximate the trace (6.1) by, the trace of the usual kernel on the compact set M − N_ϵ, plus the trace of another heat kernel on N_ϵ.

All of these results are trivial modifications of the analysis of [Che79], [Cho85] and [BS88], which are the main references for this section. As such these results are completely standard and we only sketch the proofs by quoting these papers.

Remark 6.2.1 To obtain these results for the simple form of the metric (5.1) on M we need not quote [BS88] but could just rely on the analysis of Cheeger [Che79] and Chou [Cho85]. Ultimately however, we wish to show that the index theorem we prove is independent of the smooth metric on M. To do this requires the more general framework of ‘regular singular operators’ in [BS88] which generalises the original analysis of [Che79] and [Cho85] on conical singularities and allows us to consider perturbations of the metric. We do this in Section 6.5.1.

6.2.1 Parametrices

To show that D̸ is Fredholm we simply construct left and right parametrices for D̸ as in [BS88]. Recall the local form, near Σ, of the self adjoint extension we have taken of D̸

D̸^+ ⊕ D̸^− =

−D^−_Σ D^+ D^−_0 D^+_Σ ⊕ −D^+_Σ D^+ D^−_0 D^−_Σ

. (6.2)

The key point is that both D_0 and D are simple examples of ‘regular singular operators’

94 in the framework of [BS88] i.e. they are both of the form

∂_r + r^{−1}S_0(r) (6.3)

where S_0 is a self adjoint first order elliptic differential operator (see [BS88, p.660] and compare equation (5.7)).

In fact in the notation of [BS88], D_0 = D_{min} and D = D_{max}, the minimal and maximal extensions of the Dirac operator on the punctured disc. For consistency we will stick with our original notation for the operators.

By [BS88, p.666] there are right parametrices, near 0, for D_0 and D. By this we mean that there is an operator P_ϵ such that if ϕ is a spinor, supported in some ϵ neighbourhood of the punctured disc, then

D_0P_ϵϕ = ϕ (6.4)

on the support of ϕ. Similarly there are left parametrices near zero for D_0 and D (see Lemmas 2.4 and 2.5 [BS88]). Since D_Σ is defined on a compact manifold we also have full left and right parametrices for this operator.

The decomposition of the operator (6.2) allows us to piece together these individual parametrices and construct parametrices, near Σ, for D̸^+ and D̸^−. For instance let ϕ^+ be a positive chiral spinor and let φ be a smooth bump function supported in N_ϵ and unity on N_{ϵ/2}. Let ~φ be another bump function such that ~φφ = φ and ~φ = 1 in a neighbourhood of supp φ. Then there is a right parametrix P^+_ϵ for D̸^+ near Σ such that D̸^+ ~φP^+_ϵ ( φϕ^+ ) = (1 + R_ϵ) ( φϕ^+ ) . (6.5)

By choosing ϵ suitably small it can be assumed (see [BS88, p.667]) that ‖R_ϵ‖ < 1/2. We may construct in a similar manner a left parametrix for D̸^+ and also left and right parametrices for D̸^− near Σ.

95 Away from Σ, on the compact subset M −N_ϵ, we may pick any interior parametrix P_i. Here for definiteness P_i can be taken as the Greens operator for D̸ on the double of M − N_ϵ [APS75, p.55]. As is standard, we patch the two parametrices, P^+_ϵ near Σ and P^+_i on M − N_ϵ, to begin constructing a parametrix to D̸^+ on M^{2n} − Σ^{2n−2}. Take a bump function φ as above and set ψ = 1 − φ. Choose (as in [APS75, p.54]) another bump function ~ψ such that ~ψψ = ψ and so that the support of ~ψ is near the support of ψ. Define as in [BS88, p.667] Q^+ = ~φP^+_ϵ φ + ~ψP^+_i ψ. (6.6) Then D̸^+Q^+ = I + R_ϵ + R_i, (6.7)

where R_i is a compact operator that comes from the P^+_i term of Q^+ and R_ϵ arises from the P^+_ϵ term as in (6.5). We may choose ϵ small so that ‖R_ϵ‖ < 1/2 and consequently assume that I + R_ϵ is invertible. Equation (6.7) then implies that D̸^+Q^+(1 + R_ϵ)^{−1} = I + R_i(I + R_ϵ)^{−1} (6.8) so we have constructed a right parametrix for D̸^+.

In a totally analogous manner we can construct left and right parametrices for both D̸^+ and D̸^−. Thus the index for the operator D̸^+ : S̸^+ −→ S̸^−, whose closure was described in Section 5.3, is seen to be Fredholm for either spin structure.

6.2.2 Approximating the Trace

Having appealed to [BS88] to construct parametrices for D̸ we now appeal to the work of [Che79] and [Cho85] to approximate the trace of the heat kernels. Denote the, pointwise trace of the, heat kernel of D̸ on M − Σ by tr E_{M−Σ}(m, m, t). Denote the pointwise trace of the heat kernel on the space R^2 − {0} × Σ simply by tr E(m, m, t).

96 The work of Cheeger [Che79, p.578-581] and also Chou [Cho85, p.31] then gives the well known result that for all N there exists a constant K_N such that | | ∫ N_ϵ tr E_{M−Σ} − ∫ N_ϵ tr E | | < K_N t^N . (6.9)

We will show in equation (6.50) that for t > 0 | | ∫ N_ϵ tr E | | < ∞. (6.10)

Hence ∫ M−Σ tr E_{M−Σ} = ∫ M−N_ϵ tr E_{M−Σ} + ∫ N_ϵ tr E + O(t^N ). (6.11)

This is the key fact used to calculate the indices in Cheeger [Che79] and Chou [Cho85]. Thus we may approximate the trace (6.1), to an arbitrary order of t, by evaluating the contribution from a compact piece, M − N_ϵ, and from a piece ‘near’ to Σ. The contribution of the compact piece M − N_ϵ is well understood so the study of the trace of the heat kernel E_{M−Σ} is reduced to the study of the trace of the heat kernel on

R^2 − {0} × Σ. We exhibit an explicit pointwise expression for this kernel in Section 6.3.

This approach also shows that ∫ M−Σ tr E_{M−Σ} < ∞. (6.12)

and hence that the heat kernel of D̸ is trace class. In turn this implies that our index problem is Fredholm, but only for the product metric (5.1) on M − Σ (see Remark 6.2.1).

6.3 Heat Kernels

In Section 6.2.2 we saw that we could reduce the study of the index (6.1) to the study of the heat kernel on R^2 − {0} × Σ.

97 In this section we calculate explicit pointwise expressions for the heat kernels of the Dirac operator on R^2 − {0} × Σ. This is done for both the extending and non-extending spin structures.

Recall the form (5.27) of the spinor Laplacian near Σ. There is a well known expression for the pointwise asymptotic expansion of the heat kernel e^{−t}̸^D2Σ . By [BGV92, p.144] this expansion, on the diagonal of Σ × Σ, varies as t −→ 0 like 1 (4πt)^{n−1} ∑ k¿0 α_k(x)t^k. (6.13)

The coefficients α_k(x) have explicit expressions as local sections of the Clifford bundle of Σ. In particular, the pointwise supertrace

tr_Σ ( e^{−t}̸^D2,+Σ − e^{−t}̸^D2,−Σ ) (6.14)

over Σ is well known to be 1 (2πi)^{n−1} ^A(Σ)_{[2n−2]}, (6.15)

where ^A(Σ)_{[2n−2]} denotes the coefficient of the top degree form in the Hirzebruch ^A polynomial applied to the Pontrjagin forms of the Riemannian metric on Σ^{2n−2}. Because of this expansion for e^{−t}̸^D2Σ it is enough for us to calculate e^{−tΔN} and e^{−tΔD} to obtain a pointwise expression for e^{−t}̸^D2 on R^2 − {0} × Σ. We surmise the results of this section as four lemmas.

Lemma 6.3.1 (Non-extending Spin Structure) The heat kernel for e^{−tΔD} on the punctured plane for the non-extending spin structure is

K_{ΔD} (r_1, θ_1, r_2, θ_2) = ∑ n∈Z 1 4πt e^{−(r21 +r2 )/4t} ( I_{|n−1/2|} (r_1r_2 2t ) ∘ P_+ + I_{|n+1/2|} (r_1r_2 2t ) ∘ P_− ) e^{in(θ2−θ1)} (6.16)

98 Here I_n refers to the n^{th} modified Bessel function and P_± is the projection onto the plus or

minus spinor bundles of the punctured plane. Note that in expressing this heat kernel we

are using the same trivialising section of the spinor bundle as for (5.9) and (5.7). Recall the

notation L_V for the Lie derivative of the vector field induced from the local circle action

about Σ. Denote projection onto the n eigenspace of L_V by P_n.

On the diagonal (r_1 = r_2, θ_1 = θ_2) expression (6.16) reduces to

K_{ΔD} ∘ P_n = 1 4πt e^{−r2/2t} ( I_{|n−1/2|} ( r^2 2t ) ∘ P_+ + I_{|n+1/2|} ( r^2 2t ) ∘ P_− ) . (6.17)

Lemma 6.3.2 (Non-extending Spin Structure) In the notation of Lemma 6.3.1 the

heat kernel for e^{−tΔN} on the punctured plane for the non-extending spin structure is

K_{ΔN} (r_1, θ_1, r_2, θ_2) = ∑ n∈Z 1 4πt e^{−(r21 +r2 )/4t} ( I_{|n−1/2|} (r_1r_2 2t ) ∘ P_+ + I_{|n+1/2|} (r_1r_2 2t ) ∘ P_− ) e^{in(θ2−θ1)} + 1 4πt e^{−(r21 +r2 )/4t}I_{−1/2} (r_1r_2 2t ) [ 1 + e^{i(θ2−θ1)} ∘ P_+ + e^{i(θ1−θ2)} ∘ P_− ] . (6.18)

On the diagonal this expression reduces to

K_{ΔN} ∘ P_n = 1 4πt e^{−r2/2t} ( I_{|n−1/2|} ( r^2 2t ) ∘ P_+ + I_{|n+1/2|} ( r^2 2t ) ∘ P_− ) + δ_n (6.19)

where

δ_n =

1 4πt e^{−r2/2t}I_{−1/2} (_{r2} 2t ) ∘ P_+ if n = 1

1 4πt e^{−r2/2t}I_{−1/2} (_{r2} 2t ) if n = 0

1 4πt e^{−r2/2t}I_{−1/2} (_{r2} 2t ) ∘ P_− if n = −1.

(6.20)

99 Lemma 6.3.3 (Extending Spin Structure) In the notation of Lemma 6.3.1 the heat

kernel for e^{−tΔD} on the punctured plane for the extending spin structure is

K_{ΔD} (r_1, θ_1, r_2, θ_2) = ∑ n∈Z+1/2 1 4πt e^{−(r21 +r2 )/4t} ( I_{|n−1/2|} (r_1r_2 2t ) ∘ P_+ + I_{|n+1/2|} (r_1r_2 2t ) ∘ P_− ) e^{in(θ2−θ1)} (6.21)

On the diagonal this expression reduces to

K_{ΔD} ∘ P_n = 1 4πt e^{−r2/2t} ( I_{|n−1/2|} ( r^2 2t ) ∘ P_+ + I_{|n+1/2|} ( r^2 2t ) ∘ P_− ) . (6.22)

where n is now an element of Z+ 1/2.

Lemma 6.3.4 (Extending spin structure) In the notation of Lemma 6.3.1 the heat

kernel for e^{−tΔN} on the punctured plane for the extending spin structure is

K_{ΔN} (r_1, θ_1, r_2, θ_2) = ∑ n∈Z+1/2 1 4πt e^{−(r21 +r2 )/4t} ( I_{|n−1/2|} (r_1r_2 2t ) ∘ P_+ + I_{|n+1/2|} (r_1r_2 2t ) ∘ P_− ) e^{in(θ2−θ1)}. (6.23)

The expression on the diagonal therefore agrees with that in Lemma 6.3.3.

Proof (Lemmas 6.3.1, 6.3.2, 6.3.3 and 6.3.4 )

The proof uses a transform to calculate the kernels. First we find all the eigenspinors of

the relevant Laplacian. Then we use the Hankel transform to obtain the kernels.

Step 1: Eigenspinors of the Laplacian

We already know the expression for the spinor Laplacian on the punctured disc

Δ = −∂^2_r − 1 r^2

∂^2_θ − 1 r ∂_r − e_{12} r^2

∂_θ + 1 4r^2

. (6.24)

Note that −e_{12} is either +i or −i depending on whether we consider the Laplacian acting

on the positive or negative chiral bundle respectively. Denote the composition Δ ∘ P_n by

Δ_n.

100 Decompose a chiral spinor as Ψ^± = ∑ n f_n(r)e^{inθ} where the parity reflects which bundle we consider the spinor a section of. If Ψ^± is an eigenspinor of Δ_n, with eigenvalue μ, then f_n must satisfy

f_n^{′′} + 1 r f_n^′ + [ μ^2 −

(n ∓ 1/2)^2 r^2 ] f_n = 0 (6.25)

so that

f_n = J_{+|n∓1/2|}(μr) or f_n = J_{−|n∓1/2|}(μr). (6.26)

Here J_n denotes the n^{th} Bessel function and the choice of signs is once again consistent with the parity of the spinor.

Step 2: Domains of Δ_N and Δ_D

We ascertain here which of the eigenspinors are in the domains of Δ_N and which are in the domain of Δ_D. Recalling that the n^{th} Bessel function grows like O(r^n) as r −→ 0 we conclude that the maximal set of eigenspinors in each domain, for the non-extending spin structure, are

domΔ_D ⊃ { J_{+|n∓1/2|}(μr)e^{inθ} ∈ S̸^± for all n ∈ Z } (6.27) domΔ_N ⊃ domΔ_D ∪ { J_{−1/2}(μr) ∈ S̸^±, J_{−1/2}(μr)e^{iθ} ∈ S̸^+, J_{−1/2}(μr)e^{−iθ} ∈ S̸^− } .

That these sets span follows from the Fredholm nature of our index problem (see Section 6.2 and also [Cho85, p.31] ). For the extending spin structure we have that the domains of the two Laplacians are equal

domΔ_D = domΔ_N ⊃ { J_{+|n∓1/2|}(μr)e^{inθ} ∈ S̸^± for all n ∈ Z } . (6.28)

101 Step 3: Hankel Transform See also [Che79], [Cho85] and [Sne74]. Recall that the Hankel Transform is an isometry from L^2((0, ∞), rdr) to L^2((0, ∞), λdλ) defined for n > −1 by

H_n(g)(λ) := ∫_∞ 0 J_n(λr)g(r).rdr. (6.29) The Hankel Inversion formula, see [Che79, Cho85, Sne74], says that

H_n [H_n(g)] (r) = g(r) (6.30)

for n > −1. It is clear from (6.29) that

H_{|n∓1/2|}(Δ^±_n g)(λ) = λ^2H_{|n∓1/2|}(g)(λ) (6.31)

for all n and that also,

H_{−1/2}(Δ^±_n g)(λ) = λ^2H_{−1/2}(g)(λ). (6.32)

Denote the spinor bundle on the punctured plane by S^+_0 ⊕ S^−_0 . We decompose any L^2 spinor as Ψ = ∑ n ( f^+_n ⊕ f^−_n ) e^{inθ}, (6.33)

where f^+_n ∈ S^+_0 and f^−_n ∈ S^−_0 , and then define two maps as follows. Let

F_D(Ψ)(μ) := ∑ n ( H_{|n−1/2|}(f^+_n )(μ) ⊕ H_{|n+1/2|}(f^−_n )(μ) ) e^{inθ} (6.34)

where n ∈ Z for the non-extending spin structure and n ∈ Z+ 1/2 for the extending spin structure. Let F_N (Ψ)(μ) := F_D(Ψ)(μ) for the extending spin structure. Lastly, denote projection onto S^±_0 by P_± and define

F_N (Ψ)(μ) := F_D(Ψ)(μ) + ( H_{−1/2}(f^+_0 )(μ) ⊕ H_{−1/2}(f^−_0 )(μ) ) + P_+ ( H_{−1/2}(f^+_1 )(μ)e^{iθ} ⊕ 1 ) + P_− ( 1 ⊕ H_{−1/2}(f^−_{−1})(μ)e^{−iθ} ) (6.35)

102 for the non-extending spin structure.

With these maps defined equation (6.31) shows that for either spin structure

F_N (Δ_N Ψ)(μ) = μ^2F_N (Ψ) for all Ψ ∈ dom Δ_N and, (6.36) F_D(Δ_DΨ)(μ) = μ^2F_D(Ψ) for all Ψ ∈ dom Δ_D. (6.37)

By Hankel inversion we have, at least formally, that

e^{−tΔN} Ψ = F^{−1}_N ( e^{−μ2t}F_N (Ψ)(μ) ) and (6.38) e^{−tΔD} Ψ = F^{−1}_D ( e^{−μ2t}F_D(Ψ)(μ) ) . (6.39)

Writing this out in full we see from (6.34) that

K_{ΔD} (r_1, θ_1, r_2, θ_2) = ∑ n ∫_∞ 0 1 2π e^{−tμ2} J_{|n−1/2|}(μr_2)J_{|n−1/2|}(μr_1)e^{in(θ2−θ1)}P_+μdμ + ∑ n ∫_∞ 0 1 2π e^{−tμ2} J_{|n+1/2|}(μr_2)J_{|n+1/2|}(μr_1)e^{in(θ2−θ1)}P_−μdμ, (6.40) for either spin structure. The identity K_{ΔN} = K_{ΔD} holds for the extending spin structure and from (6.35)

K_{ΔN} (r_1, θ_1, r_2, θ_2) = K_{ΔD} (r_1, θ_1, r_2, θ_2) + ∫_∞ 0 1 2π e^{−tμ2} J_{−1/2}(μr_2)J_{−1/2}(μr_1) ( 1 + e^{i(θ2−θ1)}P_+ + e^{−i(θ2−θ1)}P_− ) μdμ (6.41)

for the non-extending spin structure. Webers’ second exponential integral [Wat95, p.395] says that ∫_∞ 0 exp(−p^2μ^2)J_ν(aμ)J_ν(bμ)μdμ = 1 2p^2 exp ( − a^2 + b^2

4p^2 ) I_ν ( ab 2p^2 ) (6.42)

for Re(ν) > −1 and |argp| < π/4.

Thus we may simplify the kernels (6.40) and (6.41) to the expressions that appear in Lemmas 6.3.1, 6.3.2, 6.3.3 and 6.3.4. This completes the proofs of these Lemmas. □

103 Remark 6.3.5 Since the Hankel Transform is the Fourier Transform on R^2 − {0} in polar coordinates we may also obtain these results using the Fourier Transform. To emphasise the similarity to the work of Cheeger [Che79] and Chou [Cho85] on conical singularities, we use the Hankel transform and Bessel functions.

104 6.4 Proof of the Index Theorem

We have shown that our closure of the Dirac operator on M^{2n} − Σ^{2n−2} is Fredholm and argued that that its index can be calculated by evaluating, separately, heat kernel contributions from a tubular neighbourhood of Σ and its complement. Having explicit expressions for these kernels it remains only to bring all this information together to prove the main result of this chapter.

Theorem 6.4.1 For n ⩾ 2 let M^{2n} be a compact manifold and Σ^{2n−2} a codimension two spin submanifold of M^{2n} such that M^{2n} − Σ^{2n−2} has a non-extending spin structure. Assume that Σ has trivial normal bundle and the metric near the submanifold is locally of the form dr^2+r^2dθ^2+ds^2_Σ. The index of the Dirac operator, associated to the non-extending spin-structure, and closed as in Section 5.3, is equal to ^A(M) when dimRM = 4k 1 2 ^A(Σ) when dimRM = 4k + 2.

(6.43)

Proof We saw in equation (6.11) that the trace of the heat kernel could be approximated, to an arbitrary order of t, by the trace over a compact piece and the trace of the heat kernel on R^2 − {0} × Σ over a tubular neighbourhood of Σ. The trace of the heat kernel on the compact piece gives a contribution ∫ M−N ^A(M). The piece near to Σ is explicitly the integral over N − Σ of the pointwise expression

tre^{−t}(^{1⊗Δ−D+D2,−Σ ⊗1})^⊕(^{1⊗Δ+N +D2,+Σ ⊗1}) − tre^{−t}(^{Δ−D⊗1+1⊗D2,+Σ} )^⊕(^{Δ+N ⊗1+1⊗D2,−Σ} ). (6.44)

Since

tre^{−tA⊕B} = tre^{−tA} + tre^{−tB} (6.45) and tre^{−t(1⊗A+B⊗1)} = tre^{−tA}.tre^{−tB} (6.46)

105 the expression (6.44) is equal to

tr_Σ ( e^{−tD2,+Σ} − e^{−tD2,−Σ} ) tr_0 ( e^{tΔ+N} − e^{−tΔ−D} ) (6.47)

where tr_Σ and tr_0 denote the pointwise traces on Σ and the punctured plane R^2 − {0} respectively. Now use the explicit pointwise expressions of Lemmas 6.3.1 and 6.3.2 for the relevant heat kernels associated to the non-extending spin structure. These show that, for small t, the pointwise trace (6.47) is asymptotically equal to 1 2πt e^{−r2/2t}I_{−1/2} ( r^2/2t ) [ 1 (2πi)^{n−1} ^A(Σ)_{[2n−2]} ] . (6.48)

From the definition of the modified Bessel function I_{−1/2} 1 2πt e^{−r2/2t}I_{−1/2} ( r^2/2t ) = 1 rπ √ 4πt [ 1 + e^{−r2/t} ] . (6.49)

From this it is clear that as t → 0 ∫ U 1 2πt e^{−r2/2t}I_{−1/2} ( r^2/2t ) rdrdθ ∼ 1 2 + 1 √ πt + const.t^{1/2} (6.50)

for any radius disc U. This is because as t −→ 0 expression (6.49) tends to 1 √ πt + δ_0 2 (6.51)

where δ_0 is the Dirac delta distribution supported at {r = 0}. This completes the proof of the theorem. □

6.5 Remarks and Examples

Remark 6.5.1 Since we have constructed a pointwise approximation to the heat kernel we see that our assumptions on Σ in Theorem 6.4.1 may be weakened. This fact is noted also in [Che79, p.589]. The heat kernel proof holds, with only minor alterations, when Σ is

106 neither spin nor orientable. In these cases we must interpret the integral of the form (6.48) over Σ in a suitable way. To do this the differential form must either, canonically take values in the orientation bundle of Σ or we must consider the appropriate form, invariant under the natural involution, on a cover of Σ. In this way we see that the index Theorem 6.4.1 holds for any characteristic submanifold with trivial normal bundle in M. In Section 6.5.1 we argue that Theorem 6.4.1 is independent of the smooth metric on M.

Remark 6.5.2 The heat kernels for the extending spin structure can be substituted into the proof of Theorem 6.4.1. Doing so we recover that the L^2 index for the extending spin structure on M^{2n} − Σ^{2n−2} is ^A(M)[M] which is consistent with the Removable Singularities Theorem 3.1.1.

Remark 6.5.3 When n = 2 we can use the heat kernels in Section 6.3 to establish the index in equation (4.34) for punctured surfaces. This was derived in Section 4.3 via the Atiyah-Patodi-Singer index theorem. We commented in Remark 4.3.4 that this index was

dim ker D^+ − dim ker D^−_0 (6.52)

and equation (6.50) proves this statement rigourously. In this way we see the index of Section 4.3 as a special case of the index Theorem 6.4.1.

Remark 6.5.4 Indices of non-complete manifolds have been studied before. We explain here why this index differs from all previous work.

The most closely related work to our situation is that of Krönheimer and Mrowka in four dimensions [KM93]. They study the index of operators, on manifolds like M^4 − Σ^2, with non-trivial holonomy terms about the submanifold. As in the cases considered here the metric on M − Σ is inherited from a smooth metric on M. The index they study is, however, the index of an operator which maps from the first Sobolev space L^2_1 to L^2.

107 The index calculated here differs from this work because, in dimensions greater than two, we allow the possibility of solutions which are L^2 but not in L^2_1, in both the domain and the range of the operator.

This is most simply expressed by considering the growth of possible solutions near to Σ. Krönheimer and Mrowka show that for a covariant derivative, with non-trivial holonomy about Σ, the first Sobolev space L^2_1 norm is equivalent to ‖ 1 r f‖ + ‖df‖. (6.53) Here f is a section of the relevant bundle and the norm is the usual L^2 norm. In equations (5.18) and (5.20) we saw that we allowed the possibility of harmonic spinors in our domain and range which were O(r^{−1/2}) near Σ. Spinors which grow like O(r^{−1/2}) will not have (6.53) finite. All other index theorems on non complete manifolds [BS88, Cho85, Che79] differ in a similar manner.

6.5.1 Deformation Invariance

The principle reason for appealing to the general theory of [BS88], to show that the operator was Fredholm, lies in the fact that this work allows us to argue that the index theorem holds for any metric on M when Σ has trivial normal bundle.

Consider Σ ⊂ M, with trivial normal bundle, and any smooth metric g_1 on M. Since Σ has trivial normal bundle we may always patch a metric, of form (5.1), onto M where g_Σ is taken to be the metric induced on Σ by g_1. Denote this metric on M by g_0. Consider the continuous one parameter family of metrics

(1 − t)g_0 + tg_1. (6.54)

Lemma 2.7 of [BS88] says that as t varies from 0 to 1 we obtain a continuous family of operators, closed locally near Σ as in Section 5.3, which always lies in the space of Fredholm

108 operators. Thus as we deform the metric from g_0 to g_1 on M − Σ the index is unchanged. Hence the Theorem 6.4.1 holds for any smooth matric on M when Σ has trivial normal bundle. Actually, this requires an extra argument since the bundle of spinors varies as the metric does. This technicality is easily resolved as in [Ati71, p.51].

Remark 6.5.5 The ^A genus is not in general an integer and, for a spin manifold of dimension 8k, it is not necessarily an even integer. In this remark we explain the integrality of (6.43) in these dimensions independently of the index theorem. Firstly we deal with the case when dim Σ = 8k and Σ is spin. With these assumptions we may deduce that the ^A genus of Σ is even by a simple cobordism argument.

The spin structure on M − Σ induces a spin structure on Σ × S^1 making Σ × S^1 a spin boundary. There is a graded ring homomorphism [LM89, p.151]

ind_∗ : Ω^{Spin}_∗ −→ KO^{−∗}(pt) (6.55)

such that

ind_{8k+1}(Σ × S^1) = ind_{8k}(Σ)ind_1(S^1) (6.56)

is a spin cobordism invariant. Since Σ × S^1 is spin cobordant to zero the expression (6.56) vanishes.

We saw in Remark 1.1.4 that a non-extending spin structure induced the disconnected spin structure on S^1. Since this spin structure doesn’t bound ind_1(S^1) = 1 ∈ Z/2Z= KO^{−1}(pt). The vanishing of (6.56) then gives that ind_{8k}(Σ) = ^A(Σ) ∈ Z = KO^{−8}(pt) is zero modulo two and thus the ^A genus must be even.

When Σ is just orientable we have the following Lemma which shows the integrality of (6.43) in general.

Lemma 6.5.6 Suppose that j : Σ^{n−2} → M^n is an embedding of a compact oriented submanifold of M. Suppose that Σ^{n−2} has trivial normal bundle and that M^n − Σ^{n−2} has

109 a non-extending spin structure. Then the index (6.43) of the Dirac operator D̸, see (5.7), agrees with the SpinC index ^A(M^n)e^{v/2}[M^n] (6.57)

Proof Let v = P.D.[Σ^{n−2}] ∈ H^2(M^n, Z) so that c_1(N) = j^∗(v) where N is the normal bundle of Σ in M. The total Pontrjagin class p satisfies (see [Hir95, p.87]) j^∗p(M^n) = p(Σ^{n−2})p(N). (6.58) However p(N) = j^∗(1 + v^2) (6.59) so that p(Σ^{n−2}) = j^∗ ( (1 + v^2)^{−1}p(M^n) ) . (6.60) The ^A polynomials ^A_j(p_1, . . . , p_j ) are generated by the multiplicative sequence corresponding to the power series √ z/2 sinh √ z/2 . (6.61) see [Hir95, p.197]. Thus ∞∑ i=0 ^A_i (p_1(Σ^{n−2}), . . . , p_i(Σ^{n−2})) = j^∗ [ 2 sinh v/2 v ∞∑ i=0 ^A_i (p_1(M^n), . . . , p_i(M^n)) ] (6.62) so that 1 2 ^A(Σ^{n−2})[Σ^{n−2}] = ( sinh v/2 ∞∑ i=0 ^A_i(M^n) ) [M^n]. (6.63) In the trivial normal bundle case the index of the operator D̸ is, by Theorem 6.4.1, equal to 1 2 ^A(Σ^{n−2})[Σ^{n−2}] + ^A(M^n)[M^n] = ^A(M^n) (1 + sinh v/2) [M^n], (6.64)

where the equality comes from equation (6.63). This expression is seen to equal the SpinC index as follows.

110 Case One dim M = 4n In this case the powers of v arising from the term sinh v/2 are all odd. Hence the right hand side of equation (6.64) is just ^A(M)[M] as is equation (6.57).

Case One dim M = 4n + 2 In this case only terms with odd powers of v will contribute to the index. Thus, both equation (6.64) and equation (6.57) are seen to equal ∑ p+q=m 1 (2p + 1)! (v 2 )_{2p+1} ^A_q[M]. (6.65)

This completes the proof of Lemma 6.5.6. □

6.5.2 Hermitian Bundle Twisting

We have concentrated thus far on the untwisted Dirac operator associated to a nonextending spin structure on M − Σ. We may however, also consider this Dirac operator twisted by a Hermitian connection on a complex vector bundle F over M. In this remark we show how this twisting affects the form of the index.

Note that it is important to our discussion that the complex vector bundle is well defined over M. Otherwise, twisting the Dirac operator may remove the obstruction to the operator and the bundle extending over M. For example, on C P^2 − C P^1 the Dirac operator D̸^+ is identified [LM89, p.400] with

∂ + ∂^∗ : Λ^{0,even} ⊗ K^{1/2} −→ Λ^{0,odd} ⊗ K^{1/2}, (6.66)

where K is the canonical bundle of C P^2 − C P^1 . Since C P^2 is not spin this unique spin structure is non extending (see also Example 2.1.12). Denote the hyperplane bundle of

C P^2 − C P^1 by H and twist the Dirac operator by the connection on H^{3/2} = K^{−1/2}. This

coupled Dirac operator on C P^2 − C P^1 is just ∂ + ∂^∗ : Λ^{0,even} −→ Λ^{0,odd} which is the

111 restriction of the ∂ operator on C P^2 acting on the restriction of a well defined bundle on

C P^2 . In such cases a simple adaptation of Removable Singularities Theorem 3.1.1 shows

that the L^2 index of this operator on C P^2 − C P^1 can be calculated by applying the SpinC index theorem on C P^2 .

Consider now the basic case where F is a complex line bundle over M. Assume that Σ is as in Theorem 6.4.1 and that on some neighbourhood, N = U × Σ, of Σ the line bundle F is separable as L_1 ⊗ L_2, where L_1 −→ U is a line bundle over the disc and L_2 −→ Σ is a line bundle over Σ. On this tubular neighbourhood the spinor Laplacian for the coupled Dirac operator D̸^2_{⊗F} is of the form,

Δ^2 + D^2_Σ + i ( F^1_{12}e_{12} + ∑ 36j<k F^2_{jk}e_{jk} ) , (6.67)

where F^1 and F^2 are the curvatures of L_1 and L_2 and F_{jk} = F (e_j, e_k). We may close this operator in a manner analogous to that in Section 5.3. This gives a spinor Laplacian whose chiral restrictions are of the form,

D̸^{2,±}_{⊗F} = Δ^−_D + D^{2,∓}_Σ − F^1_{12} + iF^2_{jk}e_{jk}ω^∓_Σ 0 0 Δ^+_N + D^{2,±}_Σ + F^1_{12} + iF^2_{jk}e_{jk}ω^±_Σ

, (6.68)

near Σ. Recall the ω^±_Σ denotes restriction of Clifford multiplication by the volume form on Σ to the spinor bundles S^±_Σ . Compare this expression to that in equation (5.27). The analytical framework of Section 6.2 carries over with only minor changes for this operator. The pointwise trace

tr_{U×Σ} ( e^{−t}̸^D2,+⊗F − e^{−t}̸^D2,−⊗F ) (6.69)

is equal to

tr_U ( e^{−tΔ+N} e^{−tF 112} − e^{−tΔ−D} e^{tF 112} ) tr_Σ ( e^{−tD2,+⊗L}2 − e^{−tD2,−⊗L}2 ) (6.70)

112 on the tubular neighbourhood of Σ. Here we have denoted the heat kernel of the Dirac operator on Σ, twisted by the line bundle L_2 −→ Σ, by e^{−tD2⊗L}2 . As in the proof of Theorem 6.4.1, ∫ U tr_U ( e^{−tΔ+N} e^{−tF 112} − e^{−tΔ−D} e^{tF 112} ) rdrdθ ∼ 1 √ πt + 1 2 + O(t^{1/2}), (6.71)

as t −→ 0. Consequently, by following the proof of Theorem 6.4.1, the index is seen to equal ∫ M ^A(M)Ch(F ) + 1 2 ∫ Σ ^A(Σ)Ch(i^∗F ) (6.72)

where i : Σ −→ M is the embedding and Ch denotes the Chern character. As before this index theorem will be independent of the smooth metric on M and the orientability of Σ. Furthermore, it is straightforward to extend the proof sketched above to the case of an arbitrary line bundle F over M.

6.5.3 Examples

Example 6.5.7 The most transparent example of the index (6.43) is on the space C P^1 − {0, ∞} × K3. Here K3 denotes a K3 surface with Kähler metric. By Remark 2 of [Hit74, p.20] such a K3 surface has precisely two positive spinors. Denote these by ϕ^+_1 and ϕ^+_2 . There are no negative harmonic spinors. These facts are independent of the Kähler metric chosen on the K3.

Recall that the punctured C P^1 has two L^2 harmonic spinors associated to its non-extending spin structure: one of each chirality Ψ^+_{ness} and Ψ^−_{ness} (see equations (1.21) and (1.23)). Thus the L^2 harmonic spinors on the product C P^1 − {0, ∞} × K3 are simply

Ψ^+_{ness} ⊗ ϕ^+_1 , Ψ^+_{ness} ⊗ ϕ^+_2 ∈ S̸^+ (6.73) Ψ^−_{ness} ⊗ ϕ^+_1 , Ψ^−_{ness} ⊗ ϕ^+_2 ∈ S̸^−.

113 We saw in the main example that both Ψ^+_{ness} and Ψ^−_{ness} grew like O(r^{−1/2}) near to the removed points. Considering the operator whose index we calculated we see that the index theorem will count both Ψ^+_{ness} ⊗ ϕ^+_1 and Ψ^+_{ness} ⊗ ϕ^+_2 , but not Ψ^−_{ness} ⊗ ϕ^+_1 or Ψ^−_{ness} ⊗ ϕ^+_2 . Recall here the growth conditions, equations (5.23) and (5.24), of the spinors in the domain of the operator.

As a consequence, the difference

dim ker D̸^+ ∩ L^2 − dim ker D̸^− ∩ L^2, (6.74)

is zero for the unique non-extending spin structure on C P^1 − {0, ∞} × K3, but the index of the operator (5.21) will be two. This easily verifies Theorem 6.4.1 in this case since

^A(K3)[K3] = 2. (6.75)

This example shows clearly how the index differs from the formal L^2 difference. It also shows clearly how some harmonic spinors in L^2 − L^2_1 are in the domain of D̸ but not all.

Remark 6.5.8 The example which follows is highly pertinent. In 8k + 4 dimensions the Clifford Algebra has a quaternionic structure, see [LM89, p.37], which is maintained in the spin representation. Consequently the complex dimension of the vector space of L^2 harmonic spinors associated to a non-extending spin structure, on M^{8k+4} − Σ^{8k+2}, must be even. This is well known. Example 6.5.9 shows that the index we have calculated breaks the symmetry [AS68] of the representation. How it breaks this symmetry is explained in detail in Section 6.6.

Example 6.5.9 Consider a cubic curve C in C P^2 . Since KC_P 2 = O(−3) the holomorphic line bundle defined by C, which we denote by [C], is therefore −KC_P 2 . If p : M −→ C P^2 denotes the surface obtained by blowing up a point x ∈ C, then the exceptional divisor

E = C P^1 (the inverse image of x under p) has self-intersection −1 (see [GH94, p.475]). If

114 C is non singular at x then its inverse image under p is C^′ + E for a curve C^′ isomorphic to C. Pulling back the holomorphic line bundle [C] we have that p^∗[C] = [C^′ + E]. (6.76) By considering local two forms it can be shown [GH94, p.187] that K_M = p^∗KC_P 2 + [E] (6.77) where K_M denotes the canonical bundle of M. When C is the cubic in C P^2 the above gives that [C^′] = p^∗[C] − [E] = − (p^∗KC_P 2 + [E]) = −K_M . (6.78) Hence, from (6.77), c_1[C^′] = −c_1 (p^∗KC_P 2 ) − c_1 ([E]) (6.79) so that c^2_1 ([C^′]) [M] = c^2_1 (KC_P 2 ) [C P^2 ] + c^2_1[E][M] (6.80) = 9 − 1 Thus, blowing up a point on C adds another class to H^2. If we blow up nine distinct points on C, the resulting surface Σ, is such that c^2_1[Σ] = 0. Hence Σ has trivial normal bundle in M. On a four manifold the second Chern class is just the Euler characteristic class. The extra class in H^2 obtained by blowing up a point will increase the Euler characteristic by one. Therefore c_2(M) = c_2(C P^2 ) + 9 = 12.

From equation (6.78) [Σ] = −K_M and since K_M = w_2(M) mod 2, for any complex manifold M, we see that removing Σ from M gives a non-extending spin structure on M − Σ. The index Theorem 6.4.1 says that the index of the operator (5.21) is equal to ^A(M)_{[4]} = − p^1 24 = 2c_2 − c^2_1 24 = c_2 12 = 1 (6.81) for any smooth metric on M.

115 6.6 Symmetry Breaking

We saw in Example 6.5.9 that the index (6.43) could be odd in 8k + 4 dimensions. The reason why the index does not reflect the quaternionic nature of the spin representations in 8k + 4 dimensions is because the quaternionic structure does not, in general, preserve the domain on which the operator is closed. The subtlety is due to the null space of the Lie derivative of the vector field induced by the local S^1 action. We explain this in detail below. Recall from (5.20) that L^2 harmonic spinors, in the null space of D_Σ, may take the form near Σ

...

n=−1 e^{−iθ}r^{1/2}ϕ^−_0 0 , n=0 r^{−1/2}ϕ^−_0 0 , ‖ A^+

0 r^{−1/2}ϕ^+_0 , ‖ B^+

n=1 0 e^{iθ}r^{1/2}ϕ^+_0 , ... (6.82)

in S̸^+ or

...

n=−1 e^{−iθ}r^{1/2}ϕ^+_0 0 , n=0 r^{−1/2}ϕ^+_0 0 , ‖ A^−

0 r^{−1/2}ϕ^−_0 , ‖ B^−

n=1 0 e^{iθ}r^{1/2}ϕ^−_0 , ... (6.83)

in S̸^−. Off of the null space of D_Σ harmonic spinors may also take the form (5.18). Recall that the value of n denotes the decomposition into eigenspaces associated with the local circle action and ϕ^±_0 denotes a harmonic spinor in S^±_Σ .

The main point here is that A^+ and A^− are not in the domain of the Dirac operator whose closure was described in 5.3. All of the other forms of spinors, in equations (6.82) and (6.83) are in dom D̸. With respect to our representation the quaternionic structure

116 may without loss of generality be of the form

j = 0 −e_4 −e_4 0

. (6.84)

This structure is parallel so [D̸, j ] = 0.

Denote by W the vector space of all solutions to the Dirac operator which lie in the domain of our closure 5.3. Then

W = (j(W ) ∩ W ) ⊕ (j(W ) ∩ W )^⊥, (6.85)

where the orthogonal complement is taken in W . The point is that the subspace (j(W ) ∩ W )^⊥ may be non trivial so that j(W ) ⊄ W .

This is clear since if M − Σ has a non-extending spin structure there is the possibility that there may be L^2 spinors like B^+. Now j.B^+ is also harmonic and L^2 however

j.B^+ = const. A^+ ∉ W (6.86) so B^+ ∈ (j(W ) ∩ W )^⊥. (6.87)

Thus the quaternionic structure does not preserve the domain on which our Dirac operator is defined.

Remark 6.6.1 The L^2 harmonic spinors which lie in (j(W ) ∩ W )^⊥ on an 8k + 4 manifold all lie in the zero eigenspace of L_V . For the product metric the L^2 harmonic spinors with this form near to Σ are the only harmonic spinors which are in L^2 − L^2_1. Thus we conclude that the following corollary holds.

Corollary 6.6.2 Let M be a manifold of dimension 8k + 4 and let Σ^{8k+2} ⊂ M^{8k+4} be a codimension two submanifold such that M − Σ has a non-extending spin structure. Assume

117 that Σ has trivial normal bundle and equip M − Σ with a metric which is locally of form (5.1) near Σ. If the index (6.43) is odd then there exists an L^2 harmonic spinor Ψ on M − Σ which is not in L^2_1. Furthermore such spinors satisfy L_V Ψ = 0 near Σ where L_V is the Lie derivative of the vector field induced on a tubular neighbourhood by the local S^1 action.

6.6.1 The mod 2 Index as a Limit

We consider here the reduction of the index (6.43) modulo 2 in 8k + 4 dimensions. By writing this index as a limit of the Atiyah-Patodi-Singer index we are able to show that the parity, modulo 2, of ^A(M) equals the parity of the spin structure induced upon Σ. Consider a spin submanifold Σ^{8k+2} ⊂ M^{8k+4}, with trivial normal bundle, such that M − Σ has a non extending spin structure. Express the index 6.4.1 as follows ^A(M) = lim_{ϵ→0} [ APS index ∂̸|_{Mϵ} − ∫ ∂M_ϵ (∗) + h_ϵ + η_ϵ 2 ] ∈ Z (6.88)

Here APS Index ∂̸|_{Mϵ} is the Atiyah-Patodi-Singer index on the manifold with boundary M_ϵ = M − N_ϵ where N_ϵ is an ϵ neighbourhood of Σ. The terms h_ϵ and η_ϵ are the usual eta invariant and null space dimension associated to this global boundary value problem. The term ∫ ∂M_ϵ (∗) represents the usual boundary correction term. We must include this term

because the product metric (5.1) on U × Σ is not the product metric on R × S^1 × Σ, which is the context of the original Atiyah-Patodi-Singer problem [APS75]. Since Σ is of dimension 8k + 2 we have [AS69, p.148] that ω^ΣC ∂̸_Σ = −∂̸_Σω^ΣC (6.89) where ω^ΣC is Clifford multiplication by the C -volume element of Σ. Hence the non zero eigenvalues of D_Σ come in pairs ±λ.

Since we assume that the normal bundle of Σ is trivial we may equip M − Σ with a metric of form (5.1) near Σ. The explicit form of the eigenspinors (5.30) for the non-extending

118 spin structure shows then that

h_ϵ = h_Σ and η_ϵ = 0, (6.90)

where h_Σ is the dimension of the null space of the Dirac operator on Σ. The dimension of this null space is with respect to the spin structure induced upon Σ by the non-extending spin structure on M − Σ. See Remark 5.1.2. The boundary term ∫ (∗) vanishes in the limit as ϵ −→ 0. The easiest way to see this is by noting that if M − Σ has an extending spin structure then the explicit form of the eigenspinors (5.30) gives that h_ϵ = η_ϵ = 0 for all ϵ > 0. The quaternionic structure associated to the 8k+4 spinor representation preserves the Atiyah-Patodi-Singer boundary value problem. Similarly when M^{8k+4} is spin its ^A genus is always even. Thus reducing (6.88) modulo 2 for the extending spin structure gives that lim_{ϵ−→0} ∫ ∂M_ϵ (∗) = 0 mod 2. (6.91)

A calculation shows that in general this boundary term vanishes as ϵ −→ 0 irrespective as to whether M is spin.

For a spin structure on M −N_ϵ induced from a non-extending spin structure on M − Σ the the quaternionic structure associated to the 8k+4 spinor representation again preserves the Atiyah-Patodi-Singer boundary value problem however it need not preserve the domain on which the operator D̸ is defined. Thus the Atiyah-Patodi-Singer index is always even but the one in Theorem 6.4.1 may not be. Putting these facts together we obtain that in 8k + 4 dimensions ^A(M)[M] = h^Σ 2 mod 2. (6.92)

With Σ^{8k+2} spin the index of the Dirac operator is zero modulo 2 so that h_Σ/2 = dim ker D̸^+_Σ. Thus h_Σ/2 is the usual mod 2 index of D̸_Σ.

119 We argued that the index (6.43) for the non-extending spin structure was deformation invariant in Section 6.5.1. We conclude therefore that the reduction modulo 2 of the index for the spin structure induced upon a characteristic submanifold of dimension 8k + 2 is independent of the Riemannian metric on it. This is of course a special case of the result of Atiyah [Ati71, p.57]

Proposition (3.3) On a spin manifold of dimension 8k + 2 the harmonic spinors H form a complex vector space and dimC H mod 2 is independent of the Riemannian metric.

We may also however use the observation (6.92) to relate the parity of the ^A genus of M to the type of spin structure induced on Σ. This gives us two basic corollaries.

Corollary 6.6.3 Assume that M^{8k+4} − Σ^{8k+2} has a non-extending spin structure where Σ is spin with trivial normal bundle. Suppose that the non-extending spin structure induces a spin structure on Σ via the inclusion T_Σ ⊂ N, where N is the unit normal bundle. Then the following are equivalent

• the ^A genus of M is even

• the index (6.43) is even

• the spin structure induced on Σ is even

• dim (j(W ) ∩ W )^⊥ is even.

Here (j(W ) ∩ W )^⊥ is as in (6.85).

Corollary 6.6.4 If M^{8k+4} − Σ^{8k+2} is as in Corollary 6.6.3, then the non-extending spin structure on M − Σ induces an odd spin structure on Σ if and only if the ^A genus of M is odd.

120 When the index is odd recall from Corollary 6.6.2 that this implies the existence of a L^2 harmonic spinor associated to the non-extending spin structure on M − Σ which is not in L^2_1.

Note that the even and odd in the above Corollaries do not refer to the ‘local’ even and oddness with respect to the local S^1 action in Remark 1.1.5, but to the spin structure induced upon Σ.

6.6.2 The Work of Esnault, Seade and Viehweg

We show here that the interpretation of the index modulo 2, in Section 6.6.1, provides a partial extension of the results of Esnault, Seade and Viehweg [ESV92]. They studied characteristic (smooth) divisors on complex manifolds of (complex) dimension 4k + 2. These they defined as divisors of complex codimension one submanifolds Σ^{8k+2} ⊂ M^{8k+4} such that P.D.[Σ] = K^{−1}_M ⊗ L^2 (6.93) where L is some line bundle on M. Of course when equation (6.93) holds then P.D.[Σ] mod 2 = w_2(M) so that M − Σ has a non-extending spin structure. Recall here equation (4.9). The authors of [ESV92] observed that when Σ was a characteristic divisor, Σ induced a canonical spin structure upon itself. By the adjunction formula K_Σ = K_M |_Σ ⊗ P.D.[Σ]|_Σ = L^2|_Σ. (6.94) As in Lemma 6.5.6 we will now denote P.D.[Σ] by ν. One of the principal results of [ESV92] has as a corollary that the SpinC index of the Dirac operator D̸_ν1/2 , reduced modulo 2, equals the mod 2 index of the Dirac operator on Σ for the spin structure it induces upon itself. When dimC M = 4k + 2 we may write this as χ(M, L) = 2k∑ i=0 h^i(Σ, L) mod 2 (6.95)

121 where χ(M, L) is the Euler characteristic of the sheaf of germs of holomorphic sections of L and h^i(Σ, L) = dim H^i(Σ, O(L)).

In Remark (b) of [ESV92, p.22] the authors ask whether this theorem holds true in general for SpinC manifolds of real dimension 8k + 4. The index theorem for non-extending spin structures goes some way to answering this question when Σ has trivial normal bundle. We saw in Remark 2.1.8 that if Σ was orientable and M − Σ had a non-extending spin structure then M was SpinC . Since P.D.[Σ] = K_M mod 2 we may define a line bundle L such that K_M ⊗ P.D.[Σ] = L^2. Then by Lemma 6.5.6 the index theorem for the nonextending spin structure equals the SpinC index of D̸_ν1/2 . By the argument in Section 6.6.1 the index for the non-extending spin structure is also equal to the mod2 index of the Dirac operator on Σ for the spin structure induced on Σ as in Remark 5.1.2. This proves the conjecture of Esnault, Seade and Viehweg when Σ has trivial normal bundle.

Remark 6.6.5 We remark here that in Conjecture 8.2.1 we suggest that it may be possible to extend this result, not only to characteristic manifolds with non trivial normal bundle but, to singular divisors using the same heat kernel methods of Chapter 6.

122

Chapter 7

Non Trivial Normal Bundle

In this chapter we present preliminary calculations for a general index theorem for nonextending spin structures on M^{2n} − Σ^{2n−2}, when n ⩾ 2. Here we allow Σ to have non trivial normal bundle. Once again we assume an amenable form of metric near Σ, or equivalently, on the normal bundle of Σ. We will also assume that Σ is spin. The main results in this chapter are expressions for the Dirac operator and spinor Laplacian for such a metric. These are given in equations (7.29) and (7.31), which differ from (5.7) and (5.9) in that they include terms involving Clifford multiplication by the Euler class of the normal bundle of Σ in M.

7.1 Set Up

Let π : N → Σ denote the normal bundle of Σ. Let π : N_1 → Σ denote the unit disc bundle of tangent vectors normal to the submanifold Σ. Let π : P_{U1} → Σ denote the principal U_1 bundle of unit normal vectors. Lastly denote the tangent bundle of the boundary of a tubular neighbourhood of Σ by M_0. Consider the simplest form of a metric on N_1

dr^2 + 4π^2r^2φ ⊗ φ + ds^2_Σ. (7.1)

124 Here φ denotes the global angular form on P_{U1} . Thus α := 2πiφ is a U_1 connection on

P_{U1} and dφ = −π^∗e where e is the Euler class of the normal bundle of Σ. Choose an

orthonormal basis for T_Σ and denote this by e_3, . . . , e_{2n}. Denote the lift of tangent vectors

from T_Σ to M_0 by a tilde.

Extend ~e_3 . . . ~e_{2n} to an orthonormal basis of M_0 by adding ~V := φ^∗/2π. Parallel translate

these tangent vectors radially and extend to an orthonormal basis of N_1 by adding ∂_r.

Denote parallel translation of elements of M_0 along radial lines by a bar. In what follows

we do not distinguish between e_i, ~e_i or ~e_i. We also denote ~V by V for simplicity. Define

A := ∑ 36i<j62n F_{ij} e_i.e_j. where F_{ij} := F (e_i, e_j) = dα (e_i, e_j) . (7.2)

7.2 Operator Expressions

Using the set up above we may calculate the form of the Dirac operator and the spinor

Laplacian with respect to the lift of the local section (∂_r, V, e_3, . . . , e_{2n}). We start by

working out the form of the covariant spinor derivative from which it is straightforward to

find expressions for the operators.

7.2.1 Dirac Operator

We record the following Lemma for the Levi Civita connection.

Lemma 7.2.1

∇_{∂r} ∂_r = ∇_{∂r} e_i = ∇_{∂r} V = ∇_{ei} ∂_r = 0 ∇_V ∂_r = V r (7.3) ∇_V V = − ∂_r r ∇_{ei} e_j = ( ]_∇Σ_{ei ej}^)_{− rFij .V. (7.4)} ∇_{ei} V = ∑ j rF_{ij} .e_j . ∇_V e_i = ∑ j rF_{ij} .e_j. (7.5)

125 Proof These expressions follow from the fact that 2 ⟨∇_X Y, Z⟩ = ⟨[X, Y ], Z⟩ − ⟨[X, Z], Y ⟩ − ⟨[Y, Z], X⟩ (7.6) for pairwise orthonormal vector fields X, Y and Z. The vector fields in our orthonormal

basis satisfy

[∂_r, ∂_r] = [∂_r, e_i] = [V, e_i] = 0 and [∂_r, V ] = − V r . (7.7)

Equations (7.3) follow from this.

Also

2 (∇_V V, e_i) = ([e_i, V ], V ) = g_{U1} ( [e_i, ~V ], ~V ) = 0 (7.8)

since [e_i, ~V ] is still horizontal. This gives that ∇_V V = −r^{−1}∂_r.

The rest of the the Lemma uses the fact that π : P_{U1} −→ Σ, with the metric (7.1), is a

Riemannian submersion where {e_3 . . . e_{2n}} are horizontal and ~V is the vertical vector field.

From this we can conclude [dC92, p.186] the relationship between the two connections ~∇

and ∇. ~∇_{~ei} ~e_j = ]∇_{ei} e_j + 1 2 g_{U1} ( [ ~X, ~Y ], V ) . (7.9)

We have also that 2g_{U1} ( [e_i, ~V ], ~V ) = −g_{U1} ( [~V , e_i], ~V ) − g_{U1} ( [~V , e_i], ~V )

= g_{U1} ( ~∇_{~V} ~V , e_i ) = g_Σ ( e_i, π_∗ ( ~∇_{~V} ~V )) (7.10)

From (7.6) we see that 2r (∇_{ei} V, e_j) = g_{U1} ( [e_i, ~V ], e_j ) − g_{U1} ( [~V , e_j ], e_i ) − r^2g_{U1} ( [e_i, e_j], ~V )

= 2g_{U1} ( ~∇_{ei} ~V , e_j ) + (1 − r^2) g_{U1} ( [e_i, e_j], ~V ) . (7.11)

126 Now F_{ij} = F (e_i, e_j) = dα(e_i, e_j ) = − 1 2 α[e_i, e_j ]α(~V ) = − 1 2 g_{U1} ( [e_i, e_j], ~V )

= −g_{U1} ( ~∇_{ei} e_j, ~V ) = g_{U1} ( e_j , ~∇_{ei} ~V )

= g_Σ ( e_j, π_∗(~∇_{ei} ~V ) ) . (7.12)

Putting the previous two equations together we obtain that

2 ⟨∇_{ei} V, e_j⟩ = 2rF_{ij} (7.13)

and hence the expression for ∇_{ei} V .

The expression for ∇_V e_i , and the coefficient of V in ∇_{ei} e_j, are obtained in a similar

manner. The coefficients for the e_k in ∇_{ei} e_j follow simply because ⟨[e_i, e_j ], e_k⟩ =^ g_Σ([e_1, e_j ], e_k). (7.14)

This completes the proof. □ From now on we denote the Clifford algebra elements by e_1 := ∂_r and e_2 := V

to avoid any confusion.

The above expressions imply the form of the spinor derivative

Lemma 7.2.2

∇_{∂r} ϕ = 0 (7.15)

∇_V ϕ = ( rA 2 + e_{12}. 2r ) ϕ (7.16) ∇_{ei} ϕ = ( ~∇Σ_{ei} ϕ ) + r 2 ∑ k F_{ik} V.e_k.ϕ (7.17)

127 Proof Equation (7.15) holds since ϕ is obtained from ϕ by radial parallel translation. By

the definition of the spinor derivative ∇_V ( ϕ ) = 1 2 ∑ 16j<k62n−2 e_{jk} ⟨∇_V e_j, e_k⟩ .ϕ + 1 2 ∑ 16k62n−2 ∂_r.e_k ⟨∇_V ∂_r, e_k⟩ .ϕ + 1 2 ∑ 16k62n−2 V.e_k ⟨∇_V V, e_k⟩ .ϕ + 1 2 ∂_r.V ⟨∇_V ∂_r, V ⟩ .ϕ. (7.18)

By the previous lemma this equals r 2 ∑ j<k e_{jk}F_{jk}ϕ + 1 2r ∂_r.V.ϕ = ( rA 2 + e_{12} 2r ) .ϕ. (7.19)

Similarly ∇_{ei} ϕ = 1 2 ∑ 36j<k62n e_{jk} ⟨∇_{ei} e_j , e_k⟩ .ϕ

+ 1 2 ∑ 36k62n e_{2k} (∇_{ei} V, e_k) .ϕ + 1 2 e_{12}. ⟨∇_{ei} ∂_r, V ⟩ .ϕ = 1 2 ∑ 36j<k62n e_{jk} ⟨ ]_{∇ei ej , ek}^⟩_+^1_2^∑_{36k62n V.ek.Fikϕ. (7.20)} The first term is just ~∇^Σ_{ei} ϕ which completes the proof. □

We record for completeness that the following identities also hold.

Lemma 7.2.3

[e_i, e_k] = [e_i, e_k] + 2 (r − 1) F_{ik}.e_1 (7.21)

[e_i, ~V ] = r [e_i, V ] (7.22)

∇_V A = [∇_V , A] = [e_1.∇_V , A] = 0 (7.23)

∇_{∂r} A = [∇_{∂r} , A] = [e_0.∇_{∂r} , A] = 0 (7.24)

A^2 = 2 ∑ a<b<c<d e_{abcd}F_{ab}F_{cd} − ∑ a<b F^2_{ab} (7.25)

128 Proof All these identities are elementary, for example,

[e_i.e_k] = ~∇_{ei} e_k − ~∇_{ek} e_i = ∇_{ei} e_k − ∇_{ek} e_i + 2(r − 1)F_{ik}.V = [e_i, e_k] + 2(r − 1)F_{ik}.V (7.26)

proves equation (7.21) and (7.22) follows similarly. Equation (7.23) holds since

(∇_V A) = ∇_V ( ∑ j<k e_{jk}F_{jk} ) = ∑ j<k (∇_V e_j) e_kF_{jk} + e_j (∇_V e_k) F_{jk} = 1 2 ∑ j,k,p e_{pk}F_{jk} (F_{jp} + F_{pj}) = 0. (7.27)

Expression (7.24) is straightforward. Lastly, equation (7.25) follows from the symmetries

of the Clifford algebra and the curvature tensor. □ We can write any spinor on U × Σ locally as f (r, θ) ϕ where ϕ is a spinor on Σ lifted to

the tubular neighbourhood and extended by parallel translation. Thus the lemmas above

give the form of the Dirac operator

Lemma 7.2.4

∇_{∂r} = ∂_r ∇_V = ( ∂_θ r + rA 2 + e_0.e_1. 2r ) ∇_{ei} = ( ~∇Σ_{ei} + r 2 e_1. ∑ k F_{ik} e_k. )

(7.28) D̸ = e_1. ( ∂_r + 1 2r ) + e_2. ( ∂_θ r − rA. 2 ) + ~D_Σ (7.29)

7.2.2 Spinor Laplacian

Using the results of Section 7.2.1 we may deduce the form of the spinor Laplacian.

129 Lemma 7.2.5

D̸^2 = ~D_Σ ~D_Σ − ( ∂_r + 1 2r )_2 − ( ∂_θ r − rA 2 )_2 (7.30) − e_{12}. r ( ∂_θ r + rA 2 ) + re_2 2 [D̸, A] . (7.31)

Proof It is a straightforward application of the previous Lemmas that

e_1∇_{e1} ( D̸fϕ ) = − ( f^{′′} + f^′ 2r − f 2r^2 ) ϕ + e_{12} ( ∂_θf^′ r − ∂_θf r^2 − (f^′r + f) 2 A ) ϕ + e_1.f^′ ( ~D̸_Σϕ ) (7.32)

e_2∇_{e2} ( D̸fϕ ) = − ( f^′ 2r + f 4r^2 + ∂^2_θ f r^2 − r^2A^2f 4 ) ϕ + e_1 f 2r ~D̸_Σϕ − e_{12} ( ∂_θf^′ r + rf^′A 2 + A.f 2 ) ϕ + e_2 ( ∂_θf r + rA.f 2 ) ~D̸_Σϕ (7.33)

e_i∇_{ei} ( D̸fϕ ) = ( ∂_θf.A − r^2.A^2.f 2 + f ~D̸_Σ ~D̸_Σ ) ϕ − e_1 ( f^′ + f 2r ) ~D̸_Σϕ + e_2 rf 2 [D̸, A]ϕ − e_2 ( ∂_θf r + rf.A 2 ) ~D̸_Σϕ + e_{12} ( rf^′ + f 2 ) A.ϕ. (7.34) Putting these three expressions together completes the proof of the Lemma. □

Let P_m denote projection onto the m eigenspace of the Lie derivative of the vector field

induced from the U_1 action. Substituting r = e^{−s} we may rewrite these last two expressions as Lemma 7.2.6

D̸ ∘ P_m = ~D_Σ − e^se_1. ( ∂_s − 1 2 ) + ie^se_2 ( m + ie^{−2s}A 2 ) (7.35)

D̸^2 ∘ P_m = ~D_Σ ~D_Σ − e^{2s}∂^2_s + e^{2s} ( m − ie_1.e_2 2 )_2

+ i ( m + ie_1.e_2 2 ) A − e^{−2s}A^2 4 + e_2e^{−s} 2 [D̸, A] (7.36)

When the normal bundle is trivial A ≡ 0 and we return to the product case of equation

(5.9).

130

Chapter 8

Conjectures

The preliminary calculations in Chapter 7 should allow us to prove an index theorem for non-extending spin structures on M^{2n} − Σ^{2n−2} when Σ has non trivial normal bundle.

This has not yet been carried out successfully by the author.

Using the index theorem for the trivial normal bundle case as a model we may, however, deduce enough qualitative behaviour to conjecture the form of such a theorem. This is Conjecture 8.1.1. Having argued why this theorem should hold we then present two simple consequences of it. Firstly we show that in four dimensions the conjectured theorem gives a simple, analytic, proof of the unorientable Rohlin theorem of Guillou and Marin [GM80]. Secondly we show how to obtain indices for the Dirac operator on C P^2 − RP^2 twisted with half powers of the hyperplane bundle. This is a ‘model’ case for the S-duality test numbers of [SSZ95] on the reduced two monopole moduli space and was one of the primary motivations for this work. We make no attempt to explain why these numbers agree with those in [SSZ95], other than to remark that there is an SO_3 equivariant diffeomorphism from C P^2 − RP^2 to the two monopole moduli space [Hit95].

132 8.1 Main Conjecture

The main conjecture of this chapter is the following theorem.

Conjectured Theorem 8.1.1 Let M^{2n} be a smooth compact manifold with smooth metric and let i : Σ −→ M be a closed embedded codimension two submanifold. Let F be any complex line bundle over M and let M − Σ have a non-extending spin structure. Denote the Dirac operator associated to the non-extending spin structure, coupled to F by D̸_{⊗F} . The index of this operator, closed as in Section 5.3, is then conjectured to be

index D̸_{⊗F} = ∫ M ^A(M)Ch(F ) + 1 2 ∫ Σ ^A(Σ)Ch(i^∗F ) (tanh(ν/4) + 1) . (8.1)

Here ^A represents the ^A characteristic class, Ch denotes the Chern character and ν denotes the Euler class of the normal bundle of Σ in M. When Σ is unorientable the integral over Σ is interpreted as the integral of the appropriate form, invariant under the natural involution, on a cover of Σ.

Remark 8.1.1 When Σ is orientable then the index above is just the SpinC index for D̸_{⊗ν/2⊗F} . This follows in a manner similar to Lemma 6.5.6. Proof Recalling equation (6.62) shows that 1 2 (tanh ν/4 + 1) ^A(Σ^{n−2})[Σ^{n−2}] = j^∗ ( (e^{ν/2} − 1) ν ^A(M^n) ) [Σ^{n−2}] (8.2)

which proves this remark. □

8.2 Arguments for the Conjecture

In this section we present the principal arguments that we use to justify Conjecture 8.1.1. These stem from the preliminary calculations in Chapter 7 and the proof of the index theorem for the trivial normal bundle case in Section 6.

133 8.2.1 Qualitative Behaviour

We start by considering the untwisted Dirac operator and a non-extending spin structure on M − Σ where Σ is spin. The expression for the Dirac operator (7.29) differs from the trivial normal bundle case only in the addition of a single term involving Clifford multiplication by the Euler form of the normal bundle. This term is of order O(r) and thus should give growth conditions for L^2 harmonic spinors near Σ similar to those exhibited in Section 5.2.1. More importantly, we still have the local decomposition of the spinor bundle (5.6) and may thus still consider the closure of the Dirac operator described in Section 5.3. This operator will again by self adjoint.

The fact that our operator is now an O(r) perturbation of the trivial bundle case shows that the index of this closure is Fredholm by appealing to the work of Bruning and Seeley, as in Section 6.2. Moreover, we should again be able to calculate the index by approximating the heat kernels over a compact set in M − Σ and a tubular neighbourhood of Σ. The standard pointwise expression for the heat kernel on the compact piece would contribute the first term in (8.1). The expression for the spinor Laplacian (7.31) could then be used to approximate the heat kernel close to Σ. The details of this contribution are argued below. These are the qualitative arguments for proving an index theorem in the non trivial normal bundle case.

8.2.2 Small Eigenvalues

The form of the spinor Laplacian (7.31) is of an O(r) perturbation of the trivial normal bundle Laplacian (5.9) plus the operator

i ( m + ie_{12} 2 ) A. (8.3)

Recall that A involves Clifford multiplication by the Euler form of the normal bundle.

134 It is natural to suggest that we can approximate a heat kernel for this Laplacian, to an arbitrary order of t, by ignoring the terms of order r. Recall that in the trivial normal bundle case the contribution from the heat kernel near the submanifold came solely from the small eigenvalues of L_V (see Section 6.3).

Precisely these were the n = −1, 0 and 1 eigenspaces of L_V (see equation (6.20)). The contributions from these eigenvalues were the only ones which were supported on Σ as t −→ 0. A cursory assessment of the heat kernel for (7.36) suggests similar behaviour. These small eigenvalues are the only difference between the two parts of the direct sum in the domain of the Dirac operator. The Removable Singularities Theorem 3.1.1 suggests that the terms which lie outside the small eigenspaces will contribute nothing to the index as they did in the trivial normal bundle case.

Schematically therefore the contribution of the heat kernel near to Σ should be 1 2 ∫ Σ ^A(Σ)P (ν), (8.4)

where P (ν) is a polynomial in the Euler class of the normal bundle of Σ.

The Form of the Polynomial To determine the coefficients of the polynomial P (ν) the author considered the cases M − Σ = C P^{2n} − C P^{2n−1} and concluded that the first four coefficients were most likely to be 2^2(2^2 − 1)

B_1 2! (ν 4 ) − 2^4(2^4 − 1)

B_2 4! (ν 4 )_3 + 2^6(2^6 − 1)

B_3 6! (ν 4 )_5 − 2^8(2^8 − 1)

B_4 8! (ν 4 )_7 + . . .(8.5) These are recognisable as the coefficients generated by the power series tanh ν/4, see [MS74, p.282], where the B_i are the Bernoulli numbers as described in [MS74, p.281]. In light of Remark 8.1.1 it is obvious that the resulting expression always gives an integer for (8.1) in the case where Σ is orientable.

135 As in Remark 6.5.1 a rigourous proof of the above argument using heat kernel methods would extend, with suitable modifications, to the case when Σ is unorientable. By comparison with Section 6.5.2 the extension of this argument to twistings of the Dirac operator, associated to the non-extending spin structure, by a complex line bundle over M would complete a proof of Conjecture 8.1.1.

Conjecture 8.2.1 The observation that the contribution from the kernel near the submanifold should come only from the small eigenspaces of L_V (those terms that have support on Σ as t −→ 0) may extend the scope of the conjectured theorem further. All of the topological comments in Chapter 2 remain true when Σ is no longer smooth but is a singular divisor [CG75, p.86]. The heat kernel analysis should then have parallels in this case. Further preliminary calculations would however need to be made to see if the presence of singularities contributed significantly to the form of any index of a non-extending spin structure.

8.3 Four Dimensions

In four dimensions we may argue the form of the untwisted index in Theorem 8.1.1 by following the work of Krönheimer and Mrowka.

8.3.1 Excision and Surgery

In the work of Krönheimer and Mrowka [KM93] the index theorem they obtain is constructed by appealing to an excision argument and then performing surgery on the manifold M^4 − Σ^2 to show that certain characteristic classes enter linearly in the index formula. By explicit calculation of the index in several examples the coefficients of these linear terms are then established.

136 In the case of four dimensions we could pursue a similar argument for the index of a nonextending spin structure when Σ has non-trivial normal bundle. Krönheimer and Mrowka [KM93, p.809] say that the proof of excision in [DK90] carries over, from manifolds to orbifolds. Hence they can apply it to the index of their holonomic singular operator on M^4 −Σ^2. Because of this result we should be able to prove that an excision result holds for the closure of our operator. Explicitly (compare Krönheimer and Mrowka [KM93, p.809]) we assume the following Lemma.

Conjectured Lemma 8.3.1 Denote the index for a non-extending spin structure on M^4 − Σ^2 by i(M, Σ) denote the ^A genus of M^4 by i(M). Consider the manifolds M_1 − Σ_1 and M_2 − Σ_2 and assume that both have non-extending spin structures. The difference

i(M_i, Σ_i) − i(M_i) (8.6)

is the same provided that the surfaces Σ_1 and Σ_2 have diffeomorphic neighbourhoods or equivalently the same genus and self-intersection.

Appealing to this excision Lemma we may show that in four dimensions the non-extending spin structure index must depend linearly on the self intersection and genus of the submanifold.

Firstly we can form the connected sum M^4#C P^2 and take the characteristic submanifold to be Σ#C P^1 , see Figure 8.1. This increases the self intersection number of the submanifold by one whilst fixing its genus and decreasing the ^A genus by 1/8. Excision shows therefore that the self intersection number enters the expression i(M, Σ) linearly with constant coefficient.

Similarly we may form the connected sum M#S^4 and take characteristic submanifold Σ#T^2 where T^2 is an embedded torus in S^4, see Figure 8.1. This increases the genus of the characteristic submanifold by one leaving its self intersection, and the ^A genus of the

137

M^4

Σ^2

Σ^2#T^2

M^4#S^4

T^2

S^4 S^2

Σ^2#S^2

M^4#S^4

M^4

Σ^2

C P^2

Figure 8.1: Surgery

four manifold, fixed. Excision shows that the genus enters the expression i(M, Σ) linearly with constant coefficients. In conclusion if the excision result 8.3.1 holds then the shape of the index in four dimensions must be

i(M, Σ) = ^A(M) + c_0Σ.Σ + c_1g + c_2, (8.7)

where the c_i are constants.

By considering the non-extending spin structure on S^4 − S^2 and the trivial normal bundle index Theorem 6.4.1 we see that c_2 = 0. Similarly, considering S^2 − {0, ∞} × T^2 shows that c_1 = 0. Hence it remains only to determine c_0. By considering C P^2 − C P^1 we see that this constant must be of the form 1/8 + n where n ∈ Z.

138 8.3.2 Obstructions to Surgery

Note that there is a topological obstruction here to performing surgery. We can form the connected sum M^4#C P^2 with characteristic submanifold Σ#C P^1 only because we consider both M^4 − Σ^2 and C P^2 − C P^1 as having non-extending spin structures. As these both restrict to the boundaries of transverse two discs to give the generator of Ω^{spin}_1 , the patching of the spin structures can be made. This patching is however not always possible. Consider for example, as in [KM93], a neighbourhood U of a point y ∈ Σ. Take a small ball B inside U disjoint from Σ. Inside B, let T^2 be a torus in some standard embedding. We cannot modify Σ by joining it via a pipe to T^2 because the spin structure on B − T^2 will be extending. Thus it will not patch to a non-extending spin structure around Σ.

8.4 Examples

In this section we present two applications of the conjectured index theorem.

8.4.1 The Unorientable Rohlin Theorem

Conjecture 8.4.1 The Unorientable Rohlin Theorem of Guillou and Marin is the index theorem for non-extending spin structures in four dimensions reduced modulo the integers.

We work in four dimensions. Let M^4 − Σ^2 have a non-extending spin structure. The conjectured form of the index theorem for non-extending spin structures says that, ^A(M)[M] + 1 8 ∫ Σ ϵ_N ∈ Z, (8.8)

where ϵ_N is the Euler form of the normal bundle N_Σ of Σ. The Euler form ϵ_N naturally lies in Ω^2 (Σ, Λ^2N). Since we have made no assumptions on the orientability of Σ we must interpret this integral appropriately.

139 Case One: Σ orientable When Σ is orientable then so is N (since M − Σ having a non-extending spin structure forces M to be orientable). In this case the integral has its usual meaning as Λ^2N is trivial. Hence we obtain that ^A(M^4) + Σ.Σ 8 ∈ Z (8.9)

where Σ.Σ is the self intersection number of Σ. Since 8 ^A(M^4) = −p_1(M) we re-derive the Rohlin Theorem in the same way one can from the SpinC index theorem.

Case Two: Σ unorientable When Σ is unorientable then we must consider the line bundle which the Euler form takes values in. Since Σ is unorientable we can only integrate forms which take values in the orientation bundle of Σ. This line bundle is (Λ^2T_Σ)^∗ ⊗ |Λ^2T_Σ|.

The Riemannian metric on Σ obtained by restricting the smooth metric on M trivialises |Λ^2T_Σ|. This metric also identifies ( Λ^kT_Σ )_∗ with Λ^kT_Σ. Now T_M |_Σ = T_Σ ⊕ N_Σ so we see that ( Λ^2T_Σ ) ⊗ ( Λ^2N_Σ ) = ( Λ^4T_M ) |_Σ. (8.10) The orientation of M trivialises Λ^4T_M so Λ^2N_Σ = ( Λ^2T_Σ )_∗ = Λ^2T_Σ. (8.11) Thus Λ^2N_Σ can be identified with the orientation bundle of Σ and ∫ Σ ϵ_N is well defined.

It is important to note that this identification is made using the orientation of M. The integral ∫ Σ ϵ_N can be evaluated by counting the number of zeros of a generic section of N counting multiplicity. This is because the multiplicity of a zero is defined without using an orientation (locally it is a map N_y −→ N_y ).

140 Hence ∫ N ϵ_N is equal to the number of zeros of a normal vector field to Σ. This is in turn equal to the self intersection of Σ in M. Thus the conjectured index theorem says, once again, that

^A(M^4) + Σ.Σ 8 ∈ Z. (8.12)

Here Σ.Σ is the self intersection number (sometimes called the normal Euler number) of the unoriented submanifold Σ. Rearranging and reducing modulo eight gives that

σ(M) − Σ.Σ = 0 mod 8, (8.13)

where σ(M) is the signature of M. This is the unoriented Rohlin Theorem of Guillou and Marin.

8.4.2 S-Duality Test Numbers

Example 8.4.2 We showed in Example 2.1.14 that C P^2 − RP^2 had a non-extending spin structure. We consider here indices for the Dirac operator twisted by the line bundle L^n = H^{n/2} where H^n is the n^{th} power of the hyperplane bundle of C P^2 .

Case One: n odd Because KC_P 2 = H^{−3} the twisted Dirac operator is identified with

D̸_Ln = ∂ + ∂^∗ : Λ^{0,even} ⊗ K^{1/2} ⊗ L^n −→ Λ^{0,odd} ⊗ K^{1/2} ⊗ L^n = ∂ + ∂^∗ : Λ^{0,even} ⊗ H^{(n−3)/2} −→ Λ^{0,odd} ⊗ H^{(n−3)/2}. (8.14)

When n is odd this is just the coupled Dirac operator associated to an extending SpinC structure. The Removable Singularities Theorem 3.1.1 implies that for odd n

index ( D̸^+_{Ln} |C_P 2_−R_P 2 ) = index ( D̸^+_{Ln} |C_P 2 ) (8.15)

141 where the index on the right is a SpinC index on C P^2 . The Atiyah-Singer Index Theorem for a SpinC manifold M^4 with associated line bundle L says that

Index ( D̸^+_L ) = ∫ M ( 1 2 c_1(L)^2 − 1 24 p_1(T_M ) ) . (8.16)

Hence

Index ( D̸^+_{Ln} ) = ∫ CP^2

n^2 8 .c_1(H)^2 + 1 24 ( 6c_1(H)^2 − 9c_1(H)^2 )

= ( n^2 − 1 8 ) ∫ CP^2

c_2(H)^2 = ( n^2 − 1 8 ) (8.17)

for all odd n.

Case Two: n = 2 mod 4 When n is even, the index we consider is the index of the Dirac operator associated to the non-extending spin structure on C P^2 − RP^2 coupled to H^m where m = 2n. We consider first the term c_1(i^∗H^m) = i^∗(mc_1(H)) where i^∗ is the homomorphism i^∗ : H^2(C P^2 , Z) −→ H^2(RP^2, Z)

Z −→ Z/2Z^{(8.18)}

induced by the inclusion i : RP^2 −→ C P^2 . It is straightforward to show that

i^∗c_1(H) = 1. (8.19)

We do this as follows. Firstly it is enough to consider the tautological bundle H^∗ since i^∗c_1(H^∗) = −i^∗c_1(H) = i^∗c_1(H) in Z/2Z. The complex line bundle H^∗ is the line bundle whose fibre over the point [a, b, c] ∈ RP^2 is (za, zb, zc) for all z ∈ C . This is simply the complexification TC of the real tautological bundle T of RP^2. Now the first Chern class of

TC is the Euler class of the underlying real bundle. The realisation of TC is simply T + T

and thus it remains only to calculate the Euler number e(T + T ) to establish equation (8.19).

142 We calculate the Euler number of T + T by counting the number of zeros of a generic section. A point of RP^2 is a straight line l in R^3 through zero. Thus a point in the the fibre of T + T , above l, is a pair of points of l.

Construct a section of T + T by fixing two points, x and y in R^3 such that x, y and 0 are not collinear, and projecting them onto l to get the two required elements of l. This section has zeros precisely where the projections of x and y are zero. There is a unique such line l through zero which gives a zero of this section. Denote the line segments from zero to x and from zero to y by A and B. The unique line which gives a zero of the section is the intersection of the two planes, through zero, for which A and B are defining perpendiculars. As H^2(RP^2, Z) = Z/2Z the sign of this zero is irrelevant. Hence equation (8.19) is proved and we see from this that

i^∗c_1(H^m) =

0 m even 1 m odd.

(8.20)

The case where m is even corresponds to n = 0 mod 4. Appealing to the conjectured form of our index theorem we obtain that the index of D̸_Ln for this value of n is simply n^2 8 − 1 8 + 1 8 ∫ RP^2

ϵ_N (8.21) where ϵ_N is the Euler form of the normal bundle of RP^2 in C P^2 . As in 8.4.1, since N is unorientable ϵ_N takes values in the orientation bundle of RP^2 namely Λ^2TR_P 2. Therefore, the integral over RP^2 in equation (8.21) is equal to the number of zeros of a normal vector field to RP^2 (the ‘normal Euler number’ or ‘self intersection’ of RP^2 in C P^2 ). For the standard embedding RP^2 −→ C P^2 multiplication by i defines TR_P 2 = NR_P 2 so the number of zeros of a normal vector field to RP^2 equals the number of zeros of a tangent vector field. This is just the Euler number of RP^2 and χR_P 2 = 1.

Hence, by the conjectured form of the index theorem, when n = 0 mod 4 the index of D̸_Ln for the non-extending spin structure equals n^2/8.

Chapter 9

The Sen Form

In this chapter we study another Dirac operator, the signature operator, on a certain complete manifold known as the reduced two monopole moduli space. The main result of this chapter is that this manifold possesses a L^2 harmonic two form which is unique up to a constant multiple. This form is known for physical reasons as the Sen form of this space.

This is shown by using a vanishing theorem to prove that the L^2 index of the signature operator counts the number of L^2 harmonic forms. We then show that this index is the index of a Fredholm operator and lastly appeal to a known index theorem to calculate it. This final calculation is in the same spirit as those in [SSZ95].

9.1 Background

In [Sen94] Sen proposed, among other things, the existence of a unique square summable harmonic form on the reduced moduli space of SU_2 monopoles with magnetic charge two. We denote this space by M^0_2 . The Atiyah-Hitchin manifold, ~M^0_2 , is a complete hyperkähler manifold whose metric has been explicitly calculated [AH88]. The metric can be expressed

144 in the following form ds^2 = f (r)^2 dr^2 + a_1 (r)^2 σ^2_1 + a_2 (r)^2 σ^2 + a_3 (r)^2 σ^2_3, (9.1) Here the σ_i are a dual frame to the usual basis {X_1, X_2, X_3} for the Lie algebra of SO_3. These left invariant vector fields satisfy [X_i, X_j] = −ϵ_{ijk}X_k and their duals satisfy dσ_i = 1 2 σ_j ∧ σ_k. Explicitly the σ_i can be expressed by the SO_3 Euler angles, 0 ⩽ θ < π, 0 ⩽ φ < 2π, 0 ⩽ ψ < 2π as σ_1 = − sin ψ dθ + cos ψ sin θ dφ, σ_2 = cos ψ dθ + sin ψ sin θ dφ, σ_3 = dψ + cos θ dφ.

(9.2)

The space M^0_2 is the quotient of ~M^0_2 under the identification (r, θ, φ, ψ) = (r, π − θ, φ + π, −ψ) . (9.3) Since the manifold ~M^0_2 is hyperkähler its curvature is anti self dual. Consequently, the coefficients of the metric satisfy the equation [AH88] 2a_2a_3 f da_1 dr = (a_2 − a_3)^2 − a^2_1, (9.4) as well as the equations obtained by cyclically permuting a_1, a_2 and a_3. We may [GM86a] take f = −a_2/r with the range of the radial coordinate r being from π to ∞. With this choice of radial coordinate the coefficients of the metric have the following large r asymptotics [GM86a] a_1 = a_2 = r √ 1 − 2 r + O ( e^{−r} ) , a_3 = − 2 √ 1 − 2/r + O ( e^{−r} ) . (9.5)

Near the bolt coordinate singularity at r = π the coefficients are, up to terms of order e^{−r}, asymptotically [GM86a] a_1 = 2(r − π), a_2 = 1 2 (r − π) + π, a_3 = 1 2 (r − π) − π. (9.6)

145 9.2 Set Up

In this section we use a vanishing theorem and a rescaling argument to show that the number of L^2 harmonic forms on M^0_2 can be calculated as the index of a Fredholm operator. This is the content of Sections 9.2.1 and 9.2.2.

9.2.1 Vanishing Theorems

To show the uniqueness of the Sen form on M^0_2 we consider the index of the signature operator d + d^∗ which maps between the bundle of self dual forms Ω_+ and the bundle of anti self dual forms Ω_−. Recall that the bundles Ω_± are the eigenbundles of the complex volume form acting by Clifford multiplication on the space of forms Ω^∗. This operator acts as i^{p(p−1)}∗ on p forms. We study the L^2 index of d + d^∗, namely

L^2 index (d + d^∗)_+ = dim ker(d + d^∗)_+ ∩ L^2 − dim ker(d + d^∗)_− ∩ L^2, (9.7)

where (d + d^∗)_± is the restriction of d + d^∗ to Ω_±. We have the following Lemma.

Lemma 9.2.1 The manifold ~M^0_2 possesses no L^2 harmonic forms which are not two forms. The L^2 index (9.7) of the signature operator on ~M^0_2 is invariant under conformal rescaling to other complete metrics. Furthermore, this L^2 index counts the number of middle dimensional L^2 anti self dual harmonic forms on ~M^0_2 .

Proof Since the manifold ~M^0_2 is hyperkähler its Ricci tensor vanishes. Thus, the general Bochner identity for the Laplace-Beltrami operator on all but the two forms reduces to

(d + δ)^2 = ∇^∗∇. (9.8)

Consequently, any L^2 harmonic form which is not a two form must be covariantly constant. Katos’ inequality and the fact that the manifold has infinite volume then tell us that any L^2 harmonic form on ~M^0_2 must be a two form.

146 Denote the space of L^2 harmonic two forms in Ω_± by H^2_±. For two forms the L^2 condition is independent of the conformal class of the metric. Furthermore, since the manifold is complete a form is harmonic if and only if it is both closed and coclosed [dR84, p.158]. As a result, the L^2 index of the signature operator (9.7) equals

dim H^2_+ − dim H^2_−, (9.9)

and is invariant for all complete metrics conformally equivalent to the Atiyah-Hitchin metric (9.1). Denote dim H^2_± by h^2_±.

The Atiyah-Hitchin metric (9.1) is anti self dual so the Weyl tensor vanishes, as an endomorphism acting on self dual two forms. Using the same Bochner argument, as above, we see from this that there can be no self dual L^2 harmonic forms on ~M^0_2 . Thus h^2_+ = 0, and the L^2 index of the signature operator on ~M^0_2 will count the number of middle dimension square summable harmonic forms. These harmonic forms will necessarily be anti self dual by the choice of orientation. □

Remark 9.2.2 It is clear that Lemma 9.2.1 holds for any complete hyperkähler manifold with unbounded volume.

9.2.2 Fredholm Framework.

For equation (9.9) to have meaning we must check that the vector spaces H^2_± are finite dimensional. We show this by exploiting the invariance of these spaces under conformal rescaling to other complete metrics.

Firstly we rescale the metric on ~M^0_2 for large r. This rescaled metric has the advantage that a particularly neat differential inequality (9.2.5) holds. From this inequality it is then standard to show that the kernel and cokernel of the signature operator on ~M^0_2 are finite dimensional. This is shown in Lemma 9.2.6. Lastly, we show that equation (9.9) is actually

147 the index of a Fredholm operator. The results of this section are summarised in Corollary 9.2.8.

The rescaling we choose on ~M^0_2 is to divide the coefficients of the Atiyah-Hitchin metric (9.1) by a^2 (as in [SSZ95, p.494]). This gives a metric of form,

ds^2 = f (r)^2 a^2 dr^2 + 3∑ 1 a^2_i a^2 σ^2_i = dr^2 r^2

+ (1 + α_1) σ^2_1 + σ^2 + ( 4 (r − 2)^2

+ α_2 ) σ^2_3

= dt^2 + (1 + α_1) σ^2_1 + σ^2 + ( 4 (e^t − 2)^2

+ α_2 ) σ^2_3,

(9.10)

by choosing a new radial coordinate exp(t) = r. Here the α_i are doubly exponentially decreasing functions of t: they are of order O(e^{−et} ). We denote the manifold with this metric as M_r.

Remark 9.2.3 We need not worry whether this rescaling is well defined over the bolt of ~M 0_2 for we may use a bump function, supported away from the bolt, to give a well defined rescaling which descends to M^0_2 .

The manifold M_r will also be anti self dual, since this is a conformally invariant property. It is also straightforward to check that this manifold is complete.

Lemma 9.2.4 The manifold with the rescaled metric M_r is complete. Proof The Hopf-Rinow theorem states that the manifold M_r is complete if and only if every bounded closed set is compact. There is a natural diffeomorphism between M_r and ~M 0_2 which has the form t −→ ln t for large t. Since there is a non-zero lower bound on the coordinate t, and since it is known that ~M^0_2 is complete [Tau85], this map will send closed and bounded sets to compact sets in ~M^0_2 . Hence every closed and bounded set in M_r is compact. □ For the rescaled manifold M_r we have the following elementary inequality.

148 Lemma 9.2.5 Denote the L^2 norm on M_r by ‖ . ‖ and the first Sobolev space by L^2_1(M_r). Fix R_0 large and denote the region of M_r where R_0 ⩽ r ⩽ R_0 + 1 by A. Denote the L^2 norm over this region by ‖ . ‖_A. Then there exists a positive constant, dependent on R_0, such that

‖ϕ‖^2_A + ‖∇ϕ‖^2 ⩾ const.‖ϕ‖^2 (9.11)

for all forms ϕ ∈ L^2_1(M_r).

Proof This estimate is similar to those in [PT82, p.234] and [Tau85, p.248]. The volume form of the rescaled metric dμ_r has large r asymptotics like,

dμ_r = 2drσ_{123} r^2

+ O(r^{−1}), (9.12)

where the notational simplification σ_iσ_j =: σ_{ij} has been invoked and the order refers to the point wise norm | . |_r on the rescaled manifold. Consider a compactly supported form ϕ ∈ Ω^∗_0 on M_r whose support lies in M_{r, End} := {r ⩾ R_0} for some suitably large R_0. Integration by parts gives that ∫ |ϕ|^2_r r^2 drσ_{123} ⩽ 2 ∫ |ϕ|_r |d|ϕ|_r |_r r^2 drσ_{123}. (9.13)

Using the asymptotic form of the metric, Hölders inequality and Katos’ inequality it can be concluded that there exists a constant C_0 such that

‖ϕ‖^2 ⩽ C_0‖∇ϕ‖^2 (9.14)

for all ϕ in L^2_1(M_r) with support in M_{r, End} . Here the constant depends only on R_0. Fix R_0 and choose a bump function β such that supp β ⊂ M_{r, End} and supp dβ ⊂ A, where A is the region {R_0 ⩽ r ⩽ R_0 + 1} ⊂ M_{r, End} . Assume also that β = 1 on M_{r, End} − A. Split any form ϕ ∈ L^2_1 into ‘internal’ and ‘external’ parts thus

ϕ = (1 − β)ϕ + βϕ =: ϕ_{in} + ϕ_{ex} . (9.15)

149 It is immediate from this definition that

‖ϕ‖^2 ⩽ ‖ϕ_{in} ‖^2 + ‖ϕ_{ex} ‖^2 + ‖ϕ‖^2_A. (9.16)

Using equation (9.14) there exists a constant C_1 such that

‖∇ϕ_{ex}‖^2 ⩽ 2 ( ‖dβ ∧ ϕ‖^2 + ‖β.∇ϕ‖^2 ) ⩽ C_1 ( ‖∇ϕ‖^2 + ‖ϕ‖_A ) . (9.17)

Since ϕ_{in} has compact support on M_r, and the bilinear form (ψ, ϕ) → (∇ψ, ∇ϕ) is positive definite on Ω^∗_0, standard elliptic theory (see [Mor66, § 5.2]) gives that there exists a constant C_2 = C_2(R_0) > 0 such that

‖ϕ_{in} ‖^2 ⩽ C_2‖∇ϕ_{in} ‖^2. (9.18)

Estimates (9.18) and (9.14) can now be put together to give a global estimate. Firstly

‖∇ϕ‖^2 = ‖∇ϕ_{in} ‖^2 + ‖∇ϕ_{ex} ‖^2 + 2(∇ϕ_{in} , ∇ϕ_{ex} ). (9.19)

Equation (9.17) implies that

−2(∇ϕ_{in} , ∇ϕ_{ex} ) ⩽ 1 2 ‖∇ϕ_{in} ‖^2 + 2‖∇ϕ_{ex} ‖^2 ⩽ 1 2 ‖∇ϕ_{in} ‖^2 + 2C_1‖∇ϕ‖^2 + 2C_1‖ϕ‖^2_A, (9.20)

from which (9.14), (9.18) and (9.19) show that

2C_1‖ϕ‖^2_A + (2C_1 + 1)‖∇ϕ‖^2 ⩾ 1 2 ‖∇ϕ_{in} ‖^2 + ‖∇ϕ_{ex} ‖^2 ⩾ 1 2C_2

‖ϕ_{in} ‖^2 + 1 C_0

‖ϕ_{ex} ‖^2.

(9.21)

Using equation (9.16) completes the proof of the lemma. □

Lemma 9.2.5 is enough to enable us to show that there are only a finite number of harmonic forms on ~M^0_2 .

From now on we will denote the signature operator d + d^∗ simply by D.

150 Lemma 9.2.6 The dimensions of the L^2 kernel and cokernel of the signature operator D on ~M^0_2 are finite.

Proof By the vanishing criteria in Lemma 9.2.1 we need only consider the operator restricted to the middle dimensional forms Ω^2(~M^0_2 ). By the conformal invariance of this space it is enough to show that there are only a finite number of L^2 harmonic forms in Ω^2(M_r). On Ω^2(M_r) the Bochner identity reduces to [FU91, p.174]

D^2 = ∇^∗∇ − 2W_− + R/3 (9.22)

where W_− denotes the Weyl tensor and R the scalar curvature for the rescaled manifold. Thus for every harmonic form ϕ ∈ ker D ∩ L^2 we see that ∇^∗∇ϕ = 2W_−ϕ − Rϕ/3. (9.23) A calculation shows that for large r on M_r that

|W_−| = O(r^{−1}) and |R| = O(r^{−1}), (9.24)

where here the norms referred to are the operator norms of W_− and R as endomorphisms of Ω^∗. It is immediate from this and (9.23) that,

ker D ∩ L^2 = ker D ∩ L^2_1, (9.25)

so generality is not lost by assuming that ‖∇ϕ‖^2 + ‖ϕ‖^2 = 1 for our solution. Using the decay of the scalar curvature and the Weyl tensor we see that there exist constants C_0 and C_1 such that, ‖∇ϕ‖^2 ⩽ C_0‖ϕ‖^2_{Bt} + C_1e^{−t} ( 1 − ‖ϕ‖^2_{Bt} ) , (9.26)

where ‖ . ‖_{Bt} is the L^2 norm over the bounded set {r ⩽ e^t} for some t. The constants may be chosen to be independent of t for e^t ⩾ R_0. From Lemma 9.2.5 we see that

1 − ‖ϕ‖^2_{Bt} ⩽ 1 = ‖ϕ‖^2 + ‖∇ϕ‖^2 ⩽ const. ( ‖∇ϕ‖^2 + ‖ϕ‖^2_A ) . (9.27)

151 From equation (9.26) we see that there exists a constant C_2 such that ‖∇ϕ‖^2 ⩽ C_0‖ϕ‖^2_{Bt} + C_2 e^t ( ‖∇ϕ‖^2 + ‖ϕ‖^2_A ) . (9.28)

Thus, by fixing e^t ⩾ R_0 such that C_2e^{−t} ⩽ 1/2 we see that there exists a constant, dependent only on t, such that for all ϕ ∈ ker D ∩ L^2

‖∇ϕ‖^2 ⩽ C_3‖ϕ‖^2_{Bt+1} . (9.29)

We can now follow the strategy of Gromov and Lawson (see [GL83, p.327] and [LM89, p.314]) to complete the proof. Consider now the uniform C^r norm ‖ϕ‖_Cr_{,Bt} over B_t. Using equation (9.29), the Friedrichs Lemma [GL83, Theorem 3.5] and Lemma 9.2.5 there are constants, depending only on t, such that ‖ϕ‖_Cr_{,Bt} ⩽ C_4‖ϕ‖_{Bt+1} ⩽ C_5 (‖∇ϕ‖ + ‖ϕ‖_A) ⩽ C_6‖ϕ‖_{Bt} ⩽ C_6. (9.30) Now for any ϵ > 0 consider an ϵ net {x_i}^d_{i=1} of the ball B_{t+1}. If dim ker D ∩Ω^2 ∩L^2(M_r) > d then there exists an element ψ ∈ ker D ∩ L^2 such that ψ(x_i) = 0 for all 1 ⩽ i ⩽ d and ‖∇ψ‖^2 + ‖ψ‖^2 = 1. By the choice of ψ we have that |ψ|_r ⩽ ϵ.C_6 on B_{t+1}. Thus ‖ψ‖_{Bt+1} ⩽ ϵ.C_6|B_{t+1}| = ϵ.C_7(t). Consequently, if ker D ∩ Ω^2 ∩ L^2(M_r) is not finite then for all ϵ > 0 there exists an ψ ∈ ker D ∩ Ω^2 ∩ L^2(M_r) such that ‖∇ψ‖^2 + ‖ψ‖^2 = 1 and, by equation (9.29),

‖∇ψ‖^2 ⩽ ϵ.const. (9.31)

By equation (9.11) this contradicts that ‖∇ϕ‖^2 + ‖ϕ‖^2 = 1 showing that ker D ∩ Ł^2(M_r) is finite. □ Since the bounded operator D : L^2_1(~M^0_2 ) → L^2(~M^0_2 ) has finite dimensional kernel and cokernel it only remains to show that it has closed range to show that D is Fredholm. This is an immediate consequence of the following lemma (see for example [Kat95, § IV.5.2]).

152 Lemma 9.2.7 There exists a positive constant such that ‖Dϕ‖ ⩾ const. (‖∇ϕ‖ + ‖ϕ‖) for all ϕ ∈ L^2_1(M_r) which are L^2_1 orthogonal to ker D.

Proof Suppose that such a constant does not exist. Then there exists a sequence {ϕ_i}_{i∈}N such that

‖Dϕ_i‖ → 0 (9.32) ⟨∇ϕ_i, ∇η⟩_2 + ⟨ϕ_i, η⟩_2 = 0, for all η ∈ ker D ∩ L^2, (9.33) ‖∇ϕ_i‖ + ‖ϕ_i‖ = 1 (9.34)

By equation (9.34) there exists an L^2_1 weakly convergent subsequence with weak limit ϕ. The Rellich lemma says that ϕ_i → ϕ strongly on any bounded set. Equation (9.32) gives that Dϕ = 0 and thus equation (9.33) implies that ϕ = 0. Recalling equation (9.29) and Lemma 9.2.5 we see that lim ‖∇ϕ_i‖ + ‖ϕ_i‖ = 0 which contradicts equation (9.34). □

We draw the results of this section together by stating

Corollary 9.2.8 The signature operator D : L^2_1(~M^0_2 ) −→ L^2(~M^0_2 ) on the complete manifold ~M^0_2 is Fredholm. Its index is equal to −h_− where h_− is the dimension of the space of L^2 anti self dual harmonic two forms on ~M^0_2 . Since ~M^0_2 is the double cover of the reduced two monopole moduli space M^0_2 the index of D : L^2_1(~M^0_2 ) −→ L^2(~M^0_2 ) will equal twice the number of L^2 harmonic forms on M^0_2 .

9.3 Index Formula

To establish the uniqueness of the Sen form on the manifold M^0_2 we are left to perform the calculation of the index of the signature operator on ~M^0_2 . To do this we recall the modifications of [Ste89] required to calculate an L^2 index on a non compact, complete manifold. Henceforth any index referred to will be an L^2 index.

153 To emphasise the similarity between this calculation and those in [SSZ95] we will actually perform the calculation on the rescaled manifold M_r. We may do this because of the conformal invariance of the index (9.9). This is explained in Remark 9.3.2. As M_r is complete we have the following theorem of Stern [Ste89, p.242]

Theorem 9.3.1 If the continuous spectrum of the signature operator D on M_r is bounded away from zero then

index D = lim_{L→∞} ( lim_{s→0} ∫ t<L trτe^{−sD2} dμ_r − ∫_∞ 0 ∫ t=L trc^0τDe^{−sD2} dσds ) . (9.35)

Here dμ_r denotes the volume form of the rescaled metric, e^{−sD2} the heat operator associated to D^2, τ Clifford multiplication by the volume element on the bundle of forms, c^0 Clifford multiplication by the one form dt and dσ the induced volume form on the submanifold defined by t = L.

Remark 9.3.2 To show that the signature operator on the rescaled manifold M_r has continuous spectrum bounded away from zero we could argue in a manner akin to Lemma 9.2.7. Note, however, that since we have shown D : L^2_1(~M^0_2 ) −→ L^2(~M^0_2 ) to be Fredholm we can invoke the theorem for this operator. We saw in Lemma 9.2.1 that the left hand side of equation (9.35) was invariant under conformal rescaling to other complete metrics. We will see below that the first term of the right hand side of equation (9.35) is also conformally invariant. Consequently, we may conclude that the expression for the L^2 index of D is valid on M_r.

Calculating the value of the first term in (9.35) is straightforward. The local Atiyah-Singer index theorem says that lim_{L→∞} ( lim_{s→0} ∫ t<L trτe^{−sD2} dμ_r ) = −1 24π^2 ∫ Tr (R ∧ R) = 1 24π^2 ∫ Tr (R ∧ ∗R) . (9.36)

Here R denotes the curvature tensor of M_r. Since the integrand is conformally invariant

154 we can calculate it simply by integrating the corresponding terms over the original Atiyah- Hitchin metric. We find (see also [SSZ95, GH96]) that

Tr (R ∧ R) = d [( 16ABC − 4 (A + B + C − 1)^2 ) σ_{123} ] , (9.37)

where A = ( a^2 + a^2_3 − a^2_1 ) /2a_2a_3 B = ( a^2_3 + a^2_1 − a^2 ) /2a_1a_3 C = ( a^2_1 + a^2 − a^2_3 ) /2a_1a_2.

(9.38)

Using Stokes’ theorem and the asymptotic formulas for the a_i, in equations (9.5) and (9.6), gives that 1 24π^2 ∫ Tr (R ∧ R) = − 4 3 . (9.39)

This accords with the known fact [Dan94, GM86a] that the Atiyah-Hitchin manifold retracts onto the two sphere. Note that since we wish to evaluate the L^2 index of the signature operator on M^0_2 we have divided by a factor of two to account for the Z/2Zidentification. As in [SSZ95] to complete the index calculation we must calculate the defect term

δ_D := lim_{L→∞} ∫_∞ 0 ∫ t=L trc^0τDe^{−sD2} dσds. (9.40)

9.3.1 Asymptotics

We now proceed, as in [SSZ95], to calculate the defect term. We start by calculating the asymptotic form of the signature operator on M_r. In Section 9.4 we use this asymptotic form of the operator to approximate a parametrix for the heat kernel e^{−tD2} suitable for establishing (9.40). Finally, in Section 9.5.1 we use this approximation to explicitly evaluate (9.40) and prove the uniqueness of the Sen form.

155 Fix an orthonormal frame for the tangent bundle of M_r, specifically Y_0 = ∂_t, Y_1 = (1 + α_3) X_1, Y_2 = X_2 and Y_3 = (e^t/2 − 1 + α_4)X_3. This frame does not descend under the identification (9.3). Here once again the α_i are doubly exponentially decreasing. Modulo these terms of order O(e^{−et}), we have the commutation relations (see also [SSZ95, p.495])

[Y_1, Y_2] = − 2 (e^t − 2)

Y_3 [Y_3, Y_1] = −

(e^t − 2) 2 Y_2 (9.41)

[Y_2, Y_3] = −

(e^t − 2) 2 Y_1 [Y_0, Y_3] = e^t (e^t − 2)

Y_3 (9.42)

From these relations we find that,

(∇_3Y_1, Y_2) = −

(e^t − 2) 2 + 1 (e^t − 2)

(∇_1Y_2, Y_3) = − 1 (e^t − 2)

(9.43)

(∇_2Y_3, Y_1) = − 1 (e^t − 2)

(∇_3Y_0, Y_3) = − e^t (e^t − 2)

(9.44)

modulo doubly exponentially decreasing terms.

To calculate the defect term we will consider the bundle of forms Ω^∗ as a Clifford module. Denote the left Clifford action of Y^∗_i by c^i = ϵ^i − ι^i and another action by b^i = ϵ^i + ι^i. Here ϵ^i and ι^i are exterior and interior multiplication by Y^∗_i . We have the commutation relations [BGV92, p.148] { c^i, c^j } = −2δ_{ij} {b^i, b^j } = 2δ_{ij} and {b^i, c^j } = 0. (9.45)

The square of the signature operator can then be written with respect to the orthonormal basis {Y_i} as [BGV92, p.130]

D^2 = − ∑ i (∇_i∇_i − ∇_{∇i i}) − ∑ ijkl R_{ijkl}ϵ^kι^lϵ^iι^j. (9.46) It is a straightforward calculation to show that

D^2 = − ∑ i (∇_i∇_i) + e^t (e^t − 2)

∇_0 + 1 2 ( b^1b^2c^1c^2 − b^0b^3c^0c^3 ) (9.47)

156 modulo terms of order O(e^{−t}).

We adopt the notational simplification b^{ij} := b^ib^j and Fourier expand sections of Ω_± with

respect to the circle action associated to Y_3 . Using the formula (9.47) and considering the

m^{th} Fourier component another calculation shows that

D^2 = −∂^2_t − ∇^2_1 − ∇^2 + 1 2 ( b^{12}c^{12} − b^{03}c^{03} ) + ∂_t − ( e^t − 2 2 )_2 [ im + e^t(b^{03} + c^{30}) (e^t − 2)^2 − ( 1 (e^t − 2)^2 − 1 2 ) ( b^{12} + c^{21} )]^2 (9.48)

modulo terms of order O(e^{−t}).

For future reference we define the operator

K^2 = − ( e^t − 2 2 )_2 [ im − ( 1 (e^t − 2)^2 − 1 2 ) ( b^{12} + c^{21} )]^2 (9.49)

and the subspace

Z = ker ( im + 1 2 (b^{12} + c^{21})

)_2

. (9.50)

We also record that the signature operator may be written, up to terms of order O(e^{−t}), as D = c^0∂_t + c^1X_1 + c^2X_2 + c^3 ( e^t − 2 2 ) [ X_3 + 1 (e^t − 2)

(b^{03} + c^{30}) − 1 2 (b^{21} + c^{12}) ] . (9.51)

9.4 Parametrices

To calculate the defect term δ_D for the index we must construct a suitable approximation

to the heat kernel e^{−sD2} . In this section we construct such an approximation inductively

on the subspace Z^⊥ following the techniques in [Ste89, p.257]. In Section 9.4.1 we show

that very few terms in this approximation contribute to our calculation. Lastly, we argue

in Section 9.4.2 that the subspace Z contributes nothing to δ_D.

157 First we use the functional calculus to express the heat kernel e^{−sD2} as 1 2πi ∫ γ e^{−sλ} ( D^2 − λ )_{−1} dλ, (9.52)

where γ is a contour surrounding the spectrum of D^2 in C . Thus to approximate e^{−sD2} it

is sufficient to approximate (D^2 − λ)^{−1}. We do this inductively by considering our rescaled

manifold as a non-trivial S^1 bundle over [π, ∞) × S^2.

Consider a contractible open set in the base manifold with coordinate x. Then for each

section ϕ of the bundle Ω_+ consider the m^{th} component ϕ_m with respect to the decomposi-

tion induced by the circle action on the S^1 fibre. Express this m^{th} component with respect

to the Fourier transform in the coordinate of the base space, ^ϕ_m(ν). The action of D^2 on

ϕ is then given via the Fourier inversion theorem as multiplication of ^ϕ_m by ‖2πν‖^2 + K^2

plus some lower order operator L. For convenience, we have denoted ‖ν‖^2 = ∑ g^{ij} v_iv_j where the functions g^{ij} are determined by the coordinate x.

Consequently, to approximate (D^2 − λ)^{−1} it suffices to invert (‖2πν‖^2 + K^2 + L − λ) ap-

proximately. Such an inverse will be constructed in the form ∑_N l=0 h_l (‖2πν‖^2 + K^2 − λ)^{−(l+1)}

on the subspace Z^⊥. Following [Ste89, p.257] the inductive construction is as follows. Set

h_0 (x, x^′, λ, ν, m) to be the identity, then write

(D^2 − λ) [ e^{im.(ψ−ψ′)}e^{2πi(x−x′).ν} h_l (x, x^′, λ, ν, m) (‖2πν‖^2 + K^2 − λ)^{l+1} ]

= e^{im.(ψ−ψ′)}e^{2πi(x−x′).ν} [ h_l (x, x^′, λ, ν, m) (‖2πν‖^2 + K^2 − λ)^l ]

− 2∇ ( e^{im.(ψ−ψ′)}e^{2πi(x−x′).ν} ) .∇ [ h_l (x, x^′, λ, ν, m) (‖2πν‖^2 + K^2 − λ)^{l+1} ]

+ ( e^{im.(ψ−ψ′)}e^{2πi(x−x′).ν} ) ( D^2 − K^2 ) [ h_l (x, x^′, λ, ν, m) (‖2πν‖^2 + K^2 − λ)^{l+1} ]

= I_{1,l} + I_{2,l} + I_{3,l}.

(9.53)

Define h_{l+1} = − (I_{2,l} + I_{3,l}) [ e^{im.(ψ′−ψ)}e^{2πi(x′−x).ν} (‖2πν‖^2 + K^2 − λ)^{l+1} ] . Take for the semi-

158 local approximation to (D^2 − λ)^{−1} on Z^⊥ the operator,

H := ∑ m N∑ l=0 H^m_l := ∑ m N∑ l=0 ∫ R^3 e^{im.(ψ−ψ′)}e^{2πi(x−x′).ν} h_l (x, x^′, λ, ν, m) dν 2π (‖2πν‖^2 + K^2 − λ)^{l+1}

, (9.54)

for some large N. Here for clarity we have suppressed the usual pre and post multiplication

by bump functions, summation over a cover and projection onto the relevant subspace.

We have by definition that ( D^2 − λ ) H = 1 − ∑ m ∫ R^3 e^{im.(ψ−ψ′)}e^{2πi(x−x′).ν} h_{N+1}dν 2π (‖2πν‖^2 + K^2 − λ)^{N+1}

. (9.55)

The operator H is a good approximation to (D^2 − λ)^{−1} on the subspace Z^⊥ in the sense

that by setting

E_s = 1 2πi ∫ γ e^{−sλ}Hdλ (9.56) we have lim_{L→∞} ∫ t=L ∫_∞ 0 tr c^0τD ( e^{−sD2} − E_s ) π_Z⊥ ds = 0 (9.57)

where π_Z⊥ denotes projection onto the subspace Z^⊥. This follows easily from the estimates

of [Ste93, p.485] by noting that on the subspace Z^⊥ the inequality ‖2πν‖^2 + e^{2t} [ im + b^{12} + c^{21}

]_2

⩽ const. ( ‖2πν‖^2 + K^2 − λ ) (9.58)

holds, so that all the error terms decay sufficiently fast.

9.4.1 Basic Estimates

In this subsection we show that very few of the terms of H will contribute to the defect

term of the index. This is a simple consequence of the decay of the other terms for large t.

To do this we note that by the iterative construction we can express (see [SSZ95, p.498]) DH^m_l = ∑ σ ( ‖2πν‖^2 + K^2 − λ )_{−σ−l−1} h_{l,σ} (x, ν, m) (9.59)

159 and h_{l,σ} (x, ν, m) = ∑ 06|A|+B62σ+1 06C h_{l,σ,A,B,C}(x)ν^A(e^tm)^Be^{−tC} (9.60)

where each h_{l,σ,A,B,C}(x) is bounded. These bounded multi index functions will be written

as h_• in formulas for brevity. In calculating the defect term to the index we are interested

in the limit as L tends to infinity of ∫_∞ 0 ds 2πi ∫ t=L tr c^0τD ∫ γ e^{−sλ} ( D^2 − λ )_{−1} dλdσ. (9.61) We use the parametrix H to estimate this limit as in (9.57), and see which terms decay

fast enough not to contribute to δ_D. By definition and equations (9.59) and (9.60) we see

that

(9.61) = ∑ m N∑ l=0 ∫_∞ 0 ds 2πi ∫ t=L tr c^0τD ∫ γ e^{−sλ}e^{im.(ψ−ψ′)}e^{2πi(x−x′).ν}h_l 2π (‖2πν‖^2 + K^2 − λ)^{l+1} dνdλdσ = ∑ m,l,A,B,C.σ ∫_∞ 0 ds 4π^2i ∫ t=L tr c^0τ ∫ γ ∫ R^3 e^{−sλ}h_•ν^A(e^tm)^Be^{−tC} (‖2πν‖^2 + K^2 − λ)^{l+σ+1} dνdλdσ

= ∑ ∫ dsdσ 4π^2i ∫ R^3

tr c^0τ (l + σ)! ( −d dt_0 )| |^{l+σ} t_0=0 e^{−s}(^{‖2πν‖2+K2+to})h_•ν^A(e^tm)^Be^{−tC} dν = ∑ ∫ dsdσ 4π^2i ∫ R^3

tr c^0τ (l + σ)! e^{−s}(^{‖2πν‖2+K2})s^{l+σ}h_•ν^A(e^tm)^Be^{−tC} dν. An elementary calculation shows that −K^2 is dominated by −e^{2t}(|m| + 1)/24 on Z^⊥.

Changing variables, using this estimate on −K^2 and then applying the Poisson summation

formula we obtain that equation (9.61) is ⩽ ∑ ∫ dsdσ ∫ R^3 ( ν^Adν e^{‖2πν‖2} ) tr c^0τe^{−sK2} s^{l+σ−3/2−|A|/2}m^Bh_• (l + σ)!e^{t(C−B)} ⩽ ∑ ∫ dudσ tr c^0τe^{−u(|m|+1)}u^{l+σ−3/2−|A|/2}m^Bh_• e^{t(C−B+2l+2σ−1−|A|)} ⩽ ∑ ∫ dudσ tr c^0τe^{−u}u^{l+σ−3/2−|A|/2}h_• e^{t(C−B+2l+2σ−1−|A|)} d^B_m [ u √ 2 π 1 (u^2 + m^2) ]

⩽ ∑ ∫ dudσ tr c^0τe^{−u}u^{l+σ−1/2−|A|/2}h_• e^{t(C−B+2l+2σ−1−|A|)}m^{2+B} ⩽ O ( e^{−t(C−B+2l+2σ−1−|A|)} ) ⩽ O ( e^{−t(C+2l−2)} ) .

(9.62)

160 Here the inequalities are up to certain constant factors. Note also that we require l ⩾ 1 for the above estimate to make sense. Consequently, we see that only the l = 0 and the l = 1 terms of H will contribute to the defect term of the trace.

9.4.2 The Subspace Z.

On the subspace Z the above iterative construction of the parametrix does not give good error estimates. This is because on this subspace we no longer have an inequality like (9.58) which ensures that the iterative construction gives a good approximation. In this subsection we construct a parametrix for (D^2 − λ)^{−1} on Z and show that the trace of this does not contribute to the defect term in the index. The primary tool used to show this will be the trace identities of V K Patodi. These can be stated in this context as in [Ste89, p.252]

Lemma 9.4.1 Let {i_1, . . . , i_r} and {j_1, . . . , j_s} be two subsets of {1, . . . , 4}, one of which is non-empty, then

tr b^{j1} . . . b^{js} c^{i1} . . . c^{ir} = 0. (9.63)

On the subspace Z we construct a parametrix global on the whole SO_3 orbit of the manifold. This is in exactly the same spirit as the construction of the singular parametrix in [Ste93, § 6]. Unlike before the parametrix will be implicit. This will pose no difficulties however since we shall argue that it does not contribute sufficient Clifford factors to prevent cancellation by Lemma 9.4.1.

Projection onto the subspace Z is given by

π_Z = 1 2 ( 1 + b^{12}c^{21} ) . (9.64)

161 On this subspace we have b^{12} = c^{12} and also that m = 0. A calculation shows that on the subspace Z the operators D and D^2 are equal to

D^2 = −∂^2_t + (d + δ)^2_S2 + O(e^{−t}) (9.65)

and

D = c^0∂_t + (d + δ)_S2 + 1 2 ( c^3b^{03} − c^0 ) + O(e^{−t}). (9.66)

Here (d + δ)_S2 denotes the signature operator of the two sphere which acts in the natural way upon Ω^∗(M_r) ∩ Z. Let h (λ, x, y) be the Schwartz kernel of (d + δ)^2_S2 − λ. For our parametrix set

H_2(y, y^′) = 1 2π ∫ R e^{i(t−t′).ν} h ( λ − |ν|^2 − iν, y_0, y^′_0 ) dν (9.67)

where once again pre and post multiplication by cut off functions, projection onto the relevant subspace and summation over a suitable cover have been suppressed in the interests of clarity. That this construction provides a good estimate, in the sense of Section 9.4, of (D^2 − λ)^{−1} on the subspace Z, follows in an identical manner to the estimates of [Ste89, p.267]. Here we note that since the operator D^2 is conjugate to

−∂^2_t + (d + δ)^2_S2 + 1 4 + O(e^{−t}), (9.68)

the spectrum of (d + d^∗)^2_S2 − |ν|^2 + iν is bounded below by 1/4. This is the technical condition which allows the estimates of M. Stern in [Ste89, p.267] to carry over with only minor changes.

The H_2 contributes only c^1, c^2, b^1 and b^2 Clifford factors. Consequently the Clifford factors in the expression 1 2 tr c^0τDH_0 ( 1 + b^{12}c^{21} ) (9.69)

162 which are not of the order of O(e^{−t}) will all have a c^0, c^3 or b^3 factor that does not cancel.

Lemma 9.4.1 therefore completes the proof that the subspace Z does not contribute to the

defect term.

9.5 Index Defect Term

In Section 9.4.2 we showed that the trace in the defect term could be taken over the comple-

ment of Z. In Section 9.4.1 we showed that on this subspace the only terms in the iterative

construction that contribute to the defect are h_0 and h_1. We now proceed to compute the

contribution of DH^m_0 to the defect term and remark that a similar computation of DH^m_1

shows that this term contributes nothing to the trace. Firstly note that ∑ m H^m_0 = 1 4π^2i ∫ γ e^{−sλ} ∑ m ∫ R^3 e^{im(ψ−ψ′)}e^{2πi(x−x′).ν} dνdλ (‖2πν‖^2 + K^2 − λ) = ∑ m 1 2π(4πs)^{3/2} e^{−|x−x′|2/4s}e^{−sK2} e^{im(ψ−ψ′)}. (9.70)

We are considering tr c^0τDH^m_0 in the limit as L → ∞. The trace identities and the

asymptotic form of D inequation (9.51) show that the only non-zero contribution to the

defect term will originate from ∑ m tr c^{12} ( e^t − 2 2 ) [ im + ( 1 (e^t − 2)^2 − 1 2 ) (b^{21} + c^{12}) ] H^m_0 π_Z⊥ . (9.71)

Therefore we need to compute the trace, along ψ = ψ^′ x = x^′, of ∑ m c^{12} 2π(4πs)^{3/2} ( e^t − 2 2 ) [ im + ( 1 (e^t − 2)^2 − 1 2 ) (b^{21} + c^{12}) ]

× e^{−|x−x′|2/4s}e^{−sK2} e^{im(ψ−ψ′)}π_Z⊥ . (9.72)

9.5.1 Evaluation of the Defect Term

Sections 9.3 and 9.2.2 have shown that

L^2(M^0_2 ) Index (d + δ)_+ = − 4 3 − δ_D (9.73)

163 where equation (9.39) provides the numerical factor. The term δ_D originally defined in

equation (9.40) is equal, by Section 9.4, to the limit as L → ∞ of ∫_∞ 0 ds ∫ t=L tr c^0τDe^{−sD2} π_Z⊥ dσ = ∫_∞ 0 ds ∫ t=L dσ^′ ∑ m tr c^{12}(e^t − 2) 2 (4πs)^{3/2} [( 1 (e^t − 2)^2 − 1 2 ) (b^{21} + c^{12}) + im ] e^{−sK2} π_Z⊥ = ∫_∞ 0 ds ∫ t=L dσ^′ ∑ m tr c^{12}U^{−1} (4πs)^{3/2} [ im + ( b^{21} + c^{12} ) (U^2 4 − 1 2 )]

× e^{sU −2} [ im+(b^{21}+c^{12})^{( U2}_4 −^1_2^{)]2} π_{Z⊥} .

(9.74)

Here U^{−1} = (e^t − 2)/2 and dσ^′ = σ^{12}. Applying the Poisson summation formula shows

that this is equal to ∫_∞ 0 ds ∫ t=L dσ^′ ∑ m tr c^{12}U^{−1} (4πs)^{3/2} ∫ R [ iy + ( b^{21} + c^{12} ) (U^2 4 − 1 2 )]

× e^{sU −2} [ iy+(b^{21} +c^{12})^{( U2}_4 −^1_2^{)]2} e−2πimyπ_{Z⊥} dy. (9.75)

By changing variables and then integrating, firstly with respect to the new variable and

then, with respect to s we see that the above equals ∫_∞ 0 ds ∫ t=L dσ^′ ∑ m tr c^{12}U^{−1} (4πs)^{3/2} [∫ R ixe^{−sU −2x2} e^{−2πimx}dx ] e^{2πm(b21 +c12)(U 2−2)/4}π_Z⊥ = ∫_∞ 0 ds ∫ t=L dσ^′ ∑ m tr c^{12}U^2m 8s^3 e^{−π2m2U 2/s}e^{2πm(b21 +c12)(U 2−2)/4}π_Z⊥ = ∫_∞ 0 ds ∫ t=L dσ^′ ∑ m≠0 tr c^{21} 16π^2s^2 ∂_m ( e^{−π2m2U 2/s} ) e^{2πm(b21+c12 )(U 2−2)/4}π_Z⊥

= ∫ t=L dσ^′ ∑ m≠0 tr c^{12} 8π^4U^2m^3 e^{2πm(b21 +c12)(U 2−2)/4}π_Z⊥

(9.76)

Thus by expanding,

e^{U 2πmb21 /2} = 1 +

U^2 2 πmb^{21} + O(U^4) (9.77) and e^{U 2πmc12 /2} = 1 +

U^2 2 πmc^{12} + O(U^4), (9.78)

164 we see that δ_D is equal to lim_{L→∞} ∫ t=L dσ^′ ∑ m≠0 tr c^{12} 8π^4U^2m^3 e^{πm(b21+c12 ) U22} e^{−πm(b21+c12 )}π_Z⊥

= lim ∫ t=L dσ^′ ∑ m≠0 tr c^{12} 8π^4U^2m^3 ( 1 + U^2πmb^{21} 2 ) ( 1 + U^2πmc^{12} 2 ) e^{−πm(b21 +c12)}π_Z⊥

= lim ∑ m≠0 tr c^{12} 2π^3U^2m^3 ( 1 + U^2πmb^{21} 2 ) ( 1 + U^2πmc^{12} 2 ) e^{−πm(b21 +c12)}π_Z⊥ . (9.79)

Finally, recalling that π_Z⊥ = 1 2 ( 1 + b^{12}c^{12} ) , (9.80)

we use the trace identities to evaluate this expression.

δ_D = lim_{L→∞} ∑ m≠0 tr c^{12}(−1)^{2m} 4π^3U^2m^3 [ 1 + U^2πm(b^{21} + c^{12}) 2 ] (1 + b^{12}c^{12})

= ∑ m≠0 tr c^{1212}(b^{2112+1} + 1)

8π^2m^2 = − tr Id 2π^2 ∑ m¿1 1 m^2 = − 2 π^2 ∑ m¿1 1 m^2 = − 2 π^2 ζ (2) = − 1 3 .

(9.81)

In this expression we have subsumed into the trace the fact that the boundary, {t = L} ⊂

M^0_2 , is SO_3/Z_2 = S^3/Z_4 under the identification (9.3). Thus we conclude, by equation

(9.73) and Corollary 9.2.8, that

L^2(M^0_2 ) index (d + δ)_+ = − 4 3 + 1 3 = −1. (9.82)

Consequently the Sen form [Sen94] is the unique harmonic form on the reduced two

monopole moduli space.

Remark 9.5.1 We observed before that the L^2 index was a conformal invariant. Thus

any complete manifold conformally equivalent to M^0_2 will possess a unique L^2 harmonic

form. This harmonic form will be self dual or anti self dual depending upon the orientation

of the manifold.

Bibliography

[AH88] Michael Atiyah and Nigel Hitchin. The geometry and dynamics of magnetic

monopoles. M. B. Porter Lectures. Princeton University Press, Princeton, NJ,

1988.

[AL97] Daniel Acosta and Terry Lawson. Even non-spin manifolds, spinC structures,

and duality. Enseign. Math. (2), 43(1-2):27–32, 1997.

[APS75] M. F. Atiyah, V. K. Patodi, and I. M. Singer. Spectral asymmetry and Rieman-

nian geometry. I. Math. Proc. Cambridge Philos. Soc., 77:43–69, 1975.

[AS68] M. F. Atiyah and I. M. Singer. The index of elliptic operators. III. Ann. of Math.

(2), 87:546–604, 1968.

[AS69] M. F. Atiyah and I. M. Singer. Index theory for skew-adjoint Fredholm operators.

Inst. Hautes Études Sci. Publ. Math. No., 37:5–26, 1969.

[Ati71] Michael F. Atiyah. Riemann surfaces and spin structures. Ann. Sci. École Norm.

Sup. (4), 4:47–62, 1971.

[BGV92] Nicole Berline, Ezra Getzler, and Michèle Vergne. Heat kernels and Dirac oper-

ators, volume 298 of Grundlehren der Mathematischen Wissenschaften [Funda-

mental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1992.

166 [BS88] Jochen Brüning and Robert Seeley. An index theorem for first order regular singular operators. Amer. J. Math., 110(4):659–714, 1988.

[CG75] Maurizio Cornalba and Phillip Griffiths. Analytic cycles and vector bundles on non-compact algebraic varieties. Invent. Math., 28:1–106, 1975.

[Che79] Jeff Cheeger. On the spectral geometry of spaces with cone-like singularities.

Proc. Nat. Acad. Sci. U.S.A., 76(5):2103–2106, 1979.

[Cho85] Arthur Weichung Chou. The Dirac operator on spaces with conical singularities and positive scalar curvatures. Trans. Amer. Math. Soc., 289(1):1–40, 1985.

[Dan94] Andrew S. Dancer. A family of hyper-Kähler manifolds. Quart. J. Math. Oxford Ser. (2), 45(180):463–478, 1994.

[dC92] Manfredo Perdigão do Carmo. Riemannian geometry. Birkhäuser Boston Inc., Boston, MA, 1992. Translated from the second Portuguese edition by Francis Flaherty.

[DK90] S. K. Donaldson and P. B. Kronheimer. The geometry of four-manifolds. Oxford Mathematical Monographs. The Clarendon Press Oxford University Press, New York, 1990. Oxford Science Publications.

[Dod81] Jozef Dodziuk. Vanishing theorems for square-integrable harmonic forms. Proc.

Indian Acad. Sci. Math. Sci., 90(1):21–27, 1981.

[dR84] Georges de Rham. Differentiable manifolds. Springer-Verlag, Berlin, 1984. Forms, currents, harmonic forms, Translated from the French by F. R. Smith, With an introduction by S. S. Chern.

[ESV92] Hélène Esnault, José Seade, and Eckart Viehweg. Characteristic divisors on complex manifolds. J. Reine Angew. Math., 424:17–30, 1992.

167 [FU91] Daniel S. Freed and Karen K. Uhlenbeck. Instantons and four-manifolds.

Springer-Verlag, New York, second edition, 1991.

[GH94] Phillip Griffiths and Joseph Harris. Principles of algebraic geometry. John Wiley & Sons Inc., New York, 1994. Reprint of the 1978 original.

[GH96] Jerome P. Gauntlett and Jeffrey A. Harvey. S-duality and the dyon spectrum in N = 2 super Yang-Mills theory. Nuclear Phys. B, 463(2-3):287–314, 1996.

[GL83] Mikhael Gromov and Jr. Lawson, H. Blaine. Positive scalar curvature and the Dirac operator on complete Riemannian manifolds. Inst. Hautes Études Sci. Publ. Math., (58):83–196 (1984), 1983.

[GM77] Lucien Guillou and Alexis Marin. Une extension d’un théorème de Rohlin sur la signature. C. R. Acad. Sci. Paris Sér. A-B, 285(3):A95–A98, 1977.

[GM80] Lucien Guillou and Alexis Marin. Une extension d’un théorème de Rohlin sur la signature. In À la recherche de la topologie perdue, volume 9 of Publ. Math. Univ. Paris VII, pages 69–80. Univ. Paris VII, Paris, 1980.

[GM86a] G. W. Gibbons and N. S. Manton. Classical and quantum dynamics of BPS monopoles. Nuclear Phys. B, 274(1):183–224, 1986.

[GM86b] Lucien Guillou and Alexis Marin. Une extension d’un théorème de Rohlin sur la signature. In À la recherche de la topologie perdue, volume 62 of Progr. Math., pages 97–118. Birkhäuser Boston, Boston, MA, 1986.

[Hab82] Nathan Habegger. Une variété de dimension 4 avec forme d’intersection paire et signature −8. Comment. Math. Helv., 57(1):22–24, 1982.

[Hir95] Friedrich Hirzebruch. Topological methods in algebraic geometry. Springer-Verlag, Berlin, 1995. Translated from the German and Appendix One by R. L. E.

168 Schwarzenberger, With a preface to the third English edition by the author and Schwarzenberger, Appendix Two by A. Borel, Reprint of the 1978 edition.

[Hit74] Nigel Hitchin. Harmonic spinors. Advances in Math., 14:1–55, 1974.

[Hit95] N. J. Hitchin. Twistor spaces, Einstein metrics and isomonodromic deformations.

J. Differential Geom., 42(1):30–112, 1995.

[HP70] Reese Harvey and John Polking. Removable singularities of solutions of linear partial differential equations. Acta Math., 125:39–56, 1970.

[Kat95] Tosio Kato. Perturbation theory for linear operators. Classics in Mathematics.

Springer-Verlag, Berlin, 1995. Reprint of the 1980 edition.

[KM93] P. B. Kronheimer and T. S. Mrowka. Gauge theory for embedded surfaces. I.

Topology, 32(4):773–826, 1993.

[Law82] Terry Lawson. Splitting S^4 on RP^2 via the branched cover of C P^2 over S^4. Proc.

Amer. Math. Soc., 86(2):328–330, 1982.

[LM89] Jr. Lawson, H. Blaine and Marie-Louise Michelsohn. Spin geometry, volume 38 of Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1989.

[Mor66] Jr. Morrey, Charles B. Multiple integrals in the calculus of variations. Springer- Verlag New York, Inc., New York, 1966. Die Grundlehren der mathematischen Wissenschaften, Band 130.

[Mor96] John W. Morgan. The Seiberg-Witten equations and applications to the topology of smooth four-manifolds, volume 44 of Mathematical Notes. Princeton University Press, Princeton, NJ, 1996.

169 [MS74] John W. Milnor and James D. Stasheff. Characteristic classes. Princeton University Press, Princeton, N. J., 1974. Annals of Mathematics Studies, No. 76.

[PT82] Thomas Parker and Clifford Henry Taubes. On Witten’s proof of the positive energy theorem. Comm. Math. Phys., 84(2):223–238, 1982.

[Sen94] Ashoke Sen. Dyon-monopole bound states, self-dual harmonic forms on the multimonopole moduli space, and sl(2, z) invariance in string theory. Phys. Lett. B, 329(2-3):217–221, 1994.

[Sha78] Patrick Shanahan. The Atiyah-Singer index theorem, volume 638 of Lecture Notes in Mathematics. Springer, Berlin, 1978.

[Sne74] Ian N. Sneddon. The use of integral transforms. Tata McGraw-Hill., New York, 1974.

[SS92] L. M. Sibner and R. J. Sibner. Classification of singular Sobolev connections by their holonomy. Comm. Math. Phys., 144(2):337–350, 1992.

[SSZ95] S. Sethi, M. Stern, and E. Zaslow. Monopole and dyon bound states in N = 2 supersymmetric Yang-Mills theories. Nuclear Phys. B, 457(3):484–510, 1995.

[Ste89] Mark Stern. L^2 index theorems on locally symmetric spaces. Invent. Math., 96(2):231–282, 1989.

[Ste93] Mark Stern. Index theory for certain complete Kähler manifolds. J. Differential Geom., 37(3):467–503, 1993.

[Tau85] Clifford Henry Taubes. Min-max theory for the Yang-Mills-Higgs equations.

Comm. Math. Phys., 97(4):473–540, 1985.

170 [Wat95] G. N. Watson. A treatise on the theory of Bessel functions. Cambridge Mathematical Library. Cambridge University Press, Cambridge, 1995. Reprint of the second (1944) edition.