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Man : 1/N= 4 SYM and S-duality
2) Vafa-Witten equations from topologically twisting N= 4 SYM

2/N= 4 SYM and S-duality
1 .1. Classical and quantum field theories. "-dim Is

manifold
M : spacetime (Coventrian or Riemannian manifold) 6
B : space of fields (e .g

·
connections

,
sections of bundles....)

1/

S : P-sK :"action" S=&vol 2 : "Legrangian density
local functional of fields.

·
Classical field theory :

Euler-Lagrange equatio : &S =O System of PDE

O2 . . . . .. On ECY (R
,
KI :

· Quantum field theory
--(QFT) Local functional of fieldsCorrelation functions : iS n

u

<Tikil) ="Spe Tiki)" Closection

↳e

·"Spekil" (Riemannian)

PER
at shortBelief : QFT exists if "effective couplings do not grow

distances"-
Can be checked in some
leading approximation



· M = NXIRy -o Usual quartie mechanical formalism cen be
--

space
time reconstructed : · Hilbert space of states

· Hamiltonian operatio
~

Particle states....
Remark : To incorporate fermious , th needs to be a supermanifold.-

Finite dimensional supermanifold : /2-graded
Xz, ...., Xn even coordinates XiXj= XjX,
Pr
, ....

Om add wordinates 00 = -00!] 194m

CO/IR") = COIR")@
*(IR2)

/Technically : sheef of EK2-graded commutative olgebnes area manifol
Parity changing operation :↑T IR" = 1RmI

Example: M manifold TTTM : Supermanifold st

COTTTM) = Co(M ,MM)

Vector fields on supermanifolds : Example: exterior derivative

↳ super
Lie algebra ·: riM +riM

defines an ood recta field Q

Integration on supermanifold : TTM st
. [Q, QY = 0 .

Soltz ...dOm flOz, .... Onl [since d =0]

1RO
= Coefficient of Os .... Om in flor, ...,On

=fin- inDis- On



1.2 . Classical N= 4 SYM (super Yong-Mills)
M = IRY M = Co (M , riModly)

connectionG compact A
1. formLie group

g = Lie (G) ② COM
,ITS Stadlg))

ad(g) : of St
,
S : Spina bandles or MY

Spin(4) = SU/2) +SU/2)

vI2 842
⑦ COM , IR@vollgi)

P-YangMills Klein-GandonDivac

- -
2 Tr (F1 F +14)+ (dap , dat)

Sch + 44 + [p,3) - 10 Tr(FanFl

- O-term
Coupling constant

STrFnFm
G = VINI ,SUIN)Ged([m + (0]

Why this
very particular form ?

Supersymmetry extension :
ison (IR") to th w= 4

IR" ison (IR")(St@ST0 So(6)-> ison(IR") -> So (4)
K

P KP -

↑ ↳ Irotations pTranslations Liesuper preserving R-symetryalgebra
c+ ES+ Ste5 =TM@C

A
E
-

ES- 2+, 5-] = Translation by 05- /



R-symmetry so(6) -O IMS /fundomatal representation ofso(s))

/(4) vo4(5) spiron representation of so (61)I-I"(StExceptional Non-trivial(Ay =Dy 20 =2)isomorphism Colculation :
5 =0 : diF = 44 +pa· Equation of motions :

N= I zod
C+4 =44S SyntCoupled system of &PDEs . 40 =44 + p[,75(12

,01
=Spin (2,9)
-1 . 3 . Quantum N= 4 SYM and S-duality

N = 4 SYM = - remains a constant at the quarter level.

T(t
,

G)Belief : VTECH
, J well-defined QFT.

G
Weak coupling : go

0
,

In e-> 00 : perturbation theory/

Feynman diagram
strong coupling ? T(t,G)
Rem : N= G SCFT (superconformal field theory II
-

1575) T(in 2, 6)IS-duality conjecture /n Montanen-Olive,
Since

T(t
,

G = T)-E , 64 0-0 + 2π

iv -E
GV : langlands dol

group of G

T=in=0

(G= SU/2)
,

G"= So(3))Weak Strong
(Ej= Eg)Coupling Compling (GY"= G

(g-n A BEC DEFG

Gsimple : Weight lattice-hol weight Lettice
Center21



Montanen-Olive : in gange theory , electric charge I Weight Lattice
-G
6 S ? of G

Semiclassically : magnetic , magnetic change E dual of

(d) monopoles weight Lattice
-

"Colomb branch" of G

Conjecture not considered very seriously until = weight lattice

1996 . Sen : S-dalty -> Existence of dyons ofGv

↑ (S2(2,2) 1120 b
10, 21 Semiclassically : L"-cohomology
(2,2) Classes on moduli spaces of

monopoles/ Explicit check for↓
Qualities inWitte convinced by this (2 , 1)
string theory result) D

IIb string , God
, coupling constant IEIH

SL(2,2)I⑥

ND3-branes CIIB
S-duality conjecture I

-WIN) Go N=h BS Rem: No "proof"
SYM of S-duality

jo Cong even at
the

S physics level

leg by formal
· IB/CYTy IRS

-N=Ro So SCE
manipulations of

TIx1RP path-integrals)
Ca u

SL(2,2) N=4 Ga SYM I
-

so/IR2 + Mc
P = character of

ECFT /VOA . ZMG
VOA ---



2/Vafe-Witten equations from topologically twisting 40 N=4 SYM

Vata-Witten 1994 motivation : provide further evidence for the

Riemannian S-duality conjecture .
W

Bridea : Replace 19h by a compact 4-manifold (M &
M= 7 12

and conside the partition function e↳
Should be modular

Spin - Includes = [
-

S
on all principe

G- G-bundles P -M
A connection on P

PecO(S+St&@n(P1)

qe(PIRGnd(P))

·Complicated functionof (g) Seg · for "free theory" (
(t
,2)

~ dat A(M
,g)

I not holomaphic

N supersymmetranor on general (R ,g)

R-symmetry : Spin(6) & K
,

IRS

"Couple to a background Spin(S1-yonge field
"

Fix R -o Ma Spin/sl-butle with a connection

Twist the fields : 444 (SS
_
) nd(P)R

IRS IRS rollP) + R



[G
,11,j) ,R(2,) +Se Twisted partition

function .

Even more complicated
Ney simplification for ↳ in general .

special choice of R
Gold rector field on th

Choose R s .t. - F covariant section of
this burdle contains - I (S+&S

_

(84" x R
trivial Sub-bundle

Er: Pick p : Spin(4) -o Spin (6) o set M = Spin - Spir(6)
bundle P

Il

SU(21+ SUK)
-

Su(4) of M

vint

(int) 4 - (2,1)0(2,1)

2 -> (2,2)0(2,1)

· StAK" : (2, 2) @ (12,201211)

282 = 302 = (3, 1)829(1
, 1)
&L

Y ,XO2 self-def Iscolors
7, ]

2-forms 1**M
58K" : (34* ((2,118 12 21) = (2, 4)

&L Ivectors Xy .Y

S TM

· IRS J=1 4 = 1
*

(12, 218(2, 11) B ,,
= (1

, 270(3, 28k. 178(, 1) = (5
,
178(1, 1793

Iself-shal-for 3-scolors



↓
VW twist : 2 ood rector fields on to

(rotated by residual U(1/p symmetry
↳ Pick 2 : Q old victor on th

st . Q=o

Ra : All bandles make once FM 6-morifold
,
no logeandes

pin
Q2=0 ? Truea flat space

Curved
space :

need to old a "nor-minimal

coupling
Bij((gingje-gilgjh) + Wijne) Ble

Then :

-2 = Q1 - 2πT Tr(F1F) for some 1

Formal conclusion :
Q2=0 &

Independent of g,

=(a)I82

[m
,
g(t)

holomaphic ine

->the Imona

Formally : Z independent of g , holomaphic function of I



"colulation
Q1 - (F"+ [B ,B) + [c , B]) "

+ (d) + diB)
<
t old-part

Remi
-

F= F
+
+ F
-

IF)= FrxF= (F++ F
-

) n(F+- Fy = If++ 1F -1

FIF = IF+- 1F-2

F= (IF-IF-14)
Tr FIF
- JQ1 2πI

z = Jes =[qSe q
= 2

Sedan = - Sanebar-Jahresay
= O

a Stokes /modulod
term !

Independent of J.

d - + 00 : Localization on Q1 = 0
Solutions of

S
F++ [B ,B] + [C , B] =0 IVafa-Witten

dac + diB =0 nations
.ed

Mu
Actually So-bor colulates the Euler characteristic

of the moduli space
Mu

↑



1 See Methai- Quiten formalism xQx =H -114X

Atiyah-Jeffrey paper TTT/ITE) QH=A :4H

aVafa-Witten S2 . b
-E44FjX

Metric(-1 -)
iented real connection

TTTM ni Qui =PiEn or j

vertorbundle I Ai
Y Q4

:
=0

bJs Rkv Q'=0
Mq
compact 1 =E(x, H + 2s)
criented manifold

Se-ban

q= (H , H + 2s) + 2(X.4) - 4:4 XX

SoH-E(s , s) +<,4) -E4455 XX

S=0 :
- E4TFXX

= Pf(F)Seda-Soxape
11

stets to a I
[S4(d)] = Euler class of E

Incorporate G-action as extre term
·G-quotient/) G-equivariant cohomology)



CCL: S-duality cany t 2,(2) modular function-

for 40 N= G SYM
I s term issues : holomorphic

[Ambiguity of anomaly

couplingto gravity : modular form

Final remark : Other topological twists of 401 N= 4 SYM.
--

p : Spin (4)= SU(2++ SU()-- Spin(s)= SU(4)

-
( Napustin-Witten

TM =TIM su
_

) twist, related to

6= (2 ,210(2, 1182 geometric langlands .

↑: Spin() = SU121++ SUR1
- -Spin(s)=SU(h)

gnd

Hi) (= (2 ,1)028(1, 1)
⑦L

(
p : Spin()= SU(2++ SU(2)--> Spin()=SU(d) VW

#Ignit)0= 1 ,210151)
#3

W

12M
VW Nu zud
IB/1"M + IR" IB/T'MAIRC #B/ SYXIRE
um - um

G2 SU(4) Spin(7(
D3/M =

Twisted CY4 Exceptional holonomy
N N= 4 4d SYM WIN)


