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Introduction

Let X be a smooth projective 3-fold over C. A Pandharipande—
Thomas (PT) stable pair (F,s) is a pure 1-dimensional coherent
sheaf F on X together with a section s : Ox — F with
O-dimensional cokernel. We allow F = s = 0. We say that (F,s)
has class (53, n) € Hao(X,Z) & Z if Pd(c(F)) = 5 and x(F) = n.
Then either 5 = n =0, or S is an effective curve class. By
Pandharipande-Thomas arXiv:0709.3823, there is a proper moduli
scheme P,(X, 3) of PT pairs in class (3, n), which has a perfect
obstruction theory, and a virtual class [P,(X, 5)]virt in
Hoc,(x)-8(Pn(X, B),Z). There is a universal sheaf

F— X x P,,(X,ﬂ) with 3|X><{[F,s]} = F. For all k € N and

v e H’(X,Q), define 74 (v) € H2k+’_2(Pn(X,5),Q) by

(1) = (Mp,x,))+ (Mx () U cha 1.4 (5)).

We have P,(X,8) =0if n< 0.
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Let ki € N, m; € HI(X,Q) for i = 1,...,mwith 37 (2k; + ; —2) =
2¢1(X) - B. Define the Pandharipande—Thomas invariant

PTan(TTM1 (i) = (TT1 7 (1) - [Pa(X, B)lvize  in Q.

Combine these into a generating function

PTs(IT71 76(n1), ) = X pez PTo.n(I121 7(n))q" in Ql[alllg~"]

Conjecture 1 (Pandharipande—Thomas 2007, Pandharipande 2017.)

PTs(IT"1 7;(ni), q) is the Laurent expansion of a rational
function F(q), which has poles only at g = 0 and at roots of unity.

This is known in several cases including X Calabi—Yau and X toric
by work of Bridgeland, Toda, and Pandharipande—Pixton.
Pandharipande—Thomas invariants are curve-counting invariants.
They are conjecturally equivalent to Gromov—Witten invariants, and
rank 1 Donaldson—Thomas invariants of X, by explicit formulae.
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Definition

An effective curve class § € Hx(X,Z) is called positive if
c1(X) - B > 0, and superpositive if whenever 3 = ' + 3" with
B, 3" effective then 5, 3" are positive.

If X is a Fano 3-fold then all curve classes are superpositive.

The goal of this talk is to explain:

Theorem 1 (Anderson—Joyce arXiv:2604.05664.)

Conjecture 1 holds if 5 is a superpositive curve class.
If a linear algebraic C-group G acts on X then the analogue holds
for G-equivariant Pandharipande—Thomas invariants.

Karpov—Moreira independently proved the first part of Theorem 1
in arXiv:2604.06023, released on the arXiv on the same day by
agreement. They also prove a Zy-symmetry of the PT generating
function, which we do not prove for technical reasons.
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The proof of Theorem 1 is an application of my theory of
enumerative invariants of abelian categories in homology in
arXiv:2111.04694. Define an abelian category A to have objects
(F,V,¢) where F € coh<1(X) is a coherent sheaf of dimension

< 1, and V is a finite-dimensional vector space over C, and

¢ Ox @c V — F is a morphism in coh(X). By wall-crossing
between two different stability conditions on A, | prove an identity
relating PT virtual classes [P,(X, 8)]virt and Donaldson—Thomas
invariants [M{% ,(7)]inv counting 1-dimensional sheaves. We need
B superpositive for [M( (7)]inv to be well defined.

In work with Reginald Anderson, the Pandharipande—Thomas
rationality conjecture is then deduced from a periodicity property
of the [M{f y(T)linv in n € Z, coming from the fact that if L — X
is the ample line bundle used to define semistability then — ® L
gives an isomorphism M (7) = MG 1 e (1).5)(7)-

The method is similar to Bridgeland/Toda in the Calabi—Yau 3-fold
case, but with a different invariants and wall-crossing set-up.
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Vertex and Lie algebras on the homology of moduli stacks

Let X be a smooth complex projective m-fold. Write M for the
moduli stack of objects in D?coh(X), a higher C-stack. Now
[*/Gm] is a group stack with an action V : [x/G ] x M — M
which acts on isotropy groups Iso,/g,,](*) = Gm, Isom([E®]) =
Aut(E®) by (A, @) — Aidgs -a. The quotient M/[x/G,] is the
‘projective linear’ moduli stack MP! of objects in D? coh(X).
Points of MP! are isomorphism classes [E®] of E® in D® coh(X),
but isotropy groups are Ison([E®]) = Aut(E®)/Gp, - idge. Here
MP! s often called the rigidification of M. There is a projection
M: M — MP! which is a [¥/G ,]-fibration except over 0.

Work by me in 2017 makes H.(M, Q) into a graded vertex algebra
over Q. Then Borcherds makes H,(M,Q)/D(H.(M,Q)) into a
graded Lie algebra. | show that H,(MP' Q) has the structure of a
graded Lie algebra over @, and M, : H,(M, Q) — H,(MP, Q)
factorizes via a Lie algebra morphism H,(M,Q)/D(H.(M,Q)) —
H*(Mpl,@), which is an isomorphism except over complexes with
Chern character zero.
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Vertex algebras (don't try to understand this slide.)

Let R be a commutative ring. A vertex algebra over R is an
R-module V equipped with morphisms D" : V/ — V for
n=0,1,2,... with DO =idy and v, : V — V for all v € V and
n € Z, with v, R-linear in v, and a distinguished element 1 € V
called the identity or vacuum vector, satisfying:

(i) For all u,v € V we have u,(v) =0 for n > 0.

(i) If v e V then 1_1(v) = v and 1,(v) =0 for —1 # n € Z.
(iii) If ve V then v,(1)=D""(v) for n<0 and v,(1)=0 for n>0.
(V) un(v) =2 kso(— 1)+ DO) (v i (u)) for all u,v € V and
n € Z, where the sum makes sense by (i), as it has only finitely
many nonzero terms.

(v) ((V)m(w) =32 (=1)"(3) (u1=n(Vimsn(W)) = (=1) Vit m—n(un(w)))

n=>0
for all u,v,w € V and I, m € Z, where the sum makes sense by (i).
We can also define graded vertex algebras and vertex superalgebras.
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It is usual to encode the maps u, : V — V for n € Z in generating
function form as R-linear maps for each v € V
Y(u,z): V— Vl[z,z7 Y], Y(u,2):v—3,cpun(v)z™"L,
where z is a formal variable. The Y(u, z) are called fields, and
have a meaning in Physics. Parts (i)—(v) may be rewritten as
properties of the Y(u, z). One interesting property is this: for all
u,v,w € V there exist N > 0 depending on u, v such that

(v =2)"Y(u,y)Y(v.2)w=(y = 2)"Y(v,2)Y(u,y)w. (1)
There may be a V-valued rational function R(y, z) with poles
when y =0, z=0 and y = z, such that the l.h.s. of (1) is a
formal Laurent series convergent to R(y,z) when 0 < |y| < |z
and the r.h.s. converges to R(y, z) when 0 < |z| < |y]|.
Think of u*, v = Y(u,z)v as a multiplication on V depending on
a complex variable z, with poles at z = 0. Very roughly, V is a
commutative associative algebra under %, with identity 1, except
the formal power series and poles make everything more complicated.
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Lie algebras from vertex algebras

If V is a (graded/super) vertex algebra then V/D(V) is a
(graded/super) Lie algebra, with Lie bracket

[u+ D(V),v+ D(V)] = uo(v) + D(V).

Vertex algebras were introduced in mathematics by Borcherds, who
noticed that certain infinite-dimensional Lie algebras important in
Representation Theory were constructed as V' /D(V). For example,
Kac—Moody Lie algebras are (Lie subalgebras of) the Lie algebras
associated to lattice vertex algebras.

Vertex algebras are used in Representation Theory, both of
infinite-dimensional Lie algebras, and in Moonshine — the Monster
may be characterized as the symmetry group of a certain
infinite-dimensional vertex algebra.
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Write K¥(X), i > 0 for the semi-topological K-theory of X (see
papers by Friedlander—Walker). There are natural decompositions
M = Tlaeks () Mar MP' = [ eiers(x) ME, where Mo, ME!
are the moduli stacks of E* € D? coh(X) with [E*] = « in K§*(X).

Theorem 2 (Jacob Gross arXiv:1907.03269.)

For all o € K§*(X), M, is nonempty and connected, with
H(Ma, Q) 2 SSym* (P, KF*(X) ®2 Q). (2)

Here SSym*(—) = @ SSym!(—) is the supersymmetric algebra
of a Z-graded Q-vector space, and K¥*(X) @z Q has degree i.

In many examples (e.g. if X is a curve, surface or toric) we have

KsH(X) = Ktoop(Xa“), > 1 is even, 3)
I Kiop(X*™), i >11is odd.

So H.(Mq,Q), Hi(M, Q) can be written down explicitly. The vertex
algebra on H,.(M, Q) is also explicit, a super-lattice vertex algebra.
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The graded vertex algebra structure on H,(M, Q)
For a, 8 € K§*(X) and u € H (Mo, Q), v € H, (Mg, Q), define

_ _ a, o, ) —i+j
Y(u,2)v = Y(2)(u®v) = (—1)XF) Zi,j>o Fx(aB)+x(B.e)—it) |
(CDQ’B o (W, X idMﬁ))*(tJ X((uRv)n C,'(((‘:Xt;ﬁ)v @ 0':;76(5Xt237a)))).

Here @, 5 : My x Mg — M3 maps ([E], [F]) — [E & F],

Y, : [#/Gp] x My — M, is the group stack action,

Oa3: Ma X Mg — Mg x M, exchanges the factors,

t/ € Hyj([*/Gm],Q) = Q is the generator, Ext?, g = Ma x Mg is
the Ext complex, and x : K§*(X) x K§'(X) — Z is the Euler form.
The identity 1 € Hy(Mo,Q) C H*(M,Q) is the image of

1 € Ho(*,Q) under [0] : * — My. The translation operator

D : Hi(Mg) = Higo(My) is D(u) = (Vo) (t X u).

We shift the grading on H.(M,Q) by

An(Ma) = Hp-ay(a)(Ma), As(M)= € HAn(Ma).
aeK§H(X)
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When we can define enumerative invariants ‘counting’ moduli
spaces M2 (7) of T-semistable coherent sheaves or complexes on
X with Chern character o € HV"(X, Q), for example, if X is a
curve, surface, Fano 3-fold, or Calabi—Yau 3-fold or 4-fold, in my
theory from arXiv:2111.04694, the invariants should be defined as
homology classes [MS(7)]iny in Hi(MPL, Q). If 7,7 are two
stability conditions, we prove a universal wall-crossing formula
expressing [MZ(7)]inv as a Q-linear combination of iterated Lie
brackets of [ME (7)]iny for i =1,...,n, with @ = a1 + -+ + ay,
using the graded Lie algebra structure on H,(MP!, Q).

As both H,(MP! Q) and the Lie bracket on it are difficult to write
down, for explicit calculations, it is usually better to lift to the
vertex algebra H.(M, Q). Pandharipande-Thomas virtual classes
[Pn(X, 8)]virt have a natural lift to H.(M, Q), as there is a

universal complex Ox p,(x,3) 5% on X x Pa(X, B).
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One-dimensional Donaldson—Thomas invariants

Now fix m = dim¢ X = 3. Then we can form moduli stacks
M (7) of Gieseker semistable coherent sheaves F on X with
Chern character a € H*V**(X, Q). The natural obstruction theory £°
on M3(7) is perfect in [—2, 1], but to define a Behrend—Fantechi
virtual class for M?*(7) we need it to be perfect in [—1,1]. We
have H™2(£°|f)) = Ext3(F, F)*, so the problems are caused by
the groups Ext®(F, F) for [F] € M3(7). There are two different
cases in which we can define virtual classes:
(a) If X is a Calabi-Yau 3-fold and M5 (7) = M(7) then
Ext3(F, F) = Hom(F, F)* = C by Serre duality.
(b) Under a Fano type condition on X, we ensure that
Ext3(F, F) = 0 for all [F] € M3(7).
For counting 1-dimensional sheaves F with Pd(c;(F)) = in
Ho(X,Z) and x(F) = n, if 3 is superpositive then (b) holds, so my
theory deflnes Donaldson—-Thomas invariants [M{% (7)]inv in
Hy(M (B ),Q) which have dimension 2 in homology.
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Define an abelian category A to have objects (F, V, ¢) where

F € coh<i(X) is a coherent sheaf of dimension <1, and V' is a
finite-dimensional vector space over C, and ¢ : Ox ®c V — F is a
morphism in coh(X). Define K(A) =Z & Ha(X,Z) & Z. Define
the class of (F, V,¢) to be [F, V,¢] = (dim V,Pd(c2(F)), x(F)).
Write AP for the projective linear moduli stack of objects in A. It
has a decomposition A'P! = D a,5,n)ek () N?i’,ﬁvn)’ where NI()CII’@”)
is the substack of objects in class (d, 3, n).

Define a functor T : A — DP coh(X) to map (F, V, ¢) to the

complex £* = [Ox @¢ V -2 F], with F in degree 0. Then T

-1
induces a morphism of stacks TP! : NPl — MP! where MP! is the
projective linear moduli stack of objects in D? coh(X). It will be

important that TP! is not an open inclusion. At points (F, V,0)
where dim V > 0, ¢ = 0, and Ext?(Ox, F) = HY(F ® Kx)* # 0,

the complex [OX ®c V 2 Ig] has more deformations in
-1

DP® coh(X) than (F, V,0) does in A.
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We define a 1-parameter family of stability conditions 7; on A for
t € [c_, ct], and apply my wall-crossing theory to invariants
counting T¢-semistable objects in .A. To define virtual classes of
Ts-semistable moduli spaces N?37,37n)(7t), we take the obstruction

theory on A/P! to be the pullback under T, : NP' — MP! of the
natural obstruction theory on MP!, because this is the obstruction
theory used to define Pandharipande—Thomas invariants. This can
be badly-behaved at points of A’P! for two different reasons.
Firstly, if £* = T(F, V, ¢) has Ext3(£°,£®) # 0 then the
obstruction theory has cohomology in degree —2, and is not
perfect in [—1,1]. We restrict to superpositive curve classes 3 to
avoid such points. Secondly, if TP! is not an open inclusion at

[F, V, #] then the obstruction theory on MP! does not pull back to
an obstruction theory on A/P! at [F,V,®]. This will force us to
restrict to PT moduli spaces P,(X, ) with n > 0, to ensure that
HY(F ® Kx) = 0 for all [F,s] in P,(X, f3).
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Fix a superpositive curve class 8 € Ha(X,Z) and n> 0, and an
ample line bundle L — X. We define a 1-parameter family 7; of
stability conditions on A for t € [c_, c4], such that:

e T-semistable objects (0, F,0) in class (0, 5’, n") for 8" an
effective curve class and all t are pu-semistable sheaves F in
class (', n"), where p is slope stability defined using c;(L).
These are counted by one-dimensional Donaldson—Thomas
invariants [M{%, .y (1)]inv-

e All objects (F,C, ¢) in class (1, 3, n) are T_-unstable, as they
are destabilized by 0 — (F,0,0) — (F,C, ¢) — (0,C,0) — 0.

@ The moduli spaces Niiﬁ/,n’)(T@) for 3’ a factor of 3 and n’
satisfying an inequality are PT moduli spaces P, (X, 3’). Here
we regard a PT pair s : Ox — F as an object (F,C,s) in A.

@ The obstruction theory on NP is well-behaved on all
Te-semistable moduli spaces for t € [c_, ci] involved in the
wall-crossing formula for class (1, 3, n). This uses both 5
superpositive, and n > 0.
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My Monster WCF paper now proves:

Theorem 3 (Joyce arXiv:2111.04694, version 2, to appear.)
If B € Ha(X,7Z) is superpositive and n > 0 then the following
identity holds in the graded Lie algebra H,(MP, Q) :
0= Z 0((05617'71)7"-,(0’6]717nj*l)v(laﬁjvnj)v (4)
égﬁfgiﬁkv (0 ﬁj+17 nj+1) (0 Bka nk); TC+7 7-C_)'
n=ni+---+n, ss .
Bi e;fective ;nd H ’ [[M Bl,nl)(ru’)]an’ [ (,6’2,n2)(u)]lnv] peoog

i € Z, I?é .7
gither Bj eff{ective [M(ﬁjflynjfl)( )]inv] 5 [Pnj (X7 /Bj)]virt] )

and n; € 7Z,
or (8j,n;) = (0,0) [ ?Sﬁj+1,nj+1)(u)]iHV] IO [ ?Sglﬂnk)(,u)]inv] .
Here U(- - Te,,Te_) € Q are universal combinatorial coefficients

defined in Joyce 2004, which occur in many different wall crossing
formulae. There are only finitely many nonzero terms in the sum.

This is an identity relating Pandharipande—Thomas invariants and
one-dimensional Donaldson—Thomas invariants.
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When 5 =1 we have 0((1,5, n);Te,,Tc_) = 1. Thus we can
rewrite (4) as

[P”(X’B)]virt (5)
= = Z 0((07/817n1)7"‘7(07ﬁj717nj*1)7(175j7nj)7
%ijéi...+ﬁk7 (07 /8j+17 nj+1) (O Bka nk)' Tcys Tc,)'

g,-::le;:‘t.ij;nakr;d H o [[M?/S@’l n1) (M)]mw [M(52 n2) ('u)]in"] A
nj € Z7 l# .7 Ss

either 3; effjective (8j— 1,"j—1)( )]inv] 5 [Pnj(X7 /BJ)]Virt] ;

and n; € Z, S ss

or (Bjji n;) = (0,0) [M(ﬁj+1,nj+1)(u)]inv] PR [ (5k7nk)(,u)]inv] .

For example, if 3 is an irreducible curve class then (5) reduces to
['D (X 6)]v1rt = [[M(ﬁ n) ( )]inva [PO(Xao)]virt]7 (6)

where [Po(X, 0)]virt € Ho(M 1 0,0) ,Q) = Q is the class of the
point [0, C, 0].
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You might think that (5) allows us to construct PT classes

[Pn(X, 8)]virt for n>> 0 solely from Donaldson—Thomas invariants
[M{% 2y (1)]inv, by induction on the number of irreducible factors
of 5. But this is not true. Equation (5) gives [Pn(X, 8)]virt only
when n >0, say when n > Ng, but it involves [P, (X, 5j)]virt for
nj which may not have nj > Npg,, so that the [Py, (X, §;)]virt are
not determined solely by the [M{%, . (1)]inv-

Since Pp(X,8) = 0 for n < 0, we have [P,(X, 8)]virt = 0 for

n < Mg, say. So this and (5) determine [P,(X, 3)]virt for all n € Z
except for the finitely many cases Mg < n < Ng.

In general, (5) determines [P,(X, 3)]virt in terms of DT invariants
My (1W)]inv and P=T [Py (X, 8")]vire for Mg < n’ < Ng, both
for 3’ one of the finitely many effective factors of 3.

This will be enough for us to prove the Pandharipande—Thomas
rationality conjecture for superpositive curve classes.
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A periodicity property of the [ (H)]mv in n

We define slope stability - on one-dimensional sheaves F on X
using an ample line bundle L — X. Then F is p-semistable if

and only if F®L is p-semistable. Now —®L gives an autoequivalence
of DPcoh(X), and isomorphisms =; : M — M, _pl : MPL— MPL

Bnta(L (,u) Therefore

Gt MG ()] = [M(ﬂ,n+cl(L)-ﬂ)( Nier (@)
Writing dg = c1(L) - 8 > 0, this shows [M{5 , (#)]inv has a
periodicity in n with period dg. Lift [M (11)]inv from
HQ(M%’”), Q) to Ha(Mg ), Q) uniquely such that
7'1(C1(L)) [ ?Sﬁ n)( )]mv = 0. Identify H2( B,n)» Q) with
Ha(M 0,0y, Q) by direct sum with a fixed complex of class (3, n).
Thus we regard [M m (1)]inv for n € Z as lying in Ha(Mq,0), Q).
Fora=1,...,ds, using (7) and Theorem 2 we prove that the map
Z — Ha(Mo0),Q), k= | ?%,aJrkdﬁ)(/‘)]inv is polynomial in k, of
degree < 6, as (7) is a difference equation with polynomial solutions.

which restrict to = pl ; ?% )( )—>M(

Dominic Joyce, Oxford University The Pandharipande-Thomas rationality conjecture



Quasipolynomials and piecewise quasipolynomials

Let V be a (Q-vector space. A function f : Z — V is a
quasi-polynomial if there exist d > 1 and polynomials
P1,...,Pq € V[x] such that f(n) = P,(n) whenever n = a
mod d. More generally, a function f : Z¥ — V is a
quasi-polynomial if there exist d > 1 and polynomials
Pa(x1,...,xk) € V[x1,...,x] for a € {1,2,...,d}*, such that

f(m,...,nk) = Pa(nm,...,ng) whenever (ny,...,nx) =a mod d.

A chamber decomposition of Z¥ is a finite partition

7K =A 11 II Ay in which each chamber A; is cut out by
finitely many rational affine equalities and inequalities like
CGim+--+ Ceng (K or<or=) D, for G;,D € Q.

A function f : Z¥ — V is called piecewise quasi-polynomial if there
is a chamber decomposition ZK = A; IT--- II Ay and
quasi-polynomials gi, ..., gy : ZK — V with fla, = gila, for all i.
Ehrhart theory deals with sums of piecewise quasi-polynomials.
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Recall equation (5):

[Pa(X, 8)] it (8)

=— > 0((0, B, m), - ., (0, Bj—1, nj-1), (1, B, ny),
ot ([(E v ) (M)](O e ol >]' .
B; effective and (B1,n1) mv (B2,m2) mv > ’
QZB zzi’ff;ctive M 1 i [Poy (X, B))]vart],

or (BJ’ nJ) = (07 0) [M(ﬁj+1,nj+1)( )]inv] ° [M(ﬁhnk (N)]lnv] .

We lift this equation from H,(MP', Q) to H.(M,Q), so that we
can write the Lie brackets using vertex algebra operations. We
identify Hi(Mq,8,n), Q) with Hi(Mq,0,0), Q) by direct sum with a
fixed complex, so we consider every term in the equation as lying
in Hi(M0,0,0), Q). Then the [M{5 )(1t)]inv are quasi-polynomial
in nj. We use (8) and induction on the number of effective factors
of 3 to prove that [P,,(X,ﬂ)] .

virg 1S @ piecewise quasi-polynomial
function of n.
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To do this, we note that there are finitely many possibilities for k,
(51,---,8k) in the sum. For fixed 1, ..., B, the function
(n1,...,ng) — 0((0,[31, m),..., (0, B, nk);Tq,ch) is constant
on the chambers of a chamber decomposition of Z¥. Each term in
the iterated Lie bracket in (8) is (piecewise) quasi-polynomial in n;,
by the inductive hypothesis. Using the definition of the vertex
algebra, we show that taking the Lie brackets preserves the
piecewise quasi-polynomial property, though it can increase the
degree of the polynomials. So the entire term in the sum in (8) is
piecewise quasi-polynomial in (nq,...,ng) € ZK. A basic result in
Ehrhart theory then shows that the sum over (ny, ..., ng) with
n=ny+---+ ng is piecewise quasi-polynomial in n.

This proves that the map Z — Ha¢,(x).5(M(0,0,0), Q).

n = [Pa(X,B)] ;. is piecwise quasi-polynomial in n. Since also
[Pa(X,8)] ;= 0 for n < 0, we see that 3, q" [Pa(X, B)] ..
is the Laurent expansion of a rational function, with poles only at
g = 0 and roots of unity. The Pandharipande—Thomas rationality
conjecture follows.
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With a minor increase in complexity, we can also prove the P-T
rationality conjecture in the G-equivariant case.

One should be able to use a similar method to prove an additional
Zo-symmetry of the P-T generating function. For Calabi—Yau
3-folds, Toda 2012 does this by wall-crossing in D® coh(X) to a
stability condition which is invariant under Verdier duality.

We did not do this because of a technical limitation in my
enumerative invariant theory: to define the invariants and prove
the wall-crossing formula, we need to define ‘auxiliary pair
invariants’ or ‘framing functors’, and it is currently not clear how
to do this in D? coh(X) rather than coh(X).

Karpov—Moreira arXiv:2512.22360 give a K-theoretic version of my
invariant theory which does not need framing functors, and using
this in arXiv:2604.06023, under extra assumptions on X, they
prove both the P—T rationality conjecture and the Zjy-symmetry.
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