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Abstract

This thesis studies classi�cation problems of codimension 1 and codimension 2 threefold

families

f : X → P1, X ⊂ FA

�bred in low-degree K3 surfaces over P1
and embedded in weighted scrolls FA, where

A is an integer matrix de�ning weights and twists. We classify X such as K3 surfaces

with rational double points, Calabi–Yau 3-folds with isolated singularities which extend

results of Mullet, K3 surfaces and Calabi–Yau 3-folds with at most Gorenstein singularities.

Further, the thesis revisits degeneration of quartic K3 �bred Calabi–Yau threefolds studied

some time ago by Gross and Ruan.

The thesis also sets the stage for a general study of �brations embedded in weighted scrolls

( f : X → B) ↪→ (π : FA→ Pk−1[ci])

over any nonsingular base B⊂ Pk−1[ci] by proposing a multi-graded C-algebra geometry

method for constructing them. We initiate the study of �brations embedded in families of

key varieties such as weighted Grassmannians �brations, leaving detailed investigations

for later work.
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Chapter 1

Introduction

Let (X ,D) be a polarized projective variety over C: a pair consisting of a normal projective

complex variety X and an ample Q-Cartier Weil divisor D on X , with associated divisorial

sheaf OX(D). We can then consider the graded ring

R(X ,D) =
⊕
n≥0

H0(X ,OX(nD)).

Ampleness of D is equivalent to an isomorphism X ∼= ProjR; and in particular, R is a �nitely

generated C-algebra. A choice of algebra generator set {r1, . . . ,rn} ∈ R of positive integer

weights {b1, . . . ,bn} gives a surjection

S = C[x1, . . . ,xn]� R

of graded C-algebras, and a corresponding embedding

(X ,D) ↪→ (P[b1, . . . ,bn],O(1))

into a weighted projective space. Miles Reid’s graded ring method studies classes of projec-

tive varieties of increasing complexity according to their codimension in this embedding.

Well-studied classical examples include the "famous 95" families of codimension one K3

surfaces in [Fle00, CPR00] , codimension 2 complete intersection K3’s in [Fle00] , codimen-

sion 3 P�a�ans in [Alt98] . Further sets of examples include Q-Fano 3-folds studied in

[ABR02, CPR00]. Together with corresponding papers, the Graded Ring Database [BK04]

gives more lists of this type with absolutely graded C-algebras and information on their

corresponding polarised varieties.

This thesis studies the models of projective �bration f : X → B polarized by a pair of

divisors, one ample and the other relatively ample, which together embed the �bration

into a weighted scroll FA. In this study, we take polarised projective varieties (X ,H) and
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(B,D) with H and D ample divisor line bundles on the respective varieties.

Assume that f∗OX = OB so that the projective morphism f : X → B has connected �bres.

The bipolarised variety (X ,H, f ∗D) has a corresponding bigraded ring

R(X ,H, f ∗D) :=
⊕

(p1,p2)∈Z2

H0(X , p1 f ∗D+ p2H)

whose structure encodes the geometry of the �bration.

The aim of this thesis is to construct Calabi–Yau varieties of dimension n = 2,3. A Calabi–

Yau n-fold is an n-dimensional complex projective varieties X with at most canonical

Gorenstein singularities and

KX = OX with H i(X ,OX) = 0 for all 0 < i < n.

A weak Calabi–Yau n-fold is a variety whose singularities are at most Gorenstein, has

trivial canonical bundle whose middle cohomologies vanish.

The focus of this thesis is to construct models of K3-�bred Calabi–Yau families over P1

and codimension 2 K3 �bred weak Calabi–Yau families over P1
which are nonsingular or

quasismooth and have st worst isolated singular points. The thesis also identi�es these

isolated singularities as well as studying the degenerations of these anticanonical threefold

families.

Suggested by Reid, Mullet in [Mul06] took the �rst steps in this relative construction with

the assumptions:

(i) Fix the base B = P1
.

(ii) the general �bre of f is one of the “famous95” list of Fletcher–Reid K3 hypersurfaces

in weighted projective spaces;

(iii) the �bration f : X → P1
embeds into a weighted scroll π : F→ P1

as a quasi-smooth

anticanonical hypersurface.

X F

P1.

f
π

Here, the 4-fold weighted scroll F= F(a j|b j) is a P3[b j]-bundle over P1
with a j the

integer twisting data

a4 ≥ a3 ≥ a2 ≥ a1 ≥ 0.

2



In this thesis, this problem is extended to allow isolated singularities on a general hyper-

surface along the base locus. This allows for a longer list of examples in low-degree K3

�brations missed in Mullet’s search: Calabi–Yau threefolds in F with isolated singularities

and �bred in K3 surfaces Sd ⊂ P3[b j] for low degree d = ∑b j ≤ 6.

The thesis also relaxes conditions (ii) to allow for complete intersection �bres with hyper-

surface singularities. Using these methods, bi-polarized elliptic K3 surfaces with rational

double point singularities are also constructed.

In the speci�c results proved in this thesis as listed below, "at most isolated singularities"

means either nonsingular or having isolated singularities or, in cases where the �bres have

non-trivial weights, having quotient singularities and/or isolated singularities.

Theorem 1.0.1. [=Theorem (4.1.1)] Let X ∈ |−KF| be a K3 surface with elliptic cubic �bres
E3 ⊂ P2 where F = F(a1,a2,a3) is a P2 bundle over P1. There are 12 such families of K3
surfaces with at most isolated singularities along the base locus of |−KF|. These surfaces are
listed in Table (4.1).

Theorem 1.0.2. [=Theorem (4.2.2)] Let X ∈ |−KF| be a K3 surface with quartic elliptic
�bres E4 ⊂ P[1,1,2] where F= F(a1,a2,a3|1,1,2) is a P[1,1,2] bundle over P1. There are
24 such families of K3 surfaces with at most isolated singularities along the base locus of
|−KF|. These surfaces are listed in Tables (4.5) and (4.6).

Theorem 1.0.3. [=Theorem (4.3.2)] Let X ∈ |−KF| be a K3 surface with sextic �bres E6 ⊂
P[1,2,3] where F = F(a1,a2,a3|1,2,3) is a P[1,2,3] bundle over P1. There are 31 such
families of K3 surfaces with at most isolated singularities along the base locus of |−KF|.
These surfaces are listed in Tables (4.9) and (4.10).

Further, Theorems (5.1.1),(5.2.1), (5.3.3) and (5.3.4) classify Calabi–Yau threefolds X with at

most isolated singularities and embedded in weighted scrolls F(a j|b j) over P1
and �bred by

low degree K3 surfaces S4 ⊂ P3, S5 ⊂ P[1,1,1,2], S6 ⊂ P[1,1,1,3] and S6 ⊂ P[1,1,2,2].
This extends the classi�cation in [Mul06] as discussed in [GS22] and summarized below.

Theorem 1.0.4. Families of anticanonical hypersurfaces X ∈ |−KF| in weighted scrolls,
�bred in quartic, quintic or sextic K3 surfaces, containing isolated singularities along the base
locus B = Bs|−KF| and quasi-smooth outside B are given in the table below.
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F= F(a j|b j) General X ∈ |−KF| with mild isolated singularities

F(0,0,1,2|14) General X ∈ |−KF| has 3 isolated ODP singularities on Bs(|−KF|)
F(0,0,1,2 |13,2) General X ∈ |−KF| has 4 isolated ODP singularities on Bs(|−KF|)

and one smooth curve of A1 singularities

F(0,1,2,0 |13,2) General X ∈ |−KF| has 2 isolated ODP singularities on Bs(|−KF|)
and one smooth curve of A1 singularities

F(0,0,2,1 |13,2) General X ∈ |−KF| has 3 isolated ODP singularities on Bs(|−KF|)
and one smooth curve of A1 singularities

F(0,0,1,2 |13,3) General X ∈ |−KF| has 5 isolated ODP singularities on Bs(|−KF|)
and three

1
3(1,1,1) singularities

F(0,0,2,1 |13,3) General X ∈ |−KF| has 3 isolated ODP singularities on Bs(|−KF|)
and one

1
3(1,1,1) singularity

F(0,0,1,2 |12,22) General X ∈ |−KF| has 4 isolated ODP singularities on Bs(|−KF|)
and a smooth curve of A1 singularities

F(0,2,0,1 |12,22) General X ∈ |−KF| has 2 isolated ODP singularities on Bs(|−KF|)
and two disjoint smooth curves of A1 singularities

Table 1.1: Weighted fourfold scrolls with general anticanonical hypersurfaces �bred in

quartic, quintic or sextic K3 surfaces with at worst isolated singularities along the base

locus

It is worth noting that only ODPs arise in Table 1.1 when ∑b j ≤ 6. It is an interesting

question whether non-canonical isolated singularities ever arise for other (b j) in the

’Famous 95’.

The thesis also classi�es codimension two surfaces and threefolds in the following results:

Theorem 1.0.5. [=Theorem (6.1.2)] Let X = V( f1, f2)⊂ F be a codimension two surface in
a 4-fold scroll F= F(0,a2,a3,a4) and having a trivial canonical class

Lp1,2 +L2−p1−a2−a3−a4,2 +KF = OX with f1 ∈ |Lp1,2|, f2 ∈ |L2−p1−a2−a3−a4,2|.

Suppose X is �bred by E2,2 ⊂ P3 complete intersection of two quadrics and embedded in F
over P1. There are 18 such families of weak K3 surfaces with at most isolated singularities
along either of the base loci Bs(|Lp1,2|),Bs(|L2−p1−a2−a3−a4,2|). These surfaces are listed in
Tables (6.1) and (6.2).

Theorem 1.0.6. [=Theorem (6.2.2)] Let X = V( f1, f2)⊂ F be a codimension two threefold
in a 5-fold scroll F= F(0,a2,a3,a4,a5) and having a trivial canonical class

Lp1,2 +L2−p1−a2−a3−a4−a5,3 +KF = OX with f1 ∈ |Lp1,2|, f2 ∈ |L2−p1−a2−a3−a4−a5,3|.

Suppose X is �bred by K3 surface complete intersection of a quadric and a cubic X2,3 ⊂ P4

over P1 and embedded in F over P1. There are 12 such families of codimension two weak
Calabi–Yau threefolds X with at most isolated singularities along either of the base loci
Bs(|Lp1,2|),Bs(|L2−p1−a2−a3−a4−a5,3|). The Table (6.3) summarizes the classi�cation.
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The thesis also revisits the degeneration of quartic K3 �bred Calabi–Yau threefolds studied

by Gross in [Gro97]. By considering the universal extension Ext1(OP1(1),OP1(−1)) over

P1
and adding two copies of a trivial bundle and projectivizing, Gross got a deformation

family F → A1
with central �bre F′ ∼= F(0,1,1,2) and all other �bres isomorphic to

F∞
∼= P1×P3. He noticed, see also [GS22], that the nonsingular general members of the

anticanonical families X1 ⊂F∞ and X0 ⊂F′ cannot be smoothly deformed into each other

from his construction. However, he proves that X1 specialises in the deformation family

F to a singular Calabi–Yau threefold X0, with a curve of canonical singularities along the

base locus B∼= P1 ⊂ F(0,1,1,2) of the anticanonical system of the central �bre. The 3-fold

X0 is a smoothing of X0. The point of this construction is that there is one singular variety

X0 which has two di�erent smoothings: to X1, and also to X0. But these latter smooth

varieties are in two di�erent families. Ruan observes in [Ruan96][Theorem A.4.3] that

though X1,X0 are di�eomorphic, with Hodge numbers (2,86), they are not symplectic

deformation equivalent. By �rst using a half-anticanonical embedding of Fi then studying

the images of X1,X0, this thesis describes a projective version of this specialisation including

a toric description that meets Ruan’s description. The This example has also been studied

in [CDT18, Tho00].

The thesis, in Proposition 7.1.2, introduces a set-up where Mullet’s condition (i) is replaced

by any nonsingular base B. This allows one to embed �brations in weighted scrolls

( f : X → B) ↪→ (π : F→ Pk−1[ci]).

It goes further to generalize this construction by �nding interesting examples of �brations

where �bres of π are other key varieties such as weighted Grassmannians.

Other than Mullet’s, other studies on classi�cation of varieties �bred over a base include

[Reid89, Lop89] where B is assumed to be quasiprojective or a�ne. The �bration f : X→ B

is then equipped with a relatively ample divisor, say relative canonical divisor K = KX/B

de�ned as

KX/B := KX − f ∗KB

or something closely related. The object of study in this setup is the relative (sheaf of)

ring(s)

R(X/B) =
⊕
n≥0

f∗(K⊗n).

The discussion is often restricted to a small open neighbourhood of some point b in B

"near a 2-connected �bre". Following on from these works is [CP22]; here threefolds of

general type embedded in relative Proj of (1,1,2,5) weighted free symmetric algebra

5



are constructed. These threefolds are constructed by �rst �xing the �bres as surfaces of

general type with invariants pg(S) = 2,K2
S = 1 (second row of Table (2.3)). In [Tho11],

Thompson uses data from the base curve to construct an algebra whose relative Proj over

the curve is the ambient space for threefolds �bred by S6 ⊂ P[1,1,1,3]. Also among the

initial motivations for this thesis is [BCZ05] where the geography of Mori �bre spaces

is studied in ways that include embedding the nonsingular total space X in scrolls of

type (n,k) = (3,2) and (3,1) [that is, Pn
bundles over Pk

]. Also related to the work in

this thesis are [Kuh03, Kuh04] where Kähler cones of hypersurfaces in scrolls of type

(n,k) = (1,3),(3,1) and (2,2) are studied.

Throughout this thesis, all varieties are over the �eld of complex numbers.

The outline of the thesis is as follows:

In Chapter 2, we start by a brief review of the geometry of the absolute case (X ,H)

associated to the �nitely generated graded ring R(X ,H). We end by giving an introduction

to Mori theory.

In Chapter 3, three equivalent de�nitions of scrolls are presented as well as a study of

the space of sections of line bundles on a scroll and the related rational maps. We also

discuss some properties of divisors and line bundles on scrolls and a computation of cones

of surface scrolls.

In Chapter 4, we construct models of bipolarised elliptic �bred K3 surfaces over P1

embedded in weighted scrolls.

Chapter 5 extends the results in Chapter 3 to construct interesting families of mildly

singular K3 �bred Calabi–Yau varieties embedded in weighted scrolls. We also discuss the

deformations and degenerations of these �brations.

In Chapter 6, we study families of dimensions 2,3 Complete Intersection Calabi–Yaus

[CICYs] in scrolls. There is a rich background of such CICY3 families in the pioneering

works [BB96, CDLS98] constructed in Gorenstein toric Fano varieties and in products of

projective spaces.

Finally, in Chapter 7, we introduce a set-up for probing the geometry of projective

�brations bipolarised by an ample and a relatively ample divisor. In this way, we set the

stage for developing the theory of �brations in scrolls understood in a wider context.

This theory has potential of generalizing Reid’s Graded Ring Methods in interesting ways.

Another potential direction is to apply techniques used in chapters 4 and 5 to study

weighted Grassmannian �brations and other relative key varieties.

6



Chapter 2

Graded Rings and Projective Varieties

2.1 Graded Rings from Varieties

This section is a summary of material from [Reid79], [Reid02], [GW78] and [Fle00].

Let the pair (X ,H) be a complex nonsingular
1

projective variety X over C polarised by an

ample divisor H on X . For an integer n≥ 0, we have the �nite dimensional vector space

of rational functions

H0(X ,nH) = H0(X ,OX(nH)) = { f ∈ C(X)|div f +nH ≥ 0}

on X with divisors of poles of at most nH; it is called the Riemann–Roch (RR) space of nH.

The graded vector space

R(X ,H) =
⊕
n≥0

H0(X ,nH)

of X is naturally a ring through the map

H0(X ,nH)×H0(X ,mH)
( f ,g)7→ f g−−−−−→ H0(X ,(n+m)H).

When H is ample, the graded ring R(X ,H) is �nitely generated, so can be described by a

�nite number of generators and relations. Further, R(X ,H) is a Gorenstein ring whenever

KX = nH for some integer n. Details of this can be found in [GW78]. The generators

of R(X ,nH) are weighted so that ProjR(X ,nH) is embedded in a weighted projective

space discussed in [Fle00] . By standard algebraic geometry, we also have a rational map

ϕ|H| : X 99K PN = Ph0(H)−1
of X to a straight projective space.

The following toy example illustrates the graded ring methods.

1X can be allowed to have mild singularities. We have chosen it to be nonsingular to start our discussion.
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Example 2.1.1. In this example, we compute the canonical ring R(C,KC) for a genus 3

nonsingular projective curve C and conclude that it is a plane quartic curve under additional

assumptions. By the Riemann–Roch theorem for curves

dimH0(D)−dimH0(KC−D) = 1−g+degD, (2.1)

where g = g(C) = 3 is the genus of C and D = ∑niPi ∈ DivC has degree degD = ∑ni. We

get that

h0(nKC) := dimH0(nKC) =


1 n=0,

g = 3 n=1,

(2n−1)(g−1) = 4n−2 n≥ 2.

(2.2)

Since g = dimH0(C,KC) = 3, a choice of basis x1,x2,x3 of H0(C,KC) de�nes a rational

map ϕ|KC| : C 99K P2. Now, with distinct points P,Q ∈C, we have by Riemann–Roch that

h0(KC−P) = 1−g+deg(KC−P)+h0(P) = 2

since degKC = 2g−2 = 4 and there are no functions with only a simple pole at P.

We use Equation (2.2) to make algebraic arguments about the graded ring

R(C,KC) =
⊕
n≥0

H0(C,nKC).

We have

dimH0(C,2KC) = dim(Sym2(x1,x2,x3)) = 6

quadric monomials and

dimH0(C,3KC) = dim(Sym3(x1,x2,x3)) = 10

cubic monomials. However, there are dim(Sym4(x1,x2,x3)) = 15 quartic monomials which

do not match the prediction dimH0(C,4KC) = 14 of Equation (2.2). We conclude with a

prediction that the simplest form of the graded ring R(C,KC) is

R(C,KC) = C[x1,x2,x3]/( f4) = C[P2]/( f4)

with the plane quartic C4 = V( f4) the image of the corresponding canonical embedding

ϕ|KC| : C ↪→ P2
[xi]
.
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For the nonhyperelliptic case, with the predicted f4, we need to show that

φ : C[P2]/( f4)→ R(C,KC)

is a ring isomorphism. It is injective since there is a linear relation between degree 4
monomials and that there are no new relations in higher degrees. Surjectivity follows from

the fact that, in degree n,

dimC

((
C[P2

[xi]
]/( f4)

)
n

)
= dimC

(
C[P2

[xi]
]n

)
−dimC( f4)n

= dimC

(
C[P2

[xi]
]n

)
−dimC

(
C[P2

[xi]
]n−4

)
=

(
n+2

2

)
−
(

n−4+2
2

)
= 4n−2

= dimH0(C,nKC).

In the hyperelliptic case, the quotient ring

C[P3[1,1,1,2][xi,y]]/(q2(xi),y2− f4(xi))

is the canonical ring. To compensate for the relation given by the conic de�ned by q2, a new

degree 2 variable y is added to the previous ring C[x1,x2,x3]. Now, with f̃4 = y2− f4(xi),

we have a double cover C→{q2(xi) = 0} of the quartic over the conic with the rami�cation

locus {q2 = f̃4 = 0}. The ambient space of C in this case is P[13,2]. Even better, we can

consider a degenerating family

V(λy−q2(xi),y2− f4(xi))→ A1
λ

which gives a hyperelliptic curve for λ = 0 and nonhyperelliptic curves for λ 6= 0.

2.2 Hilbert Series

The material on Hilbert series in this section is adapted from [Reid79, Reid97] and [Eis95].

The Hilbert series of a �nitely generated C-algebra R says a lot about the variety ProjR that

would otherwise be, in higher dimensions, more di�cult to obtain using explicit analysis

such as that used in (2.1) above.

De�nition 2.2.1. The Hilbert function of a graded C-algebra R = ⊕d≥0Rd over the

�eld of complex numbers is the function

P : Z d 7→dimC Rd7−−−−−−→ Z.
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The formal power series

PR(t) = ∑
d≥0

P(d)td

is referred to as the Hilbert series of R.

The Hilbert series PR is a rational function whose denominator is ∏
n
i=1(1− tai) where R

is �nitely generated with n generators xi of weights wt(xi) = ai > 0. The numerator is the

polynomial

N(t) =
n

∏
i=1

(1− tai)PR(t)

which encodes syzygies of R of di�erent orders.

The following are some easy examples.

Example 2.2.2.

1. Let R = C[Pn] = C[x0, . . . ,xn] =
⊕

d≥0C[x0, . . . ,xn]d. The Hilbert series is thus

PR(t) = ∑
d≥0

(
n+d

d

)
td =

1
(1− t)n+1

2. Genus g hyperelliptic curve C and H a g1
2 on C; that is C can be represented as a

double cover C→ P1. Now, by Riemann–Roch

dimH0(C,nH) =

{
n+1 if n≤ g

1−g+2n if n≥ g.

The Hilbert series of the graded ring R(X ,H) =⊕n≥0H0(C,nH) is thus

P(C,H)(t) = 1+2t +3t2 + . . .+gtg−1 +(g+1)tg +(g+3)tg+1 + . . .

Multiplication of P(C,H)(t) by increasing powers of 1− t yield a closed numerator in

�nite steps

(1− t)P(C,H)(t) = 1+ t + t2 + . . .+ tg +2tg+1 + . . . (2.3)

(1− t)2P(C,H)(t) = 1+ tg+1

which is then manipulated by multiplying both sides of Equation (2.3) by (1− ta)b

for positive integers a,b to yield the Hilbert series

P(C,H)(t) =
1+ tg+1

(1− t)2 =
1− t2g+2

(1− t)2(1− tg+1)

whose numerator is palindromic; that is, a polynomial of degree d with coe�cients

ak = −ad−k. The genus g hyperelliptic curve C can then be thought of as having

P[1,1,g+1] as its ambient space and de�ned by one polynomial of degree 2g+2.
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The graded ring techniques result in various varieties depending on codimension as listed

in Table (2.1). Construction of some variety (X ,H) by graded ring techniques involves

Codim Geometry

1 hypersurfaces, see [Fle00]

2+ conditions complete intersections, see [Fle00]

3+ conditions Pfa�ans of an antisymmetric matrix, see [BE77, Alt98]

≥ 4 No structure theory yet but many interesting constructions

Table 2.1: Geometry of graded ring in di�erent codimensions.

studying the structure of its graded ring R(X ,H) under the natural correspondence

X = Proj(R,H)↔ R(X ,H).

From the graded pieces of the ring, the Hilbert series of (X ,H) in P[abi
i ] takes the form

P(X ,KX)
(t) =

∞

∑
n=0

dimH0(X ,nH)tn

=
∞

∑
n=0

Pn(X)tn

=
N(t)

∏�nite
(1− tai)bi

where the Hilbert Numerator N(t) is a palindromic polynomial ("Gorenstein symmetric")

whenever R(X ,H) is Gorenstein [GW78]. Special cases are when H is

• KX and ample with (X ,H) a canonically polarised variety of general type,

• −KX and ample with (X ,H) an anti-canonically polarised Fano variety,

• ample and OX = KX 6= H hence (X ,H) is a polarised Calabi–Yau.

The Hilbert series P(X ,H)(t) encodes a likely form of R(X ,OX(1)) by giving a guess on

the number of its generators and their syzygies, hence a prediction of a model of X as a

variety embedded in a weighted projective space (w.p.s) with the generators and de�ning

equations.

Example 2.2.3.
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1. Let E be an Elliptic curve. We would like to associate a graded ring R = R(E,H)

to a divisor H = P ∈ Div(E) where P ∈ E. We denote by H0(E,P) in C(E) the

Riemann–Roch space associated to the divisor H = P. By the R-R theorem for curves,

the dimension h0(E,nP) = deg(nP) = n ∈ N. To describe the graded ring

R(E,P) =
⊕
n≥0

H0(E,OE(nP)),

choose x,y,z ∈ R so that

H0(E,OE(P)) =< x >, H0(E,OE(2P)) =
〈
x2,y

〉
and H0(E,OE(3P)) =

〈
x3,xy,z

〉
.

By proving that x2,y de�nes a 2-to-1 map ϕ|2p| : E→ P1
so that x,y are algebraically

independent, one proceeds to prove that y has a pole at P of order 2 and z a pole of

order 3. Further, we write out monomials in x,y,z of weighted degree 4 and prove

that they form a basis of H0(E,OE(4P)), and similarly for degree 5. Next, one shows

that there must be a relation in degree 6, and that it must involve y3
and z2. Finally,

using z 7→ z+α3(x,y) and y 7→ y+β2(x), unwanted terms in the relation are cleared

by completing squares and cubes to obtain f6 = z2− y3−ax4y−bx6
. We can repeat

the process for H = kP for k = 2,3,4 and 5 and tabulate the data obtained in Table

(2.2) below.

k P(t) Degree Ambient SpaceDescription of E
1

1−t6

(1−t)(1−t2)(1−t3)
6 P[1,2,3] the classical Weierstrass eqn

2
1−t4

(1−t)2(1−t2)
4 P[1,1,2] Double cover over P1

with 4 branch pts

3
1−t3

(1−t)3 3 P2
plane cubic with a �ex point at in�nity

4
(1−t2)2

(1−t)4 2,2 P3
Intersection of two quadrics

5
1−5t2+5t3−t5

(1−t)5 5 P4 P4
sections of Gr(2,5)⊂ P9

Table 2.2: Graded ring geometry for elliptic curves.

2. Table (2.3) shows some regular surfaces of general type (Y,KY ) and the corresponding

data on their canonical ring R(Y,KY ).

We illustrate the computation of the Hilbert function of the surfaces Y from their

numerical invariants, say

pg = h0(Y,KY ) = h1(Y,OY ) = 4, K2
Y = 6.
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No. (pg(Y ), K2
Y ) Ambient Space (# Eqns, degree) N(t)

1 (1,1) P4[1,22,32] (2,6) 1−2t6 + t12

2 (2,1) P3[12,2,5] (1,10) 1− t10

3 (2,2) P4[12,22,3] (1,4),(1,6) 1− t4− t6 + t10

4 (3,2) P3[13,4] (1,8) 1− t8

5 (3,3) P3[13,2] (1,6) 1− t6

6 (3,4) P4[13,22] (2,4) 1−2t4 + t8

7 (3,5) P5[13,23] (5,4) 1−5t4 +5t6− t10

8 (4,5) P3
(1,5) 1− t5

9 (4,6) P4[14,2] (1,3),(1,4) 1− t3− t4 + t7

10 (4,7) P5[14,22] (2,3),(3,4) 1−2t3−3t4 +3t5 +2t6− t9

11 (5,9) P4
(2,3) 1−2t3 + t6

12 (7,16) P6
(4,2) 1−4t2 +6t4−4t6 + t6

Table 2.3: Hilbert series data of the canonical ring of some regular surfaces Y of general

type from the data (pg(Y ),K2
Y ).

From the graded pieces of the canonical ring

R(Y,KY ) =
⊕
n≥0

H0(Y,nKY ),

the Hilbert series of (Y,KY )⊂ P[abi
i ] takes the form

P(Y,KY )(t) =
∞

∑
n=0

Pn(Y )tn

=
∞

∑
n=0

h0(Y,OY (nKY ))tn

=
N(t)

∏
�nite

(1− tai)bi
.

Suppose KY is ample, then nKY is ample for n≥ 1. Therefore, from Kodaira vanishing,

hi(KY +D) = 0 for i≥ 0, ample D

h1((n+1)KY ) = 0 for n≥ 1 or h1(mKY ) = 0 for m≥ 2. The canonical ring R(Y,KY )

is therefore Gorenstein [GW78]. Now from RR

h0(nD))+h0(KY −nD)−h1(nD) = χ(OY (nD))+
1
2
(nD−KY ).nD,

for D = KY , we get that for n≥ 2,

h0(nKY )+
0

((((
((((

(
h0(−(n−1)KY ))−

0
���

��h1(nKY ) = χ(OY (nKY ))+
1
2

n(n−1)K2
Y . (2.4)
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Hence the plurigenera

Pn(Y ) =


1 if n = 0
pg = 4 if n = 1
1+ pg +

(n
2

)
K2

Y = 5+3n(n−1) if n≥ 2

Therefore,

P(Y,KY )(t) = 1+4t +
∞

∑
n=2

[5+3n(n−1)]tn.

We express P(Y,KY )(t) as a rational function by multiplying both sides by increasing

powers of 1− t until we get a closed form on the Right Hand Side

P(Y,KY )(t) =
t4 + t3 +2t2 + t +1

(1− t)3 .

The coe�cients of closed form numerator in the equation above sum to degY =

K2
Y−= 6. We can further use computer algebra to manipulate the numerator into a

Gorenstein Symmetric form

P(Y,KY )(t) =
1− t3− t4 + t7

(1− t)4(1− t2)

from which the degree 7 Hilbert numerator N(t) encodes the resolution structure

of R(Y,KY ) hence useful information about Y ; the surface Y can be thought of as a

codimension 2 subvariety of P[14,2] de�ned by 2 equations; a cubic and a quartic.

In more complicated cases, X ⊂ Pn−1[b1, . . . ,bn] is often contained in a weighted "key"

variety, say X ⊂ Z ⊂ Pn−1[b1, . . . ,bn], as a complete intersection. For example, if X is

codimension 3 then Z is a weighted Grassmannian [CR02] , see also section (7.2.2).

The graded ring approach is applicable in several situations, such as

(i) constructing varieties such as

• ample H = KX gives (X ,KX) a variety of general type,

• ample H =−KX gives (X ,−KX) a Fano variety or

• H 6= KX = OX gives (X ,H) a Calabi–Yau variety;

(ii) probing the structure theory of graded rings and resulting embeddings;

(iii) studying interesting classes of varieties such as cluster varieties [ST20] .
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2.3 Cones and the basics of Mori Theory

The material in this section is from [Deb16, HM70] and [KM98]. Let (X ,OX) be a smooth

complex projective variety and KX the sheaf of rational functions on X with OX ⊂ KX .

A line bundle OX(D) corresponding to a (Cartier) divisor D ∈ Div(X) := Γ(X ,K∗X/O
∗
X) is

given by local data {Di = V( fi), fi ∈ Γ(Di,K
∗
X)} glued by

fi = gi j f j where gi j ∈ Γ(Di j,O
∗
X).

The cycle map

Div(X) 3 D 7→ [D] ∈ H2(X ,Z),

which associates to D its class [D] on X , descends to a map

Cl(X) :=
Div(X)

PrDiv(X)
=

Div(X)

∼lin
→ H2(X ,Z)

on the class group Cl(X), where the subgroup of principal divisors is

Div(X)⊃ PrDiv(X) := {( f ) = ( f )0− ( f )∞| f ∈ C(X)} .

Thus D1,D2 ∈Div(X) are linearly equivalent, denoted as D1 ∼lin D2, whenever D1−D2 ∈
PrDiv(X). We then have the following de�nitions:

• Pic(X) :=isomorphism classes of invertible sheaves on X (line bundles on X) where

Div(X)

PrDiv(X)
=Cl(X)

∼−→ Pic(X) de�ned by D 7→ OX(D).

• Canonical divisor K = KX ∈ Div(X) is such that

KX 7→ OX(K)∼= Ω
dimX
X := ∧dimX

Ω
1
X

under the map above.

• The evaluation of the intersection form on a Cartier divisor D and a curve C on X is

given by D.C := deg(C|D).

• D1,D2 ∈ Div(X) on a surface X are numerically equivalent, written as D1 ∼num

D2, if D1.C = D2.C for all curves C ⊂ X . The Néron-Severi group

N1(X)R :=
Div(X)⊗R

Num(X)
=

Div(X)⊗R
∼num

= Div(X ,Z)⊗R

is a R−vector space of �nite dimension ρ(X) = rank N1(X) called the Picard rank
of X .
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Further, for a curve C ⊂ X , we can equivalently and dually de�ne its intersection product

with a divisor D ∈ Div(X) via the cup product map

∪ : H2(X ,Z)×H2(X ,Z)→ Z (2.5)

([D], [C]) 7→ D.C := [D].[C]. (2.6)

One can then infer that linear equivalence of divisors imply their numerical equivalence

D1 ∼lin D2 ⇐⇒ OX(D1)∼= OX(D2) =⇒ D1 ∼num D2.

Further, two 1-cycles C1 and C2 on X are numerically equivalent if they have the same

intersection number with every Cartier divisor D ∈ Div(X); this is denoted by C1 ≡C2.

De�ne

N1(X)R = N1(X)Z⊗R :=
C1(X)

≡
.

By extending (2.5), we get the non-degenerate (by de�nition) intersection pairing map

N1(X)R×N1(X)R→ R.

In particular, N1(X)R is a �nite-dimensional real vector space.

The base locus Bs([D]) of [D]⊂Cl(X) is given by

Bs([D]) =
⋂

H∈[D]

H = {p ∈ X : ∀s ∈ H0(OX(D)),s(p) = 0}.

De�nition 2.3.1. Let L ∈ Pic(X) where X is projective variety. We say L is

(a) movable/mobile if and only if codim(Bs(L),X)≥ 2;

(b) numerically e�ective (nef) if and only if L.C ≥ 0 for all e�ective curves C ⊂ X ;

(c) big if and only if there is a constant C > 0 such that h0(X ,mL) ≥ C.mdimX
for all

su�ciently large m from the semi-group

N(X ,L) = {m≥ 0 : h0(X ,mL) 6= 0};

(d) e�ective if and only if H0(X ,L) 6= {0}.

(e) Base Point Free (BPF) if and only if ϕ|L| : XAPh0(L)−1
is a morphism;

(f) very ample if and only if ϕ|L| is an embedding with L∼lin ϕ∗|L|H for a general hyper-

plane H ⊂ PH0(X ,L);

16



(g) ample if and only if mL is very ample for some m ∈ N.

De�nition 2.3.2. Various cones associated to a complex projective variety X are:

• The cone NE1(X) :=cone spanned by e�ective divisors.

• The cone of e�ective 1-cycles NE(X) :=the closure of the convex cone of (smooth)

curves of X in N1(X)R.

• The nef cone NE(X)∨ :=the closed cone generated by nef divisors in N1(X)R.

• The Base Point Free cone B(X) :=the cone generated by base point free divisors

in N1(X)R.

• The ample cone NA(X)⊂ N1(X) is the cone generated by the ample divisors; this

is the interior of the nef cone. By Kleiman’s criterion in Theorem (2.3.6) , the closed
cone of curves is the dual to the nef cone NE(X)∨.

Proposition 2.3.3. In De�nition (2.3.1) above, it is the case that

(g) ⇐= ( f ) =⇒ (e) =⇒ (d) ⇐= (c)

so that
NA(X)⊂B(X)⊂ NE1(X)⊂ N1(X)R.

Further, with the natural topology on the Néron-Severi group N1(X), the interior of the nef
cone is the ample cone.

Proof. The implications are clear from the de�nitions. The last statement follows from

Kleiman’s criterion, Theorem (2.3.6) below.

Proposition 2.3.4. If L is base point free then it is nef ((e) =⇒ (b)).

Proof. Let L be base point free and consider the map

ϕ|L| : X → Y

and C ⊂ X . The image ϕ|L|∗C of the curve C is either a curve or a point. We can express L

as the pullback L = ϕ|L|
∗H of a hyperplance section H ⊂ Y. By the projection formula and

the facts that H is ample and ϕ|L|∗C is a curve or a point, we have that

L.C =
(
ϕ|L|
∗H
)
.[C] = H.[ϕ|L|∗C]≥ 0

which demonstrates nefness of L.
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Proposition 2.3.5. If L is base point free on a smooth projective variety X and big then
dim(Im(ϕ|L|)) = dim(X).

Proof. Assume L ∈B(X) for a smooth projective variety X then

ϕ|L| : X → Im(ϕ|L|) := Y ⊂ P(H0(X ,L)∨) = Ph0(L)−1 = PN .

In this case,

H0(X ,mL) = H0(Y,OY (m))

where OY (1) = OPN (1)|Y as ϕ|L|
∗OY (1) = OX(L). Moreover, since L is big, we have that

h0(Y,OY (m)) = h0(X ,mL)≥C.mdimX
and using the Hilbert polynomial of X , we get that

dimY ≥ dimX from which we obtain

dimY = dimX .

The following theorem give, in [HM70], a numerical characterization of ampleness.

Theorem 2.3.6. [Kleiman’s criterion] For a projective variety X we have that

(a) A Cartier divisor D ∈ Div(X) is ample if and only if D.[C]> 0 for all 0 6= [C] ∈ NE(X).

(b) For D′ ∈ NA(X) ample and any c ∈ Z, the set {[C] ∈ NE(X) : D′.[C] ≤ c} is compact
hence contains only �nitely many classes of curves.

Theorem 2.3.7. [Mori] Let X be a smooth projective variety and H ∈NA(X) ample. Assume
that there is an irreducible curve C ⊂ X such that −KX .C > 0. Then there is a rational curve
E ⊂ X such that

dimX +1≥−KX .E > 0.

Example 2.3.8. Let X be a smooth projective surface with KX not nef. Then by the theorem

above, we have a rational curve E such that −3≤ KX .E < 0 hence KX .E ∈ {−3,−2,−1}.
Since X is smooth and E is rational E ∼= P1

, we have by the adjuction formula that

degωE = (KX +E).E = KX .E +E2 =−2

giving three classes of surfaces X

• E2 =−1 : this is Castelnúovo’s criterion where KX .C =−1,

• E2 = 0 : X ∼= Fa, a ruled surface with E �bres and
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• E2 = 1 : X birational to P2
with L ∈ P2

and L2 = 1 and KP2 =−2L.

De�nition 2.3.9. An extremal ray R :=R+[C] is , in the sense of convex geometry, half-

line where for C1,C2 ∈ NE(X) and C1 +C2 ∈ R, we have that C1,C2 ∈ R and in addition

KX .R < 0, where KX is the canonical divisor of the nonsingular variety X .

We recall, from [KM98], the following Theorem about extremal rays as special generators

of the Mori Cone NE(X).

Theorem 2.3.10. [Mori Cone Theorem] Consider a non-singular projective variety X . We
have that

1. There are countably many rational curves Ci ⊂ X such that dimX +1≥−KX .Ci > 0,
and

NE(X) = NE(X)KX≥0 +∑R+[Ci].

2. For any ε > 0 and H ∈ NA(X) ample,

NE(X) = NE(X)(KX+εH)≥0 + ∑
�nite # of extremal rays

R+[Ci].

The following is a cohomological characterization of ampleness of divisors on a projective

scheme.

Theorem 2.3.11. Let X be a projective scheme over a �eld and let D be a Cartier divisor on
X . The following statements are equivalent:

(a) D is ample;

(b) for each coherent sheaf F on X , we have Hk(X ,F (mD)) = 0 for m� 0 and for all
k > 0;

(c) for each coherent sheaf F on X , we have H1(X ,F (mD)) = 0 for all m� 0.

Proof. Theorem 2.37 of [Deb16] .
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Chapter 3

Introduction to Scrolls

This chapter uses materials mainly from [Reid89, Reid97] and [GS22]. We also refer to

[Har77],[Mul06],[ADHL10],[Ful93],[CLS11] and [SP22].

3.1 The Product of Two Projective Spaces

Let us start with a special and very classical case of the more general construction we are

going to discuss later. Consider the usual construction of

Pl1−1×Pl2−1 :=
(
Cl1 \{0}

)
×
(
Cl2 \{0}

)
/C∗×C∗

where each C∗ acts on one of the factors separately. The combined action of C∗×C∗ is

thus

(λ ,µ) : (x1, . . . ,xl1;y1, . . . ,yl2) 7→ (λx1, . . . ,λxl1; µy1, . . . ,µyl2) (3.1)

for (λ ,µ) ∈ C∗×C∗.
A subvariety X = V( fd1,e1, . . . , fdm,em)⊂ Pl1−1×Pl2−1

is de�ned by bihomogeneous poly-

nomials { fdi,ei}m
i=1 ⊂ C[x1, . . . ,xl1 ,y1, . . . ,yl2] of bidegree (di,ei) ∈ (Z≥0)

2.

Let

R = C[x1, . . . ,xl1] =
⊕

d∈N∪{0}
C[x1, . . . ,xl1]d

and, with degxi = (1,0),degy j = (0,1),

S = R[y1, . . . ,yl2] =
⊕

(d1,d2)∈(Z≥0)
2

S(d1,d2).

This is the bigraded homogeneous (bihomogeneous) coordinate ring of the product Pl1−1×
Pl2−1, where

S(d1,d2) := Symd1
〈
x1, . . . ,xl1

〉
⊗Symd2

〈
y1, . . . ,yl2

〉
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is the d1(1,0)+d2(0,1) = (d1,d2)-graded piece consisting of bihomogeneous polynomials

of degree d1 in x′is and d2 in y′js.

The product P= Pl1−1×Pl2−1
has a Segre embedding

ϕ|OP(l1, l2)| : P
l1−1×Pl2−1 ∼=−→ Σl1−1, l2−1 ⊂ Pl1l2−1 = P(Mat(C, l1× l2))

([x1 : . . . : xl1], [y1 : . . . : yl2]) 7→

x1
...

xl1

•[y1 . . . yl2
]
=(ui j = xiy j|i= 1, . . . , l1; j = 1, . . . , l2).

The image is given by the condition that rank(ui j) ≤ 1 so that Σl1−1, l2−1 is the variety

de�ned by the vanishing of all 2×2 minors of (ui j).

The projections π1 : Σl1−1, l2−1→ Pl1−1
and π2 : Σl1−1, l2−1→ Pl2−1

are de�ned by

πk((ui j)) =

{
one of the non-zero columns of (ui j), k=1

one of the non-zero rows of (ui j), k=2.

Furthermore, with Xk ⊂ Plk−1, we have that σl1−1, l2−1(X1×X2)⊆ Σl1−1, l2−1 giving the

Zariski topology on the product X1×X2 as the induced topology inside Pl1l2−1. The Picard

group

Pic(Pl1−1×Pl2−1)∼= Pic(Pl1−1)×Pic(Pl2−1) = Z[π1
∗OPl1−1(1),π2

∗OPl2−1(1)]∼= Z2

is generated by pullbacks of hyperplane sections.

3.2 Construction of Scrolls

To de�ne a scroll F, we generalise the group action (3.1) above to allow mixing of the two

factors so that the �rst projection π1 : F→ Pl1−1
can be a nontrivial Pl2−1− bundle. We

also allow weighted C∗actions.

Before giving the de�nition of a scroll, let us �x some notation. Let G =C∗×C∗, (λ ,µ) =
g ∈G and the lattice of characters Ω = Hom(G,C∗)∼= Z2 =

〈
χ1,χ2

〉
of G with basis given

by the projections

χ1(g) = λ , χ2(g) = µ with χ(g) = (d1χ1 +d2χ2)(g) = λ
d1 µ

d2.

Also, let Θ = Hom(Ω,Z) ∼= Hom(C∗,G) =
〈
ν1,ν2

〉
be the lattice of co-characters (one-
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parameter subgroups) of G with basis given by

ν1,ν2 :C∗→ G

ν1(λ ) = (λ ,1)

ν2(λ ) = (1,λ )

with x1,x2 ∈ Z, ν(λ ) = (x1ν1 + x2ν2)(λ ) = (λ x1,λ x2).

We then have that Θ = Ω∨ through the pairing

Θ×Ω→ Z

(ν ,χ) 7→ n := deg
(

χ ◦ν : C∗ z7→zn
−−−→ C∗

)
.

De�nition 3.2.1. Let a = (a1, . . . ,an),b = (b1, . . . ,bn),c = (c1, . . . ,ck) with the integers

a j ≥ 0,b j,ci > 0 and

S = C[t1, . . . , tk,x1, . . . ,xn] =
⊕

(d1,d2)∈L⊂Ω

S(d1,d2) (3.2)

the graded ring generated by variables ti ∈ S(ci,0), x j ∈ S(−a j,b j) for some sublattice L =〈
(ci,0),(−a j,b j)⊂Ω. The rational scroll FA associated to the weight matrix

A := wt(t1, . . . , tk,x1, . . . ,xn) =

[
c1 . . . ck −a1 . . . −an
0 . . . 0 b1 . . . bn

]
is the quotient

FA :=
(
(Ck \{0})× (Cn \{0})

)
/G, (3.3)

where G acts by

(λ ,1) :(t1, . . . , tk;x1, . . . ,xn) 7→ (λ c1t1, . . . ,λ cktk;λ
−a1x1, . . . ,λ

−anxn) (3.4)

(1,µ) :(t1, . . . , tk;x1, . . . ,xn) 7→ (t1, . . . , tk; µ
b1x1, . . . ,µ

bnxn). (3.5)

The action gives a map HomA : G→ (C∗)k× (C∗)n
which is compatible with the weighted

C∗ action on

(
Ck \{0}

)
ti

with weights (c1, . . . ,ck). The projection to the �rst factor π :
F→ Pk−1[ci] de�ned by

(t1, . . . , tk;x1, . . . ,xn) 7→ [t1 : . . . : tk]
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is a morphism with �bres π−1([t1 : . . . : tk])∼= Pn−1[b1, . . . ,bn].

We get the diagram (
Ck \{0}

)
× (Cn \{0}) FA

Ck \{0} Pk−1[ci],

q

pr1 π

where q is the quotient map de�ned by the action (3.5).

The scroll FA with ci = b j = 1 for i = 1, . . .k; j = 1, . . . ,n is called the straight case; we will

often denote this scroll by Fk(a1, . . . ,an) and drop the the subscript k whenever k = 2.
For example, we can consider the straight scroll with k = 2 over

P1[c1,c2]∼= P1,

wt(t1, t2;x1, . . . ,xn) =

[
1 1 −a1 . . . −an
0 0 1 . . . 1

]
= A.

The �bres π−1([t1 : t2])∼= Pn−1
[x1:···:xn]

so that with X21 = X−1
11 = t2

t1
,

F=(C1
X11
×Pn−1

[x1:...:xn]
)∪ (C1

X21
×Pn−1

[x1:...:xn]
),

=
n⋃

m=1

(
Cn

<X11, Y1i=
t
ai−am
1 xi

xm |i6=m>

)
∪

n⋃
m=1

(
Cn

<X21, Y2 j=
t
ai−am
2 xi

xm | j 6=m>

)

=
n⋃

m=1

U1m∪
n⋃

m=1

U2m

More generally, the rational scroll F(a1, . . . ,an) is covered by 2n copies of

Ui j := {ti 6= 0,x j 6= 0} ∼= Cn, i = 1,2; j = 1, . . . ,n.

For the chart xk 6= 0, the nontrivial gluing data is given by

U1m = Cn

<X11, Y1i=
t
ai−am
1 xi

xm |i 6=m>

X21=X−1
11−−−−−−−−A

Y2 j=Xai−am
11 Y1i

Cn

<X21, Y2 j=
t
ai−am
2 xi

xm | j 6=m>

=U2m.

The coordinates of the second factor transform by a matrix diag(Xai−am
11 )i6=m.

Example 3.2.2.

1. The scroll F(a) = Pk−1[ci]× pt ∼= Pk−1[ci] for all a ∈ Z.

2. The straight scroll F(0, . . . ,0︸ ︷︷ ︸
n

) = Pk−1[ci]×Pn−1.
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t2 = 0 t1 = 0

Fa

P1

t2 = 0

t1 = 0

π

X11 =
t2
t1

Y11 =
t−a
1 x2
x1

t−a
2 x2
x1

= Y21

t1
t2
= X22

ta
2 x1
x2

= Y22

X12 =
t2
t1

Y12 =
ta
1 x1
x2

t1
t2
= X21

Figure 3.1: Four copies of the a�ne plane C2
covering surface scroll Fa.

3. For integer a > 0 the surface scroll Fa := F(a,0) over P1
is covered by 4 copies of

C2
with the gluing data illustrated in Figure (3.1) . We study some examples further

below.

4. The 3−fold scroll FA := F(2,1,0) over P1
has P2

�bres and is covered by 6 copies

of C3.

3.3 Toric Construction of Weighted Scrolls

Let [1m] = [1 : . . . : 1] ∈ Pm. The standard toric structure

(Pk−1×Pn−1,Tk−1×Tn−1, [1k,1n]) = (Pk−1×Pn−1,(Ck−1)∗× (Cn−1)∗,([1k], [1n]))

on Pk−1×Pn−1
comes with the standard torus action

(λ ,µ).[t1 : ti;x1 : x j] = [t1 : λiti;x1 : µ jx j] where i = 2, . . . ,k, j = 2, . . . ,n.

On the other hand, the homomorphism

HomA : G→ (C∗)k−1× (C∗)n−1 ∼= Tn+k−2

described above is an open embedding with an obvious base point ([1k], [1n]) on FA. We

can then de�ne the scroll FA as a toric variety by:

(FA,G,([1k], [1n])) := (HomA(G),Tn+k−2, [1k;1n])
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with the torus action

(λ ,µ).[ti;x j] = HomA(λ ,µ)[ti;x j].

We now illustrate the toric construction of FA below.

The subtorus G = (C∗)2
used in the de�nition of the scroll

FA = (Cn+k \Z)/G

gives an exact sequence of tori

1→ G→ (C∗)k+n→ (C∗)k+n−2 = T→ 1 (3.6)

with an open orbit of FA isomorphic to T. Now, by taking Hom(C∗, ) at every point of

the sequence (3.6), we get an exact sequence

0→ Z2 f−→ Zk+n q−→ Hom(C∗,T) = N→ 0 (3.7)

of abelian groups. The generators {σi,ρ j}= {q(`i),q(` j)} of N, with {`i, ` j} the standard

basis element of Zk+n, are the one-dimensional cones of the fan ΣFA of the projective toric

variety FA. It su�ces to de�ne f on the standard basis {(1,0),(0,1)} of Z2
as

f :=
[

f (1,0)
f (0,1)

]
= A

where A is the weight matrix associated to FA. Associated to a one-dimensional cone σi is

a Weil divisor Dσi ∈Cl(FA). By extension, we have the dual sequence

0→ N∨ = Hom(T,C∗) f̃−→ Zk+n−2 =
k⊕

i=2

Z[Dσi]
⊕ n⊕

j=2

Z[Dρ j ]
q̃−→Cl(FA)→ 0 (3.8)

of SES (3.15) with

f̃ (m) =
k

∑
i=2

< m,vσi > Dσi +
n

∑
j=2

< m,vρ j > Dρ j

where < m,vx > is a valuation at x of a character m ∈M with vx a generator of the ray of

1-dimensional cone x ∈ Σ.

Now, with p = (σ1, . . . ,σk,ρ1, . . . ,ρn) ∈ N, we have that

N = Z[σi,ρ j]/
〈
A(σi,ρ j)

′〉∼= Zk+n−2 =< σ2, . . . ,σk,ρ2, . . . ,ρn > . (3.9)
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Proposition 3.3.1. With N as de�ned by Equation (3.9), de�ne a fan Σ⊂ NR by declaring
that 2n maximal cones of F(a1,b j|1,b j) over P1 are

τi, j = Span(σi,ρ1, . . . , ρ̂ j, . . . ,ρn).

Using standard toric notation in [Ful93], we have that

F(a1,b j|1,b j)∼= XN,Σ

with its Cox ring the bigraded ring Cox(XN,Σ) =
⊕

(d1,d2)∈Z2 C[ti,x j](d1,d2).

Proof. The �rst map of SES (3.6) is de�ned by

(λ ,µ) 7→ (λ ,λ ,λ−a1 µ,λ−a j µ
b j).

This precisely describes the action of G = (C∗)2
on C2

ti×Cn
x j
. Now the scroll de�nition

(3.2.1) is comparable to the standard toric description of XN,Σ found in [Ful93], to check

that everything agrees. In particular, the irrelevant ideal corresponding to our chosen fan

Σ is the ideal

Iirr = {tix j : 1≤ i≤ 2,1≤ j ≤ n}C C[ti,x j],

with Z = V(Iirr) = C2×Cn \U where U = C2
ti \{0}×Cn

x j
\{0}.

3.4 Scrolls as Projective Bundles

Let B be a nonsingular projective variety over C and E a rank n vector bundle over B with

�bres Eb
∼=Cn

over b ∈ B. In this section, we would like to construct the projective bundle

P := ProjB(E ), and its tautological line bundle OP(1). We will also show that this general

construction covers the previous one FA in the special case when B = Pk−1
and E is a sum

of line bundles over B with

A := wt(t1, . . . , tk,x1, . . . ,xn) =

[
1 . . . 1 −a1 . . . −an
0 . . . 0 1 . . . 1

]
.

We �rst note that

Pb := Proj(Sym•Eb)∼= Pn−1.

Further, denote Sd := Symd E → B, a vector bundle over B with �bre

(Sd)b
∼= Symd Eb

∼= Γ
(
Pn−1,OPn−1(d)

)
.

We then take the graded vector bundle

S = Sym•E :=
⊕

d

Symd E =
⊕

d

Sd

from which we construct a projective bundle PB(E ) := ProjB(S) over B as follows:
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• Pick a cover {Ui|i ∈ I} of the base B over which E is trivialized. For bi ∈Ui, the

trivialization E |Ui
∼=Ui×Ebi gives S|Ui

∼=Ui×Sym•Ebi.

• Identify the trivializations E |Ui and E |U j by sections ϕi j ∈ Γ

(
Ui j, G̃L(n)

)
where

G̃L(n) is a constant sheaf on B with �bres GL(n), so ϕi j(b) ∈GL(n) for all b ∈Ui j =

Ui∩U j.

• Take Vi := ProjB(S|Ui) =Ui×Proj(Sym•Ebi)
∼=Ui×Pn−1.

• Glue Vi and Vj by transition maps ϕi j ∈ Γ

(
Ui j, P̃GL(n)

)
on B, where ϕi j is the

projectivisation of ϕi j.

• Get P(E ) = PB(E ) := ProjB(S) =
⋃

iVi.

• We shall call π : PB(E )→ B the natural projection to the base B obtained by gluing

the projections πi

Pn−1

Vi PB(E )

Ui B.

πi

fi

π

The �bres of π are π−1(b) = Pb
∼= Pn−1.

De�nition 3.4.1. [Tautological Subbundle] The bundle π∗E → PB(E ) on B is locally

given by rank n vector bundles π∗E |Vi :=Vi×Eb =Vi×Cn
at bi ∈Ui ⊂ B which are glued

along the isomorphisms

Vi j×Cn→Vi j×Cn
(3.10)

((b, [v]),w) 7→ ((b,ϕi j[v]),ϕi jw). (3.11)

Its tautological subbundle S ⊂ π∗E is de�ned as follows:

1. De�ne Si on Vi by

Vi|Ui×Ebi
∼= P(Ebi)×Ebi ⊃Si :=

{
([v],w) : rnk

[
v
w

]
≤ 1
}
.
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For bi ∈ Ui, take the local coordinates [v] = [x1 : . . . : xn] = x ∈ P(Ebi) and w =

(y1, . . . ,yn) = y ∈ Ebi from which we get

Si :=
n⋂

i, j=1

{
((bi,x),y) : xiy j− x jyi = 0

}
⊂ Pn

bi
×Cn. (3.12)

Indeed, for bi ∈Ui, we have that the �bres (Si)bi
⊂ Pn

bi
×Cn

are tautological line

bundles on Pn
bi

; so Si is a line bundle on Vi.

2. By equation (3.12), the de�nition of Si is independent of the choice of basis of Ebi

so that ∪Si = S → P(E ) = ∪Vi is compatible with the gluing inside π∗E .

Geometrically, for (bi,x) ∈ P(Ebi), the line π(S(bi,[v]))⊂ Ebi is such that

P(π(S(bi,x))) = x ∈ P(Ebi).

The following de�nition of the Serre line bundle OP(E )(1) will be restricted to the case

associated to the line bundle E =
⊕n

i=1 OPk−1(ai) over Pk−1
with C[P(E )] thought of as

having weights

wt(t1, . . . , tk,x1, . . . ,xn) =

[
1 . . . 1 −a1 . . . −an
0 . . . 0 1 . . . 1

]
= A.

De�nition 3.4.2. [Serre bundle ] The tautological (Serre) line bundle OP(E )(1) is con-

structed by gluing line bundles OPn−1(1) over the patches Vi :=Ui×Pn−1
as follows:

i. Using projections fi : Vi → Pn−1, take the line bundle OVi(1) = f ∗i OPn−1(1) on Vi

consisting of degree one functions in �bre Pn−1
[xk]

coordinates.

ii. Glue OVi(1) and OV j(1), �rst using ϕi j ∈ Γ

(
Ui j, G̃L(n)

)
to identify linear polynomials

Ebi
∼= C[Pn−1

bi
]1

ϕi j−→ C[Pn−1
b j

]1 ∼= Eb j

in �bre coordinates where bi ∈Ui ⊂ B, b j ∈U j ⊂ B followed by ϕi j ∈ Γ(Ui j, P̃GL(n))

to identify Vi and Vj where Vi j :=Ui j×Pn−1.

The degree d ∈ Z line bundle on P(E ) is then de�ned by OPB(E )(d) := OPB(E )(1)⊗d.

The proposition below captures some properties of the Serre bundle on P(E ).

Proposition 3.4.3. The Serre bundle OP(E )(1) and subbundle S on PB(E ) have the follow-
ing properties
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(a) E ∼= π∗OP(E )(1).

(b) OP(E )(−1)∼= S .

Proof. Compare sections of the respective sheaves locally. For part (b), with pi ∈
C
(
Pn−1
[xi]

)
, the morphism is given by ϕ 7→ (pi = ϕ.xi).

Proposition 3.4.4. For any line bundle L ∈ Pic(B) we have that

P(E ⊗L) := PB(E ⊗L)∼= PB(E ) = P(E )

so that the triangle

P(E ) P(E ⊗L)

B

π

ϕL

π ′

commutes and that
ϕL
∗OP(E⊗L)(−1)∼= OP(E )(−1)⊗π

′∗L.

Proof. Consequence of Chapter V Prop 2.2 of [Har77].

Theorem 3.4.5. Consider the rank n vector bundle E = OPk−1(a1)⊕ . . .⊕OPk−1(an) over
B = Pk−1. The rational scroll FA with

A := wt(t1, . . . , tk,x1, . . . ,xn) =

[
1 . . . 1 −a1 . . . −an
0 . . . 0 1 . . . 1

]
is isomorphic to the projective bundle

FA ∼= PPk−1 (E ) .

Proof. We provide a proof for k = 2 but the general case is the same. Using gluing data

on F and on PP1(E ), we would like to show that there is an isomorphism f which �ts into

the following diagram

Vi := F|Ui F PP1(E ) PP1(E |Ui)

Ui P1 P1 Ui.

π|Vi
π

f

π ′ π ′i
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From the quotient construction, we have gluing data on the open covers

F=V1∪V2

=
(

U1×Pn−1
[x1:...:xn]

)
∪
(

U2×Pn−1
[x1:...:xn]

)
=
(
C1

r ×Pn−1
[x1:...:xn]

)
∪
(
C1

s ×Pn−1
[x1:...:xn]

)

=
n⋃

i=1

Cn〈
r= t1

t2
, yi:=

t
ai−a2
1 xi

x2

∣∣∣∣i 6=2

〉
∪ n⋃

j=1

Cn〈
s= t2

t1
, y1

j :=
t
a j−a1
2 x j

x1

∣∣∣∣ j 6=1

〉


where the a�ne patches of the �bre Pn−1
[xi]

are glued by

ϕi j = diag

(
sai−a j

)
i 6= j ∈ Γ

(
C∗, P̃GL(n)

)
(3.13)

on the base P1 =U1∪U2. Explicitly, with U12 =U1∩U2 ∼= C∗, the gluing is given by

U12×Pn−1
[xi]

=V12 =V1|U2 →V2|U1 =V21 =U21×Pn−1
[xi](

r, y2
i :=

tai−a2
1 xi

x2

∣∣∣∣i 6= 2

)
7→

(
s, y1

j :=
ta j−a1
2 x j

x1

∣∣∣∣ j 6= 1

)
(r,y2

1, ŷ2
2,y

2
3, . . . ,y

2
n) 7→ (s, ŷ1

1,y
1
2,y

1
3, . . . ,y

1
n) =(

r−1,(y2
1)
−1ra1−a2,y2

3(y
2
1)
−1ra1−a3, . . . ,y2

j(y
2
1)
−1ra1−a j , . . . ,y2

n(y
2
1)
−1ra1−an

∣∣∣∣ j 6= 2
)
.

From the Proj construction, we glue V1 to V2 through the gluing information on E =⊕n
i=1 OP1(ai) where, locally, we get a map E |U12

∼= O⊕n
U1
|U2 −→ O⊕n

U2
|U1
∼= E |U21 de�ned

through gluing of E |Ui =Ui×Cti 6=0 using global sections

σi ∈ Γ(Ui = {ti 6= 0},P1) = C [t1, t2]ti

for i = 1,2 and transition matrices Mi j =
(

ti
t j

)ai−a j
to yield

Mi jσi = σ j

on Ui j. Then by equation (3.13) we see that the transition matrices Mi j = diag(sai−a j)i 6= j

are used in gluing the same a�ne pieces on the scroll. Hence

PP1(E ) = ProjP1

(⊕
d≥0

Symd
n⊕

i=1

OP1(ai)

)
=

(
C1

t2
t1

×Pn−1
<x1,...,xn>

)
∪
(
C1

t1
t2

×Pn−1
<x1,...,xn>

)
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glued by ϕ12 ∈ Γ

(
C1

t1,t2 6=0, P̃GL(n)
)

on P1. We therefore have the morphism

f : {ti 6= 0}×Cn−1→{ti 6= 0}×Cn−1, i = 1,2

de�ned by

f

(
r, yk

j :=
ta j−ak
1 x j

xk

∣∣∣∣k �xed j ∈ {1, . . . , k̂, . . . ,n}

)
= (r,yk

j|k �xed j ∈ {1, . . . , k̂, . . . ,n}).

With the gluing data on both sides, f extends to a morphism on F over P1.

F := F(a1, . . . ,an) PP1(E ) := Proj(OP1(a1)⊕ . . .⊕OP1(an))

P1
[t1:t2]

π

f

π ′

Corollary 3.4.6. For L = OP1(−c), we get an isomorphism

F(a1+c, . . . ,an+c)=ProjP1

(
n⊕

i=1

OP1(ai + c)

)
ϕL−→ProjP1

(
n⊕

i=1

OP1(ai)

)
=F(a1, . . . ,an).

Proof. Combine Proposition (3.4.4) with Theorem (3.4.5).

Example 3.4.7. For the surface scroll F2, we have that

. . .∼= F(4,2)∼= F(3,1)∼= F(2,0) = F2.

For a more general construction, we have the following de�nition involving weighted

locally free sheaves.

De�nition 3.4.8. [Weighted projective bundle] Let B be any base. Consider a locally

free sheaf E =
⊕m

i=1 Ei, with Ei of rank ni thought of as having weights bi ≥ 0. Consider

the sheaf of graded algebras

S = Sym•E = Sym•
(

m⊕
i=1

Ei

)
=
⊕
d≥0

Sd.

This inherits the grading of the individual pieces Ei. We then have the weighted projective

bundle

PB(E ) := Proj(S) π−→ B

with �bres π−1(b) = P(Sym•Eb)∼= Pn−1[bn1
1 , . . . ,bnm

m ] weighted projective spaces.
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Example 3.4.9. Let B = P1
[t1:t2]

and E = E1⊕E2⊕E3 be a vector bundle over B where

E1 = E (a1)⊕E (a2) is of rank 2 and weight 1 and E2 = E (a3), E3 = E (a4) both of rank 1

and weight 2,3 respectively. We then have the graded sheaf

S := Sym•(E ) =
⊕
d≥0

Symd(E )

over B with the resulting weighted scroll

Proj(Sym•E ) =

(
C t1

t2
×P3[12,2,3]

)
∪
(
C t2

t1
×P3[12,2,3]

)
whose projection π : Proj(Sym•E )→P1

hasP3[12,2,3]<x1,x2,y,z> as its �bres with x1,x2,y,z

the local sections of S. The choice of the vector (a1,a2,a3,a4) ∈ Z4
determines the gluing

information and hence the geometry of the weighted scroll.

3.5 Class Groups of Weighted scrolls

This section describes the group Cl(FA) of Weil divisors on a weighted scroll FA = XN,Σ,

see Proposition (5.4), associated to the weight matrix

wt(t1, . . . , tk,x1, . . . ,xn) =

[
c1 . . . ck −a1 . . . −an
0 . . . 0 b1 . . . bn

]
= A.

The one-dimensional cones σ1, . . . ,σk,ρ1, . . . ,ρn in the fan Σ corresponds to Weil divisors

Dσi = V(ti),Dρ j = V(x j). The following proposition summarizes the property of Cl(FA)

for c1 = . . .= ck = 1.

Proposition 3.5.1. Let L= [Dσ1 ],M = [Dρ1]⊂Cl(FA) and suppose b1 = 0which guarantees
that a1 = 0 with other weights in the weight matrix A not �xed. That is, assume that
wt(x1) = (−a1,b1) = (0,1),wt(x j) = (−a j,b j) and wt(ti) = (ci,0).We have that

(i) Cl(FA) = ZL⊕ZM.

(ii) The canonical class is given by

KFA =

(
−k+

n

∑
j=1

a j

)
L−

(
n

∑
j=1

b j

)
M

(iii) For d1,d2 ∈ Z, we have that

H0(d1L+d2M) = Sd1,d2,

the bidegree (d1,d2) piece of the graded ring S = C[FA] = C[ti,x j].
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(iv) Every divisor on FA is Q-Cartier.

Proof. For (i), we remember the dual sequence (3.8) below

0→ N∨ = Hom(T,C∗) f̃−→ Zk+n−2 =
k⊕

i=2

Z[Dσi]
⊕ n⊕

j=2

Z[Dρ j ]
q̃−→Cl(FA)→ 0.

Here,

f̃ (m) =
k

∑
i=2

< m,σi > Dσi +
n

∑
j=2

< m,ρ j > Dρ j

with m ∈ N∨ and the angle brackets <,> denote the canonical pairing between N∨ and N;
a rational function associated to a character of T.

Note that the elements of N∨ give the following relations between the classes of various

torus-invariant divisors in Cl(FA)

ρ1 =−
n

∑
j=2

b jρ j

and

σ1 =−
k

∑
i=2

σi +a1ρ1 +
n

∑
j=2

a jρ j =−σ2 +
n

∑
j=2

(a j−b ja1)ρ j;

the former being valid since wt(x1) = (0,1). From these relations, we have a Z-basis of

Cl(FA). Therefore with p = (σ1, . . . ,σk,ρ1, . . . ,ρn) ∈ N, we have that

N = Z[σi,ρ j]/
〈
A(σi,ρ j)

′〉∼= Zk+n−2 =< σ2, . . . ,σk,ρ2, . . . ,ρn >

whereas the class group Cl(FA) is free of rank 2 de�ned by

Cl(FA) = Z[Dσi,Dρ j ]/
〈

f̃ (σ∨2 ), . . . , f̃ (σ∨k ), f̃ (ρ∨2 ), . . . , f̃ (ρ∨n )
〉
= Z[Dσ1,Dρ1].

For (ii), with the basis { f2 = σ∨2 , . . . , fk = σ∨k ,g2 = ρ∨2 , . . . ,gn = ρ∨n } of N∨, we have that

f̃ ( fi) =−Dσ1 +Dσi =⇒ [Dσ1 ] = [Dσi] = L for all i = 2, . . . ,k

and

f̃ (g j) =< ρ
∨
j ,σ1 > Dσ1+< ρ

∨
j ,ρ1 > Dρ1+< ρ

∨
j ,σ2 > Dρ1

= (a j−b ja1)Dσ1−b jDσ1 +Dσ j

=⇒ [Dρ j ] = b j[Dρ1]+ (a1b j−a j)L for for all j = 2, . . . ,n.
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Hence

KFA =−
k

∑
i=1

[Dσi]−
n

∑
j=1

[Dρ j ]

=−kL− [Dσ1]−
n

∑
j=2

(b j[Dρ1]+ (a1b j−a j)L)

=

(
−k+

n

∑
j=2

a j +a1−a1b1−a1

n

∑
j=2

b j

)
L−

(
1+

n

∑
j=2

b j

)
[Dσ1]

=

(
−k+

n

∑
j=1

a j−a1

n

∑
j=1

b j

)
L−

(
n

∑
j=1

b j

)
M

=

(
−k+

n

∑
j=2

a j

)
L−

(
1+

n

∑
j=2

b j

)
M since wt(x1) = (0,1).

For (iii), we know that the (C∗)2
-action induces a bigrading on the ring

S = C[C2
ti×Cn

x j
]

with deg(ti) = (1,0),deg(x j) = (−a j,b j). On FA, the coordinates ti,x j ∈C[FA] are treated

as weighted homogeneous just like in weighted projective spaces. In particular, the sections

of L := L1,0 and M = L0,1 corresponding to wt(t1) = (1,0) and wt(x1) = (0,1) respectively

are

H0(F(a1, . . . ,an),L) = Sym•(t1, . . . , tk) = S(0,1) ⊂ S = C[ti,x j]

and, if ai ≥ 0 for all i,

H0(F(a1, . . . ,an),M) = Syma1(t1, . . . , tk)x1⊕ . . .⊕Syman(t1, . . . , tk)xn.

Generally, the global sections of Ld1,d2 = d1L+d2M are given by

H0(FA,Ld1,d2) :=
⊕

(qi)w`d2, w=(bi), wt(ti)=ci

Symd1+∑
n
j=1 a jq j(t1, . . . , tk)x

q1
1 . . .xqn

n
∼= S(d1,d2).

(3.14)

where we use the convention that Symm
is empty for m < 0. Here (qi)w ` d2 denotes a

weighted partition of d2 with �xed non zero integral weights w= (bi) such that ∑biqi = d2.

Finally, for (iv), consider the SES

0→ Z2 f−→ Zk+n q−→ Hom(C∗,T) = N→ 0 (3.15)

of abelian groups. The generators {σi,ρ j}= {q(`i),q(` j)} of N, with {`i, ` j} the standard

basis element of Zk+n, are the one-dimensional cones of the fan Σ = ΣFA ⊂ NR. For any
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collection of integer labels on the generators {σi,ρ j} there is a linear function on the

cone that takes these values at the generators and rational values at other integral points.

A multiple of this function is integral-valued on the lattice NR, hence corresponds to a

Q-Cartier divisor.

Since G = (C∗)2
acts with �nite stabilizers on Z = (Ck \ {0})× (Cn \ {0}), the scroll

FA = Z//G is a geometric quotient. Along the locus where there are non-trivial �nite

stabilizers, we obtain �nite quotient singularities on the quotient FA. Just as the weighted

projective space Pn[bi] has singularities while Pn
is nonsingular, weighted scrolls FA have

quotient singularities whereas straight scrolls F(a1, . . . ,an) are nonsingular.

Remark 3.5.2. Consider the general weight matrix

A =

[
c1 . . . ck −a1 . . . −an
0 . . . 0 b1 . . . bn

]
.

In this case, the sections of Weil divisors Ld1,d2 de�ne a rational map

ϕ|d1L+d2M| : FA 99K P(S(d1,d2)) := PN
[yi]

under the assumption that

N = ∑
(qi)w`d2

(d1 +
n

∑
i=1

aiqi)−1 > 0.

Let us return to the case of a straight scroll F(a1, . . . ,an), with non-negative integral

weights.

Theorem 3.5.3. Assume integers ai ≥ 0 for all i. Then we have that

H0 (F(a1, . . . ,an),M) = Syma1(t1, . . . , tk)x1⊕ . . .⊕Syman(t1, . . . , tk)xn = S(0,1)

gives a morphism

ϕ|M| : F(a1, . . . ,an)→ P(S(0,1)) = P(a1+...+an)+n−1
[yi]

de�ned by

(t1, . . . , tk;x1, . . . ,xn)
ϕ7−→ [Syma1(t1, . . . , tk)x1 : . . . : Syman(t1, . . . , tk)xn]

with the image ϕ(F(a1, . . . ,an)) = V(I)⊂ P(a1+...+an)+n−1
[yi]

where

I =
2∧[ y1 . . . ya1 ya1+2 . . . ya1+a2+1 . . . ya1+...+an−1+n . . . yN

y2 . . . ya1+1 ya1+3 . . . ya1+a2+2 . . . ya1+...+an−1+n+1 . . . yN+1

]
.
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Here I is a homogeneous ideal generated by all 2×2 minors within and between coordinates
of the projective subspaces P(Syma j(ti)x j) for all j = 1, . . . ,n. Moreover, M is very ample if
ai > 0 for all i.

Proof. Theorem 2.5 of [Reid97] proves the k = 2 case which generalizes easily to any

case k > 2.

The following proposition characterizing base point free divisor classes on FA will be

useful in the later chapters.

Proposition 3.5.4. Let Σ⊂ NR be the simplicial fan associated to the scroll FA = XΣ,N . Any
linear system which contains the vertices of facets Fn

τi, j
of Σ is base point free.

Proof. Proposition 3.2 of [CDT18]. Using our notations, the idea of proof uses the

implication of Proposition (3.5.1) (iv) that the normal fan Σ of N is simplicial. Its facets are

given by

Fn
τi, j

= ConvexHull(νx|x ∈ σi,ρ1, . . . , ρ̂ j, . . . ,ρn)

where τi, j = Span(σi,ρ1, . . . , ρ̂ j, . . . ,ρn) is a maximal cone, νx is a ray through a point x in

a one dimensional cone. For all f ∈ Fn
τi, j

, a lattice point

m ∈< σ
∨
2 , . . . ,σ

∨
k ,ρ

∨
2 , . . . ,ρ

∨
n >= N∨,

is such that < m, f >=−1. Therefore < m,vx >=−1 for all x ∈ F1
τi, j

.

Example 3.5.5.

1. We revisit F(0,0)∼= F(1,1)∼= P1×P1
by noting that

F(1,1)
ϕ

↪−→ P3
[y0:y1:y2:y3]

where

ϕ(t1, t2;x1,x2) = [t1x1 : t2x1 : t1x2 : t2x2].

This is nothing but the standard Segre embedding

P1
[t1:t2]×P1

[x1:x2]

σ1,1
↪−−→ Σ1,1 := V(y0y2− y1y3) = ϕ(F(1,1))⊂ P3

[yi]
.
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2. F1 := F(1,0) ϕ−→ P2
[y j]

de�ned by ϕ(t1, t2;x1,x2) = [t1x1 : t2x1 : x2] is a surjective mor-

phism. If y1 = t2x1 6= 0, we can set t2 = 1 then

(t1, t2;x1,x2) = (
y0

y1
,1 : y1 : y2)

hence

ϕ
−1({y1 6= 0}) = {t2 6= 0}×P1

which implies that ϕ is an isomorphism over {y1 6= 0} ⊂ P2.

On the other hand, the image of the projective line V(x1) is the cone point

ϕ((t1, t2;0,x2)) = [0 : 0 : 1] = p ∈ P2
[yi]
.

To understand the morphism in the neighbourhood of this point, recall the standard

blowup

P2
[y j]
×P1

[X :Y ] ⊃ C2〈
x= y0

y2
,y= y1

y2

〉×P1
[X :Y ] ⊃ Bl(0,0)C2 = V(xY − yX)

σ−→ C2〈
x,y
〉

with the exceptional curve σ−1((0,0))∼= P1
[X :Y ]. We then have the following diagram

F1 P2 C2

σ−1((0,0)) P2
[y j]
×P1

[X :Y ] Bl(0,0)C2.

π

ϕ

j

pr2

pr1

i

σ

The �bres

pr1◦ i◦σ−1(C2 \{(0,0)})∼= P1
[t1:t2]

of the scroll map π are the strict transforms of the lines Lp through p ∈ P2
[y j]

. We

conclude, therefore, that

F(1,0)∼= BlpP2.

3. F2 := F(0,2) ϕ−→ P3
[y0:y1:y2:y3]

where

ϕ(t1, t2;x1,x2) = [x1 : t2
1 x2 : t1t2x2 : t2

2 x2].

We have that

ϕ(F(2,0)) = V

(
2∧[y1 y2

y2 y3

])
= V(y1y3− y2

2) = Q3 ⊂ P3
[yi]
.
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ϕ

t1 = 0 t2 = 0

x2 = 0

x1 = 0

P1

F(1,0)

π

[1 : 0 : 0] [0 : 1 : 0]

[0 : 0 : 1] = p

P2
[y0:y1:y2]

M1

M2

F1 F2

t1 = 0 t2 = 0

Figure 3.2: The surface scroll F(1,0)∼= Bl[0:0:1]P2
is the blowup of a point in P2

.

The map ϕ : F(2,0)→ Q3 is a contraction of M1 = V(x1) ⊂ F(0,2) to a singular

cone point [1 : 0 : 0 : 0] of the quadric Q3.

ϕ

t1 = 0 t2 = 0

x1 = 0

x2 = 0

P1

F(2,0)

π

[1 : 0 : 0 : 0] = p

im(ϕ) = Q3 ⊂ P3
[yi]

M1

M2

F2F1

t1 = 0 t2 = 0

Figure 3.3: Contraction of {x1 = 0} ⊂ F(0,2) to a singular cone point p ∈ Q3.

4. We can infer that the blowup of P2
embeds in P4

BlpP2 ∼= F(1,0)∼= F(2,1) ↪→ P4.

The following example explicitly computes line bundles on nonsingular scrolls

Example 3.5.6. The divisor class group of the straight scroll F := F(a1, . . . ,an) �bred over

Pk−1
is the free abelian group

Pic(F(a1, . . . ,an)) = Z.L⊕Z.M

generated by L = [{ti = 0}], the class of �bres, and M = [{x1 = 0}], the class of sections of

π : F→ Pk−1.
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Assume the integers ai ≥ 0 for all i, we have the expressions [M j] =−a jL+M where

M j = F(a1, . . . , â j, . . . ,an) = {x j = 0}

is the j-th subscroll of F.

Indeed, the �rst assertion follows from

(aiL+Mi)− (a jL+M j) =

(
gai(ts)xi

ga j(ts)x j

)

with

gai(ts)xi
ga j (ts)x j

∈C(F) where gai(ts) ∈ Symai(t1, . . . , tk); we conclude that aiL+Mi and a jL+

M j are linearly equivalent. Moreover, from the weight matrix

wt(t1, . . . , tk,x1, . . . ,xn) =

[
1 . . . 1 −a1 . . . −an
0 . . . 0 1 . . . 1

]
,

we have that H0(F,−a jL+M) =< x j > hence [M j] =−a jL+M for all j.

To demonstrate linear independence of L and M, suppose aL+bM ∼lin 0 then we have ,

by restriction in any Pn−1
�bre of π : F→ Pk−1, that for n− k ≥ 0

0 = (aL+bM)n−k+1|Lk−1 = b,

hence 0 = (aL)n−k+1|Mk−1 = a.

Finally, every irreducible codimension one subvariety D ⊂ F is a hypersurface. So D

corresponds to a height 1 ideal in S = C[ti,x j] which must be principal by Krull’s theorem.

We can �nd a monomial xα ∈ S with multi-index

α = (e1, . . . ,ek,q1, . . . ,qn) = (d1 +a1d2,0, . . . ,0,d2,0, . . . ,0) ,

that is

f , td1+ad2
1 xd2

1 ∈ S(d1,d2)

hence D− (d1L+d2M) =

(
f

td1+ad2
1 xd2

1

)
with

t−(d1+a1d2)
1 f

xd2
1

∈ C(F).

Example 3.5.7. We have already proved that

Pic(F(a,0)) = Z.L⊕Z.M,

with L = [Fi] = [{ti = 0}],M = M2 = [{x2 = 0}] and M1 =−aL+M. Further, we have that L2 LM1 LM
LM1 M2

1 M1M
LM2 M1M M2

=

0 1 1
1 −a 0
1 0 a

 .
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t1 = 0 t2 = 0

x2 = 0

x1 = 0

P1

F(a,0)

π

M1

M2

C

F2F1

t1 = 0 t2 = 0

−a

+a

00

4

Figure 3.4: Intersection numbers on surface scroll F(a,0)

Indeed, by de�nition, M = aL+M1 = M2 so that M1 =−aL+M. Since

M1∩M2 = /0,F1∩F2 = /0 with L = [Fi],

we have that M1.M = 0 and M.L = 1 and M1.L = 1 since L is a �bre of

π : F(a,0)→ P1

whereas Mi are sections. Now, by intersecting M1 =−aL+M with M1,we get M1.M1 =−a;
also with M to get 0 =−a+M.M which gives the last self-intersection M2 = a.

Example 3.5.8. In this example, we use alternative methods to compute (hence con�rm)

that the canonical divisor of a scroll FA where

A := wt(t1, . . . , tk,x1, . . . ,xn) =

[
1 . . . 1 −a1 . . . −an
0 . . . 0 1 . . . 1

]
is given by

KFA = (−k+a1 + . . .+an)L−nM.

In particular, for the surface scroll Fa = F(0,a) we have that

KFa = (−2+a)L−2M.

Consider the following two (n+ k−2)−a�ne charts of FA;

U11 = {t1 6= 0,x1 6= 0} ∼= Cn+k−2〈
ri1=

ti
t1
, y j:=

t
a j−a1
1 x j

x1

∣∣∣∣i 6=1, j 6=1

〉

40



and

U22 = {t2 6= 0,x2 6= 0} ∼= Cn+k−2〈
si2=

ti
t2
, z j:=

t
a j−a2
2 x j

x2

∣∣∣∣i6=2, j 6=2

〉
with the transition functions

(s12,si2,z1,z j)
i=k, j=n
i=3, j=3 7→ (r−1

21 ,r
−1
21 ri1, ra1−a2

21 y−1
2 , ra j−a2

21 y−1
2 y j)

i=k, j=n
i=3, j=3.

One can compute the (n+ k−2)−form

η = ds12∧ . . .∧dsk1∧dz1∧ . . .∧dzn

=−r−2
21 dr21∧ r−1

21 dr31∧ . . .∧ r−1
21 drk1∧−ra1−a2

21 y−2
2 dy2∧−ra3−a2

21 y−1
2 dy3∧ . . .∧−ran−a2

21 y−1
2 dyn

= (−1)n−1r(−k+∑(a j−a2))
21 y−n

2 dr21∧ . . .∧drk1∧dy2∧ . . .∧dyn

Hence

KFA = div(η) = (−k+∑(a j−a2)div(r21)−ndiv(y2).

Obviously, div(r21) and div(y2) in U11 are

div(t2) = L and div(x2) = M2 =−a2L+M

on FA respectively. Hence,

KFA = (−k+∑(a j−a2))L−n(−a2L+M)

= (−k+∑a j)L−nM.

Other than through di�erential forms, we could use intersection numbers to con�rm that

KFa = (−2+a)L−2M for the surface scroll Fa = PP1(OP1(a)⊕OP1).

Let KFa = k1L+ k2M where k1,k2 ∈ Z are to be determined. Now, we use the adjuction

formula in the form

KD = (KX +D)|D, where D ∈ Div(X)

is a nonsingular hypersurface and X nonsingular complex variety. Taking degrees on the

surface X gives

2ga(D)−2 = (KX +D).D .

So with ga(L) = ga(M1) = ga(M2) = 0, we have that

2ga(L)−2 = ((k1 +1)L+ k2M).L,

and

2ga(M)−2 = (k1L−M).M

from which we get k2 =−2, k1 =−2+a so that

KFa = (−2+a)L−2M.
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The following Lemma from [Reid97] shows a general computaton of intersection numbers

in an n-fold straight scroll F := F(a1, . . . ,an) �bred over P1.

Lemma 3.5.9. Mn−1L = 1 and Mn = ∑a j.

Proof. Let M j = F(a1, . . . , â j, . . . ,an) = {x j = 0} be the j-th subscroll so that M j ∼lin

−a jL+M. On each Pn−1
�bre, the M j for j = 1, . . . ,n are coordinate hyperplanes x j = 0

which are disjoint so that ∩n
j=0M j = /0. We therefore have that M1M2 . . .Mn = 0. However,

any n− 1 hyperplanes M1, . . . ,M̂ j, . . . ,Mn intersect transversally in a curve section of

π : F→ P1
(this is the point e j ∈ Pn−1

[xk]
with 1 in the j-th place and zeros in the remaining

n−1 places).

We therefore have, say for j=1, that

1 = LM2 . . .Mn = L(−a2L+M) . . .(−anL+M) = LMn−1

because L2 = 0, and

0 = M1M2 . . .Mn = (−a1L+M)(−a2L+M) . . .(−anL+M)

=−
n

∑
j=1

a jLMn−1 +Mn.

Example 3.5.10.

1. Consider the �brations

F= P1×P1 = F(0,0) P1
[x1:x2]

P1
[t1:t2]

= B.

ϕ|L0,1|

ϕ|L1,0|

Here, M := L0,1 is base point free but not big since dimIm(ϕM) = 1 < 2 = dimF.

2. The morphism F2 := F(2,0)
ϕ|M|−−→ Q3 ⊂ P3

is such that dim Im(ϕ|M|) = 2. We have

shown in example 3 of (3.5.5) that ϕ is not an isomorphism but a contraction of a

proper subvariety {x2 = 0}= F(2)∼= P1 ⊂ F2. We therefore have that ϕ|M| is base

point free and big.
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3. Consider a rank 3 vector bundle E = O(2)⊕O(1)⊕O → P2
and FA = F(2,1,0) =

P(E ) where A = wt(t1, t2, t3;x1,x2,x3) =

[
1 1 1 −2 −1 0
0 0 0 1 1 1

]
F(2,1,0) = P(E ) P

(⊕
j Syma j(ti)x j

)
= P6+3+1−1

[yk]

P2
[ti]

ϕ|L0,1|

π

F3F2F1

M1

M2

M3

M j = V(x j)
M3 Plane at the back

Fi = V(ti) Vertical planes

L = [Fi] Class of vertical planes

Figure 3.5: Toric representation of 3-fold scroll F(2,1,0).

With the sections M3 = M, M2 =−L+M, M1 =−2L+M we have that

KF = (−3+∑a j)L−nM =−3M and OF(1) = M

so that −KF = OF(3). The anticanonical map is

ϕ|−KF| = ϕ|3M| : F→ P
(
S(0,3)

)
= P108=28+21+2×15+2×10+6+3+1−1

[yk]

where

S(0,3) =
⊕

q1+q2+q3=3

Sym2q1+q2(t1, t2, t3)x
q1
1 xq2

2 xq3
3

= Sym6(ti)x3
1⊕Sym5(ti)x2

1x2⊕Sym4(ti)
(
x2

1x3 + x1x2
2
)

⊕Sym3(ti)
(
x1x2x3 + x3

2
)
⊕Sym2(ti)x2

2x3⊕Sym1(ti)x2x2
3⊕ x3

3.

The anticanonical divisor −KF is therefore base point free hence nef by proposition

(2.3.4). However, the map ϕ|−KF| is not an embedding as it contracts the subscroll

{x3 = 0}= F(2,1)∼= F(1,0)

of F (we know that ImF(1,0) ∼= P2 ∼= P(O)) to a point in Im(ϕ|−KF|). We then

conclude that since dimIm(ϕ|−KF|) = 4, it follows from proposition (2.3.5) that the

anticanonical divisor −KF is big .
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3.6 Base locus of a Divisor Class in Scrolls

The following results about the base locus of a divisor class |D| for a divisor D ∈Cl(FA)

will be useful in later chapters.

Proposition 3.6.1. Let the quotient torus T= Tk+n−4 = Tk+n−2/G act on the scroll FA =

XΣ,N as induced by the SES (3.6). For a Cartier divisor D ∈ DivFA, the base locus B(|D|) is
T-invariant.

Proof. We note that Cl(FA) =Z[L,M] is discrete and that T is continuous on FA = XΣ,N

so that for every D = Ld1,d2 ∈Cl(FA), the torus T �xes |D|. So T acts on the set of sections

of OX(D) so the intersection of all E ∈ |D| is T-invariant.

Lemma 3.6.2. Let 0≤ a1 ≤ . . .≤ am ≤ b < am+1 ≤ . . .≤ an and

L−b−1,1 ∈ Pic(F(a1, . . . ,an)) = Z[L,M].

Then

(1) the base locus

Bs(|L−b−1,1|) = F(a1, . . . ,am) = {x j = 0| for all j > m}= Bb.

(2) with b = am, Bb = F(a1, . . . ,am) is contained in Bs(|Ld1,d2|) with multiplicity < µ i�

d1 +amd2 +(µ−1)(an−am)≥ 0. (3.16)

Proof. This is proved in Secton 2.8 of [Reid97]. The idea of proof lies in the observation

that:

(1) for X = V( f ) ∈ |L−b−1,1| with ai ≤ b < (b+1), we must have that

f =⊕m
i=1 Symai+b+1(ti)xi

with xi = 0 for all i≥ m+1.

(2) Inequality (3.16) says that there is a monomial of bidegree (d1,d2) whose degree in

xm+1, . . . ,xn is less than µ. That is X = V(g) ∈ |Ld1,d2| is such that α(ti)x
d1−µ+1
m xµ−1

n

is a monomial of g precisely when

deg(α(ti)) = d1 +amd2 +(µ−1)(an−am).
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3.7 Hypersurfaces in the Surface Scroll Fa

Choose a character (m,n) ∈ Z2
of G = C∗ ×C∗ with the corresponding line bundle

OFa(mL+nM) ∈ NA1
(Fa) ample on Fa. We shall, in Lemma (3.8.1) , discuss how to make

this choice. Meanwhile, once such a choice is made, we study the curves

X := H ∩ϕ|Lm,n| (Fa)

in the linear system |mL+nM)| where

H ∼= P(m+1+ 1
2 an)(n+1)1−2 ⊂ P((S(m,n))

ϕ|mL+nM|
←−−−−−↩ Fa

is a general hyperplane.

We start with an example of the linear system of a surface scroll F2. We study a general

X ∈ |mL+nM| and the �bration π|X : X → P1.

X ⊂ F(2,0) P[yi]
(m+n+1)(n+1)−1 := P(S(m,n))

P1
[t1:t2]

ϕ|Lm,n|

π

where

S(m,n) = H0(F2,nL+mM) =
〈

Symm+2(n−d)(t1, t2).xn−d
1 xd

2 : 0≤ d ≤ n
〉
.

Example 3.7.1. In this example (m,n) = (1,1). From

F2 := F(2,0) ϕ11−−→ Y ⊂ P5
[yi]

de�ned by ϕ11(t1, t2;x1,x2) = [t3
1 x1 : t2

1 t2x1 : t1t2
2 x1 : t3

2 x1 : t1x2 : t2x2], we get

X := H ∩Y = V(c1t3
1 x1 + c2t2

1 t2x1 + c3t1t2
2 x1 + c4t3

2 x1 + c5t1x2 + c6t2x2).

That is

f := π|X : X → P1
[t1:t2]

with �bres Xt ,

[b(ti) :−a(ti)] = pt ∈ Xt := f−1(t) = V(a(ti)x1 +b(tix2)∼= P1
[x1:x2]

.

So for general X , f is an isomorphism X ∼= P1
by the Riemann-Hurwitz theorem for curves.
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We now return to the general case X := V( fn(x1,x2)) ∈ |mL+ nM| on a surface scroll

Fa = F(a,0) over P1. Here,

fm,n(x1,x2) := fn = α0xn
1 +α1xn−1

1 x2 + . . .+αnxn
2

where αi ∈ Symm+a(n−i)(t1, t2) have arbitrary coe�cients. As in the example above, the

�bres Xt := (π|X)−1(t) are obtained by evaluating fm,n(x j) at general points in the base P1.

We note that X, chosen generally in the linear system, is nonsingular by Bertini’s theorem.

The Riemann-Hurwitz theorem applied to the n-to-1 map π|X : X → P1
gives

g(X) = 1−n+
1
2

δ (m,n)≥ 0

where n = deg fm,n on the �bres and the �nite sum

δ ( fn)(m) = δ (m,n) := ∑
P∈X

(eP−1)

where eP is the multiplicity of fm,n at the point P.

Note that, δ ( fn) is a function of m since π|X is an n−cover of P1
branched over as many

points inP1
as the number of zeros of the discriminant ∆( f̃n)(x)∈C[x].The dehomogenised

fm,n is given by

f̃n = α̃0(x)+ α̃1(x)y+ . . .+ α̃n(x)yn

in the a�ne chart, say C2
<x,y> ⊂ F2 where x = t2

t1
is the base coordinate and y =

t−a
1 x2
x1

coordinate in A1
�bre of π. Further, the roots of f̃n form a �bre of π|X .

Example 3.7.2. Consider a curve X = V( f2) ∈ |Lm,2| on a surface scroll Fa with

f2 = gm+2a(t1, t2)x2
1 +gm+a(t1, t2)x1x2 +gmx2

2.

Since rami�cation is a local property, it su�ces to consider a�ne patches of X which,

without loss of generality, are de�ned by a monic quadric f̃2 in y

Xa f f := X ∩{t1 6= 0,x1 6= 0}= V( f2)∩A2〈
x= t2

t1
,y=

t−a
1 x2

x1

〉
therefore

Xa f f = V( f̃2) = V(g̃m+2a(x)+ g̃m+a(x)y+ y2)
π|Xa f f−−−→ A1

x

where π|Xa f f is the composition

Xa f f := V( f̃2)→ A2
<x,y>→ A1

<x>.
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This map corresponds to theC−algebra map (π|Xa f f )
∗ :C[s] s7→x−−→C[x,y]/( f̃2)which locally

at a point p = (x0,y0) ∈ Xa f f is

C[s](s−x0)
(s−x0)7→(x−x0)−−−−−−−−−→ C[x,y]/( f̃2)mp

where mP = (x− x0,y− y0). We also note that

e(x0,y0) = mult(x0,y0)π := Maxk∈N{k : (y− y0)
k| f̃2(x0,y)}.

Since the discriminant ∆( f̃2)∈C[x] vanishes at repeated zeros of f̃2, every point inV(∆( f̃2))

adds one to δ ( f2). By the Fundamental Theorem of Algebra and the fact that rami�cation

indices sum to the degree n = 2, we have that

δ ( fn)(m) : = ∑
P∈X

(eP−1)

= number of roots of ∆( f̃2)

= deg∆( f̃2)

hence

g(X) = 1−2+
1
2
(deg∆( f̃2))

=−1+
1
2
(2m+2a)

= a+m−1.

For instance, a general X ∈ |Lm,2| in a surface scroll F2 is of genus g(X) = m+1.

The general case is more easily approached using intersection numbers. Take KFa =

L−2+a,−2 and Lm,n in the ample cone NA1
(Fa) and a general hyperplane H

H ∼= P(m+1+ 1
2 an)(n+1)−2 ⊂ P((S(m,n))

ϕ|mL+nM|
←−−−−−↩ Fa.

We have that the curve X := H ∩ϕ (Fa) ∈ |Lm,n| of degree

degX = #H ∩X = Hyperplane class. Lm,n

is such that

2g(X)−2 = deg(KX) = (KFa +X).X = ((−2+a)L−2M+mL+nM) .(mL+nM)

= ((m+a−2)L+(n−2)M)(mL+nM)

= n(m+a−2)+m(n−2)+na(n−2).
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Hence ,

g(X) =
1
2

na(n−1)+(m−1)(n−1) =
(

m+
1
2

an−1
)
(n−1)

or

g(X) = a
(

n
2

)
+(m−1)(n−1).

For a = 2, the genus g(X) = (m+ n− 1)(n− 1). Now, for a general hyperplane H, all

curves X := H ∩ Imϕ|Lm,1| are projective lines, Y := H ∩ Imϕ|Lm,2| are curves of genus

g(X) = m+1. These were the cases discussed in Examples (3.7.1) and (3.7.2) respectively.

3.8 Cones of Surface Scrolls

We begin with a lemma characterizing the e�ective cone NE(Fa)
∨

and the ample cone

NA(Fa) of a surface scroll Fa = F(a,0).

Lemma 3.8.1. The divisor Ld1,d2 ∈ Pic(Fa) = Z[L,M] is

• e�ective if d2 ≥ 0 and d1 +ad2 ≥ 0 and

• ample if and only if d1,d2 ≥ 1.

Proof. By de�nition, Ld1,d2 is e�ective if |Ld1,d2| 6= /0. Hence, the sections are such that

H0(Fa,Ld1,d2) :=
〈

Symd1+aq1(t1, t2)x
q1
1 xd2−q1

2

∣∣∣∣d1 +aq1 ≥ 0
〉

with nonnegative powers of x j’s making d2 to be at least zero. Applying the extreme parti-

tion (q1,d2−q1) = (d2,0) of d2 to d1+aq1 ≥ 0 gives the second condition of e�ectiveness.

For ampleness of Ld1,d2 = d1L+d2M on

F(a,0) =U11∪U12∪U21∪U22 (3.17)

∼= C2〈
X11=

t2
t1
,Y11=

t−a
1 x2

x1

〉∪C2〈
X12=

t2
t1
,Y12=

ta1 x1
x2

〉∪C2〈
X21=

t1
t2
,Y21=

t−a
2 x2

x1

〉∪C2〈
X22=

t1
t2
,Y22=

ta2 x1
x2

〉,
we demonstrate that the restriction maps φi jk : Ui j→Vk of

φ|Ld1,d2 |
: F(a,0)→ P

(〈
Symd1+aq1(t1, t2)x

q1
1 xd2−q1

2

∣∣∣∣d1 +aq1 ≥ 0
〉)

= PN
zk

to a�ne covers of the respective spaces are isomorphisms (de�ned by polynomial maps in

a�ne coordinates).

48



It su�ces, in the diagram below, to show that φ111 is an isomorphism. This follows from

the fact that

φ̃111 := g1 ◦φ111 ◦ f−1
11

is an isomorphism

U11 V1

C2〈
X11=

t2
t1
,Y11=

t−a
1 x2

x1

〉 CN〈
ẑ1
z1
,

z2
z1
,...,

zN+1
z1

〉
f11

φ111

g1

φ̃111

de�ned by

φ̃111(X11,Y11) = (h1, . . . ,hN)

=
(

X11,X2
11, . . . ,X

d1
11 ,Y

−1
11 ,X11Y−1

11 , . . . ,Xa−1
11 Y−1

11 , . . . ,Y−d2
11 ,X11Y−d2

11 , . . . ,Xd2
11Y−d2

11

)
.

(3.18)

This shows that the line bundle d1L+d2M is ample if all bidegrees deg(ht)> 0 in X11,Y11.

This imply that a≥ 0,d1,d2 > 0.
Conversely, suppose d2 ≤ 0 and d1 ∈ [−ad2,−1] ⊂ R, a line bundle Ld1,d2 is such that

L.Ld1,d2 = d2 ≤ 0, M.Ld1,d2 = d1 +ad2 ≤ 0. Hence by (a) of Theorem (2.3.6) , we have that

Ld1,d2 is not ample.

The result above is a version of the Linear Embedding Theorem; L and M are not ample as

L contracts to P1
and M contracts a rational curve.

Similar arguments work for other divisors of scrolls of higher dimension.

3.9 Hilbert Series of Scrolls

We start with a direct computation of the Hilbert series of the bigraded ring corresponding

to the surface scroll Fa.

Proposition 3.9.1. Let FA be an n+ k−2-fold scroll with

A := wt(t1, . . . , tk,x1, . . . ,xn) =

[
c1 . . . ck −a1 . . . −an
0 . . . 0 b1 . . . bn

]
.

The Hilbert series associated to the bigraded ring S := C[FA] = C[ti,x j] is given by

PF(s1,s2) = ∑
(m,n)∈L

h0(F,Lm,n)sm
1 sn

2 =
k

∏
i=1

1
(1− sci

1 )

n

∏
j=1

1

(1− s−a j
1 sb j

2 )
.
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Proof. Consider the bigraded ring

R = C[t1, . . . , tk,x1, . . . ,xn] = C[ti]⊗C[x j].

We then have that

PR(s1,s2) = PC[ti](s1,s2)×PC[x j](s1,s2).

Theorem 3.9.2. Suppose the character χ = (m,n) ∈Ω = Hom(C∗×C∗,C∗) = Z2 is such
that Lχ is in the ample cone NA(Fa) of a surface scroll Fa.We have, for a= 2, that h0(F2,Lm,n)

is give by
∑

n
q1=k(m+2q1 +1) = 1

2(m+2n+1)(m+2n+2) , m =−2k < 0,k ∈ N
∑

n
q1=k(m+2q1 +1) = 1

2(m+2n+1)(m+2n+2)−1 , m =−2k+1 < 0,k ∈ N
∑

n
q1=0(m+2q1 +1) = (m+n+1)(n+1) , m≥ 0.

Proof. This proof �nds the closed formula for h0(F2,Lm,n) and the corresponding

Hilbert series PF2(s1,s2). Note that t1, t2 ∈ S(1,0),x1 ∈ S(−a,1) and x2 ∈ S(0,1) or equivalently,

the line bundle Lm,n ∈NE1(Fa) corresponds to (m,n) in the sub-lattice L=
〈
(1,0),(−a,1)

〉
of Ω satisfying, from lemma (3.8.1) ,

m+aq1 ≥ 0 and n≥ q1 ≥max

{⌈
−m
a

⌉
,0
}
.

m+2n = 0

0−2−4 2 4

2

4

mL

nM

2

6

12

20

30

42

1

4

9

16

25

36

3

8

15

24

35

48

4

10

18

28

40

54

5

12

21

32

45

60

6

14

24

36

50

66

2

6

12

20

30

1

4

9

16

25

2

6

12

20

1

4

9

16

2

6

12
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Figure 3.6: The e�ective cone NE(F2)
∨ ⊃ ample cone NA(F2) ⊃ very ample cone in

N1(F2)R. The dimensions of the spaces H0(F2,Lm,n) of section are shown in blue.
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We then have, from equation (3.14) that

H0(Fa,Lm,n) :=
〈

Symm+aq1(t1, t2)x
q1
1 xn−q1

2 : n≥ q1 ≥max

{⌈
−m
a

⌉
,0
}〉

= Sa
(m,n)

Hence for a = 2, we get that h0(F2,Lm,n) is given by
∑

n
q1=k(m+2q1 +1) = 1

2(m+2n+1)(m+2n+2) , m =−2k < 0,k ∈ N
∑

n
q1=k(m+2q1 +1) = 1

2(m+2n+1)(m+2n+2)−1 , m =−2k+1 < 0,k ∈ N
∑

n
q1=0(m+2q1 +1) = (m+n+1)(n+1) , m≥ 0.

Indeed,

PF2(s1,s2) = ∑
(m,n)∈L

h0(F2,Lm,n)sm
1 sn

2 =
−1

∑
m=−2n

∞

∑
n=1

1
2
(m+2n+1)(m+2n+2)sm

1 sn
2+

−1

∑
m=d−2n+1

2 e

∞

∑
n=1

(
1
2
(m+2n+1)(m+2n+2)−1

)
sm

1 sn
2+

∞

∑
m=0

∞

∑
n=0

(m+n+1)(n+1)sm
1 sn

2

=
1

(1− s1)2(1− s−2
1 s2)(1− s2)

.

Remark 3.9.3. With K = KFa = L−2+a,−2, the results above are consistent with the RR
theorem for Fa

h0(Fa,OFa(mL+nM)) = 1+
1
2
((mL+nM)2− (mL+nM).K)

=
1
2
(2m+an+2)(n+1), for m≥ 0.

De�ne c(m) =max
{⌈
−m
a

⌉
,0
}

whenever m < 0. In this case, a correction term is involved

h0(Fa,OFa(mL+nM)) = #{(e1,e2,q1,q2)|q1 +q2 = n≥ 0,e1 + e2−aq1 = m}

=
n

∑
q1=0

#{(e1,e2) ∈ Z2
≥0|e1 + e2 = m+aq1}

=
n

∑
q1=0

{
0 if m+aq1 < 0

m+aq1 +1 if m+aq1 ≥ 0

=
n

∑

q1=c(m)=max


⌈
−m
a

⌉
,0


(m+aq1 +1) = (m+1)(n− c(m)+1)+a

n

∑
q1=c(m)

q1

=
1
2
(2m+an+2)(n+1)− 1

2
(2m+a(c(m)−1)+2)c(m).
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3.10 Wellformedness of hypersurfaces inWeighted Scrolls

A codimension m variety X ⊂ P[b1, . . . ,bn] = P is well-formed, if the codimension of

X ∩Sing(P)⊂ X denoted by CodimX(X ∩Sing(P)), is at least m+1. For a hypersurface,

CodimX(X ∩Sing(P))≥ 2 is the condition for X to be wellformed.

The following Lemma characterizes wellformedness of subvarieties of P= P[b1, . . . ,bn].

Lemma 3.10.1. [6.10,6.11 [Fle00]]

1. P= P[b1, . . . ,bn] is wellformed if any n−1 of the weights are coprime. Otherwise, if
h = hc f (b1, . . . , b̂ j, . . . ,bn) 6= 1 for some j, then we have an isomorphism

P[b1, . . . ,bn]∼= P[β1, . . . ,β j−1,b j,β j+1, . . . ,βn], βk =
bk

h
,k 6= j.

This can be repeated until we get a wellformed weighted projective space.

2. A hypersurface Xd ∈ P[b1, . . . ,bn] is well-formed if any n−1 of the weights are coprime
and d is a multiple of the hc f of any n−2 of the weights.

3. A codimension two subvariety Xd1,d2 ⊂ P is wellformed if any n−1 of the weights are
coprime, both d1 and d2 are multiples of the hc f of any n−2 of the weights and either
of d1 or d2 is a multiple of the hc f of any n−3 of the weights.

We say that a Pn−1[b j]-bundle over Pk−1[ci] (that is, the weighted scroll FA = F(a j|b j)

over Pk−1[ci] is well-formed) if both the �bre and the base are well-formed. In this thesis,

all weighted scrolls are well-formed from construction.

De�nition 3.10.2. [Wellformedness in Scrolls] A codimension m variety X ⊂ FA =

F(a j|b j) is well-formed, if CodimX(X ∩Sing(FA))≥ m+1.

Proposition 3.10.3. An anticanonical Gorenstein wellformed threefold hypersurface X ⊂ FA

with singularities Z = SingFA∩X is a Calabi–Yau threefold.

Proof. Since X0 = X \Z is smooth and X is Gorenstein [=sheaf of 3-forms Ω3
X is well

de�ned on Z], we have that

ωX |X0 = Ω
3
X0

where ωX is the canonical bundle on X . Now, consider the codimension two (≥ 2) em-

bedding i : X0 ↪→ X . That X is Gorenstein [in a neighbourhood of di ∈ Z we may choose a
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generating global section η ∈ H0(Ω3
X0
) that ensures that ωX is rank one] implies that ωX

is locally free so that, by adjunction, we have the canonical isomorphism

ωX
∼=−→ i∗i∗ωX = i∗(ωX |X0) = i∗Ω3

X0
.

Hence i∗OX0
∼= OX .

3.11 EmbeddedDeformations ofHypersurfaces in Scrolls

The concept of embedded deformations becomes clearer if one starts with nonsingular

genus g = g(C) =
(d−1

2

)
plane curves Cd ⊂ P2

of degree d. Consider the open subspace

U ⊂ P((
d+2

2 )−1)(H0(OP2(d)))

of nonsingular curves in P2. We declare (as we should) that two nonsingular plane curves

are the same if they di�er by automorphisms of P2.

We then have the moduli space

MCd/P2 =U/PGL(3) (3.19)

of degree d nonsingular curves in P2.

As one would expect, we have that

dim(MCd/P2) = dim(U)−dim(PGL(3))

=

((
d +2

2

)
−1
)
−
(
32−1

)
= 3
(

d−1
2

)
−
(

2
(

d−1
2

)
−3(d−3)

)
≤ 3
(

d−1
2

)
−3 = dim(MCd) = dim(Mg);

the embedded deformations are asymptotically much fewer than the abstract (total) de-

formations of the degree d curves for d > 4. These embedded deformations are more

accessible.

The rest of the deformations can be found by considering the canonical embeddings

Cd ↪→ P((
d−1

2 )−1)(H0(ωCd)
∨)

over all distinct [Cd] = {hCd : h ∈ PGL(3)}.

53



Now, let Xd ⊂ P[b0, . . . ,bn] = P be a quasismooth, well-formed degree d hypersurface and

U ⊂ P(H0(OP(d))) an open set of such hypersurfaces. We then have the moduli space

MXd/P =U/Aut(P[b j]). (3.20)

the construction of the Non-Reductive GIT quotient in Equation (3.20) is the central

question in [Bun19].

The following de�nition of embedded deformation in scrolls makes no assumptions of

quasismooth and is therefore both relative and general.

De�nition 3.11.1. Let FA = F(a j|b j) be a Pn−1[b j]-bundle over Pk−1[ci]. Assume that

Ld1,d2 ∈ Cl(FA) is such that a general well-formed hypersurface X ∈ |Ld1,d2| has codi-

mension ≥ 2 singularities along the base locus of |Ld1,d2| and P(Sd1,d2) is the space of all

hypersurfaces X ∈ |Ld1,d2|. Consider the open subspace

U := {hypersurfaces X with codimension ≥ 2 singularities along Bs(|Ld1,d2|)}⊂P(Sd1,d2).

Now, de�ne by

MLd1,d2
:=U/Aut(FA) (3.21)

the moduli space of sections of |Ld1,d1| with codimension ≥ 2 singularities along the base

locus Bs(|Ld1,d1|).

The dimension of the moduli space MLd1,d2
is

dim(MLd1,d2
) = dim(P(Sd1,d2))−dim(Aut(FA)).

It is only sensible, therefore, to de�ne a classifying map as follows.

X FA P(S(d1,d2))

B Pk−1[ci].

f

i

π

ϕ|Ld1,d2
|

j

Call X0 and B0, the smooth loci of the total space X and base B of the �bration f . For b ∈
B0 ⊂ B⊂ Pk−1[ci], we have that f−1(b) = Xd2 ⊂ Pn−1[b j] = π−1( j(b)) which is identi�ed

with the point

b 7→ [ f−1(b)] ∈MXd2/P
n−1[b j]

de�ning a "classifying map"

σ : B0→MXd2/P
n−1[b j]

.

This hints at how rich the study of projective �brations in weighted scrolls is.
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Chapter 4

Elliptic K3 Hypersurfaces in Weighted
Scrolls

We recall, from Table (2.2), that there are �ve projective models constructed from their

graded rings. In this section, we would like to construct K3 surfaces X with at worst

perhaps rational double point singularities and which are �bred over P1
by the �rst three

of the �ve projective models. We do this by classifying ambient scrolls F such that the

�bration ϕ : X → P1
is embedded in the scroll map π : F→ P1.

4.1 Elliptic �brations with plane cubic �bres

Theorem 4.1.1. LetF=F(0,a2,a3) be aP2 bundle overP1 with elliptic cubic �bresE3⊂P2.

There are 12 families of mildly singular elliptically �bred K3 surfaces embedded in 3-fold
straight scrolls F. The Table (4.1) below gives reasons why each family is mildly singular;
that is, either nonsingular or has isolated singularities.

Proof. In this case F = F(a1,a2,a3) is a 3-fold scroll over P1
with integral ordered

weights

a1 ≤ a2 ≤ a3.

We will assume a1 = 0 using the standard isomorphism

F(a1,a2,a3)∼= F(a1 + k,a2 + k,a3 + k)

where k ∈ Z. The anticanonical divisor class of F(0,a2,a3) is given by

−KF(0,a2,a3) = (2−a2−a3)L+3M = L2−a2−a3,3

Assume that |L2−a2−a3,3| 6= /0 and take a general surface

X = V( f3) = V

(
∑

(q1,q2,q3)`3
α(q j)(t1, t2)x

q1
1 xq2

2 xq3
3

)
∈ |L2−a2−a3,3|
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No. F= F(0,a2,a3) General X ∈ |−KF|
1 F(0,0,0) −KF is very ample, so a general X is nonsingular K3 surface

2 F(0,0,1) −KF is very ample, so a general X is nonsingular K3 surface

3 F(0,0,2) −KF is base-point-free but not very ample.

General X is nonsingular K3 surface.
4 F(0,1,1) −KF is base-point-free but not very ample.

General X is nonsingular K3 surface.
5 F(0,1,2) −KF has a base point but a general X is still nonsingular K3 surface

6 F(0,2,2) −KF has a base point but a general X is still nonsingular K3 surface

7 F(0,2,3) −KF has a base point but a general X is still nonsingular K3 surface

8 F(0,2,4) −KF has a base point but a general X is still nonsingular K3 surface

9 F(0,2,5) −KF has a base point but a general X is still nonsingular K3 surface

10 F(0,2,6) −KF has a base point but a general X is still nonsingular K3 surface

11 F(0,1,3) General X ∈ |−KF(0,1,3)| has a
1
2(1,1) singularity

12 F(0,1,4) General X ∈ |−KF(0,1,4)| has a
1
3(1,2) singularity

Table 4.1: F = F(0,a2,a3) for which a general X ∈ |−KF| is smooth genus-1-�bred K3

surface or can be resolved to give such a surface.

where α(q j)(t1, t2) ∈ C[Pti] is a polynomial in t1, t2 of degree

degα(q j)(ti) = 2+(q2−1)a2 +(q3−1)a3,

the coe�cient of xq1
1 xq2

2 xq3
3 . The surface X �ts in the diagram

X F(0,a2,a3)

P1
[ti]
.

ϕ

π

The �bration π induces the �bration

ϕ : X → P1

whose �bres are cubic curves; elliptic if nonsingular

E3 = V( f (t,x j))⊂ P2
[x j]

, t ∈ P1
[ti]

with f (ti,x j) being the sum of monomials α(q1,q2,q3)(ti)x
q1
1 xq2

2 xq3
3 for �xed t = [t1 : t2] over

partitions (q1,q2,q3) of 3. We can represent these partitions in a triangle giving a Newton

triangle of monomials spanning C[P2
[x j]

]3
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(3,0,0)

(2,1,0) (2,0,1)

(1,2,0) (1,1,1) (1,0,2)

(0,3,0) (0,2,1) (0,1,2) (0,0,3)

Table 4.2: Unweighted partitions of 3

x3
1

x2
1x2 x2

1x3

x1x2
2 x1x2x3 x1x2

3

x3
2 x2

2x3 x2x2
3 x3

3.

Table 4.3: Newton triangle basis of C[P2
[x j]

]3

The Newton triangle of corresponding degrees 2+(q2−1)a2 +(q3−1)a3 of coe�cients

of the monomials xq1
1 xq2

2 xq3
3 is

These degrees increase from left to right along horizontal rows of the triangle by a3−a2,

down the left side of the triangle by a2 and down the right side of the triangle by a3.

If X is nonsingular, then by adjunction it is a K3 surface, and the map ϕ : X → P1
is a

�bration by plane cubic curves E3 ⊂ P2.

If L2−a2−a3,3 being very ample on the scroll F(0,a2,a3), then X a is nonsingular surface

by the classical form of Bertini’s theorem. The divisor class of F(0,a2,a3) is very ample if

the extremal vector spaces

Sym2−a2−a3+3a3(t1, t2)x3
3,Sym2−a2−a3+3a2(t1, t2)x3

2 and Sym2−a2−a3(t1, t2)x3
1

are of dimension greater than 1. In particular, −KF(0,a2,a3) = L2−a2−a3,3 is very ample on

F(0,a2,a3) is equivalent to the vertices of the Newton triangle of degrees of coe�cients of

∏(q1,q2,q3)`3 xq j
j being positive

2−a2 +2a3 > 0, 2+2a2−a3 > 0, 2−a2−a3 > 0. (4.1)

The Inequality (4.1) together with the asssumption that a3 ≥ a2 ≥ 0 gives the three-fold

scrolls

F(0,a2,a3) = F(0,0,0) and F(0,0,1)

in which the respective K3 surface families X ∈ |−KF(0,a2,a3)| are nonsingular.

Nonsingularity of X also holds if L2−a2−a3,3 is base points free but not very ample on
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2−a2−a3
2−a3 2−a2

2+a2−a3 2 2−a2 +a3
2+2a2−a3 2+a2 2+a3 2−a2 +2a3.

Table 4.4: The degrees 2+(q2−1)a2 +(q3−1)a3 of the coe�cients of xq1
1 xq2

2 xq3
3

F(0,a2,a3) which is equivalent to the Inequalities (4.1) being non strict

2−a2 +2a3 ≥ 0, 2+2a2−a3 ≥ 0, 2−a2−a3 ≥ 0. (4.2)

In this case we get the further 3-fold scrolls

F(0,a2,a3) = F(0,0,2) and F(0,1,1)

in which the nonsingular elliptic-�bred K3 surfaces X are embedded.

We would like to �nd a weaker condition than very ampleness or base point freeness

of L2−a2−a3,3 that still implies nonsingularity of X . Our argument will be as follows:

assuming the base locus |L2−a2−a3,3| is nonempty, we �nd explicit sections of the linear

system |L2−a2−a3,3| that are nonsingular at the base locus. We want X to be nonsingular

in a neighbourhood of the base locus of |L2−a2−a3,3|.

The base locus Bs(|L2−a2−a3,3|) is given by setting some of the variables t1, t2,x1,x2,x3 to

zero with 0≤ dimBs(|L2−a2−a3,3|)≤ 2. This is a direct consequence of Proposition (3.6.1).

We start with dim(Bs(|L2−a2−a3,3|)) = 2. For a generic choice of the coe�cients

α(d1,d2,d3)`3(ti) ∈ Sym2+a2(d2−1)+a3(d3−1)(t1, t2) with d1 +d2 +d3 = 3,di ≥ 0;

we have that ti 6 | f (ti,x j). In this dimension, the worst case would give a singular

X = V( f3) = X ′∪Bs(|L2−a2−a3,3|)

where Bs(|L2−a2−a3,3|) is the surface scroll {xi = 0} ⊂ F(0,a2,a3). This would happen

when f3 = xiq is reducible with q(ti,x j) a quadratic in x j whereas X ′ is the quadric surface

X ′ =V(q)⊂ F(0,a2,a3); we want to exclude this case, so for nonsingularity of X we must

have x3 6 | f (ti,x j), x2 6 | f (ti,x j) and x1 6 | f (ti,x j). The condition for this is that at least one

of the monomials x3
1, x2

1x2, x1x2
2 and x3

2 on the left edge of the Newton triangle must occur

in f (ti,x j). Therefore, it is enough to see a nonzero α(030)(ti)x3
2 in f (ti,x j) which gives us

the condition that the corresponding degree of coe�cients

2+2a2−a3 ≥ 0 (4.3)
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should be nonnegative. Equivalently, as a consequence of Lemma (3.6.2), we have that non-

singularity of X is implied by Ba2 =F(0,a2),µBa1 = 2P1 6⊂X ; that is α(030)(ti)x3
2,α(201)(ti)x2

1x3

are respectively in f (ti,x j).

Suppose dim(Bs(|L2−a2−a3,3|)) = 1. The inequality (4.3) implies that the equation of a

general section of L2−a2−a3,3 has both a nonzero term involving x3
2 term and a nonzero

term involving x3
3 term hence

f (ti,x j)|{x1=x2=0} 6≡ 0 and f (ti,x j)|{x1=x3=0} 6≡ 0.

Therefore, the curve {x2 = x3 = 0} = C2,3 = Bs(|L2−a2−a3,3|) is the only base locus of

|L2−a2−a3,3| which corresponds to there being no nonzero x3
1 term in f (ti,x j). Then we

need to investigate what happens along C2,3. In this case, we have in an a�ne chart

U11 = {t1 = x1 = 1} ⊂ F(0,a2,a3) that

Sing(X̃)∩C̃2,3∩Ũ11 = V
(

f (ti,x j),
∂ f (ti,x j)

∂ t2
,
∂ f (ti,x j)

∂x2
,
∂ f (ti,x j)

∂x3
,x2,x3

)
(4.4)

∼= V(α(210))(t2),α(201)(t2))⊂ Ã3
t2,x2,x3

⊂U

where

X̃ = q−1(X)⊂ C2
ti \{(0,0)}×C3

x j
\{(0,0,0)}=U

q−→U/(C∗)2 = F(0,a2,a3).

We get 3 cases

1. If both α(201)(t2) and α(210)(t2) are zero then Sing(X̃)∩ C̃2,3 = C̃2,3. In this case, the

surface X is singular along the whole of the curve C2,3. We eliminate such X from our

search of mildly singular K3 surfaces.

2. If exactly one of α(2,1,0))(t2) and α(201)(t2) is nonzero, then we have that α(201)(t2) = 0
and α(210)(t2) 6= 0. This is because the former has a larger degree. We equivalently have

that

2−a2 ≥ 0 and 2−a3 < 0. (4.5)

Two situations arise in this case, namely α(201)(t2) is either a nonconstant or a nonzero

constant

(a) If α(201)(t2) is noncostant, that is 2−a2 > 0, we have that

Sing(X̃) = Sing(X̃)∩C̃2,3∩Ũ11 = {(Tk,0,0) ∈ Ã3
t2,x2,x3

: 1≤ k ≤ 2−a2} ⊂U

Sing(X) = {[1 : Tk;1 : 0 : 0] ∈ A3
t2,x2,x3

: 1≤ k ≤ 2−a2} ⊂ F(0,a2,a3)

q
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corresponding to the roots of α(201)(t2). These singular anticanonical hypersur-

faces are subvarieties of 3-fold scrolls F(0,a2,a3) where (a2,a3) are lattice points

of the polytope de�ned by 0≤ a2 ≤ a3, Inequality (4.3) and 0≤ a2 < 2 < a3. Such

hypersurfaces X are subvarieties of either of the 3-fold scrolls

F(0,a2,a3) = F(0,1,3) and F(0,1,4).

For the scrollF(0,1,3) above, the degrees of coe�cients of the monomials xq1
1 xq2

2 xq3
3

are

/0
/0 1

0 2 4
1 3 5 7.

The corresponding hypersurface is

X = V( f (ti,x j)) = V
(
x1x2

2 + r(ti)x2
1x3 +higher order terms

)
⊂ F(0,1,3)

with r linear in ti.

Locally in the chart U11 = {t1 = x1 = 1} ⊂ F(0,a2,a3) with r = µt2 +1, we get,

up to higher order terms,

Xa f f = V( f (t2,x2,x3)) = V(x2
2 + rx3)⊂ A3

<r,x2,x3>

which is a
1
2(1,1) or A1 surface singularity which can be resolved by a standard

blowup X̂a f f := Bl(0,0,0)Xa f f .

Performing this blowup on the projective variety X , we get an elliptically �bred

K3 surface X̂ .

X̂

X P1
[ti]
.

Bl0̄

Similarly for the scroll F(0,1,4) above, the degrees of coe�cients of the monomials

xq1
1 xq2

2 xq3
3 are
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/0
/0 1

/0 2 5
0 3 6 9.

The corresponding hypersurface is

Y = V( f (ti,x j)
′) = V

(
x3

2 + s(ti)x2
1x3 +higher order terms

)
⊂ F(0,1,4)

with s linear in ti.

Locally in the chart U11 ⊂ F(0,a2,a3) with s = νt2 +1; we get, upto higher order

terms,

Ya f f = V( f (t2,x2,x3)
′) = V(x3

2 + sx3)⊂ A3
<s,x2,x3>

which is a
1
3(1,2) or A2 surface singularity which can be resolved by a standard

blowup Ŷa f f := Bl(0,0,0)Ya f f .

Performing this blowup on the projective variety Y , we have a cubic �bred K3

surfaces Ŷ

Ŷ

Y P1
[ti]
.

Bl0̄

(b) If α(2,1,0)(t2) is nonzero constant, that is 2−a2 = 0 or a2 = 2 then Sing(X) = /0.
Together with the condition that a3 ≥ a2 ≥ 0, Inequality (4.3) and Inequality (4.5),

this case results in the lattice points (a2,a3) corresponding to 3-fold scrolls

F(0,a2,a3) = F(0,2,3), F(0,2,4), F(0,2,5) and F(0,2,6)

in which nonsingular genus-1-�bred K3 surfaces X are embedded.

3. If both α(2,0,1))(t2) and α(2,1,0)(t2) are nonzero or equivalently

2−a3 ≥ 0 =⇒ 2−a2 ≥ 0, (4.6)

then geometrically the roots of α(2,0,1))(t2) are di�erent from the roots of α(2,1,0)(t2) in

which case Sing(X) = /0. Together with the condition that a3 ≥ a2 ≥ 0 and Inequality

(4.3), this case result in the lattice points (a2,a3) corresponding to other 3-fold scrolls

F(0,a2,a3) = F(0,1,2) and F(0,2,2)

in which the nonsingular genus-1-�bred K3 surfaces X are embedded.
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We then obtain the Table (4.1) summarising with reason the models of 3-fold straight scrolls

F(0,a2,a3) in which the anticanonical elliptically �bred K3 surfaces are embedded.

Example 4.1.2. For the special case F(0,2,6),

X = V(x3
2 + x2

1x3 + other terms )⊂ F(0,2,6)

is the nonsingular K3 surface X whose equation involves constant coe�cients of x3
2 and

x2
1x3 so that every �bre of ϕ : X → P1

is an elliptic curve in Weierstrass normal form.

4.2 Elliptic �brations with weighted quartic �bres

Lemma 4.2.1. The unique normal form of the weighted 3-fold scroll F(a,b,c|1,1,2) is
F(0,a2,a3|1,1,2) with a2 ≥ 0, a3 ∈ Z.

Proof. Note that for k ∈ Z

F(a,b,c|1,1,2) = F
[

1 1 −a −b −c
0 0 1 1 2

]
∼= F

[
1 1 −a+ k −b+ k −c+2k
0 0 1 1 2

]
.

We could swap the weights wt(x1) = (a,1),wt(x2) = (b,1) and hence conveniently con-

clude that F(a,b,c|1,1,2) = F(0,a2,a3) with a2 ≥ 0, a3 ∈ Z.

Theorem 4.2.2. Let F = F(a1,a2,a3|1,1,2) be a P[1,1,2] bundle over P1 with quartic
elliptic �bres. There are 24 mildly singular quartic �bred K3 surfaces with the properties in
the Tables (4.5), (4.6).
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No. F= F(0,a2,a3|12,2) General X ∈ |−KF|
1 F(0,2,0|1,1,2) |−KF| is very ample, so a general X is nonsingular K3 surface

2 F(0,1,1|1,1,2) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 2× 1
2(1,1) singularities.

3 F(0,1,0|1,1,2) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1) singularity

4 F(0,1,−1|1,1,2) |−KF| is very ample, so a general X is nonsingular K3 surface

5 F(0,0,2|1,1,2) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 4× 1
2(1,1) singularities.

6 F(0,0,1|1,1,2) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 3× 1
2(1,1) singularities

7 F(0,0,0|1,1,2) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 2× 1
2(1,1) singularities

8 F(0,0,−1|1,1,2) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1) singularity.

9 F(0,0,−2|1,1,2) |−KF| is very ample, so a general X is nonsingular K3 surface

10 F(0,1,2|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 3× 1
2(1,1) singularities along{x1 = x2 = 0}

11 F(0,2,1|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with
1
2(1,1) singularities along{x1 = x2 = 0}

12 F(0,2,2|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 2× 1
2(1,1) singularities along{x1 = x2 = 0}

13 F(0,2,3|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 3× 1
2(1,1) singularities along{x1 = x2 = 0}

14 F(0,2,4|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 4× 1
2(1,1) singularities along{x1 = x2 = 0}

15 F(0,2,5|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 5× 1
2(1,1) singularities along{x1 = x2 = 0}

Table 4.5: F= F(0,a2,a3|1,1,2) for which a general X ∈ |−KF| is weighted quartic �bred

K3 surface or with quotient singularities.
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No. F= F(0,a2,a3|12,2) General X ∈ |−KF|
16 F(0,2,6|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 6× 1
2(1,1) singularities along{x1 = x2 = 0}

17 F(0,2,7|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 7× 1
2(1,1) singularities along{x1 = x2 = 0}

18 F(0,2,8|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with 8× 1
2(1,1) singularities along{x1 = x2 = 0}

19 F(0,3,2|1,1,2) Bs(|−KF|) = {x2 = y = 0}. General X ∈ |−KF| is quasismooth

with
1
2(1,1) singularities along{x1 = x2 = 0}

20 F(0,4,2|1,1,2) −KF is very ample, so a general X is nonsingular K3 surface

21 F(0,3,1|1,1,2) −KF is very ample, so a general X is nonsingular K3 surface

22 F(0,1,3|1,1,2) General X ∈ |−KF| is singular

with 4× 1
2(1,1) singularities along{x1 = x2 = 0}

and
1
2(1,1) along Bs(|−KF|) = {x2 = y = 0}.

23 F(0,1,4|1,1,2) General X ∈ |−KF| is singular

with 5× 1
2(1,1) singularities along{x1 = x2 = 0}

and
1
3(1,2) along Bs(|−KF|) = {x2 = y = 0}.

24 F(0,1,5|1,1,2) General X ∈ |−KF| is singular

with 6× 1
2(1,1) singularities along{x1 = x2 = 0}

and
1
4(1,3) along Bs(|−KF|) = {x2 = y = 0}.

Table 4.6: F = F(0,a2,a3|1,1,2) for which a general X ∈ |−KF| is a weighted quartic

�bred K3 surface with quotient singularities.

Proof. By Lemma (4.2.1), we have that

F= F(a1,a2,a3|1,1,2)∼= F(0,a2,a3|1,1,2), with a2 ≥ 0,a3 ∈ Z.

Assume that |−KF|= |L2−a2−a3,4| 6= /0 and take a general surface

X = V( f (ti,x j,y)) = V

 ∑
(q1,q2,q3)(1,1,2)`4

α(q j)(t1, t2)x
q1
1 xq2

2 yq3

 ∈ |L2−a2−a3,4|.

The �bration π : F(0,a2,a3|1,1,2)→ P1
induces the quartic �bration

ϕ : X → P1

whose �bres are quartic curves

E4 = V( f (t,x j,y)) = { f4(t,x2)+ y f2(t,x1,x2)+α(002)(t)y
2 = 0} ⊂ P2

[x,y,z][1,1,2]

for �xed t ∈ P1
[ti]
.
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x4
1

x3
1x2

x2
1y

x2
1x2

2

x1x3
2 x1x2y

x4
2 x2

2y y2.

Table 4.7: Newton triangle for the basis of C[P2
[x1:x2:y][1,1,2]]4

The degrees of coe�cients

degα(q j)(1,1,2)`4(ti) = 2+(q2−1)a2 +(q3−1)a3

of the monomials xq1
1 xq2

2 yq3
increase down the x1−x2 edge of the triangle by a2 and increase,

decrease or stay constant on the other two edges depending on the value of a3 ∈ Z.

The scroll F(0,a2,a3|1,1,2) =U/(C∗)2
has �nite

1
2(1,1,0) quotient singularities where

Sing(F(0,a2,a3|1,1,2)) = {x1 = x2 = 0}= {(t1 : t2;0 : 0 : 1)} ∼= P[ti].

Therefore, for a quasismooth quartic K3 surface

X = V( f (ti,x j))

= {α(002)(ti)y
2 + y(α(201)(ti)x

2
1 +α(111)(ti)x1x2 +α(021)(ti)x

2
2)+

4

∑
k=1

α((4−k)k0)(ti)x
4−k
1 xk

2 = 0},

we have that singularities on X are inherited from the ambient space

Sing X =X ∩Sing(F(0,a2,a3|1,1,2)) = V(α(002)(t2))×{[0 : 0 : 1]}

={pk = [β1k : β2k;0 : 0 : 1]|1≤ k ≤ degα(002)}.

So, near pk, we have that

X ∩{y = t2 = 1}= V( f (t1,x j)) = {α(002)(t1)+Other Terms = 0}.

With β1k a simple root of f (t1,x j), we have that
∂ f (t1,x j)

∂ t1
6= 0 by the implicit function

theorem. Therefore, up to the stabilizer Stab(C∗)2(F(0,a2,a3|1,1,2)), we have that (x1,x2)

is a set of local coordinates on X satisfying

(x1,x2) 7→ (−x1,−x2) hence

1
2
(1,1) singularity
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at pk for every k.

A general section of −KF = L2−a2−a3,4 having x4
1,x

4
2 and y2

terms in f4 implies base point

freeness (bpf) of −KF which in turn implies quasismoothness of a general X ∈ |−KF|.
Equivalently, bpf is implied by the degrees of the coe�cients α(q j)(1,1,2)`4(ti) of monomials

xq1
1 xq2

1 yq3
at the vertices of Newton triangle (4.7) being non-negative.

2−a2−a3 ≥ 0, 2+3a2−a3 ≥ 0, 2−a2 +a3 ≥ 0. (4.7)

The Inequality (4.7) together with Lemma (4.2.1) corresponds to the list 1− 9 of three-

fold scrolls in which the respective quasismooth families of quartic -�bred K3 surfaces

X ∈ |−KF(0,a2,a3|1,1,2)| are embedded. The (2−a2 +a3)× 1
2(0,1,1) singularities on each

X can then be resolved by blow up.

Further, and weaker than bpf, we check for quasismooth sections across the base locus of

|−KF(0,a2,a3|1,1,2)|. The base loci are of dimension at most two by setting all or some of the

variables x1,x2 and y to zero with 0≤ dimBs(|−KF|)≤ 2. This is a direct consequence of

Proposition (3.6.1).

If x1| f (ti,x j,y) then no term involving monomials on the opposite x2− y edge of the

Newton triangle (4.7) would be in f (ti,x j,y); this is also true for x2 and y with monomials

on the corresponding opposite sides of the triangle. Therefore dim(Bs(L2−a1−a2−a3,4))≤ 1
for a general X ∈ |L2−a2−a3,4| to be irreducible. That is, x1,x2,y 6 | f (ti,x j,y) which precisely

means that f (ti,x j,y) must have one term from each edge of the Newton triangle (4.7).

Equivalently, it is enough to have nonzero α(040)(ti)x4
2 and the larger (in terms of degree

of coe�cient α) of α(400)(ti)x4
1 or α(002)(ti)y2

nonzero

2+3a2−a3 ≥ 0, Max(2−a2−a3,2−a2 +a3)≥ 0,a3 6= 0. (4.8)

If dim(Bs(|L2−a2−a3,4|)) = 1 then we have, in addition to Inequality (4.8), that

Min(2−a2−a3,2−a2 +a3)< 0. (4.9)

The Inequalities

a3 > 0,

a2 ≥ 0,

2+3a2−a3 ≥ 0,

2−a2 +a3 ≥ 0 and

2−a2−a3 < 0
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imply absence of x4
1 in f (ti,x j) hence

Bs(|−KF|) = {x2 = y = 0}=C2y.

The Inequalities

a3 < 0,

a2 ≥ 0,

2+3a2−a3 ≥ 0,

2−a2 +a3 < 0 and

2−a2−a3 ≥ 0

imply absence of y2
in f (ti,x j) hence

Bs(|−KF|) = {x1 = x2 = 0}=C12.

This results in two cases

(i) Where Bs(|−KF|) =C2y, we get that the singularities on the cone X̃ = q−1(X)⊂U

over X are

Sing(X̃)∩C̃2y = V(α(310))(ti),α(201)(ti))⊂U (4.10)

where C̃2y = q−1(C2y)⊂U with

q : C2 \{(0,0)}×C3 \{(0,0,0)}=U →U/(C∗)2 = F(0,a2,a3|1,1,2)).

To get isolated singularities, we must have that x1 6 |
∂ f (ti,x j)

∂x2
,

∂ f (ti,x j)
∂y ; equivalently, we

get a further constraint

Max(degα(310),degα(201)) = Max(2−a3,2−a2)≥ 0. (4.11)

The Inequalities corresponding to Bs(−KF(0,a2,a3|1,1,2)) =C2y with a2 = 2 and a3 ≥ 2
(or a2 ≥ 2 and a3 = 2) are such that

Sing(X̃)∩C̃2y = V(1) = /0.

This results in the list of ambient threefold scrolls F(a1,a2,a3|1,1,2)

F(0,1,2|1,1,2),F(0,2,1|1,1,2),F(0,2,2|1,1,2),F(0,2,3|1,1,2),

F(0,2,4|1,1,2),F(0,2,5|1,1,2),F(0,2,6|1,1,2),F(0,2,7|1,1,2),

F(0,2,8|1,1,2),F(0,3,2|1,1,2) and F(0,4,2|1,1,2)
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in which the respective general K3 surfaces X ∈ |−KF(0,a2,a3|1,1,2)| are quasismooth

and quartic �bred. Their (2−a2+a3)× 1
2(1,1) singularities along SingF(0,a2,a3|1,1,2)=

C12 are resolved by blowing them up. Otherwise (without the constraints on a2 and

a3), other than their respective (2−a2 +a3)× 1
2(1,1) singularities along C12, the K3

surfaces X embedded in the scrolls

F(a1,a2,a3|1,1,2) =F(0,1,3|1,1,2),F(0,1,4|1,1,2),F(0,1,5|1,1,2)

and F(0,3,1|1,1,2)

have additional isolated singularities along Bs(−KF(0,a2,a3|1,1,2)) = C2y. From the

degrees of the coe�cient of xq1
1 xq2

2 yq3
in f (ti,x j), we have the following equations up

2−a2−a3

2−a3

2−a2

2+a2−a3

2+2a2−a3 2

2+3a2−a3 2+a2 2−a2 +a3

Table 4.8: Degrees deg
(

α(q j)(1,1,2)`4(ti)
)

to higher order terms:

(i) X1 = V
(
x2

1x2
2 + r1(ti)x2

1y+ s1(ti)x1x3
2 +H.O.T

)
⊂ F(0,1,3|1,1,2);

(ii) X2 = V
(
x1x3

2 + r2(ti)x2
1y+ s2(ti)x4

2 +H.O.T

)
⊂ F(0,1,4|1,1,2);

(iii) X3 = V
(
x4

2 + r3(ti)x2
1y+H.O.T

)
⊂ F(0,1,5|1,1,2) and

(iv) X4 = V
(
y2 + r4(ti)x3

1x2 +H.O.T

)
⊂ F(0,3,1|1,1,2)

where rk,sk are linear in ti for 1≤ k ≤ 4.

Now, in the chart {t1 = x1 = 1} ∼= A3
<t2,x2,y> with X ′k = Xk∩A3

<t2,x2,y>, we have

(i) X ′1 = V
(
x2

2 + r1(t2)y+ s1(t2)x3
2 +H.O.T

)
=⇒ 1

2(1,1);

(ii) X ′2 = V
(
x3

2 + r2(t2)y+ s2(t2)x4
2 +H.O.T

)
=⇒ 1

3(1,2);

(iii) X ′3 = V
(
x4

2 + r3(t2)y+H.O.T

)
=⇒ 1

4(1,3) and

(iv) X ′4 = V
(
y2 + r4(t2)x2 +H.O.T

)
=⇒ 1

2(1,1)
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where rk,sk are linear in t2 for 1≤ k ≤ 4.

(ii) Along the curve

Bs(−KF(0,a2,a3|1,1,2)) =C12 = SingF(0,a2,a3|1,1,2)∼= P1
[ti],

the singularities

Sing(X̃)∩C̃12 = V
(

f (ti,x j),
∂ f (ti,x j)

∂x1
,
∂ f (ti,x j)

∂x2
,x1,x2

)
=U

coincide with those of the ambient space F(0,a2,a3|1,1,2) which are not isolated. In

conclusion, sections of −KF are not considered.

4.3 Elliptic �brations with weighted sextic �bres

Lemma 4.3.1. The unique normal form of the weighted 3-fold scroll F(a,b,c|1,2,3) is
F(0,a2,a3|1,2,3) with a2,a3 ∈ Z.

Proof. Note that for k ∈ Z

F(a,b,c|1,2,3) = F
[

1 1 −a −b −c
0 0 1 2 3

]
∼= F

[
1 1 −a+ k −b+2k −c+3k
0 0 1 2 3

]
.

Hence, with k = a, we can conclude that, uniquely, F(a,b,c|1,2,3) ∼= F(0,a2,a3) with

a2,a3 ∈ Z.

Theorem 4.3.2. Let F= F(a1,a2,a3|1,2,3) be a P[1,2,3] bundle over P1 with sextic �bres.
There are 31 mildly singular sextic �bred K3 surfaces with the properties on the Tables (4.9)

and (4.10).
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No. F= F(0,a2,a3|1,2,3) General X ∈ |−KF|
1 F(0,2,0|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 6× 1
3(1,1) singularity

2 F(0,1,1|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 2× 1
2(1,1),3×

1
3(1,1) singularity.

3 F(0,1,0|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1),4×

1
3(1,1) singularity

4 F(0,1,−1|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 2× 1
2(1,1),3×

1
3(1,1) singularity.

5 F(0,0,2|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 4× 1
2(1,1) singularity.

6 F(0,0,1|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 3× 1
2(1,1),

1
3(1,1) singularities

7 F(0,0,0|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 2× 1
2(1,1),2×

1
3(1,1) singularities

8 F(0,0,−1|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1),3×

1
3(1,1) singularities.

9 F(0,0,−2|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 4× 1
3(1,1) singularity.

10 F(0,−1,−1|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 2× 1
2(1,1),

1
3(1,1) singularities.

11 F(0,−1,−2|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1),2×

1
3(1,1) singularity.

12 F(0,−2,−3|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1),

1
3(1,1) singularity.

13 F(0,−1,0|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 3× 1
2(1,1) singularity.

14 F(0,−1,−3|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 3× 1
3(1,1) singularity.

15 F(0,−2,−2|1,2,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 2× 1
2(1,1) singularity.

16 F(0,−2,−4|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 2× 1
3(1,1) singularity.

17 F(0,−3,−4|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1) singularity.

18 F(0,−3,−5|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
3(1,1) singularity.

19 F(0,−4,−6|1,2,3) General X ∈ |−KF| is quasismooth. No isolated singularities

Table 4.9: F= F(0,a2,a3|1,2,3) for which a general X ∈ |−KF| is weighted sextic �bred

K3 surface or with quotient singularities along Bs(|−KF|)
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No. F= F(0,a2,a3|1,2,3) General X ∈ |−KF|
20 F(0,4,2|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 8× 1
3(1,1) singularity.

21 F(0,3,2|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with
1
2(1,1),6×

1
3(1,1) singularity.

22 F(0,3,1|1,2,3) General X ∈ |−KF| is singular with

7× 1
3(1,1) singularities along Sing(F) and

1
2(1,1) singularity along Bs(|−KF|) = {y = z = 0}.

23 F(0,2,6|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 6× 1
2(1,1) singularity.

24 F(0,2,5|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 5× 1
2(1,1),

1
3(1,1) singularity.

25 F(0,2,4|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 4× 1
2(1,1),2×

1
3(1,1) singularity.

26 F(0,2,3|1,2,3) |−KF| base point free, general X ∈ |−KF| is quasismooth

with 3× 1
2(1,1),3×

1
3(1,1) singularity.

27 F(0,2,2|1,2,3) Bs(|−KF|) = {y = z = 0}. General X ∈ |−KF| is quasismooth

with 4× 1
2(1,1) singularities along {x1 = x2 = 0}

28 F(0,2,1|1,2,3) General X ∈ |−KF| is quasismooth

with
1
2(1,1),5×

1
3(1,1) singularities along {x1 = x2 = 0}

29 F(0,1,4|1,2,3) General X ∈ |−KF| is singular with

5× 1
2(1,1) singularities along Sing(F) and

1
3(1,2) singularity along Bs(|−KF|) = {y = z = 0}.

30 F(0,1,3|1,2,3) General X ∈ |−KF| is singular with

4× 1
2(1,1),

1
3(1,1), singularities along Sing(F) and

1
2(1,1) singularity along Bs(|−KF|) = {y = z = 0}.

31 F(0,1,2|1,2,3) General X ∈ |−KF| is quasismooth

with 3× 1
2(1,1),2×

1
3(1,1) singularities along {x1 = x2 = 0}

Table 4.10: F= F(0,a2,a3|1,2,3) for which a general X ∈ |−KF| is weighted sextic �bred

K3 surface or with quotient singularities along Bs(|−KF|)

Proof. Let F = F(a1,a2,a3|1,2,3) be as in the Lemma (4.3.1) and assume that the

anticanonical divisor class

−KF = (2−a2−a3)L+(1+2+3)M = L2−a2−a3,6

of F is such that |L2−a2−a3,6| 6= /0. Take a general surface

X = V( f6) = V

 ∑
(q1,q2,q3)(1,2,3)`6

α(q j)(t1, t2)x
q1yq2zq3

 ∈ |L2−a1−a2−a3,6|

where the coe�cient α(q j)(t1, t2) ∈ C[Pti] of xq1yq2zq3
is of degree

degα(q j)(ti) = 2+(q2−1)a2 +(q3−1)a3.

71



As before, the �bration π : F(0,a2,a3|1,2,3)→ P1
induces the elliptic �bration

ϕ : X → P1

whose �bres are sextic curves

E6 = V( f (t,x,y,z))⊂ P2
[x,y,z][1,2,3], for �xed t ∈ P1

[ti].

We can represent these partitions (q1,q2,q3)(1,2,3) ` 6, hence the monomials xq1yq2zq3, in

a sparser Newton triangle.

x6

x4y

x3z

x2y2

xyz

y3 z2.

Table 4.11: Newton triangle for the basis of C[P2
[x:y:z][1,2,3]]6

The degrees of coe�cients of the monomials xq1yq2zq3
increases, decreases or stays constant

on the three edges depending on the value of a2,a3 ∈ Z.

The scroll F(0,a2,a3|1,2,3) =U/(C∗)2

X F(0,a2,a3|1,2,3) U

P1
[ti]

C2
ti,t2 \{(0,0)},

f=π|X
π

q

pr1

where

U = C2
ti,t2 \{(0,0)}×C3

x,y,z \{(0,0,0)},

has �nite quotient singularities. These are

1
3
(1,1,0) along {x = y = 0}

and

1
2
(1,0,1) along {x = z = 0}
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where

Sing(F(0,a2,a3|1,2,3)) = {x = y = 0}∪{x = z = 0}.

A quasismooth sextic K3 surface X ∈ |−KF(0,a2,a3|1,2,3)| inherits its singularities

Sing X ={pm = [β1m : β2m;0 : 0 : 1] : 1≤ m≤ degα(002)}∪

{qn = [β1n : β2n;0 : 1 : 0] : 1≤ n≤ degα(030)}

from the ambient space.

Locally around pm, up to (C∗)2
stabilizers on the ambient space, we have that

(x,y) 7→ (εx,εy) with ε = exp
(

2πi
wt(z)

)
6= 1 where wt(z) = 3 on P[1,2,3].

These pm are indeed, therefore,
1
3(1,1) isolated singularities on X . We deduce similarly,

that there are
1
2(1,1) isolated singularities at qn .

Base point freeness of−KF = L2−a2−a3,6 on F= F(0,a2,a3|1,2,3) is implied by its general

section having terms involving monomials at the vertices of the triangle in Table (4.11).

Equivalently,

2−a2−a3 ≥ 0, 2+2a2−a3 ≥ 0, 2−a2 +a3 ≥ 0. (4.12)

That is, we have nonnegative degrees at the vertices of the triangle below.

2−a2−a3

2−a3

2−a2

2+a2−a3

2

2+2a2−a3 2−a2 +a3.

Table 4.12: Degrees deg
(

α(q j)(1,2,3)`6(ti)
)

The Inequality (4.12) together with Lemma (4.3.1) results in the list of ambient threefold
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scrolls F(0,a2,a3|1,2,3)

F(0,0,0|1,2,3),F(0,0,1|1,2,3),F(0,1,0|1,2,3),F(0,0,−1|1,2,3),

F(0,−1,−1|1,2,3),F(0,−1,−2|1,2,3),F(0,−2,−3|1,2,3),

F(0,0,2|1,2,3),F(0,1,1|1,2,3),F(0,2,0|1,2,3),F(0,1,−1|1,2,3),

F(0,0,−2|1,2,3),F(0,−1,0|1,2,3),F(0,−1,−3|1,2,3),

F(0,−2,−2|1,2,3),F(0,−2,−4|1,2,3),F(0,−3,−4|1,2,3),

F(0,−3,−5|1,2,3) and F(0,−4,−6|1,2,3)

in which a general X ∈ |L2−a2−a3,6| is quasismooth sextic �bred K3 surfaces; they are

numbered 1−19 in the Table (4.9).

Further, we want X to be quasismooth in a neighbourhood of the base locus of |L2−a2−a3,6|
with weaker condition than base point freeness. As a consequence of Proposition (3.6.1),

base loci is of dimension at most two by setting all or some of the variable x,y and z to

zero.

The dimension dim(Bs(|L2−a2−a3,6|)) 6= 2 for if otherwise, a general X ∈ |L2−a2−a3,6|would

be reducible. We must therefore have that x,y,z 6 | f (ti,x,y,z) or equivalently

m = Max{2−a2−a3,2+2a2−a3,2−a2 +a3} ≥ 0,

Max{2−a2−a3,2+2a2−a3,2−a2 +a3}\{m} ≥ 0.
(4.13)

Suppose the dimension dim(Bs(|L2−a2−a3,6|)) = 1. The Inequalities (4.13) imply the fol-

lowing three cases of base locus Bs(|L2−a2−a3,6|) (six Inequalities if we order the two

nonnegative vertices in Table (4.12)) Inequalities (4.14) below

{y = z = 0}=Cyz if 2−a2 +a3 ≥ 0,3a2−2a3 ≥ 0,2−a2−a3 < 0 or

if 2+2a2−a3 ≥ 0,−3a2 +2a3 ≥ 0,2−a2−a3 < 0
=⇒ no x6

in f (ti,x j);
{x = z = 0}=Cxz if 2-a2 +a3 ≥ 0,−2a3 ≥ 0,2+2a2−a3 < 0 or

if 2−a2−a3 ≥ 0,2a3 ≥ 0,2+2a2−a3 < 0
=⇒ no y3

in f (ti,x j);
{x = y = 0}=Cxy if 2+2a2−a3 ≥ 0,−3a2 ≥ 0,2−a2 +a3 < 0 or

if 2−a2−a3 ≥ 0,3a2 ≥ 0,2−a2 +a3 < 0
=⇒ no z2

in f (ti,x j).

(4.14)

This result in three cases
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(i) Along the curve Bs(−KF(0,a2,a3|1,2,3)) =Cyz, we get that the singularities on the cone

X̃ = q−1(X)⊂U over X are

Sing(X̃)∩C̃yz = V(α(410))(ti),α(301)(ti))⊂U. (4.15)

where C̃yz = q−1(Cyz)⊂U. To get isolated singularities, we get a further constraint

Max(degα(410),degα(301)) = Max(2−a3,2−a2)≥ 0. (4.16)

The Inequalities (4.14) corresponding to Bs(−KF(0,a2,a3|1,2,3)) =Cyz with a2 = 2 and

a3 ≥ 2 (or a2 ≥ 2 and a3 = 2) are such that

Sing(X̃)∩C̃yz = V(1) = /0.

These are threefold scrolls F(0,a2,a3|1,2,3)

F(0,1,2|1,2,3),F(0,2,1|1,2,3),F(0,2,2|1,2,3),F(0,2,3|1,2,3),

F(0,2,4|1,2,3),F(0,2,5|1,2,3),F(0,2,6|1,2,3),F(0,3,2|1,2,3)

and F(0,4,2|1,2,3)

in which the sextic �bred respective general K3 surfaces X ∈ |−KF(0,a2,a3|1,2,3)| have

(2−a2+a3)× 1
2(1,1) and (2+2a2−a3)× 1

3(1,1) quotient singularities. Without the

constraints on a2 and a3, we expect singularities on X other than the (2−a2 +a3)×
1
2(1,1) and the (2+2a2−a3)× 1

3(1,1) quotient singularities from Sing(F(0,a2,a3|1,2,3)∼=
P1∪P1. These K3 surfaces X are embedded in the scrolls

F(0,a2,a3|1,2,3) = F(0,1,3|1,2,3),F(0,1,4|1,2,3) and F(0,3,1|1,2,3)

with additional isolated singularities along Bs(−KF(0,a2,a3|1,2,3)) =Cyz. From the tri-

angle (4.12) of the coe�cient of xq1yq2zq3
in f (ti,x j), we have the following up to

higher order terms:

(i) X1 = V
(
x2y2 + r1(ti)x3z+ s1(ti)y3 +H.O.T

)
⊂ F(0,1,3|1,2,3);

(ii) X2 = V
(
y3 + r2(ti)x3z+H.O.T

)
⊂ F(0,1,4|1,2,3) and

(iii) X3 = V
(
z2 + r3(ti)x4y+H.O.T

)
⊂ F(0,3,1|1,2,3)

where rk,sk is linear in ti for 1≤ k ≤ 3.

Locally in the chart {x = t1 = 1} ∼= A<t2,y,z>, we have the following singularities on

X ′k = Xk∩A3
<t2,y,z> up to higher order terms:
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(i) X ′1 = V
(
y2 + r1(t2)z+ s1(t2)y3 +H.O.T

)
=⇒ 1

2(1,1);

(ii) X ′2 = V
(
y3 + r2(t2)z+H.O.T

)
=⇒ 1

3(1,2) and

(iii) X ′3 = V
(
z2 + r3(t2)y+H.O.T

)
=⇒ 1

2(1,1)

where rk,sk is linear in ti for 1≤ k ≤ 3.

(ii) Along each of the other curves Bs(−KF(0,a2,a3|1,2,3)) =Cxz,Cxy we have that Sing(X̃)∩
C̃∗ = U which is not interesting to us; these singularities are not isolated hence

ignored.
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Chapter 5

K3 �bred Calabi–Yau Hypersurfaces
in Weighted scrolls

In this chapter, we construct models of Calabi–Yau threefolds �bred by K3 surfaces S4 ∈
P3

and S6 ⊂ P[1,1,1,3] from Miles Reid’s "Famous 95" list in [Fle00]. In particular, we

extend lists in appendix A of [Mul06] by relaxing the stronger quasismoothness condition

on the Calabi–Yau threefold families; we would like a general K3 �bred Calabi–Yau threefold

X ∈ |−KF(a j|b j)| to be well-formed and have cannonical singularities along the base locus

of | −KF(a j|b j)|. Starting with known �bre data (b j), �nding the twisting data (a j) is

equivalent to classifying K3 �bred Calabi–Yau threefolds with orbifold singularities and a

�nite number of isolated singularities along the base locus of |−KF(a j|b j)|.

5.1 Calabi–Yau threefolds with quartic K3 �bres

5.1.1 Construction

By the standard isomorphism theorem and the assumption that a1 = 0, let

F(a1,a2,a3,a4)∼= F(0,a2,a3,a4)

be a 4-fold scroll over P1
with a4 ≥ a3 ≥ a2 ≥ 0. Assuming that the anticanonical linear

system

|−KF(0,a2,a3,a4)|= |L2−a2−a3−a4,4| 6= /0

is nonempty, we take a general 3-fold

X = V

(
∑

(q1,q2,q3,q4)`4
α(q j)(t1, t2)x

q1
1 xq2

2 xq3
3 xq4

4

)
⊂ F(0,a2,a3,a4)

in |L2−a2−a3−a4,4| with xq1
1 xq2

2 xq3
3 xq4

4 from the Newton tetrahedron in Figure (5.1).
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Figure 5.1: Newton tetrahedron of the 35 monomial basis of C[P3
x j
]4.

The corresponding degrees

degα(q j) = 2+(q2−1)a2 +(q3−1)a3 +(q4−1)a4

of coe�cients α(q j) of the monomials xq1
1 xq2

2 xq3
3 xq4

4 increase

1. by a2 down the x1− x2-edge, by a3 down the x1− x3-edge and by a4 down the

x1− x4-edge,

2. by a3−a2 from the x1− x2-edge to the x1− x3-edge,

3. by a4−a3 from the x1− x3-edge to the x1− x4-edge,

4. by a4−a2 from the x1− x2-edge to the x1− x4-edge.

The 3-fold X �ts in the diagram

X F(0,a2,a3,a4)

P1
[ti]
.

ϕ
π
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The �bres of the �bration

ϕ : X → P1

induced by the �bration π are quartic surfaces

C4,t = V( f (ti,x4))⊂ P3
[x j]

, t ∈ P1
[ti]

with

f (ti,x j) = ∑
(q1,q2,q3,q4)`4

α(q1,q2,q3,q4)([t1 : t2])x
q1
1 xq2

2 xq3
3 xq4

4 ∈ C[P3
[x j]

]4 for �xed t = [t1 : t2].

The following theorem characterizes quartic �bred Calabi–Yau threefolds with at most

orbifold singularities and a �nite number of isolated singularities along the base locus of

|−KF(a j)|..

Theorem 5.1.1. There are exactly 10 families of quartic-�bred CY3 embedded in 4-fold
straight scrolls F(0,a2,a3,a4) as anticanonical hypersurfaces and whose general member is
either nonsingular or has only isolated singularities. The Table (5.1) below gives a reason why
each family is either nonsingular or has only isolated singularities. The table also shows the
dimension of the moduli space of embedded deformations.

No. F= F(0,a2,a3,a4) General X ∈ |−KF| is nonsingular or with mild isolated singularities dim(M−KF)

1 F(0,0,0,0) −KF is base-point-free with a general X nonsingular 86

2 F(0,0,0,1) −KF is base-point-free with a general X nonsingular 118

3 F(0,0,0,2) −KF is base-point-free with a general X nonsingular 83

4 F(0,0,1,1) −KF is base-point-free with a general X nonsingular 86

5 F(0,0,1,2) General X ∈ |−KF| has 3 isolated ODP singularities on Bs(|−KF|) 86

6 F(0,0,2,2) General X ∈ |−KF| is nonsingular 91

7 F(0,1,1,1) General X ∈ |−KF| is nonsingular 73

8 F(0,1,1,2) General X ∈ |−KF| is nonsingular 86

9 F(0,1,1,3) General X ∈ |−KF| is nonsingular 89

10 F(0,1,1,4) General X ∈ |−KF| is nonsingular 95

Table 5.1: F=F(0,a2,a3,a4) for which a general X ∈ |−KF| has at most threefold Ordinary

Double Point singularities along Bs(|−KF|).

Proof. If X is nonsingular, its canonical divisor class KX is trivial by adjunction and

the map ϕ : X → P1
is a �bration by quartic surfaces C4,t ⊂ P3.

By Proposition (3.5.4), base point freeness of −KF = L2−a2−a3−a4,4 is equivalent to the

Inequalities

2−a2−a3 +3a4 ≥ 0, (5.1)

2−a2 +3a3−a4 ≥ 0,

2+3a2−a3−a4 ≥ 0,

2−a2−a3−a4 ≥ 0.
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The Inequalities (5.1) then correspond to smooth threefolds families X ∈ |−KF(a1,a2,a3,a4)|
with the four-fold scrolls

F(a1,a2,a3,a4) = F(0,0,0,0), F(0,0,0,1),F(0,0,0,2) and F(0,0,1,1).

These are Calabi–Yau threefolds by adjunction.

We would, as in the previous discussions, like to �nd a weaker condition than base

point freeness of −KF(a1,a2,a3,a4) = L2−a2−a3−a4,4 that would result in a not-too-singular

X . That is, assuming Bs(|L2−a2−a3−a4,4|) 6= /0 we would like to �nd explicit sections of

|L2−a2−a3−a4,4| that have isolated singularities along the base locus; resulting in an X that

is not too singular in a neighbourhood of the base locus of |L2−a2−a3−a4,4|.

The base locus Bs(|L2−a2−a3−a4,4|) is of dimension at most three by Proposition (3.6.1) and is

de�ned by setting all or some of the variables to zero. The worst case, dim(Bs(L2−a2−a3−a4,3))=

3, would give a singular

X = V( f4) = X ′∪Bs(|L2−a2−a3−a4,4|)

where Bs(|L2−a2−a3−a4,4|) = {xi = 0} ⊂ F(0,a2,a3,a4). This would happen when f4 = xih

is reducible with h(ti,x j) a cubic in x j where X ′ is the cubic X ′ = V(h) . For X to be not

too singular, we must therefore have x4 6 | f4, x3 6 | f4, x2 6 | f4 and x1 6 | f4. For a generic choice

of the coe�cients α(q1,q2,q3,q4)`4(ti), we also have that ti 6 | f (ti,x j). The condition for this

is that at least one of the monomials on the x1− x2− x3 face of the Newton tetrahedron

in Figure (5.1) occurs in f (ti,x j). It therefore su�ces to have α(0,0,4,0)(ti)x4
3 in f (ti,x j).

The equivalent condition is that the largest corresponding degree of coe�cients of the 15

monomials xq1
1 xq2

2 xq3
3 xq4

4 in the x1− x2− x3-face should be nonnegative

2−a2 +3a3−a4 ≥ 0. (5.2)

Suppose dim(Bs(|L2−a2−a3−a4,4|)) = 2. The inequality (5.2) implies that the equation of a

general section of L2−a2−a3−a4,4 simultaneously has nonzero terms involving x4
3 and x3

4

hence

f (ti,x j)|{xi=x j=0} 6≡ 0

for all i, j < 3. Therefore of the six surfaces {xi = x j = 0 : 1≤ i < j ≤ 4}, the base locus is

Bs(|L2−a2−a3−a4,4|) = {x3 = x4 = 0}= D34.

This is equivalent to there being no terms on the x1− x2-edge of the Newton tetrahedron

(5.1) in f (ti,x j); that is, there are no xk
1x4−k

2 terms in f (ti,x j) for all k = 0,1,2,3,4 for if
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otherwise f (ti,x j)|x3=x4=0 6≡ 0 which contradicts our interest for X34 to be a base locus

of |L2−a2−a3−a4,4|. Since x4
2 has the coe�cient of highest degree of the �ve terms, we

equivalently have that there is no x4
2 term in f (ti,x j) and that

2+3a2−a3−a4 < 0 (5.3)

Further, with f (ti,x j) expressed as a linear combination of monomials in the Newton

tetrahedron in Figure (5.1) with corresponding coe�cients α(q j)(t1, t2), it is then observed

from

∂ f (ti,x j)

∂x4

∣∣∣∣
x3=x4=0

= α3001(t1, t2)x3
1 +α2101(t1, t2)x2

1x2 +α1201(t1, t2)x1x2
2 +α0301(t1, t2)x3

2 and

(5.4)

∂ f (ti,x j)

∂x3

∣∣∣∣
x3=x4=0

= α3010(t1, t2)x3
1 +α2110(t1, t2)x2

1x2 +α1210(t1, t2)x1x2
2 +α0310(t1, t2)x3

2

(5.5)

that

Sing(X)∩X34 = V
(

f ,
∂ f
∂ t1

,
∂ f
∂ t2

,
∂ f
∂x1

,
∂ f
∂x2

,
∂ f
∂x3

,
∂ f
∂x4

,x3,x4

)
(5.6)

= V
(

∂ f
∂x3

,
∂ f
∂x4

,x3,x4

)
, since f ,

∂ f
∂ t1

,
∂ f
∂ t2

,
∂ f
∂x1

,
∂ f
∂x2
∈< x3,x4 >

and where f = f (ti,x j) under the assumption of Inequality (5.3).

We also note that, for X to have isolated singularities, then the �rst term of Equation

(5.4) and the last term of Equation (5.5) must be nonzero so that both x1,x2 6
∣∣∂ f (ti,x j)

∂x4
and

x1,x2 6
∣∣∂ f (ti,x j)

∂x3
. Equivalently,

2−a2−a3 ≥ 0 and 2+2a2−a4 ≥ 0. (5.7)

Therefore, with the condition that a4 ≥ a3 ≥ a2 ≥ 0, Inequalities (5.2), (5.3) and (5.7) result

in the lattice point (a2,a3,a4) corresponding to a 4-fold scroll

F(0,a2,a3,a4) = F(0,0,1,2) and F(0,0,2,2)

in which Calabi–Yau threefolds with isolated singularities are embedded.

For these scroll F(0,0,1,2) and F(0,0,2,2) the degrees of coe�cients of the monomials

xq1
1 xq2

2 xq3
3 xq4

4 are given in Figures 5.2 and 5.3 .
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Figure 5.2: Degrees of α(q j)(ti)
of f (ti,x j) for X = V( f (ti,x j)) ⊂
F(0,0,1,2)
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Figure 5.3: Degrees of α(q j)(ti) of g4 for

Y = V(g4)⊂ F(0,0,2,2)

For F(0,0,1,2), the corresponding threefold is

X = V( f (ti,x j)) = V(c1x(3010)+ c2x(2110)+ c3x(1210)+ c4x(0310)+ (5.8)

α1(ti)x(3001)+α1(ti)x(2101)+α1(ti)x(1201)+α1(ti)x(0301)+α1(ti)x(2020)+α1(ti)x(1120)+

α1(ti)x(0220)+α2(ti)x(2011)+α2(ti)x(1111)+α2(ti)x(1030)+α2(ti)x(0130)+

α2(ti)x(0211)+α3(ti)x(1021)+α3(ti)x(1102)+α3(s)x(1201)
α3(ti)x(0202)+α3(ti)x(0121)+

α4(ti)x(1012)+α4(ti)x(0112)+α4(ti)x(0031)+α5(ti)x(2002)+α5(ti)x(1003)+α5(ti)x(0022)+

α6(ti)x(0013)+α7(ti)x(0103)), with general c j ∈ C.

The threefold isolated singularities are

Sing(X)∩D34 = V
(

∂ f
∂x3

,
∂ f
∂x4

,x3,x4

)
= V(c1x(3000)+ c2x(2100)+ c3x(1200)+ c4x(0300),

α1(ti)x(3000)+α1(ti)x(2100)+α1(ti)x(1200)+α1(ti)x(0300))

= {di = [γ1i : γ2i;β1i : β2i : 0 : 0] : i = 1,2,3 = (0,3).(1,3)} ⊂ D⊂ X ⊂ F(0,0,1,2)

where ([γ1i : γ2i], [β1i : β2i]) ∈ D34 satisfying

c1β
3
1i + c2β

2
1iβ2i + c3β1iβ

2
2i + c4β

3
2i = 0;

82



that is [β1i : β2i] is one of the 3 roots of a general homogeneous cubic in x1,x2 and

α1(γ1i,γ2i)β
3
1i +α1(γ1i,γ2i)β

2
1iβ2i +α1(γ1i,γ2i)β1iβ

2
2i +α1(γ1i,γ2i)β

3
2i = 0,

a linear equation in t1, t2 for a �xed [β1i : β2i].

Now, locally on the chart U12 = {t1 = x2 = 1} ∼= A4
t2,x1,x3,x4

, a local change of coordinates

t2 = t ′2 + γi, x1 = x′1 +β1i results in

X ∩U12 =V(x3(c1(x′1 +β1i)
3 + c2(x′1 +β1i)

2 + c3(x′1 +β1i)+ c4)+ x4(α1(t ′2 + γi)(x′1 +β1i)
3+

α1(t ′2 + γi)(x′1 +β1i)
2 +α1(t ′2 + γi)(x′1 +β1i)+α1(t ′2 + γi))+ higher order terms)

=V(δ1x′1x3 + x4(δ2t ′2 +δ3x′1)+ higher order terms), let t ′′2 := δ2t ′2 +δ3x′1

=V(x′1x3 + x4t ′′2+ higher order terms)⊂ A4
(t ′′2 ,x

′
1,x3,x4)

⊂ F(0,0,1,2),

with a full rank quadratic part f2 = x′1x3 + x4t ′′2 . Therefore, up to higher order terms, the

Calabi–Yau threefold X has 3 isolated threefold Ordinary Double Point (ODP) singularities

{di}.

On the other hand, for F(0,0,2,2), the corresponding threefold is

Y = V(g4) = V(d1x(3010)+d2x(2110)+d3x(1210)+d4x(0310)+d5x(3001)+ (5.9)

d6x(2101)+d7x(1201)+d8x(0301)+α2(ti)x(2020)+α2(ti)x(2011)+α2(ti)x(2002)+α2(ti)x(1120)+

α2(ti)x(1111)+α2(ti)x(1102)+α2(ti)x(0220)+α2(ti)x(0211)+α2(ti)x(0202)+α4(ti)x(1030)+

α4(ti)x(1021)+α4(ti)x(1012)+α4(ti)x(1003)+α4(ti)x(0130)+α4(ti)x(0121)+α4(ti)x(0112)+α4(ti)x(0103)+

α6(ti)x(0040)+α6(ti)x(0031)+α6(ti)x(0022)+α6(ti)x(0013)+α6(ti)x(0004)), with general dk ∈ C.

In this case, we have that

Sing(Y )∩Y34∩U12 = V
(

∂ f
∂x3

,
∂ f
∂x4

,x3,x4

)
= {d1x(3000)+d2x(2100)+d3x(1200)+d4x(0300) = 0,

d5x(3000)+d6x(2100)+d7x(1200)+d8x(0300) = 0}= /0⊂ F(0,0,2,2).

This gives a family Y ⊂ F(0,0,2,2) of nonsingular Calabi–Yau 3-folds.

Suppose dim(Bs(|L2−a2−a3−a4,4|))= 1. Since g4|x1=1 6≡ 0, a general section of L2−a2−a3−a4,4

must have no α(4000)(ti)x4
1 term, there is α(0400)(ti)x4

2 and at least one of

α(3100)(t2)x
3
1x2,α(3010)(t2)x

3
1x3, or α(3001)(t2)x

3
1x4
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appears in f (ti,x j) or equivalently

2−a2−a3−a4 < 0, 2+3a2−a3−a4 ≥ 0 and 2−a2−a3 ≥ 0. (5.10)

This would mean

f (ti,x j)|{x2=x3=x4=0} ≡ 0

so that the one-dimensional base locus is

X234 = {x2 = x3 = x4 = 0} ⊂ X = V( f (ti,x j))⊂ F(0,a2,a3,a4).

Along the curve X234 and on the chart U11 = {t1 = x1 = 1} we have that

Sing(X)∩X234∩U11 = V
(

∂ f
∂x2

,
∂ f
∂x3

,
∂ f
∂x4

,x2,x3,x4

)
= V(α(3100)(t2),α(3010)(t2),α(3001)(t2))⊂ A1

t2.

By assuming non-negativity of one, two, or all of the polynomials α(q j)(t2) de�ning

Sing(X)∩X234∩U11, it is the case when the generic choice of the polynomial α(3001)(t2)

is a nonzero constant and in particular when

degα(3001)(t2) = 2−a2−a3 = 0

which results in Sing(X)∩X234∩U11 being empty. This results in 4 families of nonsingular

Calabi–Yau threefolds embedded in fourfold scrolls

F(0,a2,a3,a4) = F(0,1,1,1), F(0,1,1,2), F(0,1,1,3) and F(0,1,1,4).

From de�nition (3.11.1), we have that dim(M−KF) is given by

=−1+ ∑
(q j)`4, degα(q j)

≥0
(1+degα(q j)(ti))−dimAut(F)

=−1+ ∑
(q j)(b j)

`d2

(d1 +
n

∑
i=1

aiqi)−dimAut(P1)−dimAut(F/P1).

We then have, for instance, that:

1. For the family of X2,4 ⊂ F(0,0,0,0) = P1×P3, we have that degα(q j)(ti) = 2 for all

the 35 monomials of Newton tetrahedron (5.1) . We then compute that

dim(M−KF) =−1+(2×35+35)−dimAut(P1×P3)

= 104−dimPGL(2)−dimPGL(4)

= 104− (4−1)− (16−1) = 86
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2. Consider the family of X ⊂ F(0,0,0,1). We know that on the Newton tetrahedron

(5.1), the degrees satisfy

(i) degα(q j)(ti) = 2 on the x1− x2− x3 face.

(ii) degα(q j)(ti) increase by 1 : along x1− x3-edge, from the x1− x3-edge to the

x1− x4-edge and from the x1− x2-edge to the x1− x4-edge.

We evaluate dimAut(F(0,0,0,1)/P1) by packaging the parameters on the �bres

of π : F(0,0,0,1)→ P1
in a 4×4 matrix counting the C∗ action on the projective

bundle

F(0,0,0,1)∼= F(−1,−1,−1,0)∼= P(OP1(−1)⊕3⊕OP1).

Hence, dim(M−KF)

=−1+(2×15+3×10+4×6+5×3+6+35)−dimAut(F(0,0,0,1))

= 139−dimAut(P1)−dimAut(F(0,0,0,1)/P1)

= 139−dimAut(P1)− sum of entries of


1 1 1 3
1 1 1 3
1 1 1 3
0 0 0 1

−1

= 139− (4−1)− (19−1) = 118

3. Consider the family of X ⊂ F(0,1,1,2)∼= P(OP1(−2)⊕OP1(−1)⊕2⊕OP1), we have

that dim(M−KF)

=−1+(6+2×9+3×6+4×4+5×2+6+32)−dimAut(F(0,1,1,2))

= 105−dimAut(P1)−dimAut(F(0,1,1,2)/P1)

= 105−dimAut(P1)− sum of entries of


1 2 2 3
0 1 1 2
0 1 1 2
0 0 0 1

−1

= 105− (4−1)− (17−1) = 86.

In Theorem (5.1.1), we have found a new singular family in | −KF(0,0,1,2)| as well as

recovered the �rst list in the Appendix A of [Mul06]; that is the 9 smooth quartic �bred

Calabi–Yau threefolds and a new interesting X ∈ |−KF(0,0,1,2)|with three isolated Ordinary

Double Points {di}. This result is achieved by allowing isolated singularities along the

base locus of Bs(|−KF(0,0,1,2)|) = D34.
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It is also worth noting that the Weil divisor D34 ⊂ X ⊂ F(0,0,1,2) passes through all the

three isolated ODP singularities {di}. We then have a projective small resolution

f : BlD34X = X̂ → X

with KX̂ = OX̂ . Indeed, we have seen from the proof above that X ⊂ F(0,0,1,2) is a

quadric 3-fold cone up to higher order terms; one can then check locally at {di} that such

a threefold cone admits a small (crepant) resolution [Alt98].

On the other hand, we now re-visit Gross’s [Gro97] example on Calabi–Yau threefold

family number 8 in the table above. That is

X ⊂ F(0,1,1,2)∼= F(−1,0,0,1) = P(OP1(−1)⊕O⊕2
P1 ⊕OP1(1)).

This family has also been studied in [CDT18, Tho00] and Appendix of [Ruan96] . The

following treatment uses explicit realization of the Calabi–Yau threefold as a hypersurface

X ⊂ F(0,1,1,2) to study its intrinsic geometry including deformations and degenerations.

5.1.2 Deformation

We start with an informative example of degeneration of curves in surface scroll �brations.

Example 5.1.2. Consider the family

F = V(y1y3− y2
2 + t2y2

0)⊂ A1
t ×P3

[yk]

of quadric surfaces over A1
t . These are deformations of the image F2 = V(y1y3− y2

2) of

F2 := F(0,2) ϕ−→ P3
[y0:y1:y2:y3]

[ti;x j] 7→ [x1 : t2
1 x2 : t1t2x2 : t2

2 x2].

We know that ϕ is the blowup map of the singular cone point p = [1 : 0 : 0 : 0] of the

quadric F0. Now, by deforming F0 to Ft 6=0 = V(y1y3− y2
2 + t2y2

0) followed by a change

of variables

(y1,y2 + ty0,y2− ty0,y3) = (z11,z12,z21,z22) for t ∈ C∗,

the deformed variety becomes Im(Σ1,1) = Σ1,1(F0) = V(z11z22− z12z21) where

Σ1,1 : F0 = P1
[ui]
×P1

[v j]
→ P3

[zi j]

is the Segre embedding.

Blowing up the ordinary double point singularity (0, p) in the threefold total space F ,
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we obtain the deformation F̂ → A1
t of surface scroll F2 to F0. This deformation is formed

from the family F → A1
t with the central �bre F̂0 = F2 = ϕ−1(F0).

Consider a nonsingular anticanonical curve

V(g2,2(ui;v j))⊂ |−KF0|= |OP1×P1(2,2)|.

We degenerate to t = 0, the elliptic curve V(g2,2(ui;v j)) using the change of variables

(z11,z12,z21,z22) = (y1,y2 + ty0,y2− ty0,y3) for t ∈ C∗

to get

V(g2,2(ui;v j) =V(z2
11 + c1z11z12 + c2z2

12 + c3z11z21 + c4z11z22 + c5z12z22 + c6z2
21 + c7z21z22+

c8z2
22)∩ Im(Σ1,1)

=V(y2
1 + c1y1(y2 + ty0)+ c2(y2 + ty0)

2 + c3y1(y2− ty0)+ c4y1y3 + c5(y2 + ty0)y3+

c6(y2− ty0)
2 + c7(y2− ty0)y3 + c8y2

3)

t 7→0
 V(y2

1 +(c1 + c3)y1y2 +(c2 + c4 + c6)y2
2 +(c5 + c7)y2y3 + c8y2

3)

=V(y2
1 +(c1 + c3)y1y2 +(c2 + c4 + c6)y2

2 +(c5 + c7)y2y3 + c8y2
3)

=V(ϕ(t4
1 x2

2 +(c1 + c3)t3
1 t2x2

2 +(c2 + c4 + c6)t2
1 t2

2 x2
2 +(c5 + c7)t1t3

2 x2
2 + c8t4

2 x2
2))

=ϕ(V( f0,2(ti;x j)))⊂F0.

The anticanonical curve V( f0,2(ti;x j))⊂F0 is singular at p = [1 : 0 : 0 : 0].
We note that the moduli space M−KFt 6=0

of nonsingular anticanonical curves in Ft 6=0 =

P1×P1
is, as expected, of dimension

dim(M−KFt 6=0
) = 4− (4−1)− (1−1) = 1.

So in summary, we have a smooth specialisation of F0 to F2, but in this specialisation,

the general anticanonical curve in F0 specializes to a singular anticanonical curve in F2.

This can be smoothed inside F2 to get a nonsingular anticanonical section. The threefold

families to be studied next exhibit a similar phenomenon as shown below.

We would like to study the deformation F → B of nonsingular quartic �bred Calabi–Yau

threefold X ∈ |−KP(E |ζ )| with ζ ∈ B,

E |ζ = OP1⊕OP1(a2)⊕OP1(a3)⊕OP1(a4)

and P(E |ζ ) = F(0,a2,a3,a4).
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Now, recall that the OP1(1) twisted P1
Euler sequence is a nontrivial extension

0→ OP1(−1)→ O⊕2
P1 → OP1(1)→ 0.

Consider the universal extension

E → Ext1(OP1(1),OP1(−1))×P1 = A1
ζ
×P1

then de�ne a family with 5-dimensional total space F

F := P(E ⊕OA1
ζ
×P1⊕OA1

ζ
×P1) A1

ζ
×P1

A1
ζ
.

π

The 4-dimensional �bres of π are Fζ = P(E |ζ ). The �bres are

F0 = P(OP1(−1)⊕O⊕2
P1 ⊕OP1(1)) = F(−1,0,0,1)∼= F(0,1,1,2)

and

Fζ 6=0
∼= P(O⊕4

P1 ) = F(0,0,0,0) = P1
[ui]
×P3

[v j]
.

Starting with a general, non-singular anticanonical section

X = X2,4 = V

 ∑
(q j)`4

α2(ui)v
q1
1 vq2

2 vq3
3 vq4

4

⊂Fζ = P1
[ui]
×P3

[v j]
,

we show that it becomes a general quadric Q⊂P19
[z f1 f2 jk]

where 1≤ j≤ k≤ 4 and f1, f2 either

0 or 1. We then proceed to �nd a degeneration Q̃⊂ P19
[ye1e2mn]

of Q along the degeneration

F → A1
ζ

of the scrolls Fζ = F(0,0,0,0) 7→ F(0,1,1,2) = F0. In this way, we would like

to understand the specialization of X2,4 as ζ  0.

Let’s make the �rst steps by noting that both Fζ and F0 are mapped to P19
by sections of

|− 1
2KFζ

|= |OP1×P3(1,2)| and |− 1
2KF0|= |L−1,2| respectively. We start by understanding

the images of the two scrolls Fζ =P1×P3
and F0 =F(0,1,1,2) under their half-canonical

maps. Thereafter, we shall study the birational geometry of Imϕ|− 1
2 KF0 |

.

The map ϕ|OP1×P3(1,2)| in the Proposition below factors through the degree two Veronese

map on the P3
[v j]

factor of Fζ . That is, the map Id×ν2 has the image

P1
[ui]
×

[z jk] : rank

∣∣∣∣∣∣∣∣
z11 z12 z13 z14
z12 z22 z23 z24
z13 z23 z33 z34
z14 z24 z34 z44

∣∣∣∣∣∣∣∣≤ 1

 .
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This image is then mapped through the Segre embedding on the P1
[ui]

factor of Fζ to

Im((Σ1,9× Id)◦ (Id×ν2)) which is given in the statement below.

Proposition 5.1.3. The image of ϕ|OP1×P3(1,2)|

P1
[ui]
×P9

[z jk]

Fζ = P1
[ui]
×P3

[v j]
P19
[z f1 f2 jk]

.

Σ1,9
Id×ν2

ϕ|OP1×P3 (1,2)|

[ui;v j]7→[Sym1(ui)⊗Sym2(v j)]

is given by

ϕ|OP1×P3(1,2)|(Fζ ) =
{
[M1 M2] = [z f1 f2 jk] : rank

∣∣M1 M2
∣∣≤ 1

}
.

Here, 1≤ j ≤ k ≤ 4 and f1, f2 either 0 or 1, while

M1 =


z1011 z1012 z1013 z1014
z1012 z1022 z1023 z1024
z1013 z1023 z1033 z1034
z1014 z1024 z1034 z1044


and

M2 =


z0111 z0112 z0113 z0114
z0112 z0122 z0123 z0124
z0113 z0123 z0133 z0134
z0114 z0124 z0134 z0144

 ,
so that [N] = [M1 M2] can be identi�ed with an element of P19 using coordinates z f1 f2 jk.

Proof. We �rst note that

Im(ϕ|OP1×P3(1,2)|)⊆ (Σ1,9× Id)

P1
[ui]
×

[z jk] : rank

∣∣∣∣∣∣∣∣
z11 z12 z13 z14
z12 z22 z23 z24
z13 z23 z33 z34
z14 z24 z34 z44

∣∣∣∣∣∣∣∣≤ 1


 .

Multiplying each of the 24 two-by-two minors of z jk by basis of Sym2(u1,u2) gives the

quadrics

z10 jkz10lm = z10pqz10rs from rank |M1| ≤ 1,

z01 jkz01lm = z01pqz01rs from rank |M2| ≤ 1

and

z10 jkz01lm = z10pqz01rs, z01 jkz10lm = z01pqz10rs from rank|N|= rank

∣∣M1 M2
∣∣≤ 1
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all of which are satis�ed on the image. We have shown that the equations

rank|N|= rank

∣∣M1 M2
∣∣≤ 1

are satis�ed on the image of ϕ|OP1×P3(1,2)|.These equations are equivalent to rank

∣∣M1 M2
∣∣=

1 since [M1 M2] ∈ P19
so M1 and M2 are both 0. Now, using Macaulay2 computer algebra,

we can check that {
[N] = [M1 M2] : rank

∣∣M1 M2
∣∣≤ 1

}
⊂ P19

[z f1 f2 jk]

is an irreducible projective variety of dimension 4 and of degree 32. This degree was

expected since, by direct computation with LM3 = 1 and L2 = M4 = 0, we have that

(L+2M)4 = L4 +8L3M+24L2M2 +32LM3 +16M4 = 32.

In conclusion, we have that

Im(ϕ|OP1×P3(1,2)|) =
{
[M1 M2] : rank

∣∣M1 M2
∣∣≤ 1

}
⊂ P19

[z f1 f2 jk]
.

On the other hand, the image of the map ϕ|− 1
2 KF0 |

is given in the following statement.

Proposition 5.1.4. Let [ye1e2mn] = [te1
1 te2

2 xmxn] be coordinates on P19 where 1≤ m≤ n≤ 4
and e1,e2 either 0 or 1. The map

ϕ|L−1,2| : F0 99K P19
[ye1e2mn]

[ti;x j] 7→ [x1x2 : x1x3 : Sym1(ti)x1x4 : Sym1(ti)⊗Sym2(x2,x3) : Sym2(ti)x2x4 :

Sym2(ti)x3x4 : Sym3(ti)x2
4]

is an isomorphism away from the curve Bs(−KF0). Here F0 = F(0,1,1,2) with coordinates
ti,x j and the curve Bs(−KF0) = V(x2,x3,x4)∼= P1. The closure of its image is

Im(ϕ|L−1,2|) = V(IB)

where

B =


y0012 y1022 y1023 y0122 y0123 y2024 y1124 y0224
y0013 y1023 y1033 y0123 y0133 y2034 y1134 y0234
y1014 y2024 y2034 y1124 y1134 y3044 y2144 y1244
y0114 y1124 y1134 y0224 y0234 y2144 y1244 y0234


and IB = {rank|B|= 1}
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Proof. We look for all relations within and between blocks

Sym−1+q2+q3+2q4(ti)x
q1
1 xq2

2 xq3
3 xq4

4 for every (q j) ` 2 for which−1+q2+q3+2q4 ≥ 0. First

note that, since F0 = F(0,1,1,2)ti,x j with the weights

wt(t1, t2,x1,x2,x3,x4) =

[
1 1 0 −1 −1 −2
0 0 1 1 1 1

]
,

S−2,2 =
〈
x1x4,x2

2,x2x3,x2
3, t1x2x4, t2x2x4, t1x3x4, t2x3x4, t2

1 x2
4, t1t2x2

4, t
2
2 x2

4
〉
,

S−1,1 =〈x2,x3, t1x4, t2x4〉 and

S0,1 =
〈
x1, t1x2, t1x3, t2x2, t2x3, t2

1 x4, t1t2x4, t2
2 x4
〉
.

From these bases, we can obtain the line bundle L−1,2 in two ways by forming the matrices

A =

[
t1S−2,2
t2S−2,2

]
=

[
y1014 y1022 y1023 y1033 y2024 y1124 y2034 y1134 y3044 y2144 y1244
y0114 y0122 y0123 y0133 y1124 y0224 y1134 y0234 y2144 y1244 y0344

]
and

B =
[
S−1,1⊗S0,1

]
=


y0012 y1022 y1023 y0122 y0123 y2024 y1124 y0224
y0013 y1023 y1033 y0123 y0133 y2034 y1134 y0234
y1014 y2024 y2034 y1124 y1134 y3044 y2144 y1244
y0114 y1124 y1134 y0224 y0234 y2144 y1244 y0344

= [c0c1 . . .c7]

whose ranks are both 1 on the image. Therefore, the relations are

IB = {rank|B|= 1} and IA = {rank|A|= 1}.

Since IA ⊂ IB, we have that

Im(ϕ|L−1,2|)⊆ V(IB) = X ′.

Finally, using Macaulay2 computer algebra, we �nd that in fact X ′ is a 4-dimensional

irreducible projective variety of degree 32 so that

Im(ϕ|L−1,2|) = V(IB).

Now, to �nd a deformation of Im(ϕ|L−1,2|), we �rst note from Proposition (5.1.4) that,

from B = [b0b1 . . .b7], the matrices [b1b2b5b6] and [b3b4b6b7] are symmetric which is

reminiscent of the matrices M1 = [m1m2m3m4] and M2 = [m5m6m7m8] in Proposition
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(5.1.3) except for overlapping on the column b6. We de�ne the columns n4(t) = b6 + tb0

and n7(t) = b6− tb0 for t ∈ C so that

N1(t) = [n1n2n3n4(t)] =


y1022 y1023 y2024 y1124 + ty0012
y1023 y1033 y2034 y1134 + ty0013
y2024 y2034 y3044 y2144 + ty1014

y1124 + ty0012 y1134 + ty0013 y2144 + ty1014 y1244 + ty0114


and

N2(t) = [n5n6n7(t)n8] =


y0122 y0123 y1124− ty0012 y0224
y0123 y0133 y1134− ty0013 z0234

y1124− ty0012 y1134− ty0013 y2144− ty1014 y1244− ty0114
y0224 z0234 y1244− ty1014 y0344


are both symmetric.

In the long discussion below, we now use the two natural maps de�ned on scrolls in

propositions above to describe a projective degeneration of quartic K3 families using

bi-homogeneous coordinates. By �rst considering the half-anticanonical embedding of

Fζ = P1×P3

φ1 = φ|− 1
2 KP1×P3 | : P

1×P3 ↪→ P19

as de�ned above. Consider the matrix

M =


z1011 z1012 z1013 z1014 z0111 z0112 z0113 z0114
z1012 z1022 z1023 z1024 z0112 z0122 z0123 z0124
z1013 z1023 z1033 z1034 z0112 z0122 z0123 z0124
z1014 z1024 z1034 z1044 z0114 z0124 z0134 z0144

 ,
joined from two 4× 4 symmetric matrices M1 and M2 with independent entries. Also

consider the half-anticanonical map

φ0 = φ|− 1
2 KF| : F(0,1,1,2) 99K P

19

on the scroll F0 ∼= F(0,1,1,2) also de�ned before with the indeterminacy locus Bs(|−
KF0|) = V(x2,x3,x4)∼= P1. Consider the matrix

M0 =


y0012 y1022 y1023 y0122 y0123 y2024 y1124 y0224
y0013 y1023 y1033 y0123 y0133 y2034 y1134 y0234
y1014 y2024 y2034 y1124 y1134 y3044 y2144 y1244
y0114 y1124 y1134 y0224 y0234 y2144 y1244 y0234

 .
We have proved the �rst 2 results in the proposition below. In the discussion following the

proposition below, the rest of the results are proved.

Proposition 5.1.5.
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1. The image of φ1 inside P19 is described (scheme-theoretically) by the ideal generated
by 2×2 minors of the matrix M:

Imφ1 ∼= V
(
∧2M

)
⊂ P19.

2. The closure Q = Imφ0 ⊂ P19 is described (scheme-theoretically) by the ideal generated
by 2×2 minors of the matrix M0:

Q = Imφ0 ∼= V
(
∧2M0

)
⊂ P19.

3. There is a distinguished divisor P3 ∼= D ⊂ Q ⊂ P19 embedded in P19 as a projective
linear subspace, de�ned by the condition that all variables except those in the �rst
column of M0 vanish.

4. The Hilbert polynomials of Q⊂ P19 and F(0,1,1,2)⊂ P19 agree.

5. De�ne the variety Q⊂ P19×A1 over A1 by the equations

Q = V
(
∧2N

)
⊂ P19×A1.

Then the natural map Q→ A1 is a �at family of projective varieties, with central �bre
Q0 ∼= Q⊂ P19, and all other �bres isomorphic to Q1 ∼= P1×P3 ⊂ P19.

6. An anticanonical hypersurface X1 ⊂ Q1 ∼= P1×P3 specialises in the family Q to a
reducible threefold X0 ⊂ Q, which contains a double copy of the distinguished toric
divisor P3 ⊂ Q.

7. [Ruan96, App.A] describes a fanΣwith 8maximal dimensional cones and one-dimensional
rays σ1,σ2,ρ1, . . . ,ρ4 ∈ N in a rank-4 lattice N for which XN,Σ

∼= F(0,1,1,2). There
is a re�ned fan Σ′ generated by 10 cones with the same rank 4-lattice N.

We begin by de�ning the deformation of

ϕ|OP1×P3(1,2)|(Fζ ) =
{
[z f1 f2 jk] : rank

∣∣M1 M2
∣∣≤ 1

}
as

( ˜Imϕ|L−1,2|)t =
{
([z f1 f2 jk], t) : rank|c0 N1(t) N2(t)| ≤ 1

}
⊂ A1

t ×P19.

Using Macaulay2, we �nd that ( ˜Imϕ|L−1,2|)t is irreducible of dimension 4 and of degree

32, hence it is a sensible deformation of Imϕ|L−1,2|.
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For t 6= 0, making a change of variables

[M1 M2] = [N1(t) N2(t)]

yields

( ˜Imϕ|L−1,2|)t =
{
([ye1e2mn], t) : rank|N1(t) N2(t)| ≤ 1

}
∼=
{
[z f1 f2 jk] : rank

∣∣M1 M2
∣∣≤ 1

}
= ϕ|OP1×P3(1,2)|(F(0,0,0,0)⊂ P19

[z f1 f2 jk]
= P

(
H0
(
−1

2
KFζ

))
.

Further, for t = 0, we get

( ˜Imϕ|L−1,2|)0 =
{
([ye1e2mn],0) : rank|c0 N1(0) N2(0)| ≤ 1

}
∼= ϕ|L−1,2|(F(0,1,1,2))⊂ P19

[ye1e2mn]
= P

(
H0
(
−1

2
KF0

))
.

We now �nd the degeneration X = X2,4 X0 as follows. Take

ϕ|OP1×P3(1,2)|(X) = ϕ|OP1×P3(1,2)|

V

 ∑
(q j)`4

α2(ui)v
q1
1 vq2

2 vq3
3 vq4

4


= {[z f1 f2 jk] ∈ P19 : q2(z10 jk,z01 jk),1≤ j,k ≤ 4}= Q

which degenerates, under the change of variable, to the special quadric

Qt = V(q2(ye1e2mn, t)).

Now, we would like to know the singularity of the special surface

X0 = (Imϕ|− 1
2 KF

ζ
|)0∩Q0 = V

(
q2(ye1e2mn,0), I( ˜Imϕ|L−1,2|)0

)
∼= V(q2, IB)

from the degeneration

Xt = (Imϕ|− 1
2 KF

ζ
|)t ∩Qt = V

(
q2(ye1e2mn, t), I( ˜Imϕ|L−1,2|)t

)
of X = X2,4.

Using Macaulay2 codes below, we deduce the following.

R=QQ[ z1011 , z0111 , z1012 , z0112 , z1013 , z0113 , z1014 , z0114 ,

z1022 , z0122 , z1023 , z0123 , z1024 , z0124 , z1033 , z0133 , z1034 ,

z0134 , z1044 , z0144 ]
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T=QQ[ y0012 , y0013 , y1014 , y0114 , y1022 , y0122 , y1023 , y0123 ,

y1033 , y0133 , y2024 , y1124 , y0224 , y2034 , y1134 , y0234 , y3044 ,

y2144 , y1244 , y0344 , t ]

M= m a t r i x { { z1011 , z1012 , z1013 , z1014 , z0111 , z0112 , z0113 ,

z0114 } , { z1012 , z1022 , z1023 , z1024 , z0112 , z0122 , z0123 , z0124 } ,

{ z1013 , z1023 , z1033 , z1034 , z0113 , z0123 , z0133 , z0134 } ,

{ z1014 , z1024 , z1034 , z1044 , z0114 , z0124 , z0134 , z0144 } }

N= m a t r i x { { y0012 , y1022 , y1023 , y2024 , y1124 + t ∗ y0012 , y0122 ,

y0123 , y1124−t ∗ y0012 , y0224 } , { y0013 , y1023 , y1033 , y2034 ,

y1134 + t ∗ y0013 , y0123 , y0133 , y1134−t ∗ y0013 , y0234 } , { y1014 ,

y2024 , y2034 , y3044 , y2144 + t ∗ y1014 , y1124−t ∗ y0012 , y1134−t ∗ y0013 ,

y2144−t ∗ y1014 , y1244−t ∗ y0114 } , { y0114 , y1124 + t ∗ y0012 ,

y1134 + t ∗ y0013 , y2144 + t ∗ y1014 , y1244 + t ∗ y0114 , y0224 , y0234 ,

y1244−t ∗ y0114 , y0344 } }

K= minors ( 2 ,M)

N0=sub (N , { t = >0 } )

I 0 = i d e a l ( minors ( 2 , N0 ) , t )

N1=sub (N , { t = >1 } )

I 1 = i d e a l ( minors ( 2 , N1 ) , t −1)

g=map ( T , R , m a t r i x { { y1022 , y0122 , y1023 , y0123 , y2024 ,

−t ∗ y0012 +y1124 , t ∗ y0012 +y1124 , y0224 , y1033 , y0133 , y2034 ,

−t ∗ y0013 +y1134 , t ∗ y0013 +y1134 , y0234 , y3044 ,− t ∗ y1014 +y2144 ,

t ∗ y1014 +y2144 ,− t ∗ y0114 +y1244 , t ∗ y0114 +y1244 , y0344 } } )

Here, K is a�ne dimension 5, degree 32 prime ideal of R; the image of Fζ = P1×P3 ⊂
P19

f1 f2 jk. Whereas I0 and I1 are the ideals of (closures of) images under ϕ|− 1
2 KF0 |

of F0 =

F(0,1,1,2) and, respectively, its deformation to t = 1; both of degree 32 and a�ne dimen-

sion 5 prime ideals of the ring T.

Since, from Macaulay2, it is the case that

i : i d e a l ( g ( K ) , t −1)== I 1

o : t r u e

the ring map g : R→ T is an isomorphism.

With F0 =F(0,1,1,2), the map ϕ|− 1
2 KF0|

is not de�ned on the curveC =V(x2,x3,x4)∼=P1.

What happens is that there is a �ip of the curve C, so that we have a di�erent birational

model

F+
0 := �opC(F0)
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of F0. The corresponding map is well de�ned everywhere; in fact

F+
0 = Imϕ|− 1

2 KF0 |
⊂ P19

e1e2mn.

The birational map

F0 99KF+
0

is a morphism

F0 \C→F+
0 \S (5.11)

for some locus S ⊂F+
0 . The locus S is a surface in P19

with the following interesting

identity in V (I0) = F+
0 : From Macaulay2, start with the following Macaulay2 codes.

L= i d e a l ( I0 , y0012 , y0013 )

A= minimalPr imes L

S=A#1

dim S

d e g re e S

With a change of variables from

P5
[y1014,y0114,y3044,y2144,y1244,y0344]

(where the 6 variables are those remaining in A#1) to

P = P5
[t1x1,t2x1,t3

1 x2,t2
1 t2x2,t1t2

2 x2,t3
2 x2]

,

we identify the degree 4 surface S = F(1,3)∼= F(0,2) = F2 by the 6 quadrics de�ning the

image of the embedding

ϕ|L0,1| : F(1,3) ↪→ P.

It is worth noting that the 3 quadrics in A#1 are reducible with {x4 = 0} component;

indeed, it was logical to set x1x2 = x1x3 = 0 in L because in doing so we get the base locus

C = {x2 = x3 = x4 = 0} away from which we have the isomorphism (5.11) .

The (degenerate variety) special surface X0 at t = 0 is de�ned by the following Macaulay2

codes.

J =g ( random ( 2 , R ) ) + I 0 +S

B= minimalPr imes J

V= i d e a l ( I0 , g ( random ( 2 , R ) ) )

C= minimalPr imes V

Here, V is degree 64 a�ne dimension 4 ideal of the degeneration Xt of a generic three-

fold X ⊂F0 = F(0,1,1,2). At this level of threefolds, we have two components, one a

V(C#0) = P3
of degree 1, doubled; and a residual irreducible threefold V(C#1) of degree
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62 in P20
e1e2mn,t . The threefold Xt is therefore more degenerate at t = 0.

At the level of surfaces, we note that V(B#0) is a rational curve; a section of S = F2.

Also the degree 6 curve V(B#1) meets V(B#0) in six points. We then conclude that the

degenerations Xt always intersect with the �xed surface on a �xed curve; a very special

property. In contrast, for example, you get a generic, irreducible, degree 8 = 4×2 curve if

you intersect Xt with a generic quadric in P20
e1e2mn,t .

Instead of �nding and resolving Sing(X0), we replace the family F → A1
ζ

by a new

5-dimensional family F+ → A1
ζ

whose �bres are F+
ζ

= Fζ and F+
0 = �opC(F0) as

constructed above.

Alternatively, from the toric construction of scrolls in Subsection (3.3), we have that

F(0,1,1,2) = XN,Σ

with one-dimensional cones σ1,σ2,ρ1,ρ2,ρ3,ρ4 ∈ Σ(1)⊂ Σ⊂ NR = R4
corresponding to

Weil divisors Dσi = V(ti),Dρ j = V(x j) with relations

σ1 =−σ2 +ρ2 +ρ3 +2ρ4 and ρ1 =−ρ2−ρ3−ρ4.

We �x

N =< u2 = (1,0,0,0),v2 = (0,1,0,0),v3 = (0,0,1,0),v4 = (0,0,0,1)>∼= Z4

with one dimensional cones

σ1 =< u1 =−u2 + v2 + v3 +2v4 >=< (−1,1,1,2)>;

σ2 =< u2 >=< (1,0,0,0)>;

ρ1 =< v1 =−v2− v3− v4 >=< (0,−1,−1,−1)>;

ρ2 =< v2 >=< (0,1,0,0)>;

ρ3 =< v3 >=< (0,0,1,0)>;

ρ4 =< v4 >=< (0,0,0,1)> .

The 8 maximal cones Σ(4) of its normal fan Σ are

τi, j = Z< ui,v1, . . . , v̂ j, . . . ,v4 > .

The class group and the Z2
-graded Cox ring of XN,Σ are, respectively,

Cl(XΣ)∼= Z[L,M] := Z〈[V(t1)], [V(x1)]〉
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and

S = C[ti,x j] =
⊕

(d1,d2)∈Z2

C[ti,x j](d1,d2)

with weight wt(t1, t2,x1,x2,x2,x4) =

[
1 1 0 −1 −1 −2
0 0 1 1 1 1

]
.

We have that

D =−Dσ1 +2Dρ1,

a T-Weil divisor in the class [D] = −1
2KXΣ

. The polytope PD ⊂ R4
xk

of sections of [D] is

bounded by

−x1 + x2 + x3 +2x4−1≥ 0,

x1 ≥ 0,

−x2− x3− x4 +2≥ 0,

x2 ≥ 0,

x3 ≥ 0 and

x4 ≥ 0.

Using polymake with the commands

$P=new P o l y t o p e ( INEQUALITIES = > [ [ − 1 , − 1 , 1 , 1 , 2 ] , [ 0 , 1 , 0 , 0 , 0 ] ,

[ 2 , 0 , − 1 , − 1 , − 1 ] , [ 0 , 0 , 1 , 0 , 0 ] , [ 0 , 0 , 0 , 1 , 0 ] , [ 0 , 0 , 0 , 0 , 1 ] ] ) ;

$P−> p r o p e r t i e s ( ) ;

we get the required Polytope with 20 = dimH0 (F,−1
2KF

)
lattice points, 6 facets and 9

vertices wk = wk(ui,v j).

It is important to note that the above polytope P= PD is not an integral polytope; w6 =
1
2v4.

Now, since the section (bi-graded) algebra

xb ∈ C[H0(F(0,1,1,2), [D])] = C[t1, t2,x1,x2,x3,x4]−1,2

of [D] = −1
2KXΣ

only sees the (integral) lattice points b ∈ PD, we want to focus on the

properties of the convex hull Q of the lattice points in PD and the corresponding normal

fan FQ de�ned by

$Q=new P o l y t o p e ( POINTS=>$P−>LATTICE_POINTS ) ;

p r i n t $Q−>VERTICES ;

p r i n t $Q−>N_FACETS ;

p r i n t $Q−>N_LATTICE_POINTS ;

a p p l i c a t i o n " f an " ;

FQ = normal_ fan ( $Q ) ;

p r i n t p r i m i t i v e ( $FQ−>RAYS ) ;

p r i n t $FQ−>MAXIMAL_CONES ;
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This lattice polytope Q has the same 20 lattice points (as those of P = PD ), 10 vertices and

7 facets. We then have that FQ is the normal fan of the 4-dimensional projective variety

Imϕ|− 1
2 KF0 |

⊂ P19
e1e2mn.

For purposes of comparison with the above computation, we consider the polytope R = PD

where [D] = −KF the anticanonical divisor class of the scroll F0 = F(0,1,1,2). The

polytope R has a much larger number ( 106 = dimH0(F0,−KF0) ) of lattice points than

the 20 = dimH0 (F0,−1
2KF0

)
lattice points of P.

$R=new P o l y t o p e ( INEQUALITIES = > [ [ − 2 , − 1 , 1 , 1 , 2 ] , [ 0 , 1 , 0 , 0 , 0 ] ,

[ 4 , 0 , − 1 , − 1 , − 1 ] , [ 0 , 0 , 1 , 0 , 0 ] , [ 0 , 0 , 0 , 1 , 0 ] , [ 0 , 0 , 0 , 0 , 1 ] ] ) ;

$S=new P o l y t o p e ( POINTS=>$R−>LATTICE_POINTS ) ;

p r i n t $S−>VERTICES ;

p r i n t $S−>N_FACETS ;

p r i n t $S−>N_LATTICE_POINTS ;

a p p l i c a t i o n " f an " ;

$FS = normal_ fan ( $S ) ;

p r i n t p r i m i t i v e ( $FS−>RAYS ) ;

p r i n t $FS−>MAXIMAL_CONES ;

The normal fans FQ and FS of the respective convex hulls Q of the polytope P and convex

hull S of the polytope R compare as in the Table (5.4) .

Name Rays of FS 9 Cones of FS

0 −1,1,1,2 {0,2,3,4},{0,2,4,5},{0,2,3,5},{1,2,3,5},{0,1,3,5}
1 1,0,0,0 {0,1,3,4},{1,2,3,4},{0,1,4,5},{1,2,4,5}
2 0,−1,−1,−1
3 0,1,0,0
4 0,0,1,0
5 0,0,0,1

Name Rays of FQ 10 Cones of FQ

0 −1,1,1,2 {0,2,3,4},{0,2,4,5},{0,2,3,5},{1,2,3,5},{0,1,3,5,6},
1 1,0,0,0 {��0,1,3,4,6},{0, ��1,3,4,6},{1,2,3,4},{0,1,4,5,6},{1,2,4,5}
2 0,−1,−1,−1
3 0,1,0,0
4 0,0,1,0
5 0,0,0,1
6 0,1,1,1

Figure 5.4: Comparison between normal fan FS of Imϕ|−KF0 |
and normal fan FQ of

Imϕ|− 1
2 KF0 |

Up to permutation of the rays, the normal fan FS of Imϕ|−KF0 |
is the fan studied in

[Ruan96] .
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Related to the deformation demonstrated above, consider the family

P(E ⊕OA1
ζ
×P1(−1)⊕OA1

ζ
×P1(1)) = F → A1

t

whose �bres Fζ = P(E |ζ ) are

F0 = P(OP1(−1)⊕2⊕OP1(1)⊕2) =F(−1,−1,1,1)∼= F(0,0,2,2) and

Fζ 6=0
∼= P(OP1(−1)⊕O⊕2

P1 ⊕OP1(1)) =F(−1,0,0,1)∼= F(0,1,1,2).

We also have that F0 = F(0,0,2,2) is mapped to P19
by sections of |− 1

2KF0| with the

image given in the Proposition below.

Proposition 5.1.6. The map

ϕ|− 1
2 KF0| = ϕ|L−1,2| : F(0,0,2,2) 99K P

19
[we1e2mn]

[ti;x j] 7→ [Sym1(ti)⊗Sym1(x1,x2)⊗Sym1(x3,x4) : Sym3(ti)⊗Sym2(x3,x4)]

is an isomorphism away from the surface X34 ∼= P1×P1. The closure of its image is

Im(ϕ|L−1,2|) = V(rank|C| ≤ 1, rank|C′| ≤ 1)

where

C =


w1013 w1023 w3033 w2133 w1233 w3034 w2134 w1234
w0113 w0123 w2133 w1233 w0333 w2134 w1234 w0334
w1014 w1024 w3034 w2134 w1234 w3044 w2144 w1244
w0114 w0124 w2134 w1234 w0334 w2144 w1244 w0344

= [c0c1 . . .c7]

and

C′=
[

w1013 w1023 w1014 w1024 w3033 w2133 w1233 w3034 w2134 w1234 w3044 w2144 w1244
w0113 w0123 w0114 w0124 w2133 w1233 w0333 w2134 w1234 w0334 w2144 w1244 w0344

]
.

Proof. From the weight matrix

wt(t1, t2,x1,x2,x3,x4) =

[
1 1 0 0 −2 −2
0 0 1 1 1 1

]
,

we have that

S−2,2 =
〈
x1x3,x2x3,x1x4,x2x4, t2

1 x2
3, t1t2x2

3, t
2
2 x2

3, t
2
1 x3x4, t1t2x3x4, t2

2 x3x4, t2
1 x2

4, t1t2x2
4, t

2
2 x2

4
〉
,

S−1,1 =〈t1x3, t2x3, t1x4, t2x4〉 and

S0,1 =
〈
x1,x2, t2

1 x3, t1t2x3, t2
2 x3, t2

1 x4t1t2x4, t2
2 x4
〉
.

100



The line bundle L−1,2 is obtained from these bases in two ways by forming the matrices

C′ =
[

t1S−2,2
t2S−2,2

]
=

[
w1013 w1023 w1014 w1024 w3033 w2133 w1233 w3034 w2134 w1234
w0113 w0123 w0114 w0124 w2133 w1233 w0333 w2134 w1234 w0334

w3044 w2144 w1244
w2144 w1244 w0344

]
C =

[
S−1,1⊗S0,1

]
=


w1013 w1023 w3033 w2133 w1233 w3034 w2134 w1234
w0113 w0123 w2133 w1233 w0333 w2134 w1234 w0334
w1014 w1024 w3034 w2134 w1234 w3044 w2144 w1244
w0114 w0124 w2134 w1234 w0334 w2144 w1244 w0344


whose ranks are both 1 on the image. Therefore, all the relations within and between

blocks Sym−1+2q3+2q4(ti)x
q1
1 xq2

2 xq3
3 xq4

4 for every (q j) ` 2 for which −1+2q3 +2q4 ≥ 0 are

IC = {rank|C| ≤ 1} and IC′ = {rank|C′| ≤ 1}.

Since IC′ 6⊂ IC, we have that

Im(ϕ|L−1,2|)⊆ V(IC + IC′) = Y ′.

Using Macaulay2 computer algebra, we �nd that Y ′ is a 4-dimensional irreducible projective

variety of degree 28 so that

Im(ϕ|L−1,2|) = V(IC + IC′).

Since a �at family preserves degree, we know thatY ′ is not a deformation of ϕ|−1,2|(F(0,1,1,2))
over A1

t . However, using Macaulay2, we can check that

V(IC) = Y ′∪ϕ|OP1×P3(1,1)|(P
1×P3) (5.12)

is reducible of dimension 4 and degree 32. We can therefore conclude that

ϕ|−1,2|(F(0,1,1,2)) deforms into a reducible projective variety V(IC).

To understand this deformation, we note from Proposition (5.1.6) that, fromC = [c0c1 . . .c7],

the matrices [c2c3c5c6] and [c3c4c6c7] are symmetric and overlap on the column c3 and

c6. We de�ne the columns

p2(t) = c3 + tc0, p5(t) = c6− tc1
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and

p4(t) = c3 + tc1, p7(t) = c6− tc1

for t ∈ C so that

P1(t) = [p1 p2(t)p3 p4(t)] =
w3033 w2133 + tw1013 w3034 w2134− tw1023

w2133 + tw1013 w1233 + tw0113 w2134 + tw1014 w1234− tw0123 + tw0124
w3034 w2134 + tw1014 w3044 w2144− tw1024

w2134− tw1023 w1234− tw0123 + tw0124 w2144− tw1024 w1244− tw0124


and

P2(t) = [p5(t)p6 p7(t)p8] =
w2133 + tw1013 w1233 + tw0113 w2134 + tw1014− tw1023 w1234 + tw0124
w1233 + tw0113 w0333 w1234− tw0123 w0334

w2134 + tw1014− tw1023 w1234− tw0123 w2144− tw1024 w1244− tw0114
w1234 + tw0124 w0334 w1244− tw0124 w0344


are both symmetric.

We then de�ne the deformation of Imϕ|− 1
2 KF(0,0,2,2)|

as

( ˜Imϕ|L−1,2|)t =
{
([we1e2mn], t) : rank|c0 c1 P1(t) P2(t)| ≤ 1

}
⊂ A1

t ×P19.

Using Macaulay2 once again, we �nd that

( ˜Imϕ|L−1,2|)t = Y ′∪ϕ|OP1×P3(1,1)|(P
1×P3)∪A1

t ×P1
[w0333:w3044]

(5.13)

is reducible of dimension 4 and of degree 32 hence, it is a sensible deformation of Imϕ|L−1,2|.

For t 6= 0, making a change of variables with coordiante entries of [P1(t) P2(t)] mapped

to coordnate entries of [N1(t) N2(t)] yields

( ˜Imϕ|L−1,2|)t =
{
([ye1e2mn], t) : rank|N1(t) N2(t)| ≤ 1

}
= ϕ|L−1,2|(F(0,1,1,2))⊂ P19

[ye1e2mn]
= P

(
H0
(
−1

2
KFζ

))
.

Further, for t = 0, we get

( ˜Imϕ|L−1,2|)0 =
{
([we1e2mn],0) : rank|C| ≤ 1

}
= ϕ|L−1,2|(F(0,0,2,2))⊂ P19

[we1e2mn]
= P

(
H0
(
−1

2
KF0

))
.
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It is worth noting that the family number 3, that is X ⊂ F(0,0,1,1), in Table (5.1) also maps

to P19
by sections of its half anticanonical divisor class |L0,2|. Just like families numbers

1,6 and 8 discussed above; the family number 3 is also such that dim(M−KF) = 86.

P(E ⊕OA1
ζ
×P1(−1)⊕OA1

ζ
×P1) = F → A1

t

with �bres

F0 ∼= P(OP1(−1)⊕2⊕OP1⊕OP1(1)) =F(−1,−1,0,1)∼= F(0,0,1,2) and

Fζ 6=0 = P(OP1(−1)⊕O⊕3
P1 ) =F(−1,0,0,0)∼= F(0,1,1,1).

An attempt at considering an "almost-half" anticanonical divisor class using sections of

|L0,2| or |L−1,2| did not embed the �bres into projective spaces of same dimension.
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5.2 Calabi–Yau threefolds with Quintic �bres

Consider the 4-fold weighted scroll

FA = F
(

1 1 −a1 −a2 −a3 −a4
0 0 1 1 1 2

)
or use the shorthand FA = F(a1,a2,a3,a4|13,2). By the standard isomorphism

F(a1,a2,a3,a4|13,2)∼= F(a1 + k,a2 + k,a3 + k,a4 +2k|13,2) for k ∈ Z,

we can set a1 = 0 so that FA = F(0,a2,a3,a4|13,2) with a3 ≥ a2 ≥ a1 = 0 with a general

a4 = a.

The anticanonical divisor of FA is given by

−KFA =

(
2−∑

j
a j

)
L+

(
∑

j
b j

)
M = L2−(a2+a3+a4),5 = Ld,5.

The sections of Ld,5 are

xq1
1 xq2

2 xq3
1 yq4 Symd+a2q2+a3q3+a4q4(ti)⊂ H0(FA,Ld,5), q1 +q2 +q3 +2q4 = 5.

We therefore have that the general 3-fold section X ∈ |L2−(a2+a3+a4),5| is de�ned by a sum

X = V( f (ti,x j,y)) = V

 ∑
(q j)(13,2)`5

xq1
1 xq2

2 xq3
3 yq4Symd+a2q2+a3q3+a4q4(t1, t2)


of monomials xq1

1 xq2
2 xq3

3 yq4 f(q j)(ti). The degree 5 monomials xq1
1 xq2

2 xq3
3 yq4

are displayed in

the (1,1,1,2) weighted Newton tetrahedron in Figure (5.5) . The degree of coe�cients

f(q j)(ti) is given by

deg f(q j)(ti) = 2+a2(q2−1)+a3(q3−1)+a4(q4−1).

Theorem 5.2.1. Let F= F(a1,a2,a3,a4|1,1,1,2) be a P[13,2] bundle over P1 with quintic
�bres. There are 2 quintic �bred Calabi–Yau 3-fold families with at worst orbifold singularities
and �nite number of isolated singular points along Bs(|−KF|) embedded in scrolls as listed
in Table (5.2).

Proof. We �rst note that

Bs(OP3[13,2](5)) = {p = [0 : 0 : 0 : 1]}
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Figure 5.5: The 34 monomial generators of C[P3
x j,y[1

3,2]]5.

No. F= F(a j|13,2) General X ∈ |−KF|
1 F(0,0,1,2|13,2) X has 4 ODP singularities along V(x3,y)

X is quasismooth along Sing(F) = V(x1,x2,x3)
with Bs(|−KF|) = V(x1,x2,x3)tV(x3,y)

2 F(0,1,2,0|13,2) X has 2 ODP singularities along Bs(|−KF|) = V(x2,x3)
X is quasismooth along Sing(F) = V(x1,x2,x3)

3 F(0,0,2,1|13,2) X has 3 ODP singularities along V(x3,y)
X is quasismooth along Sing(F) = V(x1,x2,x3)

with Bs(|−KF|) = V(x1,x2,x3)tV(x3,y)

Table 5.2: F= F(a j|13,2) for which a general X ∈ |−KF| has at worst orbifold singularities

and �nite number of isolated singular points along Bs(|−KF|)

and that some points of

Sing(F(0,a2,a3,a4|13,2)) = P[ti]×Bs(OP3[13,2])(5)

will be in the one dimensional base loci of |L2−a2−a3−a4,5|. These are
1
2(1,1,1,0) quotient

singularities along P1
[ti]
×{p}. Existence of the one-dimensional base locus P1×{p} on

every general quintic �bred Calabi–Yau threefold X means that Bs(|L2−a2−a3−a4,5|) 6= /0.
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We must also have an irreducible threefold X so that dim(Bs(|L2−a2−a3−a4,5|)) 6= 3. This is

guaranteed if a general section f (ti,x j,y) of |L2−a2−a3−a4,5| is not a multiple of x j and y.

That is, the largest corresponding degree of coe�cients of the monomials on each face of

Newton tetrahedron (5.5) is nonnegative. The "fourth vertex" is represented by the smallest

integral face on which (degrees of coe�cients of monomials satisfy) conventionally

x1y2 ≤ x2y2 ≤ x3y2

since a3 ≥ a2 ≥ 0 and a4 ∈ Z. Further, since x5
1 ≤ x5

2 ≤ x5
3, we have that

Max{x5
1,x1y2} ≤Max{x5

2,x2y2} ≤Max{x5
3,x3y2}.

Now, depending on the directions of arrows of magnitude of degree of coe�cients within

the three edges, ireducibility of X is then implied, respectively, by the Inequalities

2+4a2−a3−a4 ≥ 0,a4 ≥ 0,−a2 +a4 ≥ 0,−a3 +a4 ≥ 0 when x5
1 ≤ x1y2 ≤ x5

2

2−a2 +4a3−a4 ≥ 0,a4 ≥ 0,−a2 +a4 ≥ 0,−a3 +a4 < 0 when x1y2 ≤ x2y2 ≤ x5
3

2−a3 +a4 ≥ 0,a4 ≥ 0,−a2 +a4 < 0,−a3 +a4 < 0 when x5
1 ≤ x1y2 ≤ x2y2

2+4a2−a3−a4 ≥ 0,a4 ≥ 0,−a2 +a4 < 0,−a3 +a4 < 0 when x1y2 ≤ x2y2 ≤ x5
2

2−a2 +a4 ≥ 0,a4 < 0,−a2 +a4 ≥ 0,−a3 +a4 ≥ 0 when x5
2 ≤ x2y2 ≤ x3y2

2−a2 +4a3−a4 ≥ 0,a4 < 0,−a2 +a4 < 0,−a3 +a4 < 0 when x1y2 ≤ x5
2 ≤ x3y2

2−a2 +a4 ≥ 0,a4 < 0,−a2 +a4 < 0,−a3 +a4 < 0 when x1y2 ≤ x5
2 ≤ x3y2

2+4a2−a3 +a4 ≥ 0,a4 < 0,−a2 +a4 < 0,−a3 +a4 < 0 when x1y2 ≤ x2y2 ≤ x5
2.

(5.14)

This would mean that the one-dimensional base locus is

B =

{
V(x2,x3,y) for (5.14)(1)-(5.14)(4)

V(x1,x2,x3) for (5.14)(5)-(5.14)(8).

Along this curve B∼= P1, we get that

Sing(X̃)∩ B̃ =

V
(

∂ f
∂x2

, ∂ f
∂x3

, ∂ f
∂y ,x2,x3,y

)
for (5.14)(1)-(5.14)(4)

V
(

∂ f
∂x1

, ∂ f
∂x2

, ∂ f
∂x3

,x1,x2,x3

)
for (5.14)(5)-(5.14)(8)

=

{
V(α(4100)(ti),α(4010)(ti),α(3001)(ti)) for (5.14)(1)-(5.14)(4)

V(α(1002)(ti),α(0102)(t1),α(0012)(ti)) for (5.14)(5)-(5.14)(8).

We want isolated singularities along the base locus so we require, for a general choice of

the polynomial, the coe�cints αq j(ti) of maximum degree in the equation of Sing(X̃)∩ B̃

to be nonnegative; in particular{
2−a2−a3 ≥ 0 for (5.14)(1)-(5.14)(4)

2−a2 +a4 ≥ 0 for (5.14)(5)-(5.14)(8).

(5.15)
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This results in families of Calabi–Yau threefolds embedded in fourfold scrolls

F(a1,a2,a3,a4|13,2)

F(0,0,0,0|13,2), F(0,0,0,1|13,2), F(0,0,0,2|13,2), F(0,0,1,1|13,2),

F(0,1,1,1|13,2), F(0,1,1,2|13,2), F(0,1,1,3|13,2), F(0,1,1,4|13,2),

F(0,1,1,5|13,2), F(0,0,1,0|13,2), F(0,0,2,0|13,2), and F(0,1,1,0|13,2)

for (5.14)(1)+ (5.15)(1), . . . , (5.14)(4)+ (5.15)(1);

F(0,0,0,−2|13,2), F(0,0,0,−1|13,2), F(0,0,1,−1|13,2),

F(0,1,1,−1|13,2), F(0,1,2,−1|13,2), F(0,1,3,−1|13,2),

F(0,1,4,−1|13,2) and F(0,1,5,−1|13,2)

for (5.14)(4)+ (5.15)(2), . . . , (5.14)(8)+ (5.15)(2)

with either
1
2(1,1,0) curve singularities along Bs(|−KF|) = V(x2,x3,y) or

(2−a2 +a4)×
1
2
(1,1,1)

quotient singularities along Bs(| −KF|) = V(x1,x2,x3). The new singular families are

colour coded blue whereas the rest of the families are quasismooth and already classi�ed

in [Mul06].

If dim(Bs(|L2−a2−a3−a4,5|)) = 2 then the following Inequalities follow line-by-line from

Inequalities (5.14)

2−a2−a3 +a4 ≥ 0,2−a2−a3−a4 < 0,a4 ≥ 0,−a2 +a4 ≥ 0,
−a3 +a4 ≥ 0; x5

1 ≤ x1y2 ≤ x5
2

2−a2−a3 +a4 < 0,2−a3 +a4 ≥ 0,a4 ≥ 0,−a2 +a4 ≥ 0; x1y2 ≤ x2y2 ≤ x5
3

2−a2−a3 +a4 ≥ 0,2−a2−a3−a4 < 0,a4 ≥ 0,−a2 +a4 ≥ 0,
−a3 +a4 < 0; x5

1 ≤ x1y2 ≤ x2y2

2−a2−a3 +a4 < 0,2−a3 +a4 ≥ 0,a4 ≥ 0,−a2 +a4 < 0; x1y2 ≤ x2y2 ≤ x5
2

2−a3 +a4 ≥ 0,2+4a2−a3−a4 < 0,a4 < 0,−a2 +a4 ≥ 0,
−a3 +a4 ≥ 0; x5

2 ≤ x2y2 ≤ x3y2

2−a3 +a4 ≥ 0,2−a2−a3 +a4 < 0,a4 < 0,−a2 +a4 < 0,
−a3 +a4 < 0; x1y2 ≤ x5

2 ≤ x3y2

2+4a2−a3−a4 ≥ 0,2−a2−a3 +a4 < 0,a4 < 0,−a2 +a4 < 0,
−a3 +a4 < 0; x1y2 ≤ x5

2 ≤ x3y2

2−a3 +a4 ≥ 0,2−a2−a3 +a4 < 0,a4 < 0,−a2 +a4 < 0,
−a3 +a4 < 0; x1y2 ≤ x2y2 ≤ x5

2.
(5.16)
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We then have that the base locus is

B = Bs(|L2−a2−a3−a4,5|) =

{
V(x3,y)∼= F(0,a2|1,1) for (5.16)(1)− (5.16)(4),
V(x2,x3)∼= F(0,a4|1,2) for (5.16)(5)− (5.16)(8).

Further consider a general section f of |L2−a2−a3−a4,5| as an a�ne equation of the cone

X̃ = q−1(X)⊂ A6
ti,x j,y \Z

q−→ F(0,a2,a3,a4|13,2)

over X with Z = {t1 = t2 = 0}tB.

Along the base locus we have that

Sing(X̃)∩ B̃ =

V
(

∂ f
∂x3

, ∂ f
∂y ,x3,y

)
for (5.16)(1)− (5.16)(4),

V
(

∂ f
∂x2

, ∂ f
∂x3

,x2,x3

)
for (5.16)(5)− (5.16)(8)

where

∂ f
∂y

∣∣∣∣
x3=y=0

=α3001(t1, t2)x3
1 +α2101(t1, t2)x2

1x2 +α1201(t1, t2)x1x2
2 +α0301(t1, t2)x3

2;

∂ f
∂x3

∣∣∣∣
x3=y=0

=α4010(t1, t2)x4
1 +α3110(t1, t2)x3

1x2 +α2210(t1, t2)x2
1x2

2 +α1310(t1, t2)x1x3
2+

α0410(t1, t2)x4
2;

∂ f
∂x2

∣∣∣∣
x2=x3=0

=α4100(t1, t2)x4
1 +α2101(t1, t2)x2

1y+α0102(t1, t2)y2,

∂ f
∂x3

∣∣∣∣
x2=x3=0

=α4010(t1, t2)x4
1 +α2011(t1, t2)x2

1y+α0012(t1, t2)y2.

Therefore for X to have isolated singularities we must have that
∂ f
∂x3

and
∂ f
∂y

(
or that

∂ f
∂x2

and
∂ f
∂x3

)
are not identically zero on B and have no common factor. Equivalently,
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2−a2−a4 ≥ 0,2+2a2−a3 ≥ 0;{
a4−a3 ≥ 0, 2−a2−a4 ≥ 0,2+2a2−a3 ≥ 0,
a4−a3 < 0, 2−a2−a3 ≥ 0,2+3a2−a4 ≥ 0;

2−a2−a4 ≥ 0,2+2a2−a3 ≥ 0;{
a4−a3 ≥ 0, 2−a2−a4 ≥ 0,2+2a2−a3 ≥ 0,
a4−a3 < 0, 2−a2−a3 ≥ 0,2+3a2−a4 ≥ 0;

for (5.16)(1)− (5.16)(4)



2−a3−a4 ≥ 0,2−a2 +a4 ≥ 0;
2−a3−a4 ≥ 0,2−a2 +a4 ≥ 0;
2−a3−a4 ≥ 0,2−a2 +a4 ≥ 0;
2−a3−a4 ≥ 0,2−a2 +a4 ≥ 0;
2−a3−a4 ≥ 0,2−a2 +a4 ≥ 0

for (5.16)(5)− (5.16)(8).

(5.17)

Therefore, together with the condition that a3 ≥ a2 ≥ 0, Inequalities (5.16) and (5.17) result

in the following families of Calabi–Yau threefolds embedded in fourfold scrolls F(a j|13,2)

F(0,0,1,2|13,2), F(0,0,2,2|13,2), F(0,1,3,1|13,2), F(0,1,2,1|13,2),

F(0,1,2,0|13,2) and F(0,2,2,0|13,2) for (5.16)(1)+ (5.17)(1), . . . , (5.16)(4)+

(5.17)(4a,4b);

F(0,0,2,1|13,2), F(0,0,1,−2|13,2), F(0,0,2,−2|13,2), F(0,0,3,−2|13,2),

F(0,0,3,−1|13,2) and F(0,0,4,−2|13,2) for (5.16)(5)+ (5.17)(5), . . . , (5.16)(8)+

(5.17)(8).

having either P1
and or a curve of

1
2(1,1,0) singularities along the base locus as the

respective base locus. The new singular families are colour coded blue whereas the rest of

the families are quasismooth and already classi�ed in [Mul06].

We now analyze the singularities in the new families. We are only interested in the families

with at worst isolated singularities along the base locus.

1. For F= F(0,0,1,2|13,2) we have that X ∈ |−KF|= |−L+5M|. Also

Sing(F) = {x1 = x2 = x3 = 0} ∼= F(2)∼= P1.

A general section f (t1, t2,x1,x2,x3,y) of |−L+5M| has coe�cients

deg(αq j(ti)) =−1+q3 +2q4

as listed in Figure (5.6). There is no pure y-term so we always have that f (t1, t2;0,0,0,y)=
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Figure 5.6: Degrees of coe�cients of a section of |−KF(0,0,1,2|13,2)|

0 hence

Sing(F) = {x1 = x2 = x3 = 0} ⊂ Bs(|−KF|).

Further, since there is no term involving x5
1 and x5

2 we have a reducible two dimen-

sional base locus

B = Bs(|−KF|) =Sing(F)∪{x3 = y = 0}

={x1 = x2 = x3 = 0}tF(0,0)

with disjoint components.

Consider the equations

∂ f
∂y

∣∣∣∣
x3=y=0

=α3001(t1, t2)x3
1 +α2101(t1, t2)x2

1x2 +α1201(t1, t2)x1x2
2 +α0301(t1, t2)x3

2 ∈

|L1,3|F(0,0)|;

∂ f
∂x3

∣∣∣∣
x3=y=0

=
4

∑
k=0

α(4−k)k10(t1, t2)x
4−k
1 xk

2 ∈ |L0,4|F(0,0)|.

Therefore, along {x3 = y = 0} we have 4 isolated singularities

Sing(X̃)∩{x3 = y = 0}=V
(

∂ f
∂x3

,
∂ f
∂y

,x3,y
)

=|L1,3|B|∩ |L0,4|B| ⊂ P1
[ti]×P1

[x1:x2]
.
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Along the curve Sing(F) = {x1 = x2 = x3 = 0} the singularity of X is de�ned by

general, nonzero forms in C[t1, t2] of di�erent degrees 3,3,4

Sing(X̃)∩V(x1,x2,x3) =V
(

∂ f
∂x1

,
∂ f
∂x2

,
∂ f
∂x3

,x1,x2,x3

)
=V(α1002(ti),α0102(ti),α0012(ti)) = /0.

The threefold X is therefore quasismooth along Sing(F) of
1
2(1,1,1,0) curve singu-

larity on F. This family makes it to the list.

2. For F = F(0,1,2,0|13,2) we have X ∈ |−KF| = | − L + 5M|. A general section

f (t1, t2,x1,x2,y1,y2) of |−L+5M| has coe�cients

deg(αq j(ti)) =−1+q2 +2q3

as listed in Figure (5.7). A general section of |−KF(0,1,2,0|13,2)| is therefore divisible
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Figure 5.7: Degrees of coe�cients of a section of |−KF(0,1,2,0|13,2)|

by either x2 and x3. Consequently, along the base locus

B = Bs(|−L+5M|) = {x2 = x3 = 0} ∼= P1
[ti]×P1

[x2
1:y]

we have that

∂ f
∂x2

∣∣∣∣
x2=x3=0

= α4100(t1, t2)x4
1 +α2101(t1, t2)x2

1y+α0102(t1, t2)y2 ∈ |L0,2|B|,

∂ f
∂x3

∣∣∣∣
x2=x3=0

= α4010(t1, t2)x4
1 +α2011(t1, t2)x2

1y+α0012(t1, t2)y2 ∈ |L1,2|B|.
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Along B, we have 2 isolated singularities |L0,2|B| ∩ |L1,2|B|. The family X is qua-

sismooth along Sing(F) = {x1 = x2 = x3 = 0} ⊂ B. This family makes it to the

list.

The Table (5.2) has two new singular families with with at most isolated singularities along

the respective base locus. The new singular families with worse than isolated singularities

as well as the quasismooth families classi�ed in [Mul06] are not included in the list.
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5.3 Calabi–Yau threefolds with Sextic �bres

5.3.1 Fibres: X6 ⊂ P3[1,1,1,3]

In this section, we classify sextic K3

X6 ⊂ P[b j] = P3[13,3]

�bred Calabi–Yau threefolds X |−KF(a j|13,3)| with quotient singularities and �nite isolated

singular points along Bs(|−KF(a j|13,3)|).

This is achieved by relaxing the quasismooth requirement on X ⊂ F= F(a j|13,3) so that,

other than
1
3(1,1,1) singularities on X , there are at worst isolated singularities on the base

locus Bs(|−KF|). The classi�cation theorem proved in this section extends the (1113) list

in the appendix A of [Mul06] by 2 new singular families in Table (5.3).

No. F= F(a j|13,3) General X ∈ |−KF|
11 F(0,0,1,2|13,3) General X ∈ |−KF| has 5 isolated ODP singularities on Bs(|−KF|)
12 F(0,0,2,1|13,3) General X ∈ |−KF| has 3 isolated ODP singularities on Bs(|−KF|)

Table 5.3: Sextic �bred Calabi–Yau threefolds X ⊂ F= F(a j|13,3) with at worst isolated

singularities along Bs(|−KF|)

Lemma 5.3.1. The unique normal form of the P[1,1,1,3]-bundle over P1 is the weighted
4-fold scroll

F(a,b,c,d|1,1,1,3)∼= F(0,a2,a3,a4|1,1,1,3)

with integers a3 ≥ a2 ≥ 0 and a4 ∈ Z.

Proof. Note that

F(a1,a2,a3,d|1,1,1,3) =F
[

1 1 −aσ(1)+ k −aσ(2)+ k −aσ(3)+ k −d +3k
0 0 1 1 1 3

]
, σ ∈ S3

∼=F
[

1 1 0 −a2 −a3 −a4
0 0 1 1 1 3

]
.

Hence, uniquely, we have that

F(a1,a2,a3,d|13,3)∼= F(aσ(1),aσ(2),aσ(3),d|13,3)∼= F(0,a2,a3,a4|13,3)

with integers a3 ≥ a2 ≥ 0 and a4 ∈ Z.
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The anticanonical divisor of FA = F(0,a2,a3,a4|13,3) is given by

−KFA =

(
2−∑

j
a j

)
L+

(
∑

j
b j

)
M = L2−a2−a3−a4,6.

We then have that

Sym2+a2(q2−1)+a3(q3−1)+a4(q4−1)(ti)∏
j

xq j
j ⊂ H0(FA,L2−a2−a3−a4,6)

with a general 3-fold section X ∈ |L2−(a2+a3+a4),6| is given by

X = V

 ∑
(q1,q2,q3,q4)(13,3)`6

α(q j)(t1, t2)x
q1
1 xq2

2 xq3
3 yq4

⊂ F(0,a2,a3,a4|13,3)

where xq1
1 xq2

2 xq3
3 yq4

from the Newton tetrahedron in Figure (5.8).

The degrees of coe�cients

degα(q j)(1,1,1,3)`6(ti) = 2+(q2−1)a2 +(q3−1)a3 +(q4−1)a4

of the monomials xq1
1 xq2

2 xq3
3 yq4

increase down the x1− x2 edge of the tetrahedron by a2,

increase down the x1−x3 edge of the tetrahedron by a3; increase, decrease or stay constant

down the x1− y edge by a4 ∈ Z. They increase from edge x1− x2 to edge x1− x2 to edge

x1− x3 by a2−a1 and a3−a2 respectively. Increase, decrease or stay constant by a4−a3

from x1− y edge to x1− x3 edge.

Lemma 5.3.2. On the �bres of π : F(0,a2,a3,a4|13,3)→ P1 we have

SingP3
x j,y[1

3,3] = {[0 : 0 : 0 : 1]}

whereas on F= F(0,a2,a3,a4|13,3) there are 1
3(1,1,1,0) singularities

Sing(F) = V(x1,x2,x3)∼= P1
[ti].

Theorem 5.3.3. Let F = F(0,a2,a3,a4|1,1,1,3) be a P[13,3] bundle over P1 with sextic
�bres. There are 26 sextic K3 surface �bred Calabi–Yau 3-folds with quotient singularities
and �nite isolated singularities listed in the Tables (5.4),(5.5).

Proof. A general section of −KF = L2−a2−a3−a4,6 having x6
1,x

6
2,x

6
3 and y2

terms in

f (ti,x j,y) implies base point freeness (bpf) of−KF which in turn implies quasismoothness

of a general X ∈ |−KF|. Equivalently, bpf is implied by the degrees of the coe�cients
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Figure 5.8: The 39 monomial generators of C[P3
x j,y[1

3,3]]6.

α(q j)(1,1,1,3)`6(ti) of monomials xq1
1 xq2

1 xq3
3 yq4

at the vertices of Newton triangle (5.8) being

non-negative.

2−a2−a3 +a4 ≥ 0, (5.18)

2−a2 +5a3−a4 ≥ 0,

2+5a2−a3−a4 ≥ 0,

2−a2−a3−a4 ≥ 0.

The Inequality (4.7) together with Lemma (5.3.1) corresponds to a list of 10 quasismooth

Calabi–Yau three-folds X ∈ |−KF(0,a2,a3,a3|1,1,1,3)| in Table (5.4) .

A weaker condition than bpf results in these further cases

1. The threefold X ∈ |−KF| is irreducible hence dim(Bs(|−KF|)) 6= 3. Equivalently,

x j,y 6 | f (ti,x j,y); that is, the largest corresponding degree of coe�cients of the mono-

mials on each face of the Newton tetrahedron (5.8) is nonnegative. The equivalent

condition is that the larger of the three corresponding degrees of coe�cients of the
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No. F= F(a j|13,3) General X ∈ |−KF|
1 F(0,0,0,−2|13,3) −KF base point free, general X ∈ |−KF| is nonsingular

2 F(0,0,0,−1|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with
1
3(1,1,1) singularity

3 F(0,0,0,0|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 2× 1
3(1,1,1) singularities

4 F(0,0,0,1|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 3× 1
3(1,1,1) singularities

5 F(0,0,0,2|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 4× 1
3(1,1,1) singularities

6 F(0,0,1,−1|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 2× 1
3(1,1,1) singularities

7 F(0,0,1,0|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with
1
3(1,1,1) singularity

8 F(0,0,1,1|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 2× 1
3(1,1,1) singularities

9 F(0,0,2,0|13,3) −KF base point free, general X ∈ |−KF| is nonsingular

10 F(0,1,1,0|13,3) −KF base point free, general X ∈ |−KF| is nonsingular

11 F(0,0,1,2|13,3) General X ∈ |−KF| has 5 isolated ODP singularities on Bs(|−KF|)
and 3× 1

3(1,1,1) singularities

12 F(0,0,2,1|13,3) General X ∈ |−KF| has 3 isolated ODP singularities on Bs(|−KF|)
and

1
3(1,1,1) singularity

13 F(0,0,2,2|13,3) General X ∈ |−KF| is quasismooth

with 2× 1
3(1,1,1) singularities

Table 5.4: F=F(a j|13,3) for which a general X ∈ |−KF|with at worst isolated singularities

along Bs(|−KF|)

monomials on the x1− x3− y face or x1− x2− x3 face is nonnegative
2−a2 +5a3−a4 ≥ 0,a4−3a3 ≥ 0,a4−3a2 ≥ 0 if degα(0002) is largest{

2+5a2−a3−a4 ≥ 0,a4−3a3 < 0,a4−3a2 < 0 or

2−a2−a3 +a4 ≥ 0,a4−3a3 < 0,a4−3a2 ≥ 0
if degα(0060) is largest.

(5.19)

2. Suppose dim(Bs(|L2−a2−a3−a4,6|)) = 2. The inequalities (5.19) imply, depending on

the value of a4 ∈ Z, that the equation of a general section of |L2−a2−a3−a4,6| simul-

taneously has nonzero term involving the pairs {x3
3,y

2} for (5.19)(1), {x6
2,x

2
3} for

(5.19)(2) or {x3
3,y

2} for (5.19)(3).

(i) From the pair {x3
3,y

2}, we deduce that the two dimensional base locus is

Bs(|L2−a2−a3−a4,6|) = V(x3,y) = F(0,a2).
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No. F= F(a j|13,3) General X ∈ |−KF|
14 F(0,1,1,1|13,3) General X ∈ |−KF| is quasismooth

with
1
3(1,1,1) singularity

15 F(0,1,1,2|13,3) General X ∈ |−KF| is quasismooth

with 2× 1
3(1,1,1) singularities

16 F(0,1,1,3|13,3) General X ∈ |−KF| is quasismooth

with 3× 1
3(1,1,1) singularities

17 F(0,1,1,4|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 4× 1
3(1,1,1) singularities

18 F(0,1,1,5|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 5× 1
3(1,1,1) singularities

19 F(0,1,1,6|13,3) −KF base point free, general X ∈ |−KF| is quasismooth

with 6× 1
3(1,1,1) singularities

20 F(0,1,2,1|13,3) General X ∈ |−KF| is nonsingular

Table 5.5: F=F(a j|13,3) for which a general X ∈ |−KF|with at worst isolated singularities

along Bs(|−KF|)

This is equivalent to there being no terms on the x1− x2-edge of the Newton

tetrahedron (5.8) in f (ti,x j,y). Equivalently, there is no x6
2 term in f (ti,x j,y);

That is

2+5a2−a3−a4 < 0. (5.20)

Further, in the cone

X̃ = q−1(X)⊂ C2
t1,t2 \{(0,0)}×C4

x j,y \{(0,0,0,0)}
q−→ F(0,a2,a3,a4|13,3),

we observe that

Sing(X̃)∩ Ṽ(x3,y) = V
(

∂ f (ti,x j,y)
∂x3

,
∂ f (ti,x j,y)

∂y
,x3,y

)
= V

(
5

∑
j=0

α(5− j, j,1,0)(t1, t2)x
5− j
1 x j

2,
3

∑
k=0

α(3−k,k,0,1)(t1, t2)x
3−k
1 xk

2

)
= V( f1, f2)⊂ F(0,a2)

where f1 ∈ |L2−a2−a4,5| and f2 ∈ |L2−a2−a3,3| and Ṽ(x3,y) = q−1(Fa2).

Therefore for X to have isolated singularities, we must have |L2−a2−a4,5| and |L2−a2−a3,3|
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both non-empty and without a common component. Equivalently,

degα(0510)(ti) = 2+4a2−a4 ≥ 0, (5.21)

degα(0301)(ti) = 2+2a2−a3 ≥ 0 and

Max(degα(5010)(ti),degα(3001)(ti)) =

{
2−a2−a4 ≥ 0 for (5.19)(1) or

2−a2−a3 ≥ 0 for (5.19)(3)

.

Therefore, from Lemma (5.3.1), Inequalities (5.19)(1), (5.20) and (5.21) OR from

Lemma (5.3.1), Inequalities (5.19)(3), (5.20) and (5.21); we get the lattice point

(a2,a3,a4) corresponding to the ambient weighted 4-fold scrolls

F(0,a2,a3,a4|13,3)=F(0,0,1,2|13,3),F(0,0,2,1|13,3) and F(0,0,2,2|13,3);

for 3 Calabi–Yau threefold families X ∈ |−KF(a j|13,3)|.

For F= F(0,0,1,2|13,3), let

([γ1i : γ2i], [β1i : β2i]) ∈ P1
[ti]×P1

[x j]
= Bs(|−KF|).

That is, [β1i : β2i] is one of the 5 roots of a general homogeneous quintic in

x1,x2 whereas [γ1i : γ2i] satis�es a linear equation in t1, t2 for a �xed [β1i : β2i].

Therefore, for the family X ∈ |−KF(0,0,1,2|13,3)|, we have that

Sing(X)∩F(0,0) = V

(
5

∑
j=0

c jx
5− j
1 x j

2,
3

∑
k=0

α1(t1, t2)x3−k
1 xk

2

)
= {ei = [γ1i : γ2i;β1i : β2i : 0 : 0] : i = 1, . . . ,5 = (0,5).(1,3)} ⊂ P1

[ti]×P1
[x j]
⊂

X ⊂ F(0,0,1,2|13,3).

Locally on the chart A4
t2,x1,x3,y, a change of coordinates

t2 = t ′2 + γi2, x1 = x′1 +β1i

results in

X ∩A4
t2,x1,x3,y =V

(
x3

5

∑
j=0

c j(x′1 +β1i)
5− j + y

3

∑
k=0

(x′1 +β1i)
3−k

α1(t ′2 + γi2)+ H.O.T

)
=V(c4x′1x3 + y(δ2x′1 +δ3t ′2x3)+ H.O.T), let (y′)2 := x′1y,(t ′′2 )

2 := t ′2x3y

=V(x′1x3 +(y′)2 +(t ′′2 )
2+ H.O.T), let T := y′+ it ′′2 ,Y := y′− it ′′2

=V(x′1x3 +Y T+ H.O.T)

=V(q2(T,x′1,x3,Y )+ H.O.T )⊂ A4
(T,x′1,x3,Y )

⊂ F(0,0,1,2|13,3),
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where q2 = x′1x3+Y T is a full rank quadratic expression. Therefore, the Calabi–

Yau threefold X has 5 isolated threefold Ordinary Double Point (ODP) singular-

ities {ei}.

A similar analysis shows that the Calabi–Yau threefold X ∈ |−KF(0,0,2,1|13,3)|
has 3 = (1,5).(0,3) isolated threefold ODP singularities { fk}.

For the threefold X ⊂ F(0,0,2,2|13,3), there are no isolated singularities along

the base locus P1
[ti]
×P1

[x j]
, hence a quasismooth CY3-fold family.

(ii) From the second pair {x6
2,x

6
3}, we deduce that the two dimensional base locus

is

Bs(|L2−a2−a3−a4,6|) = V(x2,x3) = F(0,a4|1,3).

Equivalently there is no term on the x1− y-edge of the Newton tetrahedron

(5.8) in f (ti,x j,y). Equivalently,

Max(2−a2−a3−a4,2−a2−a3 +a4)< 0.

That is to say {
2−a2−a3−a4 < 0,3a3 ≥ 3a2 ≥ 0 > a4 or

2−a2−a3 +a4 < 0,3a3 ≥ 3a2 > a4 ≥ 0
(5.22)

We then have, along F(0,a4|1,3), that

Sing(X̃)∩ ˜F(0,a4|1,3) = V
(

∂ f (ti,x j,y)
∂x2

,
∂ f (ti,x j,y)

∂x3
,x2,x3

)
= V

(
α(5100)(ti)x

5
1 +α(2101)x

2
1y,α(5010)(ti)x

5
1 +α(2011)x

2
1y
)

= V(g1,g2)⊂ F(0,a4|1,3)

where g1 ∈ |L2−a3−a4,5| and g2 ∈ |L2−a2−a4,5|.

We observe that x1|g1,g2 hence SingX is reducible and contains the compo-

nent V(x1) = F(0,a3− a2,a4− 3a2|1,1,3) along the base locus Bs(−KF) =

F(0,a4|1,3). Therefore in this case, there are no new examples under the as-

sumption of the classi�cation problem; at most isolated singularities on X along

Bs(|−KF(a j|13,3)|).

(iii) Let f = f (ti,x j,y) be a section of |−KF(a j|13,3)|= |L2−a2−a3−a4,6| and suppose

that dim(Bs(|L2−a2−a3−a4,6|)) = 1. We either have that

x6
1 /∈ f and x6

2,x
6
3,y

2 ∈ f
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or

y2 /∈ f and x6
1,x

6
2,x

6
3 ∈ f .

Equivalently2+5a2−a3−a4 < 0,2−a2−a3 +a4 ≥ 0 and

{
2−a2−a3 ≥ 0 or

2−a2−a4 ≥ 0

2−a2−a3 +a4 < 0,2−a2−a3−a4 ≥ 0

The one-dimensional base locus is therefore

X =V( f (ti,x j,y))=Bs(|L2−a2−a3−a4,6|)=

{
V(x2,x3,y) = F(a1) = F(0)∼= P1

or

V(x1,x2,x3)∼= F(a4|3).

Along F(0) and on the chart U11 = {t1 = x1 = 1}= A4
t2,x2,x3,y we have that

Sing(X̃)∩ F̃(0) = V
(

∂ f (ti,x j,y)
∂x2

,
∂ f (ti,x j,y)

∂x3
,
∂ f (ti,x j,y)

∂y
,x2,x3,y

)
= V(α(5100)(t2),α(5010)(t2),α(3001)(t2))⊂ C2

t1,t2 \{(0,0)}×C4
x j,y \{(0,0,0,0)}.

Along F(a4|3) and on the chart U1y = {t1 = y = 1}= A4
t2,x1,x2,x3

we have that

Sing(X̃)∩ F̃(a4|3) = V
(

∂ f (ti,x j,y)
∂x1

,
∂ f (ti,x j,y)

∂x2
,
∂ f (ti,x j,y)

∂x3
,x1,x2,x3

)
= /0⊂ C2

t1,t2 \{(0,0)}×C4
x j,y \{(0,0,0,0)}.

Hence, Lemma (5.3.1) and Inequalities (2iii) result in 7 families of quasismooth

Calabi–Yau threefolds embedded in fourfold scrolls

F(0,a2,a3,a4|13,3) =F(0,1,2,1|13,3),F(0,1,1,1|13,3), F(0,1,1,2|13,3)

F(0,1,1,3|13,3),F(0,1,1,4|13,3), F(0,1,1,5|13,3)

and F(0,1,1,6|13,3).

Note that the isolated singularities of the respective Calabi–Yau threefolds

families X ∈ |−KF(a j|13,3)| do not meet the respective one dimensional base

locus Bs(|−KF(a j|13,3)|) hence are either quasismooth or nonsingular.

From all cases above, y2 ∈ f (ti,x j,y), the isolated singularities of the Calabi–Yau

threefold

X = V( f (ti,x j,y))⊂ F(0,a2,a3,a4|13,3)

are therefore

X ∩Sing(F(0,a2,a3,a4|1,1,1,3)) = V(α(0002)(t2))×{[0 : 0 : 0 : 1]}=

{pk = [β1k : β2k;0 : 0 : 0 : 1] : 1≤ k ≤ degα(0002)} ⊂ Sing X .
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So, near pk, we have that

X ∩{y = t2 = 1}= V( f (t1,x j) = {α(0002)(t1)+Other Terms = 0} ⊂ C4
(t1,x1,x2,x3)

from which we deduce that there are (2−a2−a3 +a4)× 1
3(1,1,1) quotient singu-

larities at pk for every k.

In conclusion, the Tables (5.4) and (5.5) summarise with reason the models of 4-fold

straight scrolls F= F(0,a2,a3,a4|13,3) in which the anticanonical threefolds have

at most codimension two singularities on base locus of Bs(|−KF(a j|13,3)|).
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5.3.2 Fibres: X6 ⊂ P3[1,1,2,2]

Theorem 5.3.4. Let F = F(0,a2,a3,a4|1,1,2,2) be a P[12,22] bundle over P1 with X6 ⊂
P3[12,22] �bres. There are 43 sextic K3 surface �bred Calabi–Yau 3-folds with at worst
A1× 1

2(1,1) singularities along the base locus of |−KF|. The 3 families listed in the Table
(5.6) are the families with quotient singularities and �nite isolated singular points along
the base locus. The quasismooth ones are already, up to isomorphism, in the (1122)-case in
Appendix A of [Mul06].

No. F= F(a j|12,22) General X ∈ |−KF|
1 F(0,0,1,2|12,22) Has 4 ODP singularities along Bs(|−KF|) = V(y1,y2)

and a genus 5 curve of
1
2(1,1,0) singularity along V(x1,x2)

2 F(0,2,0,1|12,22) Has 2 ODP singularities along Bs(|−KF|) = V(x2,y2)

with P1
and a genus 0 curves of

1
2(1,0,1) singularity along V(x1,x2)

Table 5.6: F= F(a j|12,22) for which a general X ∈ |−KF| with quotient singularities and

�nite isolated singular points along Bs(|−KF|)

Proof. We have, by a standard isomorphism, that

F(a1,a2,d1,d2|1,1,2,2) =F
[

1 1 −aσ(1)+ k −aσ(2)+ k −dρ(1)+2k −dρ(2)+2k
0 0 1 1 1 3

]
, σ ,ρ ∈ S2

∼=F
[

1 1 0 −a2 −a3 −a4
0 0 1 1 2 2

]
.

Hence, uniquely, we have that

F(a1,a2,d1,d2|12,22)∼= F(aσ(1),aσ(2),dρ(1),dρ(2)|12,22)∼= F(0,a2,a3,a4|12,22)

with integers a2 ≥ 0 and a4−a3 ≥ 0.

We assume that the anticanonical divisor class |−KF|= |L2−a2−a3−a4,6| 6= /0. The quasis-

mooth Calabi–Yau threefold hypersurface X ∈ |−KF| inherits its singularities from

Sing(F(0,a2,a3,a4|12,22)) = {x1 = x2 = 0}

= F
[

1 1 −a3 −a4
0 0 2 2

]
∼= F

[
1 1 −a3 −a4
0 0 1 1

]
= F(a3,a4).

We then have
1
2(1,1,0) quotient singularities on X along X ∩F(a3,a4)

Sing X ⊇X ∩F(a3,a4)

=V(α(0030)(ti)+α(0210)(ti)+α(0120)(ti)+α(0003)(ti))×{[0 : 0 : 1 : 1]}

={rk = [β1k : β2k;0 : 0 : 1 : 1] : 1≤ k ≤Max(degα(0030),degα(0003))}.
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If

degα(0030) = 2−a2 +2a3−a4 ≥ 2−a2−a3 +2a4 = degα(0003),

then near rk we have that

X ∩{y1 = t2 = 1}= V( f (t1,x j,y2)) = {α(0030)(t1)+Other Terms = 0}.

With β1k a simple root of f (t1,x j,y2), we have that
∂ f (t1,x j,y2)

∂ t1
6= 0. Therefore, up to the sta-

bilizer Stab(C∗)2(F(0,a2,a3,a4|12,22)), we have that (x1,x2,y2) is a set of local coordinates

on X ∩C4
x1,x2,y2

satisfying

(x1,x2,y2) 7→ (−x1,−x2,y2) hence (2−a2 +2a3−a4)×
1
2
(1,1,0) (5.23)

isolated quotient singularities at rk for every k. Otherwise, we have

(x1,x2,y1) 7→ (−x1,−x2,y1) hence (2−a2−a3 +2a4)×
1
2
(1,1,0) (5.24)

isolated quotient singularities at rk on X ∩C4
t1,x1,x2,y1

for every k.

We will refer to the Newton tetrahedon in Figure (5.9) with similar arguments as those

used for elliptically �bred K3s in F(0,a2,a3|1,2,3).

Base point freeness of −KF = L2−a2−a3−a4,6 is implied by the Inequalities

2−a2−a3 +2a4 ≥ 0, (5.25)

2−a2 +2a3−a4 ≥ 0,

2+5a2−a3−a4 ≥ 0

2−a2−a3−a4 ≥ 0

whose integral solutions under the assumptions that a2 ≥ 0,a4−a3 ≥ 0 correspond to the

following list of 11 quasismooth Calabi–Yau threefolds

F(a1,a2,a3,a4|12,22) =F(0,0,−2,−2|12,22), F(0,0,−1,−1|12,22), F(0,0,−1,0|12,22)

F(0,0,0,0|12,22), F(0,0,0,1|12,22), F(0,0,0,2|12,22),

F(0,0,1,1|12,22), F(0,1,−1,−1|12,22), F(0,1,0,0|12,22),

F(0,1,0,1|12,22) and F(0,2,0,0|12,22).

For X = V( f (ti,x j,y j)) ∈ |−KF(0,a2,a3,a4|12,22)| = |L2−a2−a3−a4,6| to be irreducible, the

second largest of the corresponding degrees of coe�cients of the monomials at the vertices
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Figure 5.9: The 30 monomial generators of C[P3
xi,y j

[12,22]]6.

of the Newton tetrahedron (5.9) is nonnegative so that at least one vertex of every face

exists

2−a2 +2a3−a4 ≥ 0,−2a2 +a3 ≥ 0,−2a2 +a4 ≥ 0,a3 ≥ 0,a4 ≥ 0 if x
6
1 ≤ x6

2 ≤ y3
1 ≤ y3

2

2+5a2−a3−a4 ≥ 0,−2a2 +a3 < 0,−2a2 +a4 ≥ 0,a3 ≥ 0,a4 ≥ 0 if x
6
1 ≤ y3

1 ≤ x6
2 ≤ y3

2

2+5a2−a3−a4 ≥ 0,−2a2 +a3 < 0,−2a2 +a4 ≥ 0,a3 < 0,a4 ≥ 0 if y
3
1 ≤ x6

1 ≤ x6
2 ≤ y3

2

2−a2−a3 +2a4 ≥ 0,−2a2 +a3 < 0,−2a2 +a4 < 0,a3 ≥ 0,a4 ≥ 0 if x
6
1 ≤ y3

1 ≤ y3
2 ≤ x6

2

2−a2−a3 +2a4 ≥ 0,−2a2 +a3 < 0,−2a2 +a4 < 0,a3 < 0,a4 ≥ 0 if y
3
1 ≤ x6

1 ≤ y3
2 ≤ x6

2

2−a2−a3−a4 ≥ 0,−2a2 +a3 < 0,−2a2 +a4 < 0,a3 < 0,a4 < 0 if y
3
1 ≤ y3

2 ≤ x6
1 ≤ x6

2.
(5.26)

Inequalities (5.26) guarantee that dim(Bs(|L2−a2−a3−a4,6|)) 6= 3. If

dim(Bs(|L2−a2−a3−a4,6|)) = 1,
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we must have that

2−a2−a3−a4 < 0, 2+5a2−a3−a4 ≥ 0 from (5.26)(1);
2−a2−a3−a4 < 0, 2−a2 +2a3−a4 ≥ 0 from (5.26)(2);
2−a2−a3−a4 ≥ 0, 2−a2 +2a3−a4 < 0 from (5.26)(3);
2−a2−a3−a4 < 0, 2−a2 +2a3−a4 ≥ 0 from (5.26)(4);
2−a2−a3−a4 ≥ 0, 2−a2 +2a3−a4 < 0 from (5.26)(5);
2−a2 +2a3−a4 < 0,2−a2−a3 +2a4 ≥ 0 from (5.26)(6).

(5.27)

The one-dimensional base locus is the curve B′ = Bs(|L2−a2−a3−a4,6|) given by{
B1 = V(x2,y1,y2) = F(a2|1)∼= P1

for (5.27)(1), (5.27)(2), (5.27)(4),

B2 = V(x1,x2,y2)∼= F(a3|2)∼= P1
for (5.27)(3), (5.27)(5), (5.27)(6).

Along the curve B′ we have that

Sing(X̃)∩ B̃′ =

V
(

∂ f
∂x2

, ∂ f
∂y1

, ∂ f
∂y2

)
∩B1

V
(

∂ f
∂x1

, ∂ f
∂x2

, ∂ f
∂y2

)
∩B2;

=

{
V
(
α5100(ti)x5

1,α4010(ti)x4
1,α4001(ti)x4

1
)

x1 6= 0,
V
(

/0, /0,α0021(ti)y2
1
)

y1 6= 0.

We then require of the equation above that the largest degree of coe�cient is nonnegative

to have isolated singularities

2−a2−a3 ≥ 0 if x6
1 ≤ x6

2 ≤ y3
1 ≤ y3

2;
2−a2−a3 ≥ 0 if x6

1 ≤ y3
1 ≤ x6

2 ≤ y3
2;

2−a2 +a3 ≥ 0 if y3
1 ≤ x6

1 ≤ x6
2 ≤ y3

2;{
−a2 +a4 ≥ 0, 2−a2−a3 ≥ 0
−a2 +a4 < 0, 2−a3−a4 ≥ 0

if x6
1 ≤ y3

1 ≤ y3
2 ≤ x6

2;

2−a2 +a3 ≥ 0 if y3
1 ≤ x6

1 ≤ y3
2 ≤ x6

2;
2−a2 +a3 ≥ 0 if y3

1 ≤ y3
2 ≤ x6

1 ≤ x6
2.

(5.28)

With the condition a2 ≥ 0, a4− a3 ≥ 0 and Inequalities (5.28) and (5.27), we get other

125



Calabi–Yau threefolds X embedded in the weighted scrolls F(0,a2,a3,a4|12,22)

F(0,1,1,2|12,22), F(0,1,1,3|12,22), F(0,1,1,1|12,22),

F(0,2,1,1|12,22) and F(0,3,1,1|12,22)

for (5.27)(1), (5.27)(2), (5.27)(4);

F(0,1,−1,0|12,22), F(0,1,−1,1|12,22), F(0,0,−2,0|12,22),

F(0,0,−2,1|12,22), F(0,0,−2,2|12,22), F(0,0,−2,3|12,22),

F(0,0,−2,4|12,22), F(0,0,−1,1|12,22), F(0,0,−1,2|12,22),

F(0,0,−1,3|12,22), F(0,1,−1,2|12,22), F(0,1,−1,0|12,22),

F(0,1,−1,1|12,22), F(0,0,−6,−4|12,22), F(0,0,−5,−3|12,22),

F(0,0,−4,−3|12,22), F(0,0,−4,−2|12,22), F(0,0,−3,−2|12,22),

F(0,0,−3,−1|12,22), F(0,0,−2,−1|12,22), F(0,1,−3,−2|12,22)

and F(0,1,−2,−1|12,22) for (5.27)(3), (5.27)(5), (5.27)(6).

The new families are colour coded blue and have either isolated or more than isolated

singularities along the base locu. In Table (5.6), we omit families with more than isolated

singularities as well as the quasismooth (non-colour coded) families which had been

classi�ed in [Mul06].

Finally, if dim(Bs(|L2−a2−a3−a4,6|)) = 2, we must have that

2+5a2−a3−a4 < 0, 2−a2 +2a3−a4 ≥ 0 from (5.26)(1);

2−a2 +2a3−a4 < 0, 2+5a2−a3−a4 ≥ 0 from (5.26)(2);

2−a2−a3−a4 < 0, 2+5a2−a3−a4 ≥ 0 from (5.26)(3);

2−a2 +2a3−a4 < 0, 2−a2−a3 +2a4 ≥ 0 from (5.26)(4);

2−a2−a3−a4 < 0, 2−a2−a3 +2a4 ≥ 0, from (5.26)(5);

2−a2−a3 +2a4 < 0,2−a2−a3−a4 ≥ 0 from (5.26)(6).

(5.29)

Consequently, the two dimensional base loci B = Bs(|L2−a2−a3−a4,6|) are
V(y1,y2) = F(0,a2|1,1)ti,x1,x2 for (5.29)(1);

V(x2,y2)∼= F(0,a3|1,2)∼= F(0,a3|1,1)ti,x2
1,y1

for (5.29)(2)-(5.29)(5);

V(x1,x2)∼= F(a3,a4|2,2)∼= F(0,a4−a3|1,1)ti,y1,y2 for (5.29)(6).

For X to have nice singularities of codimension at least two along the base loci F(0,a2|1,1)
or F(0,a3|1,3), we must have that

x1,x2 6
∣∣∂ f (ti,xi,y j)

∂y1
,

∂ f (ti,xi,y j)

∂y2

(
or x1,y1 6

∣∣∂ f (ti,xi,y j)

∂x2
,

∂ f (ti,xi,y j)

∂y2

)
.
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Here,

Sing(X̃)∩ B̃ =


V
(

∂ f
∂y1

, ∂ f
∂y2

,y1,y2

)
if x6

1 ≤ x6
2 ≤ y3

1 ≤ y3
2

V
(

∂ f
∂x2

∂ f
∂y2

x2,y2

)
otherwise

V
(

∂ f
∂x1

∂ f
∂x2

x1,x2

)
if y3

1 ≤ y3
2 ≤ x6

1 ≤ x6
2.

where f = f (ti,xi,y j) and

∂ f
∂y2

∣∣∣∣
y1=y2=0

= α4001(ti)x4
1 +α3101(ti)x3

1x2 +α2201(ti)x2
1x2

2 +α1301(ti)x1x3
2 +α0401(ti)x4

2

∂ f
∂y1

∣∣∣∣
y1=y2=0

= α4010(ti)x4
1 +α3110(ti)x3

1x2 +α2210(ti)x2
1x2

2 +α1310(ti)x1x3
2 +α0410(ti)x4

2,

∂ f
∂y2

∣∣∣∣
x2=y2=0

= α4001(ti)x4
1 +α2011(ti)x2

1y1 +α0021(ti)y2
1,

∂ f
∂x2

∣∣∣∣
x2=y2=0

= α5100(ti)x5
1 +α3110(ti)x3

1y1 +α1120(ti)x1y2
1,

∂ f
∂x2

∣∣∣∣
x1=x2=0

=
∂ f
∂x1

∣∣∣∣
x1=x2=0

≡ 0.

Therefore for X to have isolated singularities we must have that
∂ f
∂y1

and
∂ f
∂y2

(
or that

∂ f
∂x2

and
∂ f
∂y2

)
are not both identically zero on B and have no common factor. This is guaranteed by the

constraints,

2−a2−a4 ≥ 0, 2+3a2−a3 ≥ 0 if x6
1 ≤ x6

2 ≤ y3
1 ≤ y3

2

2−a3−a4 ≥ 0, 2−a2 +a3 ≥ 0 if x6
1 ≤ y3

1 ≤ x6
2 ≤ y3

2

2−a3−a4 ≥ 0, 2−a2 +a3 ≥ 0 if y3
1 ≤ x6

1 ≤ x6
2 ≤ y3

2{
−a2 +a4 ≥ 0, 2−a3−a4 ≥ 0, 2−a2 +a3 ≥ 0
−a2 +a4 < 0, 2−a2−a3 ≥ 0,2+a3−a4 ≥ 0

if x6
1 ≤ y3

1 ≤ y3
2 ≤ x6

2

2−a2−a3 ≥ 0,2+a3−a4 ≥ 0 if y3
1 ≤ x6

1 ≤ y3
2 ≤ x6

2.

(5.30)

However, if the family X for which y3
1 ≤ y3

2 ≤ x6
1 ≤ x6

2 exists, it would be singular on the

entire surface F(0,a4−a3|1,1) on which both
∂ f
∂x2

and
∂ f
∂x1

are identically zero. We are not

interested in such families and can ignore this case already.

Therefore, with the condition a2 ≥ 0 and a4−a3 ≥ 0, Inequalities (5.29) and (5.30) we get

other Calabi–Yau threefolds X embedded the weighted scrolls F(0,a2,a3,a4|12,22)

F(0,0,1,2|12,22) and F(0,0,2,2|12,22) from Inequalities

(5.29)(1)+ (5.30)(1);

F(0,1,0,2|12,22), F(0,1,−1,3|12,22), F(0,2,0,2|12,22),

F(0,2,0,1|12,22), and F(0,3,−1,1|12,22)

from (5.29)(2)+ (5.30)(2), . . . , (5.29)(5)+ (5.30)(5).
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The new families are colour coded blue and we list, in Table (5.6),those with at worst

isolated singularities along the respective base locus. The non-color coded families are

quasismooth.

We now analyze the singularities in the new families. We are only interested in the families

with at worst isolated singularities along the base locus.

1. For F= F(0,0,1,2|12,22) in which case X ∈ |−KF|= |−L+6M|, we have that

Sing(F) = {x1 = x2 = 0} ∼= F(1,2|2,2)∼= F(0,1|1,1) = F1.

A general section f (t1, t2,x1,x2,y1,y2) of |−L+6M| has coe�cients

deg(αq j(ti)) =−1+q3 +2q4

as listed in Figure (5.10). We then get the curve
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2
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2
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2
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2
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2
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x1x2y1y2
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0
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1
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1
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Figure 5.10: Degrees of coe�cients of a section of |−KF(0,0,1,2|12,22)|

C = X ∩Sing(F) =V( f (t1, t2,0,0,y1,y2))⊂ F1 =: Fa

=V(g5(ti)y3
2 +g4(ti)y1y2

2 +g3(ti)y2
1y2 +g2(ti)y3

1) ∈

|2L|F1 +3M|F1|=: |mL|F1 +nM|F1|
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of
1
2(1,1,0) singularities on the surface scroll F1 whose genus is

g(C) =a
(

n
2

)
+(m−1)(n−1)

=1×
(

3
2

)
+(2−1)(3−1) = 5.

Since f was general, we have that along the base locus

B = Bs(|−L+6M|) = {y1 = y2 = 0} ∼= P1
[ti]×P1

[x j]

that

∂ f
∂y1

∣∣∣∣
y1=y2=0

=α4010(ti)x4
1 +α3110(ti)x3

1x2 +α2210(ti)x2
1x2

2 +α1310(ti)x1x3
2+

α0410(ti)x4
2 ∈ |L0,4|B|

∂ f
∂y2

∣∣∣∣
y1=y2=0

=α4001(ti)x4
1 +α3101(ti)x3

1x2 +α2201(ti)x2
1x2

2 +α1301(ti)x1x3
2+

α0401(ti)x4
2 ∈ |L1,4|B|.

Therefore, along the base locus B, we have 4 isolated singularities

Sing(X̃)∩ B̃ =V
(

∂ f
∂y1

,
∂ f
∂y2

,y1,y2

)
=|L0,4|B|∩ |L1,4|B| ⊂ P1

[ti]×P1
[x j]

.

We also note that B∩Sing(F) = /0 so that these 4 singular points pi = [γ1i : γ2i;β1i :
β2i : 0 : 0] are the worst there is along B.

Now, locally on the chart U12 = {t1 = x2 = 1} ∼= A4
t2,x1,y1,y2

/Z2, a local change of

coordinates t2 = t ′2 + γ2i, x1 = x′1 +β1i results in

X ∩U12 =V

(
y1

4

∑
k=0

ck(x′1 +β1i)
4−k + y2

4

∑
k=0

`
[k]
1 (t ′2 + γ2i)(x′1 +β1i)

4−k+ H.O.T

)
=V(y1x′1

2 + y2g1(t ′2,x
′
1

2)+ H.O.T), let u1 =: x′1
2, t ′′2 := g1(t ′2,u1)

=V(y1u1 + y2t ′′2+ H.O.T)⊂ A4
(t ′′2 ,u1,y1,y2)

⊂ F(0,0,1,2|12,22),

a quadric threefold cone with a full rank quadratic part q2 = y1u1 + y2t ′′2 . Therefore,

up to an analytic Z2 change of coordinates, the Calabi–Yau threefold X has 4 isolated

threefold Ordinary Double Point (ODP) singularities {pi}. It is known, see [Ati58] ,

that blowing up along B⊂ X ⊂ F(0,0,1,2|12,22) gives a small (crepant) resolution

of the 4 isolated ODP singularities {pi} ⊂ B.
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2. For F= F(0,2,0,1|12,22) where X ∈ |−KF|= |−L+6M|, we have that

Sing(F) = {x1 = x2 = 0} ∼= F(0,1|2,2)∼= F(0,1|1,1) = F1.

A general section f (t1, t2,x1,x2,y1,y2) of |−L+6M| has coe�cients

deg(αq j(ti)) =−1+2q2 +q4

as listed in Figure (5.11). We then get a union of {x1 = x2 = y2 = 0} and genus 0
curve in |L0,1|F2|

C = X ∩Sing(F) =V( f (t1, t2,0,0,y1,y2))

={x1 = x2 = y2 = 0}∪V(g2(ti)y2
2 +g1(ti)y1y2 +g0(ti)y2

1)⊂ F1

on the surface scroll F1. Both curves are of
1
2(1,1,0) singularity. Further along the
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Figure 5.11: Degrees of coe�cients of a section of |−KF(0,2,0,1|12,22)|

base locus

B = Bs(|−L+6M|) = {x2 = y2 = 0} ∼= P1
[ti]×P1

[x2
1:y1]

,

we have that

∂ f
∂y2

∣∣∣∣
x2=y2=0

= α4001(ti)x4
1 +α2011(ti)x2

1y1 +α0021(ti)y2
1 ∈ |L0,2|,

∂ f
∂x2

∣∣∣∣
x2=y2=0

= α5100(ti)x5
1 +α3110(ti)x3

1y1 +α1120(ti)x1y2
1 ∈ x1|L1,2|.
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There, along the base locus B, we have 2 isolated singularities

Sing(X̃)∩ B̃ =V
(

∂ f
∂x2

,
∂ f
∂y2

,x2,y2

)
=|L0,2|B|∩ |L1,2|B| ⊂ P1

[ti]×P1
[x j]

.

We note that the 2 isolated singular points are not in

B∩Sing(F) = {x1 = x2 = y2 = 0} ∼= P1
[ti]×{[0 : 0 : 1 : 0]}.

We therefore have that the family X has 2 isolated singular points along the base

locus of |−KF| and a P1
curve of

1
2(1,1,0) singularities. This family makes it to our

list.

In conclusion, the Table (5.6) summarizes with reason the models of 4-fold weighted scrolls

F = F(0,a2,a3,a4|12,22) in which the anticanonical threefolds have at most isolated

singularities along the base locus of |−KF|.

131



Chapter 6

Codimension 2 Calabi–Yau Varieties
in Weighted Scrolls

In this chapter, we �rst construct K3 surfaces over P1
by complete intersections of two

quadrics E2,2 ⊂ P3
from Table (2.2). This is intended to introduce the classi�cation of

Complete Intersection Calabi–Yau threefolds [CICY3] in weighted scrolls �bred by

X2,3 ⊂ P4

which are either nonsingualr or has isolated singular points.

Lemma 6.0.1. Let |D1| and |D2| be base point free linear systems on the scroll FA. The
codimension two surface X = V( f1, f2) with equations fi of general sections of |Di| is quasis-
mooth.

Proof. By Bertini’s Theorem, since |D1| is base point free, a general section X1 :=
V( f1) ∈ |D1| is a quasismooth hypersurface in FA. Since |D2| is base point free, the re-

striction D2|X1 is basepoint-free with at least as many sections as |D2|. Therefore, with f2

being the equation of a general section of |D2|, the general section X = V( f1, f2) of D2|X1

is also quasismooth.

6.1 Elliptic �brations by X2,2 ⊂ P3 in Scrolls

De�nition 6.1.1. [Codim 2 K3 Surface in scroll] Let F= F(0,a2,a3,a4) be a 4-fold straight

scroll with weakly increasing twisting data

0≤ a2 ≤ a3 ≤ a4. (6.1)

Let D1,D2 ∈Cl(F) and suppose that D1 +D2 +KF = OX . Now, with fi the equation of a

general section of |Di|, we have that

X = V( f1, f2)⊂ F(0,a2,a3,a4)
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is a codimension two surface.

Now since−KF = L2−a2−a3−a4,4, let D1 = Lp1,2 so that D2 = L2−p1−a2−a3−a4,2. In the Z2−
graded coordinate ring S = C[ti,x j] of the scroll F(0,a2,a3,a4), we take equations of

general section

f1(ti,x j) =α(2000)(ti)x
2
1 +α(1100)(ti)x1x2 +α(0200)(ti)x

2
2 +α(1010)(ti)x1x3 +α(0020)(ti)x

2
3+

α(1001)(ti)x1x4 +α(0110)(ti)x2x3 +α(0101)(ti)x2x4 +α(0011)(ti)x3x4 +α(0002)(ti)x
2
4 ∈ |Lp1,2|

and

f2(ti,x j) =β(2000)(ti)x
2
1 +β(1100)(ti)x1x2 +β(0200)(ti)x

2
2 +β(1010)(ti)x1x3 +β(0020)(ti)x

2
3+

β(1001)(ti)x1x4 +β(0110)(ti)x2x3 +β(0101)(ti)x2x4 +β(0011)(ti)x3x4 +β(0002)(ti)x
2
4 ∈

|L2−p1−a2−a3−a4,2|.

Here, α(q j),β(q j) ∈ C[t1, t2] of degrees

degα(q j)(ti) = p1 +q2a2 +q3a3 +q4a4,

degβ(q j)(ti) = 2− p1 +(q2−1)a2 +(q3−1)a3 +(q4−1)a4

are the coe�cients of xq
where q = (q1, . . . ,q4) ` 2.

Denote a general

X = V( f1, f2) = V

 ∑
(q j)`2

α(q j)(t1, t2)x
q j , ∑

(q j)`2
β(q j)(t1, t2)x

q j


by [

p1 2− p1−a2−a3−a4
2 2

]
⊂ F(0,a2,a3,a4).

We also note, by symmetry that[
p1 2− p1−a2−a3−a4
2 2

]
=

[
2− p1−a2−a3−a4 p1

2 2

]
and therefore without loss of generality we may assume that p1 ≥ 2− p1−∑a j or

−2+2p1 +a2 +a3 +a4 ≥ 0. (6.2)

We get a �bration f : X → P1
by genus 1 curves E2,2 ⊂ P3

induced from the canonical

P3
-�bred scroll map

X F(0,a2,a3,a4)

P1.

f
π
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The following theorem classi�es codimension two surfaces with at most isolated singulari-

ties �bred by intersection of two quadrics and living in P3
-bundles over P1.

Theorem 6.1.2. Let F= F(0,a2,a3,a4) be a fourfold straight scroll over P1. There are 18
families of mildly singular codimension two surfaces X = V( f1, f2) �bred by E2,2 ⊂ P3

a complete intersection of two quadrics with at most isolated singularities along either of
the base loci Bs(|Lp1,2|),Bs(|L2−p1−a2−a3−a4,2|). The Tables (6.1) and (6.2) summarise the
classi�cation.

No. X ⊂ F(0,a2,a3,a4) = F General X =

[
p1 2− p1−a2−a3−a4
2 2

]
1

[
0 0
2 2

]
⊂ F(0,0,0,2) |D1|, |D2| are base-point-free

General X is nonsingular K3 surface.

2

[
0 0
2 2

]
⊂ F(0,0,1,1) |D1|, |D2| are base-point-free

General X is nonsingular K3 surface.

3

[
1 1
2 2

]
⊂ F(0,0,0,0) |D1|, |D2| are base-point-free

General X is nonsingular K3 surface.

4

[
1 0
2 2

]
⊂ F(0,0,0,1) |D1|, |D2| are base-point-free

General X is nonsingular K3 surface.

5

[
2 0
2 2

]
⊂ F(0,0,0,0) |D1|, |D2| are base-point-free

General X is nonsingular K3 surface.

6

[
0 −1
2 2

]
⊂ F(0,0,1,2) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D2|)

7

[
0 −2
2 2

]
⊂ F(0,0,1,3) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D2|)

8

[
0 −2
2 2

]
⊂ F(0,0,2,2) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D2|)

9

[
0 −3
2 2

]
⊂ F(0,0,2,3) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D2|)

Table 6.1: The data (p1,a j) for which a general codimension two K3 in |Lp1,2| ∩
|L2−p1−∑a j,2| ⊂ F has at worst isolated singularities.
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No. X ⊂ F(0,a2,a3,a4) = F General X =

[
p1 2− p1−a2−a3−a4
2 2

]
10

[
0 −4
2 2

]
⊂ F(0,0,2,4) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D2|)

11

[
0 −3
2 2

]
⊂ F(0,1,2,2) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 6 isolated singular points along Bs(|D2|)

12

[
0 −3
2 2

]
⊂ F(0,1,2,3) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 6 isolated singular points along Bs(|D2|)

13

[
1 −1
2 2

]
⊂ F(0,0,1,1) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D2|)

14

[
1 −2
2 2

]
⊂ F(0,0,1,2) |D1| is base-point-free and Bs(|D2|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D2|)

15

[
0 −1
2 2

]
⊂ F(0,1,1,1) |D1| is base-point-free and Bs(|D2|) = V(x2,x3,x4)

General X is nonsingular along Bs(|D2|)

16

[
0 −2
2 2

]
⊂ F(0,1,1,2) |D1| is base-point-free and Bs(|D2|) = V(x2,x3,x4)

General X has 1 isolated singular point along Bs(|D2|)

17

[
0 −4
2 2

]
⊂ F(0,2,2,2) |D1| is base-point-free and Bs(|D2|) = V(x2,x3,x4)

General X is nonsingular along Bs(|D2|)

18

[
1 −2
2 2

]
⊂ F(0,1,1,1) |D1| is base-point-free and Bs(|D2|) = V(x2,x3,x4)

General X is nonsingular along Bs(|D2|)

Table 6.2: The data (p1,a j) for which a general codimension two K3 in |Lp1,2| ∩
|L2−p1−∑a j,2| ⊂ F has at worst isolated singularities.

Proof. Let us �rst consider that case when |D1|= |Lp1,2| and |D2|= |L2−p1−a2−a3−a4,2|
are both base point free on F. By Proposition (3.5.4), base point freeness is implied by 2
Inequalities

p1 ≥ 0 and (6.3)

2− p1−a2−a3−a4 ≥ 0.

From (6.1), (6.2) and (6.3) we deduce that

(p1,a2,a3,a4) = (0,0,0,2),(0,0,1,1),(1,0,0,0),(1,0,0,1) or (2,0,0,0);

135



the data on 4-fold scrolls where X is embedded in F and �bred over P1
by complete

intersection E2,2 ⊂ P3. These families are nonsingular by Lemma (6.0.1).

We further have, by irreducibility of X , that both

B1 = Bs(|Lp1,2|),B2 = Bs(|L2−p1−a2−a3−a4,2|))⊂ F

are each of dimension at most two. Otherwise, the general section is reducible; there is a

�xed divisor in each member of the linear system whose base locus is 3-dimensional. The

surface X is irreducible whenever α(0020)(ti)x2
3 appears in f1 and β(0020)(ti)x2

3 appears in f2

p1 +2a3 ≥ 0 and (6.4)

2− p1−a2 +a3−a4 ≥ 0.

Now, de�ne Sing(X) = V( f1, f2,∆) with the ideal

∆(ti,x j) =

(
rank

[
∇ f1
∇ f2

]
< 2
)
=

(
2∧[∂ f1

∂ t1
∂ f1
∂ t2

∂ f1
∂x1

∂ f1
∂x2

∂ f1
∂x3

∂ f1
∂x4

∂ f2
∂ t1

∂ f2
∂ t2

∂ f2
∂x1

∂ f2
∂x2

∂ f2
∂x3

∂ f2
∂x4

])
.

We would like to �nd data (p1,a j) for which X has at most isolated singularities along

B1 and B2. The case when dim(B1) = dim(B2) = 2 is such that the surface X contains

(hence is exactly) the surface D34; such X is therefore reducible. We omit this case as well

as the cases when dim(B1) = dim(B2) = 1 and the case when dim(B1) = 1 and dim(B2) = 2
where there no new data. We now check the remaining cases.

1. Consider the case when |Lp1,2| is base point free and dim(B2) = 2. These assumptions

imply that α(2000)(ti)x2
1 appears in f1 and β(0200)(ti)x2

2 does not appear in f2,β(0020)(ti)x2
3

apears in f2. Equivalently

p1 ≥ 0, (6.5)

2− p1 +a2−a3−a4 < 0 and

2− p1−a2 +a3−a4 ≥ 0.

Moreover, the surface X will have isolated singularities whenever

f1|x3=x4=0 = α(2000)(ti)x
2
1 +α(1100)(ti)x1x2 +α(0200)(ti)x

2
2 and ∆(ti,x1,x2,0,0)

have no common factor. Equivalently, we want

∆(ti,x1,x2,0,0) = det
[

α1010(ti)x1 +α(0110)(ti)x)2 α(1001)(ti)x1 +α(0101)(ti)x2
β1010(ti)x1 +β(0110)(ti)x)2 β(1001)(ti)x1 +β(0101)(ti)x2

]
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not to be identically zero which is guaranteed by

deg(α(0110)) = p1 +a2 +a3 ≥ 0 and (6.6)

deg(β(0101)) = 2− p1−a3 ≥ 0.

From the Inequalities a4 ≥ a3 ≥ a2 ≥ 0, (6.2), (6.5) and (6.6) we get the following data

on K3 families

(p1,a2,a3,a4) =(0,0,1,2),(0,0,1,3),(0,0,2,2),(0,0,2,3),(0,0,2,4),(0,1,2,2),

(0,1,2,3),(1,0,1,1) or (1,0,1,2).

We now �nd the singularities along B2 =V(x3,x4) in each example. Let the respective

subscripts of polynomials coe�cients from C[t1, t2] de�ning X be the degree. From

the list above, we get that

(i) X1 =

[
0 −1
2 2

]
⊂ F(0,0,1,2) with

Sing(X1)∩ B̃2 = V(α(2000)(ti)x
2
1 +α(1100)(ti)x1x2 +α(0200)(ti)x

2
2, ∆(ti,x1,x2,0,0))

= V(a0x2
1 +b0x1x2 + c0x2

2, A2(ti)x2
1 +B2(ti)x1x2 +C2(ti)x2

2).

These are 4 isolated singularities along F(0,0).

Sing(X1) = {[γ1i : 1;0 : 1 : 0 : 0], [1 : γ2i;1 : 0 : 0 : 0], C2(γ1i) = 0 = A2(γ2i)}.

Similarly,

X2 =

[
0 −2
2 2

]
⊂ F(0,0,1,3), X3 =

[
0 −2
2 2

]
⊂ F(0,0,2,2),

X4 =

[
0 −3
2 2

]
⊂ F(0,0,2,3), X5 =

[
0 −4
2 2

]
⊂ F(0,0,2,4)

each have 4 isolated singularities.

Now, let us have a close look at these 4 isolated singularities on X1. We �rst

make a change of coordinates

f1 =x1x2 + p1(ti)x1x3 + p̃1(ti)x2x3 + p2(ti)x2
3 + p̃2(ti)x1x4 +q2(ti)x2x4+

q̃2(ti)x3x4 +q4(ti)x2
4 ∈ |L0,2| and

f2 =g0x1x3 + g̃0x2x3 +g1(ti)x2
3 + g̃1(ti)x1x4 +h1(ti)x2x4 +h2(ti)x3x4 +h3(ti)x2

4 ∈ |L−1,2|.
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Now, near the singular point [1 : γ2i;1 : 0 : 0 : 0], an analytic change of coordinates

gives

X1∩{x1 6= 0}=V( f1|x1=1, f2|x1=1)⊂ P1
[ti]×A3

x2,x3,x4

=V(p(t2,x3,x4)x2 +q(t2,x3,x4), f2|x1=1(t2,x2,x3,x4))⊂ P1
[ti]×A3

x2,x3,x4

∼=V( f2|x1=1(t2,r(t2,x3,x4),x3,x4))⊂ P1
[ti]×A2

x3,x4
.

This is a hypersurface singularity.

(ii) X6 =

[
0 −3
2 2

]
⊂ F(0,1,2,2) with

Sing(X6)∩ B̃2 = V(α(2000)(ti)x
2
1 +α(1100)(ti)x1x2 +α(0200)(ti)x

2
2, ∆(ti,x1,x2,0,0))

= V(a0x2
1 +b1(ti)x1x2 + c2(ti)x2

2, (α(1010)(ti)x1 +α(0110)(ti)x2)β(0101)x2)

= V(a0x2
1 +b1(ti)x1x2 + c2(ti)x2

2, (q2(ti)x1 +q3(ti)x2)p0x2)

= |L0,2|∩ |L1,2| ⊂ F(0,1).

Hence a general X6 has 6 isolated singular points along F(0,1). Similarly, a

general

X7 =

[
0 −4
2 2

]
⊂ F(0,1,2,3)

has 6 isolated singular points along F(0,1).

(iii) X8 =

[
1 −1
2 2

]
⊂ F(0,0,1,1) with

Sing(X8)∩ B̃2 = V(α(2000)(ti)x
2
1 +α(1100)(ti)x1x2 +α(0200)(ti)x

2
2, ∆(ti,x1,x2,0,0))

= V(a1(ti)x2
1 +b1(ti)x1x2 + c1(ti)x2

2, A2(ti)x2
1 +B2(ti)x1x2 +C2(ti)x2

2)

= |L1,2|∩ |L2,2| ⊂ P1×P1

Hence a general X8 has 4 isolated singular points along F(0,0)∼= P1×P1. Simi-

larly, a general

X9 =

[
1 −2
2 2

]
⊂ F(0,0,1,2)

has 4 isolated singular points along F(0,0).

2. Finally, consider the case when |Lp1,2| is base point free and dim(B2) = 1. Inequality

(6.4) implies that α(2000)(ti)x2
1 appears in f1 and β(2000)(ti)x2

1 does not appear in f2,

β(0200)(ti)x2
2 appears in f2. Equivalently

p1 ≥ 0, (6.7)

2− p1−a2−a3−a4 < 0 and

2− p1 +a2−a3−a4 ≥ 0.
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Moreover, the K3 surface X will have isolated singularities

Sing(X) =V(α(2000)(ti)x
2
1, ∆(ti,x1,0,0,0))⊂ P1

=V

(
α(2000)(ti)x

2
1,

2∧[α(1100)(ti)x1 α(1010)(ti)x1 α(1001)(ti)x1
β(1100)(ti)x1 β(1010)(ti)x1 β(1001)(ti)x1

])

along B2 = V(x2,x3,x4). We then get, from Inequalities a4 ≥ a3 ≥ a2 ≥ 0, (6.2) and

(6.7), the K3 families

(p1,a2,a3,a4) = (0,1,1,1),(0,1,1,2),(0,2,2,2) or (1,1,1,1).

The general members of the families

X1 =

[
0 −1
2 2

]
⊂F(0,1,1,1),X2 =

[
0 −2
2 2

]
⊂F(0,1,1,2) and X3 =

[
0 −4
2 2

]
⊂F(0,2,2,2)

are, respectively, such that

Sing(Xi)∩ B̃2 = /0, {[t1 : t2;1 : 0 : 0 : 0]|α(1010)(t1, t2) = `1(t1, t2) = 0} and /0.

The family X4 =

[
1 −2
2 2

]
⊂F(0,1,1,1) is also such that Sing(X)∩ B̃2 =V(a0x2

1) = /0.

There are therefore 18 families of codimension 2 K3s �bred by a complete intersection

of two quadrics as Listed in Table (6.1).

6.2 K3 �brations by X2,3 ⊂ P4 in Scrolls

De�nition 6.2.1. [Codim 2 Calabi–Yau threefold in scroll] Let F= F(0,a2,a3,a4,a5) be

a 5-fold straight scroll with weakly increasing twisting data

0≤ a2 ≤ a3 ≤ a4 ≤ a5.

With D1,D2 ∈Cl(F) such that D1 +D2 +KF = OX , we have that

X ∈ |D1|∩ |D2| ⊂ F(0,a2,a3,a4,a5)

is a potential codimension 2 Calabi–Yau threefold.

With −KF = L2−∑a j,5, let D1 = Lp1,2 so that D2 = L2−p1−∑a j,3 and let X be denoted by

X =

[
p1 2− p1−∑a j
2 3

]
.
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We get a K3 �bration f : X → P1
by codimension 2 K3 surfaces X2,3 ⊂ P4

and embedded

in the scroll map π : F→ P1. The equations of general sections

f1(ti,x j) = ∑
(q j)`2

α(q j)(t1, t2)x
q j ∈ S(p1,2), f2(ti,x j) = ∑

(q j)`3
β(q j)(t1, t2)x

q j ∈ S(2−p1−∑a j,3)

are such that the degrees of coe�cients of monomial xq j = ∏
5
j=1 xq j

j are

degα(q j)(ti) = p1 +
5

∑
j=2

q ja j,

degβ(q j)(ti) = 2− p1 +
5

∑
j=2

(q j−1)a j.

The following result classi�es codimension 2 Calabi–Yau threefolds �bred by codimension

2 K3 surfaces X2,3 ⊂ P4
over a projective line and having at most isolated singularities.

Theorem 6.2.2. Let F = F(0,a2,a3,a4,a5) be a �vefold straight scroll over P1. There are
12 families of codimension two Calabi–Yau threefolds X = V( f1, f2) �bred by X2,3 ⊂ P4 a
complete intersection of a quadric and cubic, which are nonsingular or has isolated singular
points along either of the base loci Bs(|Lp1,2|),Bs(|L2−p1−a2−a3−a4−a5,3|). The Table (6.3)

summarizes the classi�cation.

Proof. Consider the case when |D1|= |Lp1,2| and |D2|= |L2−p1−∑a j,3| are both base

point free on F which is implied by 2 Inequalities

p1 ≥ 0 and (6.8)

2− p1−∑a j ≥ 0.

From Inequalities (6.8) and a5 ≥ a4 ≥ a3 ≥ a2 ≥ 0, we get the following data of nonsingular

Calabi–Yau threefold X ∈ |D1|∩ |D2| embedded in 5-fold scrolls

(p1,a2,a3,a4,a5) =(0,0,0,0,0),(0,0,0,0,1),(0,0,0,0,2),(0,0,0,1,1),(1,0,0,0,0)

(1,0,0,0,1) or (2,0,0,0,0).

By irreducibility of X , both B1 = Bs(|Lp1,2|),B2 = Bs(|L2−p1−∑ j a j,3|) ⊂ F are each of

dimension at most three. Equivalently α(00020)(t1, t2)x2
4 appears in f1 and β(00030)(t1, t2)x3

4

appears in f2

p1 +2a4 ≥ 0 and (6.9)

2− p1−a2−a3 +2a4−a5 ≥ 0.
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Now, depending on whether |D1| and |D2| are base point free or have a base locus of

dimension at most 3, there are 15 more cases to consider for potential data (p1,a2, . . . ,a5)

for which X has at most isolated singularities. We omit the cases when 1 ≤ dim(B1) =

dim(B2)≤ 3 since for these cases, there is at least a whole curve of singularity along the

base loci.

1. For the case when dim(B1)= 1 and B2 = /0, the Inequality (6.9) implies that α(20000)(t1, t2)x2
1

does not appear in f1,α(02000)(t1, t2)x2
2 appears in f1 and β(3000)(t1, t2)x3

1 appears in

f2. Equivalently

p1 < 0, (6.10)

p1 +2a2 ≥ 0 and

2− p1−a2−a3−a4−a5 ≥ 0.

We de�ne

∆(ti,x1,0,0,0,0) =
2∧[p12 p13 p14 p15

p22 p23 p24 p25

]
where pi j =

∂ fi
∂x j

:

p12 = α(11000)(ti)x1, p13 = α(10100)(ti)x1, p14 = α(10010)(ti)x1, p15 = α(10001)(ti)x1;

p22 = β(21000)(ti)x
2
1, p23 = β(20100)(ti)x

2
1, p24 = β(20010)(ti)x

2
1, p25 = β(20001)(ti)x

2
1.

We have isolated singularities along the curve {x2 = x3 = x4 = x5 = 0} whenever

deg(α(10010)) = p1 +a4 ≥ 0 and (6.11)

deg(β(20001)) = 2− p1−a2−a3−a4 ≥ 0.

From Inequalities a5 ≥ a4 ≥ a3 ≥ a2 ≥ 0, (6.10) and (6.11) we get no new Complete

Intersection Calabi–Yau threefolds

2. For the case when dim(B1)= 2 and B2 = /0, the Inequality (6.9) implies that α(02000)(t1, t2)x2
2

does not appear in f1,α(00200)(t1, t2)x2
3 appears in f1 and β(3000)(ti)x3

1 appears in f2.

Equivalently

p1 +2a2 < 0, (6.12)

p1 +2a3 ≥ 0 and

2− p1−a2−a3−a4−a5 ≥ 0.

De�ne

∆(ti,x1,x2,0,0,0) :=
2∧[n11 n12 n13

n21 n22 n23

]
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where

n11 =
∂ f1

∂x3

∣∣∣∣
{x3=x4=x5=0}

= α(10100)(ti)x1 +α(01100)(ti)x2,

n12 =
∂ f1

∂x4

∣∣∣∣
{x3=x4=x5=0}

= α(10010)(ti)x1 +α(01010)(ti)x2,

n13 =
∂ f1

∂x5

∣∣∣∣
{x3=x4=x5=0}

= α(10001)(ti)x1 +α(01001)(ti)x2,

n21 =
∂ f2

∂x3

∣∣∣∣
{x3=x4=x5=0}

= β(20100)(ti)x
2
1 +β(11100)(ti)x1x2 +β(20100)(ti)x

2
2,

n22 =
∂ f2

∂x4

∣∣∣∣
{x3=x4=x5=0}

= β(20010)(ti)x
2
1 +β(11010)(ti)x1x2 +β(20010)(ti)x

2
2,

n23 =
∂ f2

∂x5

∣∣∣∣
{x3=x4=x5=0}

= β(20001)(ti)x
2
1 +β(11001)(ti)x1x2 +β(20001)(ti)x

2
2.

Note that with

deg(α(01010)) = p1 +a2 +a4 ≥ 0 and (6.13)

deg(β(20001)) = 2− p1−a2−a3−a4 ≥ 0,

the threefold X has isolated singularities along {x3 = x4 = x5 = 0}. These are

Sing(X̃)∩ F̃(0,a2) = V( f1, f2,∆(ti,x1,x2,0,0,0),x3,x4,x5)

= V( f2(ti,x1,x2,0,0,0), ∆(ti,x1,x2,0,0,0),x3,x4,x5).

We then get, from Inequalities a5 ≥ a4 ≥ a3 ≥ a2 ≥ 0, (6.12) and (6.13) the Complete

Intersection Calabi–Yau threefold

X =

[
−1 0
2 3

]
⊂ F(0,0,1,1,1)

with 2 isolated singular points

Sing(X2)∩F(0,0) = V(β(30000)(ti)x
3
1 + . . .+β(03000)(ti)x

3
2, ∆(ti,x1,x2,0,0,0))

= V(|L0,2|F(0,0)|, |L1,3|F(0,0)|)⊂ P1×P1.

3. Consider the case when dim(B1) = 3 and B2 = /0, the Inequality (6.9) implies that

α(00200)(ti)x2
3 does not appear in f1,α(00020)(ti)x2

4 appears in f1 and β(3000)(ti)x3
1 ap-

pears in f2. Equivalently

p1 +2a3 < 0, (6.14)

p1 +2a4 ≥ 0 and

2− p1−a2−a3−a4−a5 ≥ 0.
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De�ne Sing(X) = V( f1, f2,∆(ti,x j)) with

∆(ti,x j) =

(
rank

[
∇ f1
∇ f2

]
< 2
)
=

(
2∧[∂ f1

∂ t1
∂ f1
∂ t2

∂ f1
∂x1

∂ f1
∂x2

∂ f1
∂x3

∂ f1
∂x4

∂ f1
∂x5

∂ f2
∂ t1

∂ f2
∂ t2

∂ f2
∂x1

∂ f2
∂x2

∂ f2
∂x3

∂ f2
∂x4

∂ f2
∂x5

])
.

Now, along {x4 = x5 = 0}, the threefold X has singular locus

Sing(X̃)∩ ˜F(0,a2,a3) = V( f1, f2,∆(ti,x1,x2,x3,0,0),x4,x5)

= V( f2(ti,x1,x2,x3,0,0), ∆(ti,x1,x2,x3,0,0),x4,x5)

where

˜F(0,a2,a3) = q−1(V(x4,x5))⊂ C2
ti \{0}×C5

x j
\{0} q−→ F.

The locus Sing(X̃)∩ ˜F(0,a2,a3) are isolated singularities if it is de�ned by

f2|{x4=x5=0} 6≡ 0

and an irreducible non-constant quadric

∆(ti,x1,x2,x3,0,0) = det
([

m11 m12
m21 m22

])
6≡ 0.

Here

m11 =
∂ f1

∂x4

∣∣∣∣
{x4=x5=0}

=α(10010)(ti)x1 +α(01010)(ti)x2 +α(00110)(ti)x3,

m12 =
∂ f1

∂x5

∣∣∣∣
{x4=x5=0}

=α(10001)(ti)x1 +α(01001)(ti)x2 +α(00101)(ti)x3,

m21 =
∂ f2

∂x4

∣∣∣∣
{x4=x5=0}

=β(20010)(ti)x
2
1 +β(11010)(ti)x1x2 +β(10110)(ti)x1x3+

β(02010)(ti)x
2
2 +β(01110)(ti)x2x3 +β(00210)(ti)x

2
3,

m22 =
∂ f2

∂x5

∣∣∣∣
{x4=x5=0}

=β(20001)(ti)x
2
1 +β(11001)(ti)x1x2 +β(10101)(ti)x1x3+

β(02001)(ti)x
2
2 +β(01101)(ti)x2x3 +β(00201)(ti)x

2
3.

Equivalently

deg(α(00110)) = p1 +a3 +a4 ≥ 0 and (6.15)

deg(β(00210)) = 2− p1−a2 +a3−a5 ≥ 0.

We then get, from Inequalities a5 ≥ a4 ≥ a3 ≥ a2 ≥ 0, (6.15) and (6.14), the following

data on Complete Intersection Calabi–Yau threefold in 5-fold scrolls

(p1,a2,a3,a4,a5) = (−3,0,1,2,2),(−2,0,0,2,2),(−1,0,0,1,1) and (−1,0,0,1,2).

From the list above, we get
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(i) X1 =

[
−3 0
2 3

]
⊂ F(0,0,1,2,2) with

Sing(X1)∩F(0,0,1) = V(β(30000)(ti)x
3
1 + . . .+β(00300)(ti)x

3
3, ∆(ti,x1,x2,x3,0,0))

= V(|L0,3|F(0,0,1)|, |L4,3|F(0,0,1)|) = /0⊂ F(0,0,1).

(ii) X2 =

[
−2 0
2 3

]
⊂ F(0,0,0,2,2) with

Sing(X2)∩F(0,0,0) = V(β(30000)(ti)x
3
1 + . . .+β(00300)(ti)x

3
3, ∆(ti,x1,x2,x3,0,0))

= V(q3(x1,x2,x3))∩|L2,3|F(0,0,0)| ⊂ P1
[t1:t2]×P2

[x1:x2:x3]

where q3 = β(30000)(ti)x3
1 + . . .+β(00300)(ti)x3

3.

Here we are intersecting a general (0,3)- and a general (2,3)-form onF(0,0,0)=
P1×P2. Now, with at most 2 vertical rulings and at most 3 horizontal rulings

on F(0,0,0), we concluded that there are 6 = 2× 3 isolated singular points

{[γ1i : γ2i;k1i : k2i : k3i : 0 : 0] : i = 1,2,3} on X .

(iii) X3 =

[
−1 1
2 3

]
⊂ F(0,0,0,1,1) with

Sing(X3)∩F(0,0,0) = V(β(30000)(ti)x
3
1 + . . .+β(00300)(ti)x

3
3, ∆(ti,x1,x2,x3,0,0))

= V(|L1,3|F(0,0,0)|, |L2,3|F(0,0,0)) = /0⊂ P1×P2.

(iv) X4 =

[
−1 0
2 3

]
⊂ F(0,0,0,1,2) with 6 isolated singular points

Sing(X2)∩F(0,0,0) = V(β(30000)(ti)x
3
1 + . . .+β(00300)(ti)x

3
3, ∆(ti,x1,x2,x3,0,0))

= V(r3(x1,x2,x3), |L2,3|F(0,0,0)|)⊂ P1×P2

where r3 = β(30000)(ti)x3
1 + . . .+β(00300)(ti)x3

3.

4. Consider the case when dim(B1) = 3 and dim(B2) = 1, the Inequality (6.9) im-

plies that α(00200)(t1, t2)x2
3 does not appear in f1,α(00020)(t1, t2)x2

4 appears in f1 and

β(3000)(t1, t2)x3
1 does not appear in f2,β(0300)(ti)x3

2 appears in f2. Equivalently

p1 +2a3 < 0, (6.16)

p1 +2a4 ≥ 0,

2− p1−a2−a3−a4−a5 < 0, and

2− p1 +2a2−a3−a4−a5 ≥ 0.
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We then have that

B1 = D45 = {x4 = x5 = 0} and B2 = D2345 = {x2 = x3 = x4 = x5 = 0}.

Now, along D45, we get isolated singularities whenever Inequalities (6.15) are satis�ed.

That is

p1 +a3 +a4 ≥ 0, 2− p1−a2 +a3−a5 ≥ 0

are satis�ed together with Inequalities (6.16). This, however, do not result in new

examples. In fact, for all B1 and B2 with distinct dimensions

1≤ dim(B1),dim(B2)≤ 3,

the analysis results in no new Calabi–Yau threefolds.
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No. X ⊂ F(0,a2,a3,a4,a5) = F General X =

[
p1 2− p1−∑a j
2 3

]
1

[
0 2
2 3

]
⊂ F(0,0,0,0,0) |D1|, |D2| are base-point-free

General X is nonsingular CY threefold.

2

[
0 1
2 3

]
⊂ F(0,0,0,0,1) |D1|, |D2| are base-point-free

General X is nonsingular CY threefold.

3

[
0 0
2 3

]
⊂ F(0,0,0,0,2) |D1|, |D2| are base-point-free

General X is nonsingular CY threefold.

4

[
0 0
2 3

]
⊂ F(0,0,0,1,1) |D1|, |D2| are base-point-free

General X is nonsingular CY threefold.

5

[
1 1
2 3

]
⊂ F(0,0,0,0,0) |D1|, |D2| are base-point-free

General X is nonsingular CY threefold.

6

[
1 0
2 3

]
⊂ F(0,0,0,0,1) |D1|, |D2| are base-point-free

General X is nonsingular CY threefold.

7

[
2 0
2 3

]
⊂ F(0,0,0,0,0) |D1|, |D2| are base-point-free

General X is nonsingular CY threefold.

8

[
−3 0
2 3

]
⊂ F(0,0,1,2,2) |D1| is base-point-free

General X is nonsingular along Bs(|D2|) = V(x4,x5)

9

[
−2 0
2 3

]
⊂ F(0,0,0,2,2) |D1| is base-point-free

General X has 6 isolated singular points

along Bs(|D2|) = V(x4,x5)

10

[
−1 1
2 3

]
⊂ F(0,0,0,1,1) |D1| is base-point-free

General X is nonsingular along Bs(|D2|) = V(x4,x5)

11

[
−1 0
2 3

]
⊂ F(0,0,0,1,2) |D1| is base-point-free

General X has 6 isolated singular points

along Bs(|D2|) = V(x4,x5)

12

[
−1 0
2 3

]
⊂ F(0,0,1,1,1) |D1| is base-point-free

General X has 2 isolated singular points

along Bs(|D2|) = P1×P1

Table 6.3: The data (p1,a2, . . . ,a5|) for which a general codimension two Calabi–Yau

threefold in |Lp1,2|∩ |L2−p1−∑a j,3| ⊂ F has at worst isolated singularities.

146



Chapter 7

Further Directions

7.1 General Theory of Fibrations in Scrolls

Let X ⊂ Pn
be a projective variety with well-understood resolution structure and such

that the cone C(X) ⊂ An+1
has a large number of possible torus actions that induces

various grading on the coordinate ring C[C(X)]. One can make other interesting varieties

Y ⊂ X ⊂ Pn
by taking complete intersections in X . If this is the case then we call X a key

variety of Y. The straight projective variety Pn
is an obvious key variety for the usual

weighted complete intersection in Pn. One could also take, as a key variety, products of

projective spaces with their respective Segre embedding such as

P2×P2 ↪→ P8
or P1×P1×P1 ↪→ P7

with nice resolution structure and construct interesting varieties in them. For examples, in

[BKQ18], codimension 4 Fano 3-folds are constructed from P2×P2
as a key variety.

Other examples include more Fano 3-folds of codimension 4 and 5 constructed in [ST20]

by taking rank 2 cluster varieties as the key variety. In [CR02], codimension 3 K3’s in

weighted projective spaces are constructed by taking (quasi) linear sections of weighted

Grassmannian wGr(2,5) ↪→ P9[b j]; this simpli�es the harder unprojection construction

in [Alt98] of the same varieties. Generalized Gorenstein resolution formats are used in

[BKL19] to construct non-complete intersection Calabi–Yau threefolds.

In this section, we introduce examples of relative key varieties; that is, key varieties in

families over a base B (we use B = P1
for illustration) in which projective �brations in

weighted scrolls may be embedded by taking hypersurface sections of these relative key

varieties. We would like to make sense of "construction of interesting �brations" over the

same base in speci�c cases.
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We also start to develop machinery for studying the geometry of such projective �brations

using geometry of bigraded rings.

7.1.1 Bigraded Rings from Projective Fibrations

Let (X ,H) and (B,D) be polarised projective varieties where H is an ample Q-Cartier

Weil divisor on X , and D is an ample Cartier divisor on the nonsingular base B. Assume

that f∗OX = OB so that the projective morphism f : X → B has connected polarised �bres

(Xt ,Ht)t∈B with Ht = H|Xt .

Now with Lp1,p2 := p1 f ∗D+ p2H ∈Cl(X), de�ne the bigraded ring

R :=
⊕

(p1,p2)∈Z2

H0(X ,Lp1,p2).

Since the base B is nonsingular and the �bres of f are connected, we get from the projection

formula that

f∗ f ∗OB(D)∼= f∗OX ⊗OB(D)∼= OB(D).

At the level of cohomology, we have that

H0(X , p1 f ∗OB(D))∼= H0(B, p1 f∗ f ∗OB(D))∼= H0(B, p1OB(D)). (7.1)

We then have a subring

R1 :=
⊕
p1≥0

H0(X , p1 f ∗OB(D))∼=
⊕
p1≥0

H0(B, p1OB(D)) = 〈u1, . . . ,uk〉C ⊂ R

where the algebra generators u1, . . . ,uk of R1 are of bidegree (ci,0) for some positive

integers ci.

Remark 7.1.1. For a hypersurface X ⊂ F, we have that the restriction map

r :
⊕

(p1,p2)∈Z2

H0(F,OF(p1L+ p2M)) =C[F]→ RX =
⊕

(p1,p2)∈Z2

H0(X ,OX(p1L|X + p2M|X))

is not surjective in general. For example, on F2 with L = f ∗D and M = H, we know from
Theorem (3.9.2) that p1 f ∗D+ p2H is ample for p1, p2 > 0 but not anything else. That is, for
a hypersurface X ⊂ F2, unlike in the absolute graded pieces H0(X , p1 f ∗D) of RB = R1, the
bigraded piecesH0(X , p1 f ∗D+ p2H) ofR can have sections without p1 f ∗D+ p2H necessarily
being ample.
Now, consider the �nitely generated bigraded ring

RB,H = 〈RB,RH〉 ⊂ RX
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where the absolutely graded rings

RB = R1 :=
⊕
p1≥0

H0(X , p1 f ∗OB(D)) and RH =
⊕
p2≥0

H0(X , p2H)

are �nitely generated subrings of RX . Even though Proj(RB,H) = X , this re-embeds X into
something bigger than FA so that we do not have

( f : X → P1) ↪→ (FA→ P1)

as we would like. Therefore, we need a bigraded ring that remembers the base and has just
enough generators to recover X with C[X ]∼= C[FA]/(Relations).

It is the case that exactly one of H0(X , p1 f ∗D+ p2H) or H0(X ,−p1 f ∗D− p2H) is nonzero
and that H0(X , p1 f ∗D+ p2H) = 0 if p1 ≤ 0, p2 < 0.

The following result introduces a set-up for constructing projective �brations

( f : X → B) ↪→ (F→ Pk−1[ci]).

Proposition 7.1.2. Let f : X → B be a projective �bration with connected polarised �-
bres (Xs,H|Xs := OX(1)|H) as above. Assume the bigraded ring R de�ned above is �nitely
generated. Consider algebra generators v1, . . . ,vn of R over R1.We have a surjection

R = R1[v1, . . . ,vn] S = S1[x1, . . . ,xn]

R1 = C[u1, . . . ,uk] S1 = C[t1, . . . , tk].

v j←[x j

ui←[ti

from which we have the diagram below

X ProjS∼= FA

B ProjS1 ∼= Pk−1[ci]

f=π|X

i

π

j

where
A := wt(t1, . . . , tk,x1, . . . ,xn) =

[
c1 . . . ck −a1 . . . −an
0 . . . 0 b1 . . . bn

]
.
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Proof. We �rst show positivity of the weights b j so that we have the embedding

hs : Xs ↪→ P[b1, . . . ,bn]. It su�ces to show that H0(X , p1 f ∗D+ p2H) = 0 whenever p2 < 0.
To do this we note that the divisor H is ample on �bres Xs and that f ∗D is nef. In particular,

we have that

p1 f ∗D|Xs + p2H|Xs = p2H|Xs

is ample. Suppose p2 < 0, from the inclusion is : Xs ↪→ X , we have that

i∗s : H0(X , p1 f ∗D+ p2H)→ H0(Xs, p2H|Xs) = 0.

A section σ ∈H0(X , p1 f ∗D+ p2H) on X is therefore such that i∗s σ = 0 for all s ∈ B hence

σ = 0. We also have a nonsingular base B so that all requirements of [Har77][Cor 12.9]

are satis�ed; hence

f∗OX(D)∼= H0(Xs,OXs(D|Xs))
∼= H0(Xs, p2H|Xs) = 0.

It then follows from the Equation (7.1) that

H0(X , p1 f ∗D+ p2H) = 0.

Now let S1 =C[t1, . . . , tk] and consider free ring S generated over S1 by x1, . . . ,xn such that

deg(ti) = (ci,0),deg(x j) = (−a j,b j) with integers a j ∈ Z,ci,b j > 0. We then have that

S = C[t1, . . . , tk;x1, . . . ,xn]∼= C
[
F
[

c1 . . . ck −a1 . . . −an
0 . . . 0 b1 . . . bn

]]
.

We then note, by surjectivity, that the upper horizontal ring map preserves the grading of

S so that Sp1,p2 is mapped onto Rp1,p2. Let R = S/J and R1 = S1/I with bi-homogeneous

ideal J /S and homogeneous ideal I /S1.

Taking bigraded Proj, as in Lemma 6.4 of [KU19], at the vertices of the �rst diagram gives

the second diagram with X =V(J) and B=V(I). Note that with R2 =
⊕

H0(X , p2H) ↪→R,

we also have V(J) = Proj(R) ↪→ Proj(R2) = X .

We further have that

f ∗D = L|X and H = M|X with Cl(FA) = Z[L,M]

where

L := π
∗OP(1) and M|π−1(t)

∼= OPn−1[b j]
(1).

Since H ∼ H + f ∗D, we have

R2� S2 =
⊕
p2≥0

H0(FA, p2M) ↪→ S with ample M
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so that

X = Proj(R2) ↪→ P(S(0,1))
ϕ|M|
←−−↩ FA.

We then have the following diagram

X FA

Xs Pn−1[b j].

i

is

hs

kt

Here, the inclusion

kt : π
−1(t)∼= Pn−1[b j] ↪→ FA

is such that

kt
∗M = Pn−1[b j](1) = M|π−1(t). (7.2)

By Equation (7.2) and pullback of H along is we obtain

H|Xs = is∗H = is∗(i∗M|X)

= is∗(k∗t M|X)

= is∗(OX(1)|H).

We have therefore exhibited polarised �bres (Xs,H|Xs) such that

(Xs,H|Xs) ↪→
(
Pn−1[b j],OPn−1[b j]

(1)
)
.

Starting with the general hyperplane H = ∑
k
i=1 aiti on P one gets that

f ∗i∗ = j∗π∗

so that the diagram above commutes. Hence

( f : X → B) ↪→ (F→ Pk−1[ci])

with f := π ◦ i|B.

The �bration f : X → B gets embedded in the �bration π : FA→ Pk−1[ci] whose �bres are

Pt := π−1(t) =Pn−1[b j].We also have (B,D)
j

↪−→ (P,OP(1)) . If the embedding codimension

of the �bres is low and/or j is an isomorphism with P= P1
or P2

, we can hope to study f

using explicit methods.

In the next example, we show that we can use the same methods of this thesis to classify

and study other classes of varieties in Weighted Scrolls over P2. The example constructs a

3-fold of general type �bred by a family of plane curves of a �xed genus over P2.
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Example 7.1.3. Let π : F = F(2,1,0)→ P2
be a 4-fold scroll over P2

[ti]
with P2

[x j]
�bres.

We also have that

Cl(F(2,1,0)) = Z[L,M] with M = [V(x3)],L = [V(ti)]

Let Lp1,p2 be ample on F and assume that KX = Lp1,p2|X . We get that X = V( fp1,p2)⊂ F is

a 3-fold of general type. Here

S(p1,p2) =
⊕

q1+q2+q3=p2

Symp1+2q1+q2(t1, t2, t3)x
q1
1 xq2

2 xq3
3

and

fp1,p2 = ∑
q1+q2+q3=p2

αp1+2q1+q2(t1, t2, t3)x
q1
1 xq2

2 xq3
3 .

For X chosen generally, its �bre is a nonsingular plane curve of degree p2.

We conclude a general X ∈ |Lp1,p2| in F is a 3-fold of general type �bred by a family of

plane curves which are generically nonsingular of genus

1
2
(p2−1)(p2−2).

7.2 Projective Bundles over Relative Key Varieties

Consider u : X ↪→ Σ with Σ a key variety of X . Let g : Σ→ B be a family of Σ over a

nonsingular base B. This section will introduce these relative key varieties g : Σ→ B

whose relative hypersurface sections are �bration f : X → B �tting into the following

diagram

X Σ F

B Pk−1[ci].

u

f g π

Construction of these �brations will form part of future projects.

7.2.1 A relative Key variety for Degree 5 Elliptic �brations

From the graded ring

R(E,5P) =
⊕
n≥0

H0(E,OE(5nP)),

projective models of Elliptic curves E, with P ∈ E, are given on Table 7.1 .

We want to de�ne a Gr(2,5)-bundle over Pk[ci] and hence construct Calabi–Yau varieties
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Hilbert Series PR(t) Degree Ambient Space Description of E
1−5t2+5t3−t5

(1−t)5 5 P4 P4
sections of Gr(2,5)⊂ P9

Table 7.1: Data on elliptic curve Proj(R(E,5P))

X with at worst rational double point singularities and which are �bred over Pk[ci] by P4

sections of Gr(2,5) : degree 5 elliptic curves.

We �rst note that the Grassmannian

Gr(2,5) = P(Imη)
p
↪−→ P(∧2C5)∼= P9

[xi j]

is the projectivisation of the variety de�ned by the image of

η : C5×C5 (u,v)7→u∧v−−−−−−→∧2C5 ∼= C10.

In coordinates, we write

2∧[u1 u2 u3 u4 u5
v1 v2 v3 v4 v5

]
=


0 x12 x13 x14 x15

0 x23 x24 x25
0 x34 x35

−sym 0 x45
0

= (wi j), with xi j =

∣∣∣∣ui u j
vi v j

∣∣∣∣ .
These variables xi j are known to satisfy 5 Plücker quadrics

P5 := P f1234 = x12x34− x13x24 + x14x23

P4 := P f1235 = x12x35− x13x25 + x15x23

P3 := P f1245 = x12x45− x14x25 + x15x24

P2 := P f1345 = x13x45− x14x35 + x15x34

P1 := P f2345 = x23x45− x24x35 + x25x34

from 4×4 P�a�ans Pk of the 5×5 skew anti-symmetric matrix (xi j). We have that the

nonsingular 6-dimensional Grassmannian is given by

Gr(2,5) = Proj
(
C[xi j]/

〈
P fi jkl

〉)
.

The curve E ⊂ Gr(2,5) is generated by the 5 Plücker quadrics and 5 general linear forms

` j(xi j) on P9
[xi j]

or 5 non-general quadrics qk on a general linear subspace P4
[` j]
⊂ P9

[xi j]

I(E) =(P1, . . . ,P5, `1, . . . , `5)/C[P9
xi j
]

=(q1, . . . ,q5)/C[P4
` j
].
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That is

E = Gr(2,5)∩P4 P4

Gr(2,5) P9.

i

i

j

p

Now,

KGr(2,5) = p∗OP9(−5) = OGr(2,5)(−5)

and since P4
is a general linear subspace of P9, the normal bundle NE/Gr(2,5) is given by

NE/Gr(2,5)|E = i∗NP4/P9 = i∗OP4(1)⊕5.

Indeed, by the adjunction formula, we have that

KE =KGr(2,5)|E ⊗det(NE/Gr(2,5))|E
=OE(−5)⊗OE(5) = OE

so that E is an elliptic curve as we want.

We now take the weight matrix on C[P9
xi j
] to be

W = (wt(xi j) =


0 b12 b13 b14 b15

0 b23 b24 b25
0 b34 b35

−sym 0 b45
0

 . (7.3)

De�ne the cone C(Gr(2,5)) over Grassmannian Gr(2,5) by

q−1(V(P1, . . . ,P5))∪{0} ⊂ C10
where q : C10 \{0}→ P9[bi j].

We want to single out the ( relative key variety Σ) twisting vectors (ai j) where the ordered

integers ai j satisfy

a12 +a34 = a13 +a24 = a14 +a23; (7.4)

a12 +a35 = a13 +a25 = a15 +a23;

a12 +a45 = a14 +a25 = a15 +a24;

a13 +a45 = a14 +a35 = a15 +a34;

a23 +a45 = a24 +a35 = a25 +a34.

A Gr(2,5)-bundle over Pk[c j] is then de�ned by

FA :=
(
Ck

ti \{0}×C(Gr(2,5))\{0}
)
/C∗×C∗, A =

[
ci −ai j
1 bi j

]
(7.5)
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where C∗×C∗ acts by

(λ ,µ).(ti,xi j) = (λ citi,λ−ai j µ
bi jxi j).

The system (7.4) of 10 linear equations in ai j has solutions ai j = wi+w j with wi,w j ∈Z
[1

2

]


(ai j) ∈ Z10 :



a12
a13
a14
a15
a23
a24
a25
a34
a35
a45


= w1



1
1
1
1
0
0
0
0
0
0


+w2



1
0
0
0
1
1
1
0
0
0


+w3



0
1
0
0
1
0
0
1
1
0


+w4



0
0
1
0
0
1
0
1
0
1


+w5



0
0
0
1
0
0
1
0
1
1





.

We considering Gr(2,5)-bundle Σ overP1
�tting into the following set-up with superscripts

denoting respective dimensions:

X2 Σ7 F10(a12, . . . ,a45)

P1
[ti]
.

f
φ

π

Here, the �bres of π are P9
xi j
[bi j], the �bres of φ are copies of Gr(2,5) and f -�bres are

copies of the elliptic curve E.

On F, we have L := [V(ti)], M := [V(x12)] ∈Cl(F) = Z[L,M] with the relations

L2 = 0, LM9 = 1 and M10 = ∑ai j = 4(w1 + . . .+w5).

I will go on to �rst understand the hyperplane sections of Σ as families over P1. With this,

I plan to characterize 5 relative hyperplanes whose intersection is the surface X �bred by

degree 5 elliptic curves.
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7.2.2 Weighted Grassmannian Fibrations

Another possible class of relative key variety is families of weighted Grassmannians. In

this subsection, we construct �brations with weighted Grassmannians as �bres. We start

by recalling a modi�ed construction of Grassmannians in [CR02].

De�nition 7.2.1. Let w = (w1, . . . ,w5) ∈Q5
be weights on C5

xi
such that wi j + k := wi +

w j+k are positive integers for some rational k and for all i, j. A weighted Grassmannian
wG(2,5) is de�ned by

wG(2,5) := (aGr(2,5)\0)/C∗ ⊂ wP(∧2C5
xi
) = P9

[xi j]
[wi j+k]

with action de�ned by λ • (xi j)∼ λ wi j+kxi j for λ ∈ C∗. Hence

wG(2,5) = Proj
(
C[xi j]/

〈
P fi jkl

〉)
with weights wti j = wi j + k of xi j.

The following result from [CR02] gives numerical data on weighted Grassmannians

Theorem 7.2.2. Let d = 2k+∑
5
i=1 wi. The numerical data of

wGr(2,5)⊂ wP := P9
[xi j]

[wi j + k]

are

(i) The Hilbert numerator

∏
i, j
(1− twi j+k)P(t) = 1−

5

∑
i=1

td−wi +
5

∑
j=1

td+w j+k− t2d+k.

(ii) The degree

degwGr =
∑
(d−wi

3

)
−∑

(d+wi+k
3

)
+
(2d+k

3

)
∏(wi j + k)

.

(iii) KwP =−det(∧2C5⊗C) = O(−∑wtxi j) = O(−4d−2k).

(iv) If wGr(2,5) is well-formed, its canonical class is KwGr(2,5) = O(−2d− k) where

wGr(2,5)⊂ wP(∧2C5⊗C)

with adjunction number

2d + k = deg(C⊗∧2C5⊗C2).
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The following example shows how to construct families of weighted Grassmannians with

an example of a �bration living in them.

Example 7.2.3. Consider a projective �bration GA
π−→ P1

whose �bres are weighted

Grassmannians

wGr(2,4) = (aGr(2,4)\0)/C∗ ⊂ wP(∧2C4
xi
) = P5

[xi j]
[wi j+k]

where aGr(2,4) = Spec
(
C[xi j]/〈P f1234〉

)
. Let

w = (w1,w2,w3,w4) = (
1
2
,
1
2
,
1
2
,
3
2
)

be the weights on C4
xi

and k = 0; we get the weight matrix

W =

w12 + k b13 + k w14 + k
w23 + k w24 + k

−sym w34 + k

=

 1 1 2
1 2

−sym 2

 (7.6)

We can then de�ne

GA :=
(
C2
<t1,t2>×Cone(Gr(2,4)xi j)\Z

)
/C∗×C∗ (7.7)

with Z a closed locus of Gr(2,4) where C∗×C∗ acts by the weight matrix

A = wt(t1, t2;xi j) =

(
1 1 b12 b13 b14 b23 b24 b34
0 0 w12 + k w13 + k w14 + k w23 + k w24 + k w34 + k

)
=

(
1 1 b12 b13 b14 b23 b24 b34
0 0 1 1 1 2 2 2

)
with the point (b12,b13,b14,b23,b24,b34) ∈ aGr(2,4) ∼= C6/

(
Z/wi j

)
⊂ P5

[xi j]
[13,23]. We

then get π : GA→ P1
[ti]

a weighted Grassmannian �bration with π−1(p) = wtGr(2,4).

X G P(S(d1,d2))

P1.

f
π

ϕ|Ld1,d2
|

In this example, a general GA ⊃ X ∈ |−KGA| is a Calabi–Yau variety �bred by K3 hyper-

surfaces in wGr(2,4). With this set-up, I plan to extend classi�cation problems in this

thesis to include Calabi–Yau varieties �bred by K3 surfaces in weighted Grassmannians.
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