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We consider the shadow system of the Gierer-Meinhardt system in a smooth bounded domain
QCRN,A,=62AA—A+2—per, 1>0, 7Q/&=-|Q|é+~gA’dx, >0 with the Robin boundary

q 7

condition €dA/dv+a,A=0, x e dQ, where a,>0, ﬁle reaction rates (p,q,r,s) satisfy 1<p
N+2) r

<(ﬁ I q>0, r>0, s=0, 1<(sTl)qﬁ< + o, the diffusion constant is chosen such that e<1,

and the time relaxation constant is such that 7=0. We rigorously prove the following results on the
stability of one-spike solutions: (i) If r=2 and 1 <p<<1+4/N or if r=p+1 and 1 <p <o, then for
a,>1 and 7 sufficiently small the interior spike is stable. (ii) For N=1 if r=2 and 1 <p=3 or if
r=p+1 and 1<p<oo, then for 0<<a, <1 the near-boundary spike is stable. (iii) For N=1 if 3
<p<5 and r=2, then there exist a;e(0,1) and wy>1 such that for ae(ay,1) and w
=2q/(s+1)(p—1) e (1,) the near-boundary spike solution is unstable. This instability is not
present for the Neumann boundary condition but only arises for the Robin boundary condition.
Furthermore, we show that the corresponding eigenvalue is of order O(1) as €e—0. © 2007 Ameri-
can Institute of Physics. [DOI: 10.1063/1.2768156]

Boundary conditions play an important role for pattern AP

formation in Turing systems. In most investigations Neu- A=A -A+ He x e >0,
mann (no-flux) boundary conditions have been consid-
ered to model an impermeable membrane. However, for
some biological applications such as the modeling of skel-
etal limb development, this does not represent the true
biological situation and Robin (mixed) boundary condi-

(1.1)

r

A
TH,=DAH-H+—, xeQ,t>0,
HS

tions are more realistic." In this paper, we show that for
Robin boundary conditions, some patterns that are stable
for Neumann boundary conditions become unstable due
to the presence of a new instability. In particular, we are
interested in spikes and our main results says that, for the
shadow Gierer-Meinhardt system, a spike near the
boundary may be destabilized by the change of boundary
conditions. This implies that some patterns become more
robust at the expense of others that turn unstable. Results
of this type are important to understand the role of the
boundary conditions in pattern selection.

I. INTRODUCTION

Since the work of Turing2 in 1952, many models have
been established and investigated to explore the instability of
homogeneous steady states, which is now called Turing in-
stability. One of the most famous models in biological pat-
tern formation is the Gierer-Meinhardt system.3_5 It can be
stated as follows:
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where QCRY is a bounded, smooth domain. Further, we
assume that the reaction exponents (p,q,r,s) satisfy

N+2
I1<p<|—/——=], ¢>0,r>0,s=0,
N-2/,

1<—qr < 4+ o,
(s+Dp-1)

where

+ for N=1,2

N+2
=\N+2
N-2/,
N-2

forN=34, ... .

We assume that the first diffusion constant satisfies e<< 1
and we will consider the case of D=oo, the so-called shadow
system of the Gierer-Meinhardt system. The time relaxation
constant is chosen such that 7=0 is independent of e.
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This is a typical activator-inhibitor system, where A de-
notes an activator and H denotes an inhibitor. This model has
been extensively studied in recent years, usually with Neu-
mann boundary conditions.* '

In this work, we consider Robin boundary conditions
(also called mixed boundary conditions), which can be stated
as follows:

0A JH
e—+a,A=0, \r’5—+aHH=O, x e 0, (1.2)
v v

where a, >0, ay=0.

Reaction-diffusion systems have been studied mostly
with Neumann boundary conditions. From a biological view-
point, such boundary conditions correspond to an imperme-
able membrane/barrier. While in many cases this is a realistic
assumption, there are several applications, for example in
skeletal limb development, where the boundary is a source of
some chemical morphogens and a sink for others. It is there-
fore essential that the study of reaction-diffusion systems is
extended to incorporate more general types of boundary con-
ditions. For example, in Ref. 1 a comparative numerical
study of a reaction-diffusion system coming from glycolysis
with a range of different boundary conditions revealed that
certain types of boundary conditions selected particular pat-
terning modes at the expense of others. It was also shown
that the robustness of certain patterns could be greatly en-
hanced and the authors showed a possible application to
skeletal patterns in the limb. This study in Ref. 1 answered
the standard criticism of Turing patterns being too sensitive
to fluctuations for the model to be viable for robust embryo-
logical patterning.

In this paper, we take a first step in this direction. Instead
of studying multicomponent reaction-diffusion systems, we
initiate a rigorous study of stationary spikes for the shadow
system of the Gierer-Meinhardt system, given in Egs. (1.1)
and (1.2).

We now (formally) derive the shadow system of Egs.
(1.1) and (1.2). To this end, we let D— < and suppose that A
and H remain bounded. Then

AH—0 in Q)
and

oH

— —0 on dQ.

v

This implies that H(x)— £, a constant in () that might de-
pend on time t. To derive the equation for & we integrate
both sides of the second equation in (1.1) over €. For the
left-hand side, we obtain

’Tf H,(x)dxzr(f H(x)dx) — 7QJ¢,.
Q Q

t

To compute the right-hand side, we begin with
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oH
DJ AH(x)dx:DJ —(x)dS
Q a0 v

=\D J (- ay)H(x)dS
29

— - \/BaH| Q)

£

where we have used (1.2). Further, we compute
J H(x)dx — |Q|§
Q

and
A’(x) A’(x) JoA (x)dx
——dx— L dx = S .
o H'(x) o ¢ &
From these computations, we finally get the following so-
called shadow system of Eq. (1.1):

AP
A=EM-A+—,

x e (),
&l

t>0,T

1
Q= (0] + \DayloQ) ¢+ Ef A'dx,
Q

xeQ, >0,

dA
e—+a,A=0, xedQ,t>0.
v
For simplicity, from now on we consider the case ay=0. This
means we study the shadow system with the Neumann
boundary condition for the inhibitor, which can be stated as
follows:
AP
A=EM-A+—,
&

xe, >0,

1
T|Q|§,=—IQ|§+—J A’dx, >0, (1.3)
Q

gs

J
e—+a,A=0, xedQ, t>0.
v

Let us now consider stationary solutions to the shadow
system (1.3). Set A(x)=&"""Vy(x), ay=a. Then u satisfies
EAu-u+u’=0 forxe ),

u>0 forxel), (1.4)

Jdu
e—+au=0 forx e J.
v

For &, we have the equation

grle=1)
0=-1]Q|&+ E f u'dx,
Q

which gives
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FIG. 1. Near-boundary spike for variable constant a, in the Robin boundary. We have chosen a,=0.2, 0.4, 0.6, 0.8. It is numerically stable (final state is shown

for r=10 000).

1
§1+s—qr/(p—l) — _f udx
9] Jo

and so

1 ~(p=D)/lgr-(p=1)(s+1)]
E=— f u"dx .
L

Problem (1.4) has been studied by Berestycki and Wei in
Ref. 20 and the following result has been proved:

Theorem A. Let 1 <p< (X2)  Then there exists a num-

N-2"+"
ber a(N,p), where a(1,p)=1 and a(N,p) > 1 for N=2, such
that problem (1.4) has a solution u., satisfying
(1) u, has the least energy among all solutions to (1.4),

ie.,

Ee[ue,a] = EE[M] (15)

Sor all solutions u to (1.4), where E is the energy functional
defined by

e 1 1
EJul= —f |Vul?dx + —J udx — —f uP*ldx
2Ja 2Jq p+lJg

€a
4+ —

u*ds,
2 Jsa

(1.6)
where u,=max{u,0}.

(2) If 0<a<a(N,p), then u., has a local maximum
point x. € () with

d(x,30)

€

(3) If a>a(N,p), then u., has a unique local maximum
point x. € Q) with

d(x,,dQ) — ma())( d(x,0Q). (1.8)
XE

Remark 1.1. (1) The solution in part (2) of Theorem A is
called a near-boundary spike (see Fig. 1 in Sec. IV).

(2) The solution in part (3) of Theorem A is called an
interior spike (see Fig. 2 in Sec. IV).

(3) We remark that in case (2) of Theorem A, i.e., for 0
<a<a(N,p), there also exists an interior spike that is a
solution of (1.4) but does not minimize (1.5) among the so-
lutions of (1.4).

Now we consider the stability of the steady state
(Aearéc,) to the shadow system (1.3), where

_ #q/(p-1)
Acu= f’ia Ueas

1 —(p=D/gr-(p=1)(s+1)]
ge,a: ﬁf ug’adx
QO

and u., is the minimal energy solution of (1.4) given in
Theorem A.

In analogy to Theorem A, we also call (A,,¢&.,) a near-
boundary spike if 0<a<a(N,p) and an interior spike if
a>a(N,p).

(1.9)
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Activator A(x) for x=-1,...,1 at time £=10000, a_A=0.2
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FIG. 2. Interior-boundary spike for variable constant a,
in the Robin boundary. We have chosen a,=0.2, 0.8. It
is numerically stable (final state is shown for ¢
=10 000).
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For the Neumann boundary condition, a stability result
has been obtained in Ref. 13 for

4
r=2 and 1 <p<l+—
N
or

N+2
r=p+1 and1<p<|——] . (1.10)
+

N-2

In this paper, for Robin boundary conditions, we can give an
answer under similar conditions.

Our first result implies that if a>a(N,p), then the inte-
rior spike is stable.

Theorem 1.2 (stability of the interior spike). Suppose
that a>a(N,p). Assume that either

4
r=2 and 1<p<l+—
N

or

N+2
N-2

r=p+1 and1<p<< )

+
Then there exists 179>0 such that if 0<e<1 and 0=r1
<y, the interior spike (A, &) is a (linearly) stable steady
state to the shadow system (1.3).

Our second theorem shows that if N=1, i.e., if {) is an
interval, then in particular for all 1 <p=3 and 0<a <1 the
near-boundary spike is stable.

Theorem 1.3. (stability of the near-boundary spike).
Suppose that

N=1 and0<a<1. (1.11)

Assume that either
r=2 and1<p=3
or

r=p+1 and1 <p< .

Then there exists a 75>0 such that if 0<e<1 and O=r1
<1y, the near-boundary spike (A.,.&.,) is a (linearly)
stable steady state to the shadow system (1.3).

Our third and last theorem shows that the near-boundary
spike may become unstable if the exponent p is increased
beyond 3.

Theorem 1.4 (instability of the near-boundary spike).
Suppose that (1.11) holds. Assume that r=2 and p>3. Then
there exists ag>0 and puy>0 such that if

2q
(p-D(s+1)

then for 0<e<1 and all 7=0 the near-boundary spike

ap<a<l and 1< p:= <pupy (1.12)
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FIG. 3. Stable near-boundary spike. We choose constants a,=0.8, g=2, r=2, s=0, and varying p. For p=4.0, 4.5, 4.8, and 4.85, the near-boundary spike is

shown. It is numerically stable (final state is shown for 7=10 000).

(Acys€cq) is an unstable steady state to the shadow system
(1.3).

Remark 1.5. (1) The phenomenon described in Theorem
1.4 is new and unexpected. The proof shows that this insta-
bility is connected to an eigenvalue of order O(1) as e—0. It
is important to note that for N=1 and the Neumann bound-
ary condition, the minimal energy solution analogous to
Theorem A, which is a boundary spike, is stable for all p,q,s
such that

29
(p-1D(s+1)

see Ref. 14. This means that the instability given in Theorem
1.3 only arises for the Robin boundary condition and not for
the Neumann boundary condition.

In some sense, for the Robin boundary condition the
threshold for the instability that for Neumann boundary con-
ditions occurs only for p>5 is shifted to the range 3<p
=5. The threshold u=p corresponds to a Hopf bifurcation.

(2) Note that for the instability in Theorem 1.3 to occur,

we assume that both the constants a<<1 and /’“:m

1 <pu:= and 1 <p <35,

> 1 are each sufficiently close to 1.

(3) Note that under the conditions (1.12) a proof similar
to the one for Theorem 1.1 shows that the interior spike is
unstable due to an exponentially small eigenvalue (this proof
is omitted). On the other hand, by Theorem 1.3, the near-
boundary spike is unstable as well, due to an O(1) instabil-
ity, compare part (1) of this remark. Thus we do not know
about any stable spiky steady state and we conjecture that

there are none. This behavior is similar to the case
::m<l for the Neumann boundary condition; see

Ref. 9. In all of these situations, due to the nonexistence of
stable steady states, oscillations with large amplitudes fre-
quently occur for the dynamical system. This effect will be
shown in the simulations of the dynamical system in the final
section of this paper (see Figs. 3 and 4).

Let us now outline the proof of Theorems 1.2-1.4 by
highlighting our strategy and explaining how we tackle the
main difficulties.

To study the stability of the steady state, we have to
linearize (1.3) at (1.9). This results in the following eigen-
value problem:

At AP
E2A¢e_¢e+p gq ¢5_q§q+1 7]e=as¢e7
€ €
1.13
r AT, 1+s (1.13)

_ dx — — ,
T| Q| (2 g_y X T 775 aE 776

€

where (¢, 7.) in Hlob(Q) X R and

T

J
H,,,(Q) = ¢€H1(Q):€(9_f+a¢=o on 9

Using (1.9), it is easy to see that for ay=0, the eigenvalues
of problem (1.13) in Hiob(Q) X R are the same as the eigen-
values of the eigenvalue problem
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FIG. 4. Unstable near-boundary spike. We choose constants a,=0.8, g=2, r=2, s=0, and p=4.86. The near-boundary spike is now numerically unstable. In
the time evolution, the amplitude increases (shown for z=1000, 3000, 5000, and 6390).

Jou' pedx w'(=yo) (p—Dyo
EAND. — b +pu’ b — ar = ul = , ———=tanh——— =a
e Petpuc de s+1+71a, [quldx e = acde w(= o) 2
b I (Q) (1.14) So, if 0<a<1, y, can explicitly be expressed in terms of a
€ ob
as
When N=1 and 0<a<1, we have u,,(x)~ W(X_Exe)
=w(i—xf)= 3Wxge(§), where w is the unique homoclinic so- Vo= 2 artanh a (1.17)
lution of the second-order ODE, -1
and we get
w—-w+w’=0, w>0,
(1.15) (p+1)(1-a% "D
o) = 0 as y] = o= wow = (=) (L1
Further, by the Robin boundary condition w'=aw, xf—> Y0ss Let a, be an eigenvalue of (1.14). Then the following
where y,>0 is determined by Lemma holds.
Lemma A. (1) For a>a(N,p) we have a.=o(l) as €
w' (= yo) = aw(=y). (1.16) —0 if and only if a.=[1+o( 1)]7’ for some j=1,...,N,

where 7' is given in Theorem 3.4 below (interior spzke case)
For N=1 and a<a(N,p) there are no eigenvalues c,
=o(1) (near-boundary spike case).

Now we use the explicit representation of the solution to
the problem (1.15), which is given by

‘1 (p-1) (p-1) (2) If a.— ay#0, then all possible «y are given by the

w(y) = (p 5 cosh™2 5 y) eigenvalues of the following eigenvalue problem:

f(o)cwr—1¢
We compute Ap-pepwl g —T 220 _ g, (119)
s+ 1+ T fowco
, (p-1y '

w'(y) =—tanh ———w(y). where (i) for a>a(N,P) we have Wy =W, ¢ H'(R) (inte-
rior spike case) and (ii) for N=1 and a<a(1,P)=1 we have
This implies W),0=W(y— vo), where yq is given by the unique solution of
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w'(yo) +aw(yy) =0, and ¢eHr10b(R+) (near-boundary spike
case).

Proof. When a>a(N,p), the proof of part (1) in Lemma
A for the Robin boundary condition is similar to that in Ref.
13 for the Neumann boundary condition. In both cases, be-
cause interior spikes are considered that have exponential
decay with respect to the spatial variable, one has to expand
the solution to exponential order. There is, however, a major
difference in the stability properties. Whereas for the Neu-
mann boundary condition interior spikes are unstable, they
are stable for the Robin boundary condition. This difference
comes from the fact that the expression ¢ p (P,), which
plays a major role in the proof [defined in Eq (3.3)], has
different signs for the Neumann and Robin boundary condi-
tions, respectively.

When N=1 and a <1, the proof of part (1) in Lemma A
for the Robin boundary condition is similar to that in Ref. 14
for a boundary spike with the Neumann boundary condition:
In both cases, there are no small eigenvalues a.=o(1).

The proof of (2) follows by a standard limiting process
coupled with an argument of Dancer."” O

Notice that the eigenvalue problem in part (2) of Lemma
A (near-boundary spike case) is a half-line nonlocal eigen-
value problem NLEP with a Robin boundary condition. This
is a new type of NLEP that to the best of our knowledge has
not been studied in the literature before. We will prove re-
sults on its spectral and stability properties in the next sec-
tion. For the study on NLEP, we refer to Refs. 24-30

From now on we assume that 7=0. By a regular pertur-
bation argument, the results also hold for the case of 7 being
sufficiently small.

Il. STUDY OF THE NLEP:
PROOF OF THEOREMS 1.2 AND 1.3

In this section, we study the NLEP,

qr foW (}/’ y
¢ — ¢+ pwy ¢>— wh =\g,
s+1 f 0
(2.1)
¢€H1!()b(R+)’

where wyo(y)=w(y—y0) for some y,>0, and w satisfies
(1.15). Let

L0¢ = qS" ¢+pW (,b d’ € Hrob(R+)
We set
0 V— d) Y P 1 +
L= Loyp— u(p - 1) foc Wyo’ ¢e Hrob(R ),
oW
where

R
s+ D(p-1)

We first prove the following Lemma.

Lemma 2.1. Let ¢ € H' (R") satisfy
¢ =+ pwi =0, [ plingen=1. (2.2)
Then ¢=0.

Chaos 17, 037106 (2007)

Proof. Recall that the Robin boundary condition gives

wy (0)
a=—" 0 (2.3)
wy, (0)
and by (1.15) Wy, satisfies
no_ r\2 +1
Wy =Wy = W;)O’ (W}'o) =w, - oil wf,o . (2.4)

We multiply (2.2) by w;,o and integrate. After integration
by parts, using (2.4) and the Robin boundary condition for ¢,

we get

0= ¢/ (0w, (0) - (O} (0) = B0 aw, (0) ! (0)].

(2.5)
By (2.3) and (2.4) it follows that
TG ] (0)F = wy (0 (0)
. (0)
B [w,, (01 = [wy (01 + [w, (0) 1!
w,, (0)
= %le]o >0 (2.6)
Thus from (2.5) we have
#(0)=0 (2.7)

and finally we get ¢'(0)=0 by the Robin boundary condi-
tion. By the uniqueness properties of ODEs, we conclude
that ¢(y) =0 on R*. The lemma is proved. O
Lemma 2.1 implies, using the Fredholm Alternative, that
the operator L, defined on H'(R*), is invertible.
Since

L()Wyo =(p- 1)W§O, wy’O(O) - awyO(O) =0

we have
1 1
L, (W )— pleyO' (2.8)
Another simple calculation shows that
1 r
Ly pleyO + Eywy() =Wy, (2.9)

but note that pllw +2yw does not satlsfy the Robin
1w +2yw ¢ H b(RJ')
we do not have L"l( p 1w +2yw To overcome this
difficulty and determlne L, Yw Vo)’ we prove the following

lemma.
Lemma 2.2. We have for a# 1 that

boundary condition. Thus, smce

Ll 1 l ' Aw'
o (wy)= e 1wyo+ S Wy T AWy,
where
ho__a
(p-D(l-a)
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Proof. We need to choose A such that
" ’ 1. _

A[wyO(O) - awyo(O)] + 2Wy0(0) =0.

Using (2.6), we get

p+1 _
A=———w (0)w (0 2.10
2oy OO, (2.10)
Inserting (1.18) into (2.10), we get
p+1 (p+1\7" a a
A = 5 = N
200-1D\ 2 l-a® (p-1(l-a)
which proves the lemma. 0

Remark 2.3 (1) In the multidimensional case it is un-
clear how to find an equivalent to the correction term given
in Lemma 2.2 (and starting with the factor A).

(2) The extra term Aw;0 in Lemma 2.2 only appears for
Robin boundary conditions and is not present for the Neu-
mann boundary condition. As we will see, the presence of
this term under some extra conditions can lead to the desta-
bilization of the near-boundary spike.

(3) Note that A—> as a—1 and A—0 as a—0. The
first limit will play a major role for the rest of the paper. The
second limit is in agreement with intuition since in the limit
a— 0 the near-boundary spike for the Robin boundary con-
dition approaches the boundary spike for the Neumann
boundary condition, where this term does not appear.

We now compute the sign of the expression

p(yo) = j wy Lo (wy )dy
0

which will play the crucial role in the stability analysis of the
near-boundary spike.
From Lemma 2.2, we have

p(yo) = f wy Ly (wy )dy
0

1 N 2 1 N ’ B ’
= IJO wyody + ZL ywyowyody +Af0 wyowyody

a ((p+l)(l—a2
2(p-1)(1-d?) 2

sl

=|—-- wdy

p-1 4/J),
(p+ 1)¥P Vg

T2 D, Z 1)(1 = )P

))2/(;7—1)

2.11)

Let us differentiate p(y,) with respect to y, Using
(2.10), we get
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p' (o) = (p w? (0)

1) Py

1
o0 (0)

+(2- p)w;.;f’<o>[w;0<o>]2}

5-— +1
e e O
L —p)wl-ﬁ(w% . iwﬁ,“)]w)
Yo Yo p+1 Yo
DB o,
_—4(p D (0) (2.12)

by (2.4). We arrive at the following important proposition.
Proposition 2.4. Suppose that 1 <p=3. Then

fo wy Ly (wy )dy > 0. (2.13)
Proof. For 1 <p=3, we get from (2.11) for y,=0 (and
so also a=0) that

AV
p(0) = ( T Z)fo wydy > 0.

By (2.12) we compute p'(yy)=0 for all y,e(0,) and

therefore p(yo) =0 for all y, € [0, ). d
We now show that for p >3, in contrast to Proposition

2.4, the integral [ f;wyOLal(wyO)dy may be negative.
Proposition 2.5. Suppose that p>3. Then for

2(p—3)/(p—1)(p + 1)2/(p—1)a
(p= D1 =a?)r=b

it follows that [ wyOLgl(wyO)dy is negative. There exists
some constant ag(p) <1 such for ay(p)<a<l1, condition
(2.14) holds.

Before proceeding to the proof, it is enlightening to con-
sider the restriction posed by condition (2.14). This is done
in the following remarks.

Remark 2.6. (1) For p=5, (2.14) is satisfied for all 0
<a<1 as L.h.s.=0 and it poses no restriction at all. This
implies that ag(p)—0 as p—5~.

(2) The solution set of (2.14) within 0<a <1 is empty if
3<p<p, for some py>3 as for p=3 rh.s.=2a and lLh.s.
>2.

(3) We now consider the asymptotic behavior of Eq.
(2.14) in the most interesting range p—5~. In leading order
we get

S-p
p-1

w2dy < (2.14)

—(2p-1)artanh a

ZTT(S -p)<a+0(@)+0[(5-p)l.

(4) For p close to 5 (and possibly for the whole range of
3<p<5) the threshold ay(p) given by (2.14) is uniquely
defined and ay(p) is monotone decreasing in p.

Proof. Condition (2.14) follows immediately from
(2.11). The left-hand side of (2.14) is positive and remains
bounded for all a € (0, 1). The right-hand side of (2.14) tends
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037106-9 Robin boundary conditions
to 0 as a—0* and to +% as a— 1. By continuity, there
exists some ay(p) € (0,1) such that (2.14) is true for ay(p)
<a<l. O
Next we need the following.
Lemma 2.7. The first eigenvalue of L,, which we call
M1, is positive. The second eigenvalue of L is negative.
Proof. Let

Jol)? + u*1dy + au*(0)

(SGurtiay)? e+
Then w, up to a scaling factor is the unique minimizer of
O[u] in H! ,(R").

Similar to the proof of Theorem 2.1 of Ref. 16, we see
that the second eigenvalue of L is nonpositive, and hence is
negative since by Lemma 2.1 the kernel is trivial.

Now, to study the case r=2, we introduce a new opera-
tor,

Olu]=

ff)owyod)dy fOW ¢dy
Li¢:=Lop—(p- 1)WW§O— (p— f
00 p+1d d
Jo wy )’fow ¢dy (2.15)

+(p-1) (foo y) Wyo»
oW Yo

which is defined for all ¢ € H' (R").

Then we have

Lemma 2.8. (1) The operator L, is self-adjoint and the
kernel of L, (denoted by X,) is given by span{wyo}.

(2) There exists a positive constant cq>0 such that

L(¢¢J)—f [(¢")* + ¢* = pwi~' 7] dy

2(p = Dfgwy pdyfow} bdy
foW dy

—( —1)f§ 531 (fmw bd )2
g (I(O; -"0 ) 0 " ’

2
= COdL2(R+ (¢aX1)

H),(0,), where dj2(.) denotes the distance in

+

for all ¢ e
the L? norm.

Proof. By definition (2.15), it is an elementary calcula-
tion to show that (L;¢, ¥)12(0.00)= (L1, )20 for all ¢, ¢
€ H'(0,%), which implies that the operator L, is self-
adjoint.

Next we compute the kernel of L;. It is easy to see that
wy, € kernel(L;). On the other hand, if ¢ € kernel(L,), then

L0¢ = Cl(d))w_\ro + 62(¢)W~[;0

1 r ,
=, (qS)LO(pleyo + 29y, + Aw),())

1
+ 02(¢)L0<1:Wy0>

by Lemma 2.2, where

Chaos 17, 037106 (2007)

o Jowh ddy | Towheldy [Gwy, ddy
Cl(d’)—(P_ ) fﬁw)z,ody _(P_ ) (fg iody)z )
Jowy, ddy
C2(¢) = (P - 1) fgW%Od .
Hence

p=ci(P)Ly (wy )+ Cz(d’)Lal(W[; )

ci(B)Lg' (wy,) + Cz(¢)wy (2.16)

Note that by (2.16)

fO yO l(wyo)dy
Fows,
fonHdYIoWy L() (W )dy
- (p - 1) 0
(f 0 W>’o dy )
oty o, 15, )y
w 2 1 \2
(f 0 Wyody )
This implies that ¢,(¢)=0. By (2.16) and Lemma 2.1, this
proves (1).
It remains to prove (2). Suppose (2) is not true, then by
(1) there exists («, ¢) such that (i) a>0, (ii) ¢ L Wy, and
(ifi) L, p=ad.
We show that this is impossible. From (ii) and (iii), we
have

C1(¢)201(¢)[(P— 1)

=C1(¢)[1—(p—1)

Jowl edy
(Lo-a)p=(p-D)—5—
il 0 W}Ody
We first claim that [ w’y’og{)dy#O. In fact, if [, B°w’y’0¢dy=0,
then >0 is the first (principal) eigenvalue of L,. By Propo-
sition 2.7, a=u; and ¢ has a constant sign. This contradicts
(ii).
Therefore, we must have | gwfog{)dyaﬁo Hence a+# u,
and Ly,—« is invertible. So (2.17) implies

(2.17)

=

S ;
¢= (P ) (L() - CY) Wyo'
ot Wl dy
Thus
o fO fo
J W§o¢dy=(p foo 2d fO[(LO ]W dy,
0 0%y,

2 4 -1
JO w2 dy=(p-1) fo [(Zo— @) w, 10 dy.

2 -1
JO wyody = Jo [(Ly— @) Wyo][(LO - a)wyO + awy()]dy,
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037106-10  Maini, Wei, and Winter
Ozf [(Ly- a)‘lwyo]wyody. (2.18)
0
Let hy(a)=[{[(Ly—a)™ Wy ]w Then h,(0)

=[5 (Ly'w, )w Ay= p(,(a)>0 by Proposmon 2.4. Moreover
hi(a)= fo[(LO a) wy Iwy =[o[(Ly—a)tw, ]zdy>0 This
implies #,(a)>0 for all ae (0, py). Clearly, since
lim,_, ...h(a)=0", we also have &,(a) <0 for @ € (u;, ).

This is a contradiction to (2.18), and completes the
proof. O

First we have the following theorem about (in)stability
of a near-boundary spike in the case of the Robin boundary
condition including the exponents r=2,1<p=3, which is
similar to the results for an interior or a boundary spike in
the case of the Neumann boundary condition:

Theorem 2.9. Suppose 0<a<1. If

r=2 and 1<p=3
or if

r=p+1 and 1 <p< o,

then the following NLEP

owyy by
¢"—¢+pW§g'¢—,u(p—1)—wp =\¢,

(2.19)
Jowy, dy

¢ € Hllob(R-F) s

Jor w>1 has only stable eigenvalues but for u<<1 admits
unstable eigenvalues.

In contrast, for the exponents r=2,p>3, we have the
following instability result for the near-boundary spike in the
case of Robin boundary condition:

Theorem 2.10. If

r=2 andp>3,

then there exist some ay(p) € (0,1) and py(a)>1 such that
for

ay<a<l (2.20)

and

© < pola) (2.21)

the NLEP (2.19) has a positive eigenvalue.

Remark 2.11 (1) The number ay can be chosen accord-
ing to (2.14). See also Remark 2.6.

(2) It follows from continuity that po(p)—1 as a
—ao(p).

(3) At w=uy(p), Hopf bifurcation occurs. In fact, for u
large, the NLEP is stable (a rigorous proof of this will ap-
pear elsewhere). On the other hand, for u<uy(p), NLEP is
unstable. Thus, as w increases, the eigenvalues of NLEP will
cross the imaginary axis. Since uy(p)>1, eigenvalues can-
not cross zero. Thus there exists a Hopf bifurcation. We re-
mark that in the case of the Neumann boundary condition
(i.e., a=0), Ward and Wei® have shown that when p>>5, Hopf
bifurcation can occur for some u>1. See the discussions in
Sec. IV of Ref. 9.
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To show the instability part in Theorems 2.9 and 2.10,
we first prove the following result.

Theorem 2.12 (1) If u<1 and r=2,1<p=3 or r=p
+1,1<p<oo, the NLEP (2.19) has a positive eigenvalue.

(2) If r=2 and

-1
J( ) W)’oLO wyody <0,

then under the condition (2.21) the NLEP (2.19) has a posi-
tive eigenvalue.

Proof. (1) Suppose u<<1. We look for a positive eigen-
value « to (2.19) which is equivalent to

fo ¢ y(L @)
o, .

¢'(0) —ag(0) = 0.

Multiplying by w;

d=pulp-1)

0<y< + oo,

!"and integrating, we get

Jo w;ody =ulp - 1)]0 [(LO— a)_lwgfo]w;:dy.
Using the identity
(p—1)(Ly— a)_]wf(;l =wy, + a(Ly— a/)_lwyo

we get

fo W;Ody = ,u{ fo W;Ody + afo [(Ly- a)_lwyo]wgldy}

which is equivalent to

1 1 o0 o0
| = _ r _ _ -1 r—1
a( yn 1>f0 Wyody - fo [(Fo=a) WyO]WyO .

If r=2 and 1 <p =3, then by Proposition 2.4 the right-hand
side of (2.22) is positive for a=0.

If r=p+1 and 1<p<oo, then the right-hand side of
(2.22) is positive for a=0 since

(2.22)

fo [Ly'w ]w dy——f W‘Ody>0

Therefore, as a— 07, the left-hand side of (2.22) tends to
+0 while the right-hand side tends to some positive number.
As a— uj, the left-hand side tends to some positive number
while the right-hand side tends to +%. By continuity, there
exists a solution to (2.22).

(2) If r=2, then (2.22) becomes

1(1 * *
;(; - 1>f0 w_%ody = ) [(Ly- @) lw},o]wyody. (2.23)

As a— 07, the left-hand side of (2.23) tends to — while
the right-hand side tends to some negative number. As «
— uy, the left-hand side tends to some negative number
while the right-hand side tends to —e.

By continuity, there exists a solution to (2.23). O

Proof of Theorem 2.10:

The proof of Theorem 2.10 is completed by combining
Proposition 2.5 and part (2) of Theorem 2.12. O
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037106-11 Robin boundary conditions

Proof of Theorem 2.9:

The instability part of Theorem 2.9 is contained in part
(1) of Theorem 2.12.

Now we prove the stability part of Theorem 2.9. We
divide the proof into two cases. The outline follows Appen-
dix F of Ref. 6:

Case 1. r=2, 1<p=3.

Case 2. r=p+1, 1 <p<co.

Let ap=ap+ia; be an eigenvalue and ¢=¢r+i¢; an
eigenfunction of (2.19). Since a;#0, we can choose

- aRf (¢12e + (b%)dy =Li(dp.dg) + Li(Pp. ) + (p— 1) (10 —-2)
0

Chaos 17, 037106 (2007)

¢ 1 kernel(Ly). Then we obtain the two equations

fgwy0¢Rdy »

Logr—(p - I)MWWM = apdr—aydy,  (2.24)
Jowy, #idy
Lod—(p—Dp j- % = agd+ o dp. (2.25)
oW )0

Multiplying (2.24) by ¢y and (2.25) by ¢, and adding the
two equations, we obtain

Jow s0¢Rd)’fon ¢Rdy+fowyo¢1d)’fow ¢y
fowyody

fac §+1 - 2 . 2
+(p-1 )(fo ),O)Zdy|:<J Wy0¢Rdy> +<JO wy0¢,dy) :|

Multiplying (2.24) by w, and (2.25) by w,,,

Yo
fE)wW)OQSR Yy

(p—l)f0 wi dpdy = (p = Dpu———5—— fowl dy

fo y0¢1 Yy

(p-1 d -1
)f Py = (p )Mﬁ)@

fO Wﬁ;ldy = aRJ;) W‘\'0¢Rdy - aIJ;) Wyo(ﬁldy’

f erldy aRf w},0¢1dy+a1f wyo(j)Rdy.
0 0

respectively, and integrating, we obtain

(2.26)

(2.27)

Multiplying (2.26) by [gw, ¢rdy and (2.27) by [ow,,#idy and adding, we obtain

(p- l)f Wyod)Rdyf Wfod’kd)"" (- l)f Wyo¢1dYJ w_€0¢1dy
0 0 0

Jilas\ e ([ :
(oo B (s o[ 00
yo

Therefore, we have

—aRf (g + &7)dy = Ly (dp, bg) + Ly (b)) + (p = 1)(pn— 2)(—aR+u
0

Fowtrtdy ) (Fowy brdy)* + (F5wy, didy)?
fows Jowydy

Tow ly’gl % 2 o 2
+(p—l)m (L Wy0¢Rd)’> +(f0 Wyocbzdy) .

Set

1 i
br=cpwy + dr. br L X,

¢I=C]Wy0+¢1l, d)ILJ_Xl,

where X; was defined in Lemma 2.8. Then

f Wyod)Rdy =CR f Wiody ;

0 0

f Wy0¢1dy = f Wiody’
0 0

2 2
sz(R+)(¢R’X1) = ||¢1JQ_| 22, dLZ(R+)(¢1’X1) = ||¢IJ-||22

By some straightforward computations, we have

Ly(¢g- bg) + L1 (. ) + (n— Daglci + C%)f wiody
0

+(p-D(u- I)Z(CR"'C])J Wp+1

+ aglzlz + 17 1) = 0.

By Lemma 2.8 (2), we get
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(- l)aR(ci+ c%)f wiody+ (p-D(u- 1)2(cR+ c,)
0

x| wtttay + g a) ol I B =0
0

Since w>1, we must have ap<<0, which proves Theorem
2.9 1in Case 1: r=2, I <p=3.

Now we consider Case 2: r=p+1,1<p<oo.

Then the nonlocal operator in (2.19) becomes

o P
fowyo¢dy »

T o W
o p+l Yo
fO Wyo dy

L¢=Lo¢—ﬂ@— 1)

We need to define yet another new operator:

f() }Od)y p (2 28)

L2¢ = Lod)_ (P - )fowp+ld Y0

We have the following result.

Lemma 2.13. (1) L, is self-adjoint and the kernel of L,
(denoted by X,) is spanned by Wy,

(2) There exists a positive constant ¢3>0 such that

Ly(¢.¢) = f [(#) + & = pwi' &7 1dy

(p = D(J5wh ddy)’
+ fO Wp+ldy

2
= C3dL2(R+)(¢7 XZ) >

Proof: The proof of (1) is similar to that of Lemma 2.8.
We omit the details. It remains to prove (2). Suppose (2) is
not true, then by (1) there exists (a, ¢) such that (i) a>0,
(i) ¢ L wy, . and (iii) Lyop=ad.

We show that this is impossible. From (ii) and (iii), we
have

YV ¢ e H,(RY).

(P— l)fow ¢dy »

(Lo—a)p= pa— wh .
Jowiidy

(2.29)

Similar to the proof of Lemma 2.8, we have that [ gw%d)dy
#0 and a# u,. Hence Ly—« is invertible. So (2.29) implies

(p—DJow} ¢dy

_ o Y Yo -1
b gy o,
Thus
: P fow ’0 p
by = =) ey [(Lo &), W d
0 ow

and

f wﬁgldy =(p- l)f [(Ly- a)_lwfv’o]w‘;’,ody. (2.30)
0 0

Let

Chaos 17, 037106 (2007)

hy(e) = (p - l)fo [(Zo- a)‘IW§O]W§dey - fo ngl dy.

Then we have

hy(0) = (p—l)f (L' w4, dy - f Wy =0,
0

Moreover, we compute

hy(a) = (p—l)f [(Lo— @) 7w} I} d

= (p - l)foo [(LO_ a)_lwfo]%iy > O
0

This implies h,(a)>0 for all ae(0,u;). Clearly, also
hy(a) <0 for ae (u;,). This is a contradiction to (2.30)
and the lemma is proved. O
We now finish the proof of Theorem 2.9 in Case 2.
Let ay=ag+ia; and ¢p=pr+i¢;. Since ay#0, we can
choose ¢ 1 kernel(L,). Then, similarly to Case 1, we obtain
the two equations

fo d’R y
Logr—(p—Du T ””d wh = ardp— oy, (2.31)
oW
fBC §0¢1 y
Logy—(p - 1)MIOCTW§’O= appy+ aypp.  (2.32)
oW Yo

Multiplying (2.31) by ¢y and (2.32) by ¢, integrating
and adding, we obtain

e Gre gy
0
= Ly(g. dr) + Lo( by, &)
(1wt dedy 2+ (o, by’
+(p—1)(M—1) fOWpde :

By Lemma 2.13 (2),

| Gir )+ it
0
(fo fod)R) (ﬁ;ow;{0¢1)2 =0

: =
fowly ’

+(p-D(p-

which implies ap <0 since u>1.
Theorem 2.9 is thus proved in Case 2: r=p+1, 1<p
<o, O
Note that Theorem 2.9 implies Theorem 1.2, and Theo-
rem 2.10 implies Theorem 1.3.

lll. EIGENVALUE ESTIMATES:
PROOF OF THEOREM 1.1

In this section, we shall study eigenvalue estimates for
L.=€&A-1+p(u)P~', defined on Hrlob(Q), in the case of an
interior spike and finish the proof of Theorem 1.1.
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We will state a theorem for the small [i.e., o(1)] eigen-
values. But before we do this, let us first introduce some
notation and give some important lemmas.

Let

. ( ) ; e—Z\Z—PO\/edZ
Mp\2) =M= 7
0 0 y0e 2|z PollsdZ

It is easy to see that the support of d,upo(z) is contained in
By(p,.a0)(Po) N L.

A point Py is called a “nondegenerate peak point” if the
following statements and hold: There exists a € R" such that

(3.1)

f e(z—Pg,a)(Z _ Po)d:“'PO(Z) =0 (3.2)
0
and the matrix
lj Pod (7 - Po)i(z~ Po)dePO(Z)
a0
:= G(P,) is nonsingular. (3.3)

Such a vector a is unique. Moreover, G(P,) is a positive
definite matrix. A geometric characterization of a nondegen-
erate peak point Py is the following:

Py e interior {convex hull of support [dup (2)]}.

For a proof of the above, see Theorem 5.1 of Ref. 17.
Next, we introduce the following definition:
For each P € (), let w.p be the unique solution of

xX— du
62Au—u+wp< )innQ, ea—+au=00n aQ.
v
(3.4)
Let @E’P(x)=w()‘;f)—weyp(x). Then ¢ p satisfies
6-ZA(PE,P_ ¢E,P=O in Q’
ow
Q. p (x—P) €
ag.p+e——=aw +€ on d().
’ € v
(3.5)

(x—P) ,<x—P)(x—P,V>
=aw +w —_—

€ € |x—P|

B (x—P)[ (x—P,v) 0( € )}
M YT TR=p TN aro0)

2(a—1—5)w<x_P>,

€

dw(r)
where w'(y)=—— for r=[y| and a—1-8>0. Therefore,

there exist two positive constants C; and C, such that

Chaos 17, 037106 (2007)

Cibep 1 = Cep=Copep s (3.6)
where ¢ p; satisfies
€A p 1= Pep1=0 inQ, (3.7)

J x—P
(pepl+a_16M=w< ) on 9Q).
e v €

The study of ¢, p; depends on the following lemma.
Lemma 3.1 (theorem 3.8 of Ref. 18). Suppose that
d(P,oQ)>dy>0. Let @ZP be the unique solution of

EApYp—¢lp=0 inQ, (3.8)

X —

P
(pg p= w( ) on d{}.
Then for any arbitrarily small 5> 0, the following holds for
€ sufficiently small:

D
a@e,P
€

= (1+5)¢". (3.9)

From Lemma 3.1 we conclude that on (),

D
(p?P+a_le(f;’P =2 [1+a'(1+6)]
, » ,

=[l+a'(1+ 5)]W(X;EP>

and

D
eOprale <Lz ol f1-a7'(1- 0]

=[1-a'(1- 5)]w<x_P>.
€

Using a comparison principle, it is straightforward to
derive the following lemma:

Lemma 3.2. There exist two positive constants C, and
C, such that

D D
Cibep=@ep1=Cr0cp.

The convergence of (3.8) is well understood. It is studied
in Sec. 4 of Ref. 19. By Lemma 4.6 of Ref. 19, we have the
following convergence results:

Lemma 3.3. (i) Let V (y):= ¢€,x€(x5+ ey)/gos,xs(xs). Then
V(y) — Vo(y) locally, where Vy(y) is a solution of

Au—-u=0, u)=1, wu>0inR". (3.10)
Moreover, for any >0,

sug e_(”")‘y‘[\/s(y) -Vo(y»)]—0. (3.11)

yel,

(ii) As e—0,

—€ log[cpe,xe(xe)] — 2d(xy,04)). (3.12)

For P € (), let
QE,P={y|€y+P € Q}’
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d
di=—,

J
JP;

’AI} b

Sdu)=Au—u+u’ foru € Hyy(Qep),

Kep=span { &jwe,P|j =1,...,N} C Hrlob(Qe’P),

Kip= {u e Hrlob(QE’P) f udwep=0,j=1,...
Q

and

Cep=span {dwpli=1,....N} C L*(Q,p),

Cop=1ueL*(Q.p) Ju&jwsfzo,jzl,...,N
Q

Let QS:: Py+€(1/2)d(Py,8))a, where P, is a nonde-
generate peak-point [i.e., it satisfies Egs. (3.2) and (3.3)] and
A= B,B()E(Q(é))’ where B, is sufficiently small.

For each P e A we can find a solution ¢ p e K, such
that

SE(WG,P + (Pe,P) € CG,P

as was shown in Ref. 20.
Now we state our theorem on the small eigenvalues.
Theorem 3.4. The eigenvalue problem

EAp—p+pu’ ' p=1¢ inQ,

(3.13)
d¢
e—+ap=0 on IQ
v
admits the following set of o(1) eigenvalues:
'7';:[6'04—0(1)](,05,130(1)0))\]-, j= L,....N,
where )\j,j=1, ...,N, are the eigenvalues of the matrix
G(Py) introduced in Eq. (3.3) and
LrvpwP ='W’ Vi(r)dy
co=2d2(Py, Q) = . T <o, (3.14)
w
(T
Iy1

where Vy(r) is the unique radial solution of the problem
(3.10). Furthermore, the eigenfunction (suitably normalized)
corresponding to T;,j=1, ..., N, is given by

awE,P

> 3.15
JdP, ( )

P=P,

N
b5 =2 [a;;+0(1)]e
=1

where d;=(a;;,...,a;y)" is the eigenvector of G(Py) corre-

sponding to N, namely

ik

j=1,...,N.
Proof of Theorem 3.4: Let
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U= WE’QE + vE’Qe'

Let (7%, ¢.) be a pair such that

d
L.p.=1¢, in Q, ea¢e+a¢=0 on dQ. (3.16)

14
We normalize ¢, such that || ]|.=1.
We now assume that 7,— 0 as e— 0. Then, after a scal-
ing and limiting process (see Refs. 19, 21, and 22), we have

d(y)=p(Q +€y) — ¢y, where ¢ is a solution of

Av—-v+pw’lv=0 inR", veH'R").

By Lemma 4.2 of Ref. 22, there exists s; such that ¢,
SN
_Ejzls{» a;

This suggests that we decompose ¢, as ¢,
=E§-V:1SJ€E(9]»WE’QE+ ¢., where (ZeelCiQe and |sf|=C. Since

|dle=1, we have ||¢J|.=C and ¢, satisfies

N
(Lo- b+ > S;I;U(I/le)p_l €W g ~ pwP! €dw]
j=1
N

= TEE{ s;eﬁjwé’QE. (3.17)
=

Since 7°— 0, then by the same argument as in Proposition
6.3 of Ref. 23 we have that 7 o °(L—79):K 5 —Cqp is

€,

invertible. Since ¢ € K, . we have

1By

=0(

N
= 0(llgeg (@12 Isf])-
j=1

N

> s;[p(ue)p_leajwe’gf— pw' edw]
=1

L2(QE’QE))

Multiplying (3.17) by €d(w.p ) and integrating, we ob-
tain

N
> sjf [p(u)P! €Wep, — pwP! 6z9jw]e&kw€)Qédx
Jj=1 Qe 0

€
' s Eﬁwa,QeeﬁkwE,Qsdx
Jj=1 QE,QE

+ f [P(”e)p_l al)ee&k(we,Qs) - pwp—l (?Jéeékw]dx
Q. 0

+0(] Te|||($e||Hl(QE’QE))-

We first estimate the left-hand side of (3.18). To begin
with, we calculate
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ow aw
-1 27 p-1 &P
- pwPe —pWeg +0cp ) €
JQEQs |: &P] P=Qs € € &Pk
_ ow _ ow P
=-¢ [pW” : P —plweg ) b ;
Qeo, J1P=0, J

__e i [Wp—(We,Q )p] IWep
QE,QE (9PJ P=Q, ‘ &Pk P=0,
1% ow
e j D g (0ot ey)] ek
oy P PzQE[p Peo Qe+ )] b,

—2<P5P0(Po)[1 +0(1)]f pwT lf

29

=2¢p, (Pyl1 +0(1)]f pw” 1f

29

__ 2y
~ dA(Py,09)

where
yi= f pw? W () V(y)dy.
RN

For the left-hand side of (3.18), we have

(z Py/|z—Pg| y) (z=Pyl|z—Pp|,2(0 PO)/€>d,LL (Z)(

<Z Po/lZ P0|y> <Z P0a>(
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dy
P=0,
aWE,P
P=0, aP;

dy + Oll@e g (0J]'*]

dy + 0[|(Pe,QE(Qe)|l+(r]
P=Q,

+0lleeo, (0]

P=0,

—Py\ o
. Po|) - Y+ Oll¢eg (']

- Py
|z = Py

) d,U«PO(Z) dy +Olleco (0]

(Pe,PO(PO)(J Pz = Po)i(z = Polidpp,(2) + 0(1)>,
)

Lh.s. of (3.16) = Es (f [p(wEQ Y~leo; iWep,—PW led wledwe o dy) +0[|(P5Q (QJ|"*]

Jj=1

= f e<Z_P0’”>< 2= Fo ,SE>< =l ) (PE,PO(PO)d:uPO(Z)[_ 2y+o(1)],
129

|z — Py |z = Po| /&

where s€=(s7,...,sy).

Similar but simpler computations for the right-hand side
of (3.18) give

N
rhs. of (3.16) = 7 s B +0(1)]
j=1

N
+ 0(2 |S;||(IDE,QE(QE)|(1+U)>

J=1

N
+ 0[ |74 (2 |sf||<pE,QE(QE)I“+”)’2) ] :
j=1

where B=[ RN( ) dy.
Hence we have

|71 = Ol¢eo (0] = Olecp,(Po)]

and 7/ ¢, p (Po) — 7, s°— s, where (7, s) satisfies

(= 29)G(Py)s = Bd* (P, Q) 7ys.

Bd*(Py,d8)) . .
Thus TTO is an eigenvalue of G(P). Therefore,

™/ @, PO(PO)H 7j, $€—a;, where

T ooy’ CPVG=NG =1 N

By an argument of Dancer,"” we know that these are the
only small eigenvalues of the order o(1) as e—0.

This finishes the proof of Theorem 3.4. O

Completion of the Proof of Theorem 1.1:

The small eigenvalues given by Theorem 3.4 all have a
negative real part. By a proof along the lines of the proof of
Theorem 2.9 (replacing Wy, by w and considering interior
spikes instead of near-boundary spikes), the large eigenval-
ues all have negative real part. Finally, Theorem 1.1 follows
by combining these two results.

IV. NUMERICAL SIMULATIONS

We show numerical simulations that display the various
effects that have been analytically proved in this paper.

We consider the Gierer-Meinhardt system (1.1) and (1.2)
on Q=(-1,1) for the following parameters: diffusion con-
stants €=0.01, D=10°, time relaxation constant 7=1077,
Robin boundary condition parameters varying ay, ay=0, re-
action constants varying p and ¢, r=2, s=0.
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First we consider the classical Gierer-Meinhardt system
with p=2, g=1. We show stable near-boundary spikes for
various a4 (Fig. 1) and interior spikes for various a4 (Fig. 2).
We see that a change of a4 has a strong influence on a near-
boundary spike, but only a minor influence on an interior
spike.

Then we numerically explore the instability in the dy-
namics of near-boundary spikes. We consider the Gierer-
Meinhardt system for various p, g=2, r=2, s=0 with the
Robin boundary condition for a,=0.8. We start with p=4.0
and then increase p incrementally in steps of 0.01. The final
steady state (stable stationary near-boundary spike) for the
previous p is used as an initial condition for the next one.
The final steady state is displayed for p=4.5, 4.8, and 4.85
(Fig. 3).

At p=4.86, a rather dramatic change of stability is ob-
served: The solution oscillates with large frequencies (Fig.
4). The simulations show a sharp peak, and the simulation
breaks down: The amplitudes of the solution become very
large, and the finite-element software is no longer able to
resolve the solution since this peak has a very high amplitude
appearing on a very small spatial scale. This is similar to
phenomena that occur for supercritical systems. In some
sense the Robin boundary condition is able to squeeze the
threshold between sub- and supercritical behavior to lower
reaction rates that corresponds to the formula ug(a) > 1.

Comparing the threshold p=4.86 with the theoretical re-
sults, one could first test if the instability comes from the
threshold a=ay(p) given in Proposition 2.5. The asymptotic
result in Remark 2.6 implies that for p=4.86 we get ay(p)
~0.11, which is far from the numerical value a=0.8. On the
other hand, we have u=4/3.86—1.04, which is larger than 1
but very close to 1. So the instability here comes from the
threshold given by w<<1.04. We also make the interesting
numerical observation that even if a is far away from ay(p),
the threshold uy(a) can be very close to 1. This implies that
one has to be very careful in numerical simulations in order
not to miss this extended but small parameter range of insta-
bility that is stated in Theorem 1.3.

V. DISCUSSION

This paper is just the start of our research program into
the role of boundary conditions for reaction-diffusion sys-
tems. We have only considered the shadow system of the
Gierer-Meinhardt system for the Robin boundary condition.
It is also important to investigate the influence of the Robin
boundary condition for general reaction-diffusion systems,
starting with the full Gierer-Meinhardt system.

More specifically, for the full Gierer-Meinhardt system
(1.1) in one space dimension an important issue is under-
standing the role of the Robin boundary condition for the
inhibitor H, whereas in this paper we have only investigated
the Robin boundary condition for the activator A. How does
the Hopf bifurcation threshold change if Robin boundary
conditions are put on H? What can be said about positive
eigenvalues? This is also an interesting question for the
shadow system.
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As a approaches 1, by Theorem A the minimal energy
solution changes from being a near-boundary spike to being
an interior spike. How can this change of behavior be ana-
lyzed in the case in which a is exponentially close to a and
this changeover takes place, in particular with respect to a
stability analysis?

Multiple spikes are another interesting topic. Contrary to
Dirichlet or Neumann boundary conditions, for Robin
boundary conditions one does not have spikes of equal am-
plitudes and distances and even the existence is a challenging
question.

Higher-dimensional problems will be addressed in the
future, and they are naturally very important for biological
applications. We hope to gain a better understanding of the
processes that are behind the selection of some relevant pat-
terns out of the many possible patterns in a reaction-diffusion
system. Here the boundary conditions play a major role and
stability analysis seems to be the appropriate mathematical
tool to address these issues in a rigorous framework.
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